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� 0RGXODU ([SRQHQWLDWLRQ 2SHUDWLRQ �
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� 0RGXODU $GGLWLRQ 2SHUDWLRQ ��
��� 2PXUD
V PHWKRG � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 0RGXODU 0XOWLSOLFDWLRQ 2SHUDWLRQ ��
��� ,QWHUOHDYLQJ PXOWLSOLFDWLRQ DQG UHGXFWLRQ � � � � � � � � � � � ��
��� 8WLOL]DWLRQ RI FDUU\ VDYH DGGHUV � � � � � � � � � � � � � � � � � ��
��� %ULFNHOO
V PHWKRG � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 0RQWJRPHU\
V PHWKRG � � � � � � � � � � � � � � � � � � � � � � ��
��� +LJK�UDGL[ LQWHUOHDYLQJ PHWKRG � � � � � � � � � � � � � � � � � ��
��� +LJK�UDGL[ PRQWJRPHU\
V PHWKRG � � � � � � � � � � � � � � � � ��
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�� 56$ $OJRULWKP �

� 56$ $OJRU LWKP

7KH 56$ DOJRULWKP� LQYHQWHG E\ 5LYHVW� 6KDPLU� DQG $GOHPDQ >��@� LV RQH
RI WKH VLPSOHVW SXEOLF�NH\ FU\SWRV\VWHPV� 7KH SDUDPHWHUV DUH Q� S DQG T� H�
DQG G� 7KH PRGXOXV Q LV WKH SURGXFW RI WKH GLVWLQFW ODUJH UDQGRP SULPHV�
Q  ST� 7KH SXEOLF H[SRQHQW H LV D QXPEHU LQ WKH UDQJH � � H � ��Q� VXFK
WKDW

JFG�H� ��Q��  � �

ZKHUH ��Q� LV (XOHU
V WRWLHQW IXQFWLRQ RI Q� JLYHQ E\

��Q�  �Sb ���T b �� �

7KH SULYDWH H[SRQHQW G LV REWDLQHG E\ LQYHUWLQJ H PRGXOR ��Q�� L�H��

G  Hb� PRG ��Q� �

XVLQJ WKH H[WHQGHG (XFOLGHDQ DOJRULWKP >��� ��@� 8VXDOO\ RQH VHOHFWV D VPDOO
SXEOLF H[SRQHQW� H�J�� H  ��� � �� 7KH HQFU\SWLRQ RSHUDWLRQ LV SHUIRUPHG
E\ FRPSXWLQJ

&  0 H �PRG Q� �

ZKHUH 0 LV WKH SODLQWH[W VXFK WKDW � x 0 � Q� 7KH QXPEHU & LV WKH
FLSKHUWH[W IURP ZKLFK WKH SODLQWH[W 0 FDQ EH FRPSXWHG XVLQJ

0  &G �PRG Q� �

$V DQ H[DPSOH� OHW S  �� DQG T  ��� :H FRPSXWH Q  ST  �� c ��  ���
DQG

��Q�  �Sb ���T b ��  �� c ��  ��� �
7KH SXEOLF H[SRQHQW H LV VHOHFWHG VXFK WKDW � � H � ��Q� DQG

JFG�H� ��Q��  JFG�H� ����  � �

)RU H[DPSOH� H  �� ZRXOG VDWLVI\ WKLV FRQVWUDLQW� 7KH SULYDWH H[SRQHQW G
LV REWDLQHG E\ LQYHUWLQJ H PRGXOR ��Q� DV

G  ��b� �PRG ����

 ��� �

ZKLFK FDQ EH FRPSXWHG XVLQJ WKH H[WHQGHG (XFOLGHDQ DOJRULWKP� 7KH XVHU
SXEOLVKHV WKH SXEOLF H[SRQHQW DQG WKH PRGXOXV� �H� Q�  ���� ����� DQG
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NHHSV WKH IROORZLQJ SULYDWH� G  ���� S  ��� T  ��� /HW 0  �� EH WKH
SODLQWH[W� ,W LV HQFU\SWHG E\ FRPSXWLQJ &  0 H �PRG Q� DV

&  ���� �PRG ����

 �� �

7KH FLSKHUWH[W &  �� LV GHFU\SWHG E\ FRPSXWLQJ 0  &G �PRG Q� DV

0  ����� �PRG ����

 �� �

7KH 56$ DOJRULWKP FDQ EH XVHG WR VHQG HQFU\SWHG PHVVDJHV DQG WR SUR�
GXFH GLJLWDO VLJQDWXUHV IRU HOHFWURQLF GRFXPHQWV� ,W SURYLGHV D SURFHGXUH IRU
VLJQLQJ D GLJLWDO GRFXPHQW� DQG YHULI\LQJ ZKHWKHU WKH VLJQDWXUH LV LQGHHG
DXWKHQWLF� 7KH VLJQLQJ RI D GLJLWDO GRFXPHQW LV VRPHZKDW GLoHUHQW IURP
VLJQLQJ D SDSHU GRFXPHQW� ZKHUH WKH VDPH VLJQDWXUH LV EHLQJ SURGXFHG IRU
DOO SDSHU GRFXPHQWV� $ GLJLWDO VLJQDWXUH FDQQRW EH D FRQVWDQW� LW LV D IXQF�
WLRQ RI WKH GLJLWDO GRFXPHQW IRU ZKLFK LW ZDV SURGXFHG� $IWHU WKH VLJQDWXUH
�ZKLFK LV MXVW DQRWKHU SLHFH RI GLJLWDO GDWD� RI D GLJLWDO GRFXPHQW LV REWDLQHG�
LW LV DWWDFKHG WR WKH GRFXPHQW IRU DQ\RQH ZLVKLQJ WKH YHULI\ WKH DXWKHQWLF�
LW\ RI WKH GRFXPHQW DQG WKH VLJQDWXUH� :H UHIHU WKH UHDGHU WR WKH WHFKQLFDO
UHSRUWV $QVZHUV WR )UHTXHQWO\ $VNHG 4XHVWLRQV $ERXW 7RGD\
V &U\SWRJUDSK\
DQG 3XEOLF .H\ &U\SWRJUDSK\ 6WDQGDUGV SXEOLVKHG E\ WKH 56$ /DERUDWRULHV
>��� ��@ IRU DQVZHUV WR FHUWDLQ TXHVWLRQV RQ WKHVH LVVXHV�

� &RPSXWDWLRQ RI 0 RGXODU ( [SRQHQWLDWLRQ

2QFH WKH PRGXOXV DQG WKH SULYDWH DQG SXEOLF H[SRQHQWV DUH GHWHUPLQHG� WKH
VHQGHUV DQG UHFLSLHQWV SHUIRUP D VLQJOH RSHUDWLRQ IRU VLJQLQJ� YHULpFDWLRQ�
HQFU\SWLRQ� DQG GHFU\SWLRQ� 7KH RSHUDWLRQ UHTXLUHG LV WKH FRPSXWDWLRQ RI
0 H �PRG Q�� L�H�� WKH PRGXODU H[SRQHQWLDWLRQ� 7KH PRGXODU H[SRQHQWLD�
WLRQ RSHUDWLRQ LV D FRPPRQ RSHUDWLRQ IRU VFUDPEOLQJ� LW LV XVHG LQ VHYHUDO
FU\SWRV\VWHPV� )RU H[DPSOH� WKH 'LrH�+HOOPDQ NH\ H[FKDQJH VFKHPH UH�
TXLUHV PRGXODU H[SRQHQWLDWLRQ >�@� )XUWKHUPRUH� WKH (O*DPDO VLJQDWXUH
VFKHPH >�@ DQG WKH 'LJLWDO 6LJQDWXUH 6WDQGDUG �'66� RI WKH 1DWLRQDO ,Q�
VWLWXWH IRU 6WDQGDUGV DQG 7HFKQRORJ\ >��@ DOVR UHTXLUH WKH FRPSXWDWLRQ RI
PRGXODU H[SRQHQWLDWLRQ� +RZHYHU� ZH QRWH WKDW WKH H[SRQHQWLDWLRQ SURFHVV
LQ D FU\SWRV\VWHP EDVHG RQ WKH GLVFUHWH ORJDULWKP SUREOHP LV VOLJKWO\ GLI�
IHUHQW� 7KH EDVH �0� DQG WKH PRGXOXV �Q� DUH NQRZQ LQ DGYDQFH� 7KLV
DOORZV VRPH SUHFRPSXWDWLRQ VLQFH SRZHUV RI WKH EDVH FDQ EH SUHFRPSXWHG



�� 56$ 2SHUDWLRQV DQG 3DUDPHWHUV �

DQG VDYHG >�@� ,Q WKH H[SRQHQWLDWLRQ SURFHVV IRU WKH 56$ DOJRULWKP� ZH
NQRZ WKH H[SRQHQW �H� DQG WKH PRGXOXV �Q� LQ DGYDQFH EXW QRW WKH EDVH
�0�� WKXV� VXFK RSWLPL]DWLRQV DUH QRW OLNHO\ WR EH DSSOLFDEOH�

,Q WKH IROORZLQJ VHFWLRQV ZH ZLOO UHYLHZ WHFKQLTXHV IRU LPSOHPHQWDWLRQ
RI WKH PRGXODU H[SRQHQWLDWLRQ RSHUDWLRQ LQ KDUGZDUH� :H ZLOO VWXG\ WHFK�
QLTXHV IRU H[SRQHQWLDWLRQ� PRGXODU PXOWLSOLFDWLRQ� PRGXODU DGGLWLRQ� DQG
DGGLWLRQ RSHUDWLRQV� :H LQWHQG WR FRYHU PDWKHPDWLFDO DQG DOJRULWKPLF
DVSHFWV RI WKH PRGXODU H[SRQHQWLDWLRQ RSHUDWLRQ� SURYLGLQJ WKH QHFHVVDU\
NQRZOHGJH WR WKH KDUGZDUH GHVLJQHU ZKR LV LQWHUHVWHG LQ LPSOHPHQWLQJ WKH
56$ DOJRULWKP XVLQJ D SDUWLFXODU WHFKQRORJ\� :H GUDZ RXU PDWHULDO IURP
FRPSXWHU DULWKPHWLF ERRNV >��� ��� ��� ��@� FROOHFWLRQ RI DUWLFOHV >��� ��@� DQG
MRXUQDO DQG FRQIHUHQFH DUWLFOHV RQ KDUGZDUH VWUXFWXUHV IRU SHUIRUPLQJ WKH
PRGXODU PXOWLSOLFDWLRQ DQG H[SRQHQWLDWLRQV >��� ��� ��� �� �� ��� ��� ��� ��@�
)RU LPSOHPHQWLQJ WKH 56$ DOJRULWKP LQ VRIWZDUH� ZH UHIHU WKH UHDGHU WR
WKH FRPSDQLRQ UHSRUW +LJK�6SHHG 56$ ,PSOHPHQWDWLRQ SXEOLVKHG E\ 56$
/DERUDWRULHV >��@�

� 56$ 2SHU DWLRQV DQG 3 DU DPHWHU V

7KH 56$ DOJRULWKP UHTXLUHV FRPSXWDWLRQ RI WKH PRGXODU H[SRQHQWLDWLRQ
ZKLFK LV EURNHQ LQWR D VHULHV RI PRGXODU PXOWLSOLFDWLRQV E\ WKH DSSOLFDWLRQ RI
H[SRQHQWLDWLRQ KHXULVWLFV� %HIRUH JHWWLQJ LQWR WKH GHWDLOV RI WKHVH RSHUDWLRQV�
ZH PDNH WKH IROORZLQJ GHpQLWLRQV�

s 7KH SXEOLF PRGXOXV Q LV D N�ELW SRVLWLYH LQWHJHU� UDQJLQJ IURP ��� WR
���� ELWV�

s 7KH VHFUHW SULPHV S DQG T DUH DSSUR[LPDWHO\ N � ELWV LQ OHQJWK�

s 7KH SXEOLF H[SRQHQW H LV DQ K�ELW SRVLWLYH LQWHJHU� 7KH VL]H RI H LV
VPDOO� XVXDOO\ QRW PRUH WKDQ �� ELWV� 7KH VPDOOHVW SRVVLEOH YDOXH RI H
LV ��

s 7KH VHFUHW H[SRQHQW G LV D ODUJH QXPEHU� LW PD\ EH DV ODUJH DV ��Q�b��
:H ZLOO DVVXPH WKDW G LV D N�ELW SRVLWLYH LQWHJHU�

$IWHU WKHVH GHpQLWLRQV� ZH ZLOO VWXG\ DOJRULWKPV IRU PRGXODU H[SRQHQWLDWLRQ�
H[SRQHQWLDWLRQ� PRGXODU PXOWLSOLFDWLRQ� PXOWLSOLFDWLRQ� PRGXODU DGGLWLRQ�
DGGLWLRQ� DQG VXEWUDFWLRQ RSHUDWLRQV RQ ODUJH LQWHJHUV�
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� 0 RGXODU ( [SRQHQWLDWLRQ 2SHU DWLRQ

7KH PRGXODU H[SRQHQWLDWLRQ RSHUDWLRQ LV VLPSO\ DQ H[SRQHQWLDWLRQ RSHUD�
WLRQ ZKHUH PXOWLSOLFDWLRQ DQG VTXDULQJ RSHUDWLRQV DUH PRGXODU RSHUDWLRQV�
7KH H[SRQHQWLDWLRQ KHXULVWLFV GHYHORSHG IRU FRPSXWLQJ 0 H DUH DSSOLFDEOH
IRU FRPSXWLQJ 0 H �PRG Q�� ,Q WKH FRPSDQLRQ UHSRUW >��@� ZH UHYLHZ VHY�
HUDO WHFKQLTXHV IRU WKH H[SRQHQWLDWLRQ RSHUDWLRQ� ,Q WKH GRPDLQ RI KDUGZDUH
LPSOHPHQWDWLRQ� ZH ZLOO PHQWLRQ D FRXSOH RI GHWDLOV� DQG UHIHU WKH UHDGHU WR
WKH FRPSDQLRQ UHSRUW >��@ IRU PRUH LQIRUPDWLRQ RQ H[SRQHQWLDWLRQ KHXULVWLFV�
7KH ELQDU\ PHWKRG IRU FRPSXWLQJ 0 H �PRG Q� JLYHQ WKH LQWHJHUV 0 �

H� DQG Q KDV WZR YDULDWLRQV GHSHQGLQJ RQ WKH GLUHFWLRQ E\ ZKLFK WKH ELWV RI
H DUH VFDQQHG� /HIW�WR�5LJKW �/5� DQG 5LJKW�WR�/HIW �5/�� 7KH /5 ELQDU\
PHWKRG LV PRUH ZLGHO\ NQRZQ�

/5 %LQDU\ 0HWKRG
,QSXW� 0� H� Q
2XWSXW� & � 0 H PRG Q
�� LI HKb�  � WKHQ & � 0 HOVH & � �
�� IRU L  Kb � GRZQWR �
�D� & � & c & �PRG Q�
�E� LI HL  � WKHQ & � & c0 �PRG Q�
�� UHWXUQ &

7KH ELWV RI H DUH VFDQQHG IURP WKH PRVW VLJQLpFDQW WR WKH OHDVW VLJQLpFDQW�
DQG D PRGXODU VTXDULQJ LV SHUIRUPHG IRU HDFK ELW� $ PRGXODU PXOWLSOLFDWLRQ
RSHUDWLRQ LV SHUIRUPHG RQO\ LI WKH ELW LV �� $Q H[DPSOH RI /5 ELQDU\ PHWKRG
LV LOOXVWUDWHG EHORZ IRU K  � DQG H  ��  ��������� 6LQFH H�  �� WKH /5
DOJRULWKP VWDUWV ZLWK & � 0 � DQG SURFHHGV DV

L HL 6WHS �D �&� 6WHS �E �&�

� � �0 ��  0� 0� c0  0�

� � �0 ���  0� 0�

� � �0 ���  0�� 0�� c0  0��

� � �0 ����  0�� 0�� c0  0��

� � �0 ����  0�� 0�� c0  0��

7KH 5/ ELQDU\ DOJRULWKP� RQ WKH RWKHU KDQG� VFDQV WKH ELWV RI H IURP WKH
OHDVW VLJQLpFDQW WR WKH PRVW VLJQLpFDQW� DQG XVHV DQ DX[LOLDU\ YDULDEOH 3 WR
NHHS WKH SRZHUV 0 �



�� 0RGXODU ([SRQHQWLDWLRQ 2SHUDWLRQ �

5/ %LQDU\ 0HWKRG
,QSXW� 0� H� Q
2XWSXW� & � 0 H PRG Q
�� & � � � 3 � 0
�� IRU L  � WR Kb �
�D� LI HL  � WKHQ & � & c 3 �PRG Q�
�E� 3 � 3 c 3 �PRG Q�
�� LI HKb�  � WKHQ & � & c 3 �PRG Q�
�� UHWXUQ &

7KH 5/ DOJRULWKP VWDUWV ZLWK &  � � DQG 3 � 0 � SURFHHGV WR FRPSXWH
0�� DV IROORZV�

L HL 6WHS �D �&� 6WHS �E �3 �

� � � c0  0 �0��  0�

� � 0 c0�  0� �0���  0�

� � 0� c0�  0� �0���  0�

� � 0� �0���  0��

� � 0� c0��  0�� �0����  0��

6WHS �� H�  �� WKXV & � 0�� c0 ��  0 ��

:H FRPSDUH WKH /5 DQG 5/ DOJRULWKP LQ WHUPV RI WLPH DQG VSDFH UHTXLUH�
PHQWV EHORZ�

s %RWK PHWKRGV UHTXLUH K b � VTXDULQJV DQG DQ DYHUDJH RI �
�
�K b ��

PXOWLSOLFDWLRQV�

s 7KH /5 ELQDU\ PHWKRG UHTXLUHV WZR UHJLVWHUV� 0 DQG &�

s 7KH 5/ ELQDU\ PHWKRG UHTXLUHV WKUHH UHJLVWHUV� 0 � &� DQG 3 � +RZ�
HYHU� ZH QRWH WKDW 3 FDQ EH XVHG LQ SODFH RI 0 � LI WKH YDOXH RI 0 LV
QRW QHHGHG WKHUHDIWHU�

s 7KH PXOWLSOLFDWLRQ �6WHS �D� DQG VTXDULQJ �6WHS �E� RSHUDWLRQV LQ WKH
5/ ELQDU\ PHWKRG DUH LQGHSHQGHQW RI RQH DQRWKHU� DQG WKXV WKHVH
VWHSV FDQ EH SDUDOOHOL]HG� 3URYLGHG WKDW ZH KDYH WZR PXOWLSOLHUV �RQH
PXOWLSOLHU DQG RQH VTXDUHU� DYDLODEOH� WKH UXQQLQJ WLPH RI WKH 5/ EL�
QDU\ PHWKRG LV ERXQGHG E\ WKH WRWDO WLPH UHTXLUHG IRU FRPSXWLQJ Kb�
VTXDULQJ RSHUDWLRQV RQ N�ELW LQWHJHUV�

7KH DGYDQFHG H[SRQHQWLDWLRQ DOJRULWKPV DUH RIWHQ EDVHG RQ ZRUG�OHYHO
VFDQQLQJ RI WKH GLJLWV RI WKH H[SRQHQW H� $V PHQWLRQHG� WKH FRPSDQLRQ
WHFKQLFDO UHSRUW >��@ FRQWDLQV VHYHUDO DGYDQFHG DOJRULWKPV IRU FRPSXWLQJ WKH
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PRGXODU H[SRQHQWLDWLRQ� ZKLFK DUH VOLJKWO\ IDVWHU WKDQ WKH ELQDU\ PHWKRG�
7KH ZRUG�OHYHO DOJRULWKPV� L�H�� WKH P�DU\ PHWKRGV� UHTXLUH VRPH VSDFH WR
NHHS SUHFRPSXWHG SRZHUV RI 0 LQ RUGHU WR UHGXFH WKH UXQQLQJ WLPH� 7KHVH
DOJRULWKPV PD\ QRW EH YHU\ VXLWDEOH IRU KDUGZDUH LPSOHPHQWDWLRQ VLQFH WKH
VSDFH RQ�FKLS LV DOUHDG\ OLPLWHG GXH WR WKH ODUJH VL]H RI RSHUDQGV LQYROYHG
�H�J�� ���� ELWV�� 7KXV� ZH ZLOO QRW VWXG\ WKHVH WHFKQLTXHV LQ WKLV UHSRUW�

7KH UHPDLQGHU RI WKLV UHSRUW UHYLHZV DOJRULWKPV IRU FRPSXWLQJ WKH ED�
VLF PRGXODU DULWKPHWLF RSHUDWLRQV� QDPHO\� WKH DGGLWLRQ� VXEWUDFWLRQ� DQG
PXOWLSOLFDWLRQ� :H ZLOO DVVXPH WKDW WKH XQGHUO\LQJ H[SRQHQWLDWLRQ KHXULVWLF
LV HLWKHU WKH ELQDU\ PHWKRG� RU DQ\ RI WKH DGYDQFHG P�DU\ DOJRULWKP ZLWK
WKH QHFHVVDU\ UHJLVWHU VSDFH DOUHDG\ PDGH DYDLODEOH� 7KLV DVVXPSWLRQ DOORZV
XV WR FRQFHQWUDWH RQ GHYHORSLQJ WLPH DQG DUHD HrFLHQW DOJRULWKPV IRU WKH
EDVLF PRGXODU DULWKPHWLF RSHUDWLRQV� ZKLFK LV WKH FXUUHQW FKDOOHQJH EHFDXVH
RI WKH RSHUDQG VL]H�

7KH OLWHUDWXUH LV UHSOHWH ZLWK UHVLGXH DULWKPHWLF WHFKQLTXHV DSSOLHG WR
VLJQDO SURFHVVLQJ� VHH IRU H[DPSOH� WKH FROOHFWLRQ RI SDSHUV LQ >��@�

+RZHYHU� LQ VLJQDO SURFHVVLQJ DSSOLFDWLRQV� WKH VL]H RI RSHUDQGV LV YHU\
VPDOO� XVXDOO\ DURXQG �^�� ELWV� DOORZLQJ WDEOH ORRNXS DSSURDFKHV� )XUWKHU�
PRUH� WKH PRGXOL DUH p[HG DQG NQRZQ LQ DGYDQFH� 2Q WKH RWKHU KDQG� LQ
FU\SWRJUDSKLF DSSOLFDWLRQV� ZH GHDO ZLWK YHU\ ODUJH QXPEHUV DQG YDULDEOH
PRGXOL� DQG WKXV� DQ HQWLUHO\ QHZ VHW RI DSSURDFKHV DUH QHHGHG WR GHVLJQ
WLPH DQG DUHD HrFLHQW KDUGZDUH VWUXFWXUHV IRU SHUIRUPLQJ PRGXODU DULWK�
PHWLF RSHUDWLRQV�

� $GGLWLRQ 2SHU DWLRQ

,Q WKLV VHFWLRQ� ZH VWXG\ DOJRULWKPV IRU FRPSXWLQJ WKH VXP RI WZR N�ELW
LQWHJHUV $ DQG %� /HW $L DQG %L IRU L  �� �� � � � � Nb � UHSUHVHQW WKH ELWV RI
WKH LQWHJHUV $ DQG %� UHVSHFWLYHO\� :H ZRXOG OLNH WR FRPSXWH WKH VXP ELWV
6L IRU L  �� �� � � � � N b � DQG WKH pQDO FDUU\�RXW &N DV IROORZV�

$Nb� $Nb� c c c $� $�
� %Nb� %Nb� c c c %� %�
&N 6Nb� 6Nb� c c c 6� 6�

:H ZLOO VWXG\ WKH IROORZLQJ DOJRULWKPV� WKH FDUU\ SURSDJDWH DGGHU �&3$��
WKH FDUU\ FRPSOHWLRQ VHQVLQJ DGGHU �&&6$�� WKH FDUU\ ORRN�DKHDG DGGHU
�&/$�� WKH FDUU\ VDYH DGGHU �&6$�� DQG WKH FDUU\ GHOD\HG DGGHU �&'$� IRU
FRPSXWLQJ WKH VXP DQG WKH pQDO FDUU\�RXW�



�� $GGLWLRQ 2SHUDWLRQ �

��� )XOO�DGGHU DQG KDOI�DGGHU FHOOV

7KH EXLOGLQJ EORFNV RI WKHVH DGGHUV DUH WKH IXOO�DGGHU �)$� DQG KDOI�DGGHU
�+$� FHOOV� 7KXV� ZH EULHq\ LQWURGXFH WKHP KHUH� $ IXOO�DGGHU LV D FRPEL�
QDWLRQDO FLUFXLW ZLWK � LQSXWV DQG � RXWSXWV� 7KH LQSXWV $L� %L� &L DQG WKH
RXWSXWV 6L DQG &L�� DUH ERROHDQ YDULDEOHV� ,W LV DVVXPHG WKDW $L DQG %L

DUH WKH LWK ELWV RI WKH LQWHJHUV $ DQG %� UHVSHFWLYHO\� DQG &L LV WKH FDUU\ ELW
UHFHLYHG E\ WKH LWK SRVLWLRQ� 7KH )$ FHOO FRPSXWHV WKH VXP ELW 6L DQG WKH
FDUU\�RXW ELW &L�� ZKLFK LV WR EH UHFHLYHG E\ WKH QH[W FHOO� 7KH WUXWK WDEOH
RI WKH )$ FHOO LV DV IROORZV�

$L %L &L &L�� 6L
� � � � �
� � � � �
� � � � �
� � � � �
� � � � �
� � � � �
� � � � �
� � � � �

7KH ERROHDQ IXQFWLRQV RI WKH RXWSXW YDOXHV DUH DV

&L��  $L%L �$L&L �%L&L �

6L  $L j%L j &L �

6LPLODUO\� DQ KDOI�DGGHU LV D FRPELQDWLRQDO FLUFXLW ZLWK � LQSXWV DQG � RXW�
SXWV� 7KH LQSXWV $L� %L DQG WKH RXWSXWV 6L DQG &L�� DUH ERROHDQ YDULDEOHV�
,W LV DVVXPHG WKDW $L DQG %L DUH WKH LWK ELWV RI WKH LQWHJHUV $ DQG %� UH�
VSHFWLYHO\� 7KH +$ FHOO FRPSXWHV WKH VXP ELW 6L DQG WKH FDUU\�RXW ELW &L���
7KXV� DQ KDOI�DGGHU LV HDVLO\ REWDLQHG E\ VHWWLQJ WKH WKLUG LQSXW ELW &L WR
]HUR� 7KH WUXWK WDEOH RI WKH +$ FHOO LV DV IROORZV�

$L %L &L�� 6L
� � � �
� � � �
� � � �
� � � �

7KH ERROHDQ IXQFWLRQV RI WKH RXWSXW YDOXHV DUH DV &L��  $L%L DQG 6L  
$L j%L� ZKLFK FDQ EH REWDLQHG E\ VHWWLQJ WKH FDUU\ ELW LQSXW &L RI WKH )$
FHOO WR ]HUR� 7KH IROORZLQJ pJXUH LOOXVWUDWHV WKH )$ DQG +$ FHOOV�
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FA

Ai Bi

Ci

Si

Ci+1
HA

Ci+1

Ai Bi

Si

Full-Adder Cell Half-Adder Cell

��� &DU U \ SU RSDJDWH DGGHU

7KH FDUU\ SURSDJDWH DGGHU LV D OLQHDUO\ FRQQHFWHG DUUD\ RI IXOO�DGGHU �)$�
FHOOV� 7KH WRSRORJ\ RI WKH &3$ LV LOOXVWUDWHG EHORZ IRU N  ��

FAFAFAFAFAFA
C4C5

C6 S4S5

A0A1A2A3A4A5 B0B1B2B3B4B5

S0

C0C1

S1

C2

S2

C3

S3

7KH WRWDO GHOD\ RI WKH FDUU\ SURSDJDWH DGGHU LV N WLPHV WKH GHOD\ RI D VLQJOH
IXOO�DGGHU FHOO� 7KLV LV EHFDXVH WKH LWK FHOO QHHGV WR UHFHLYH WKH FRUUHFW YDOXH
RI WKH FDUU\�LQ ELW &L LQ RUGHU WR FRPSXWH LWV FRUUHFW RXWSXWV� 7UDFLQJ EDFN
WR WKH �WK FHOO� ZH FRQFOXGH WKDW D WRWDO RI N IXOO�DGGHU GHOD\V LV QHHGHG WR
FRPSXWH WKH VXP YHFWRU 6 DQG WKH pQDO FDUU\�RXW &N� )XUWKHUPRUH� WKH
WRWDO DUHD RI WKH N�ELW &3$ LV HTXDO WR N WLPHV D VLQJOH IXOO�DGGHU FHOO DUHD�
7KH &3$ VFDOHV XS YHU\ HDVLO\� E\ DGGLQJ DGGLWLRQDO FHOOV VWDUWLQJ IURP WKH
PRVW VLJQLpFDQW�



�� $GGLWLRQ 2SHUDWLRQ �

7KH VXEWUDFWLRQ RSHUDWLRQ FDQ EH SHUIRUPHG RQ D FDUU\ SURSDJDWH DGGHU
E\ XVLQJ �
V FRPSOHPHQW DULWKPHWLF� $VVXPLQJ ZH KDYH D N�ELW &3$ DYDLO�
DEOH� ZH HQFRGH WKH SRVLWLYH QXPEHUV LQ WKH UDQJH >�� �Nb�b�@ DV N�ELW ELQDU\
YHFWRUV ZLWK WKH PRVW VLJQLpFDQW ELW EHLQJ �� $ QHJDWLYH QXPEHU LV WKHQ UHS�
UHVHQWHG ZLWK LWV PRVW VLJQLpFDQW ELW DV �� 7KLV LV DFFRPSOLVKHG DV IROORZV�
/HW [ � >�� �Nb�@� WKHQ b[ LV UHSUHVHQWHG E\ FRPSXWLQJ �Nb[� )RU H[DPSOH�
IRU N  �� WKH SRVLWLYH QXPEHUV DUH �� �� �� � HQFRGHG DV ���� ���� ���� ����
UHVSHFWLYHO\� 7KH QHJDWLYH � LV FRPSXWHG DV �� b �  � b �  �  ����
6LPLODUO\� b�� b�� DQG b� DUH HQFRGHG DV ���� ���� DQG ���� UHVSHFWLYHO\�
7KLV HQFRGLQJ V\VWHP KDV WZR DGYDQWDJHV ZKLFK DUH UHOHYDQW LQ SHUIRUPLQJ
PRGXODU DULWKPHWLF RSHUDWLRQV�

s 7KH VLJQ GHWHFWLRQ LV HDV\� WKH PRVW VLJQLpFDQW ELW JLYHV WKH VLJQ�

s 7KH VXEWUDFWLRQ LV HDV\� ,Q RUGHU WR FRPSXWH [b \� ZH pUVW UHSUHVHQW
b\ XVLQJ �
V FRPSOHPHQW HQFRGLQJ� DQG WKHQ DGG [ WR b\�

7KH &3$ KDV VHYHUDO DGYDQWDJHV EXW RQH FOHDU GLVDGYDQWDJH� WKH FRPSX�
WDWLRQ WLPH LV WRR ORQJ IRU RXU DSSOLFDWLRQ� LQ ZKLFK WKH RSHUDQG VL]H LV LQ
WKH RUGHU RI VHYHUDO KXQGUHGV� XS WR ���� ELWV� 7KXV� ZH QHHG WR H[SORUH
RWKHU WHFKQLTXHV ZLWK WKH KRSH RI EXLOGLQJ FLUFXLWV ZKLFK UHTXLUH OHVV WLPH
ZLWKRXW VLJQLpFDQWO\ LQFUHDVLQJ WKH DUHD�

��� &DU U \ FRPSOHWLRQ VHQVLQJ DGGHU

7KH FDUU\ FRPSOHWLRQ VHQVLQJ DGGHU LV DQ DV\QFKURQRXV FLUFXLW ZLWK DUHD UH�
TXLUHPHQW SURSRUWLRQDO WR N� ,W LV EDVHG RQ WKH REVHUYDWLRQ WKDW WKH DYHUDJH
WLPH UHTXLUHG IRU WKH FDUU\ SURSDJDWLRQ SURFHVV WR FRPSOHWH LV PXFK OHVV
WKDQ WKH ZRUVW FDVH ZKLFK LV N IXOO�DGGHU GHOD\V� )RU H[DPSOH� WKH DGGLWLRQ
RI ����� E\ ����� SURGXFHV WKH ORQJHVW FDUU\ OHQJWK DV �� DV VKRZQ EHORZ�

0 0 1 1 1 0 1 1 0 1 1 0 1 1 0A

0 1 0 0 1 1 1 0 0 0 0 1 0 1 0 1

1

4 1 15

B

=

=

$ VWDWLVWLFDO DQDO\VLV VKRZV WKDW WKH DYHUDJH ORQJHVW FDUU\ VHTXHQFH LV DS�
SUR[LPDWHO\ ��� IRU D ���ELW DGGHU >�@� ,Q JHQHUDO� WKH DYHUDJH ORQJHVW FDUU\
SURGXFHG E\ WKH DGGLWLRQ RI WZR N�ELW LQWHJHUV LV XSSHU ERXQGHG E\ ORJ

�
N�
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7KXV� ZH FDQ GHVLJQ D FLUFXLW ZKLFK GHWHFWV WKH FRPSOHWLRQ RI DOO FDUU\
SURSDJDWLRQ SURFHVVHV� DQG FRPSOHWHV LQ ORJ

�
N WLPH LQ WKH DYHUDJH�

0 1 1 1 0 1 1 0 1 1 0 1 1 0 1A

1 0 0 1 1 1 0 0 0 0 1 0 1 0 1B
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0 0 0 0 0 0 0 0 0 0 0 0 0 0
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t = 0

t = 1

t = 2

t = 3

t = 4

t = 5

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

,Q RUGHU WR DFFRPSOLVK WKLV WDVN� ZH LQWURGXFH D QHZ YDULDEOH 1 LQ DGGLWLRQ
WR WKH FDUU\ YDULDEOH &� 7KH YDOXH RI & DQG 1 IRU LWK SRVLWLRQ LV FRPSXWHG
XVLQJ WKH YDOXHV RI $ DQG % IRU WKH LWK SRVLWLRQ� DQG WKH SUHYLRXV & DQG 1
YDOXHV� DV IROORZV�

�$L� %L�  ��� ��  � �&L� 1L�  ��� ��

�$L� %L�  ��� ��  � �&L� 1L�  ��� ��

�$L� %L�  ��� ��  � �&L� 1L�  �&Lb�� 1Lb��

�$L� %L�  ��� ��  � �&L� 1L�  �&Lb�� 1Lb��

,QLWLDOO\� WKH & DQG 1 YHFWRUV DUH VHW WR ]HUR� 7KH FHOOV ZKLFK SURGXFH & DQG
1 YDOXHV VWDUW ZRUNLQJ DV VRRQ DV WKH YDOXHV RI $ DQG % DUH DSSOLHG WR WKHP
LQ SDUDOOHO� 7KH RXWSXW RI D FHOO �&L� 1L� VHWWOHV ZKHQ LWV LQSXWV �&Lb�� 1Lb��
DUH VHWWOHG� :KHQ DOO FDUU\ SURSDJDWLRQ SURFHVVHV DUH FRPSOHWH� ZH KDYH
HLWKHU �&L� 1L�  ��� �� RU �&L� 1L�  ��� �� IRU DOO L  �� �� � � � � N� 7KXV�
WKH HQG RI FDUU\ FRPSOHWLRQ LV GHWHFWHG ZKHQ DOO ;L  &L � 1L  � IRU DOO
L  �� �� � � � � N� ZKLFK FDQ EH DFFRPSOLVKHG E\ XVLQJ D N�LQSXW $1' JDWH�



�� $GGLWLRQ 2SHUDWLRQ ��

��� &DU U \ ORRN�DKHDG DGGHU

7KH FDUU\ ORRN�DKHDG DGGHU LV EDVHG RQ FRPSXWLQJ WKH FDUU\ ELWV &L SULRU
WR WKH VXPPDWLRQ� 7KH FDUU\ ORRN�DKHDG ORJLF PDNHV XVH RI WKH UHODWLRQVKLS
EHWZHHQ WKH FDUU\ ELWV &L DQG WKH LQSXW ELWV $L DQG %L� :H GHpQH WZR
YDULDEOHV *L DQG 3L� QDPHG DV WKH JHQHUDWH DQG WKH SURSDJDWH IXQFWLRQV� DV
IROORZV�

*L  $L%L �

3L  $L �%L �

7KHQ� ZH H[SDQG &� LQ WHUPV RI *� DQG 3�� DQG WKH LQSXW FDUU\ &� DV

&�  $�%� �&��$� �%��  *� � &�3� �

6LPLODUO\� &� LV H[SDQGHG LQ WHUPV *�� 3�� DQG &� DV

&�  *� � &�3� �

:KHQ ZH VXEVWLWXWH &� LQ WKH DERYH HTXDWLRQ ZLWK WKH YDOXH RI &� LQ WKH
SUHFHGLQJ HTXDWLRQ� ZH REWDLQ &� LQ WHUPV *�� *�� 3�� 3�� DQG &� DV

&�  *� � &�3�  *� � �*� � &�3��3�  *� �*�3� � &�3�3� �

3URFHHGLQJ LQ WKLV IDVKLRQ� ZH FDQ REWDLQ &L DV IXQFWLRQ RI &� DQG *�� *��
� � �� *L DQG 3�� 3�� � � �� 3L� 7KH FDUU\ IXQFWLRQV XS WR &� DUH JLYHQ EHORZ�

&�  *� � &�3� �

&�  *� �*�3� � &�3�3� �

&�  *� �*�3� �*�3�3� � &�3�3�3� �

&�  *� �*�3� �*�3�3� �*�3�3�3� � &�3�3�3�3� �

7KH FDUU\ ORRN�DKHDG ORJLF XVHV WKHVH IXQFWLRQV LQ RUGHU WR FRPSXWH DOO &LV LQ
DGYDQFH� DQG WKHQ IHHGV WKHVH YDOXHV WR DQ DUUD\ RI (;25 JDWHV WR FRPSXWH
WKH VXP YHFWRU 6� 7KH LWKH HOHPHQW RI WKH VXP YHFWRU LV FRPSXWHG XVLQJ

6L  $L j%L j &L �
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7KH FDUU\ ORRN�DKHDG DGGHU IRU N  � LV LOOXVWUDWHG EHORZ�

C4

A0A1A2A3 B0B1B2B3

Carry Look-Ahead Logic C0

S0

B0

C0

A0

C1

S1

A1

B1

C2

S2

A2

B2

C3

S3

A3

B3

7KH &/$ GRHV QRW VFDOH XS YHU\ HDVLO\� ,Q RUGHU WR GHDO ZLWK ODUJH RSHUDQGV�
ZH KDYH EDVLFDOO\ WZR DSSURDFKHV�

s 7KH EORFN FDUU\ ORRN�DKHDG DGGHU� )LUVW ZH EXLOG VPDOO ���ELW RU ��
ELW� FDUU\ ORRN�DKHDG ORJLF FHOOV ZLWK VHFWLRQ JHQHUDWH DQG SURSDJDWH
IXQFWLRQV� DQG WKHQ VWDFN WKHVH WR EXLOG ODUJHU FDUU\ ORRN�DKHDG DGGHUV
>��� ��� ��@�

s 7KH FRPSOHWH FDUU\ ORRN�DKHDG DGGHU� :H EXLOG D FRPSOHWH FDUU\ ORRN�
DKHDG ORJLF IRU WKH JLYHQ RSHUDQG VL]H� ,Q RUGHU WR DFFRPSOLVK WKLV WDVN�
WKH FDUU\ ORRN�DKHDG IXQFWLRQV DUH IRUPXODWHG LQ D ZD\ WR DOORZ WKH
XVH RI WKH SDUDOOHO SUHp[ FLUFXLWV >�� ��� ��@�

7KH WRWDO GHOD\ RI WKH FDUU\ ORRN�DKHDG DGGHU LV 2�ORJ N� ZKLFK FDQ EH
VLJQLpFDQWO\ OHVV WKDQ WKH FDUU\ SURSDJDWH DGGHU� 7KHUH LV D SHQDOW\ SDLG
IRU WKLV JDLQ� 7KH DUHD LQFUHDVHV� 7KH EORFN FDUU\ ORRN�DKHDG DGGHUV UHTXLUH
2�N ORJ N� DUHD� ZKLOH WKH FRPSOHWH FDUU\ ORRN�DKHDG DGGHUV UHTXLUH 2�N�
DUHD E\ PDNLQJ XVH RI HrFLHQW SDUDOOHO SUHp[ FLUFXLWV >��� ��@� ,W VHHPV WKDW
D FDUU\ ORRN�DKHDG DGGHU ODUJHU WKDQ ��� ELWV LV QRW FRVW HoHFWLYH� FRQVLGHULQJ
WKH IDFW WKHUH DUH EHWWHU DOWHUQDWLYHV� H�J�� WKH FDUU\ VDYH DGGHUV� (YHQ E\
HPSOR\LQJ EORFN FDUU\ ORRN�DKHDG DSSURDFKHV� D FDUU\ ORRN�DKHDG DGGHU ZLWK
���� ELWV VHHPV QRW IHDVLEOH RU FRVW HoHFWLYH�

��� &DU U \ VDYH DGGHU

7KH FDUU\ VDYH DGGHU VHHPV WR EH WKH PRVW XVHIXO DGGHU IRU RXU DSSOLFDWLRQ�
,W LV VLPSO\ D SDUDOOHO HQVHPEOH RI N IXOO�DGGHUV ZLWKRXW DQ\ KRUL]RQWDO FRQ�
QHFWLRQ� ,WV PDLQ IXQFWLRQ LV WR DGG WKUHH N�ELW LQWHJHUV $� %� DQG & WR
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SURGXFH WZR LQWHJHUV & � DQG 6 VXFK WKDW

& � � 6  $�% � & �

$V DQ H[DPSOH� OHW $  ��� %  ��� DQG &  ��� ZH FRPSXWH 6 DQG & � DV
VKRZQ EHORZ�

$  ��  � � � � � �
%  ��  � � � � � �
&  ��  � � � � � �

6  ��  � � � � � �
& �  ��  � � � � � �

7KH LWK ELW RI WKH VXP 6L DQG WKH �L���VW ELW RI WKH FDUU\ &
�

L��
LV FDOFXODWHG

XVLQJ WKH HTXDWLRQV

6L  $L j%L j &L �

& �

L��
 $L%L �$L&L �%L&L �

LQ RWKHU ZRUGV� D FDUU\ VDYH DGGHU FHOO LV MXVW D IXOO�DGGHU FHOO� $ FDUU\ VDYH
DGGHU� VRPHWLPHV QDPHG D RQH�OHYHO &6$� LV LOOXVWUDWHG EHORZ IRU N  ��

FA

C5

C’6 S5

A5 B5

FA

C4

C’5 S4

A4 B4

FA

C3

C’4 S3

A3 B3

FA

C2

C’3 S2

A2 B2

FA

C1

C’2 S1

A1 B1

FA

C0

C’1 S0

A0 B0

6LQFH WKH LQSXW YHFWRUV $� %� DQG & DUH DSSOLHG LQ SDUDOOHO� WKH WRWDO GHOD\
RI D FDUU\ VDYH DGGHU LV HTXDO WR WKH WRWDO GHOD\ RI D VLQJOH )$ FHOO� 7KXV� WKH
DGGLWLRQ RI WKUHH LQWHJHUV WR FRPSXWH WZR LQWHJHUV UHTXLUHV D VLQJOH )$ GHOD\�
)XUWKHUPRUH� WKH &6$ UHTXLUHV RQO\ N WLPHV WKH DUHDV RI )$ FHOO� DQG VFDOHV
XS YHU\ HDVLO\ E\ DGGLQJ PRUH SDUDOOHO FHOOV� 7KH VXEWUDFWLRQ RSHUDWLRQ FDQ
DOVR EH SHUIRUPHG E\ XVLQJ �
V FRPSOHPHQW HQFRGLQJ� 7KHUH DUH EDVLFDOO\
WZR GLVDGYDQWDJHV RI WKH FDUU\ VDYH DGGHUV�
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s ,W GRHV QRW UHDOO\ VROYH RXU SUREOHP RI DGGLQJ WZR LQWHJHUV DQG SUR�
GXFLQJ D VLQJOH RXWSXW� ,QVWHDG� LW DGGV WKUHH LQWHJHUV DQG SURGXFHV
WZR VXFK WKDW VXP RI WKHVH WZR LV HTXDO WR WKH VXP RI WKUHH LQSXWV�
7KLV PHWKRG PD\ QRW EH VXLWDEOH IRU DSSOLFDWLRQ ZKLFK RQO\ QHHGV WKH
UHJXODU DGGLWLRQ�

s 7KH VLJQ GHWHFWLRQ LV KDUG� :KHQ D QXPEHU LV UHSUHVHQWHG DV D FDUU\�
VDYH SDLU �&�6� VXFK WKDW LWV DFWXDO YDOXH LV & � 6� ZH PD\ QRW NQRZ
WKH H[DFW VLJQ RI WRWDO VXP & � 6� 8QOHVV WKH DGGLWLRQ LV SHUIRUPHG
LQ IXOO OHQJWK� WKH FRUUHFW VLJQ PD\ QHYHU EH GHWHUPLQHG�

:H ZLOO H[SORUH WKLV VLJQ GHWHFWLRQ SUREOHP LQ DQ XSFRPLQJ VHFWLRQ LQ PRUH
GHWDLO� )RU QRZ� LW VXrFHV WR EULHq\ PHQWLRQ WKH VLJQ GHWHFWLRQ SUREOHP�
DQG LQWURGXFH D PHWKRG RI VLJQ GHWHFWLRQ� 7KLV PHWKRG LV EDVHG RQ DGGLQJ
D IHZ RI WKH PRVW VLJQLpFDQW ELWV RI & DQG 6 LQ RUGHU WR FDOFXODWH �HVWLPDWH�
WKH VLJQ� $V DQ H[DPSOH� OHW $  b��� %  ��� &  �� $IWHU WKH FDUU\ VDYH
DGGLWLRQ SURFHVV� ZH SURGXFH 6  b� DQG & �  ��� DV VKRZQ EHORZ� 6LQFH
WKH WRWDO VXP & � � 6  ��b �  �� LWV FRUUHFW VLJQ LV �� +RZHYHU� ZKHQ ZH
DGG WKH pUVW PRVW VLJQLpFDQW ELWV� ZH HVWLPDWH WKH VLJQ LQFRUUHFWO\�

$  b��  � � � � � �
%  ��  � � � � � �
&  �  � � � � � �

6  b�  � � � � � �
& �  ��  � � � � � �

� �� 06%�
� � �� 06%�
� � � �� 06%�
� � � � �� 06%�
� � � � � �� 06%�
� � � � � � �� 06%�

7KH FRUUHFW VLJQ LV FRPSXWHG RQO\ DIWHU DGGLQJ WKH pUVW WKUHH PRVW VLJQLpFDQW
ELWV� ,Q WKH ZRUVW FDVH� XS WR D IXOO OHQJWK DGGLWLRQ PD\ EH UHTXLUHG WR
FDOFXODWH WKH FRUUHFW VLJQ�

��� &DU U \ GHOD\HG DGGHU

7KH FDUU\ GHOD\HG DGGHU LV D WZR�OHYHO FDUU\ VDYH DGGHU� $V ZH ZLOO VHH LQ
6HFWLRQ ���� D FHUWDLQ SURSHUW\ RI WKH FDUU\ GHOD\HG DGGHU FDQ EH XVHG WR
UHGXFH WKH PXOWLSOLFDWLRQ FRPSOH[LW\� 7KH FDUU\ GHOD\HG DGGHU SURGXFHG D
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SDLU RI LQWHJHUV �'� 7 �� FDOOHG D FDUU\ GHOD\HG QXPEHU� XVLQJ WKH IROORZLQJ
VHW RI HTXDWLRQV�

6L  $L j%L j &L �

&L��  $L%L �$L&L �%L&L �

7L  6L j &L �

'L��  6L&L �

ZKHUH '�  �� 1RWLFH WKDW &L�� DQG 6L DUH WKH RXWSXWV RI D IXOO�DGGHU FHOO
ZLWK LQSXWV $L� %L� DQG &L� ZKLOH WKH YDOXHV 'L�� DQG 7L DUH WKH RXWSXWV RI
DQ KDOI�DGGHU FHOO�
$Q LPSRUWDQW SURSHUW\ RI WKH FDUU\ GHOD\HG DGGHU LV WKDW 'L��7L  � IRU

DOO L  �� �� � � � � N b �� 7KLV LV HDVLO\ YHULpHG DV

'L��7L  6L&L�6L j &L�  6L&L� z6L&L � 6L z&L�  � �

$V DQ H[DPSOH� OHW $  ��� %  ��� DQG &  ��� ,Q WKH pUVW OHYHO� ZH
FRPSXWH WKH FDUU\ VDYH SDLU �&�6� XVLQJ WKH FDUU\ VDYH HTXDWLRQV� ,Q WKH
VHFRQG OHYHO� ZH FRPSXWH WKH FDUU\ GHOD\HG SDLU �'� 7 � XVLQJ WKH GHpQLWLRQV
'L��  6L&L DQG 7L  6L j &L DV

$  ��  � � � � � �
%  ��  � � � � � �
&  ��  � � � � � �

6  ��  � � � � � �
&  ��  � � � � � � �

7  ��  � � � � � �
'  ��  � � � � � � �

7KXV� WKH FDUU\ GHOD\HG SDLU ���� ��� UHSUHVHQWV WKH WRWDO RI $ � % � &  
��� 7KH SURSHUW\ RI WKH FDUU\ GHOD\HG SDLU WKDW 7L'L��  � IRU DOO L  
�� �� � � � � N b � DOVR KROGV�

7  ��  � � � � � �
'  ��  � � � � � � �

7L'L��  � � � � � �

:H ZLOO H[SORUH WKLV SURSHUW\ LQ 6HFWLRQ ��� WR GHVLJQ DQ HrFLHQW PRGXODU
PXOWLSOLHU ZKLFK ZDV LQWURGXFHG E\ %ULFNHOO >�@�
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7KH IROORZLQJ pJXUH LOOXVWUDWHV WKH FDUU\ GHOD\HG DGGHU IRU N  ��

FA

C5A5 B5

FA

C4A4 B4

FA

C3A3 B3

FA

C2A2 B2

FA

C1

S1

A1 B1

FA

C0

C1 S0

A0 B0

HA

C0

HAHAHAHAHA

T0T1 D1T2T3T4T5 D2D3D4D5D6 D0 = 0

C2C3C4C5C6 S2S3S4S5

� 0 RGXODU $GGLWLRQ 2SHU DWLRQ

7KH PRGXODU DGGLWLRQ SUREOHP LV GHpQHG DV WKH FRPSXWDWLRQ RI 6  $�%
�PRG Q� JLYHQ WKH LQWHJHUV $� %� DQG Q� ,W LV XVXDOO\ DVVXPHG WKDW $ DQG
% DUH SRVLWLYH LQWHJHUV ZLWK � x $�% � Q� L�H�� WKH\ DUH OHDVW SRVLWLYHV
UHVLGXHV� 7KH PRVW FRPPRQ PHWKRG RI FRPSXWLQJ 6 LV DV IROORZV�

�� )LUVW FRPSXWH 6�  $�%�

�� 7KHQ FRPSXWH 6��  6� b Q�

�� ,I 6�� y �� WKHQ 6  6� HOVH 6  6���

7KXV� LQ DGGLWLRQ WR WKH DYDLODELOLW\ RI D UHJXODU DGGHU� ZH QHHG IDVW VLJQ
GHWHFWLRQ ZKLFK LV HDV\ IRU WKH &3$� EXW VRPHZKDW KDUGHU IRU WKH &6$�
+RZHYHU� ZKHQ D &6$ LV XVHG� WKH pUVW WZR VWHSV RI WKH DERYH DOJRULWKP
FDQ EH FRPELQHG� LQ RWKHU ZRUGV� 6�  $� % DQG 6��  $ � % b Q FDQ EH
FRPSXWHG DW WKH VDPH WLPH� 7KHQ� ZH SHUIRUP D VLJQ GHWHFWLRQ WR GHFLGH
ZKHWKHU WR WDNH 6� RU 6�� DV WKH FRUUHFW VXP� :H ZLOO UHYLHZ DOJRULWKPV RI
WKLV W\SH ZKHQ ZH VWXG\ PRGXODU PXOWLSOLFDWLRQ DOJRULWKPV�

��� 2PXU D
V PHWKRG

$Q HrFLHQW PHWKRG RI FRPSXWLQJ WKH PRGXODU DGGLWLRQ� ZKLFK LV HVSHFLDOO\
XVHIXO IRU PXOWLRSHUDQG PRGXODU DGGLWLRQ� ZDV SURSRVHG E\ 2PXUD LQ >��@�
/HW Q � �N� 7KLV PHWKRG DOORZV D WHPSRUDU\ YDOXH WR JURZ ODUJHU WKDQ
Q� KRZHYHU� LW LV DOZD\V NHSW OHVV WKDQ �N� :KHQHYHU LW H[FHHGV �N� WKH



�� 0RGXODU $GGLWLRQ 2SHUDWLRQ ��

FDUU\�RXW LV LJQRUHG DQG D FRUUHFWLRQ LV SHUIRUPHG� 7KH FRUUHFWLRQ IDFWRU LV
P  �N b Q� ZKLFK LV SUHFRPSXWHG DQG VDYHG LQ D UHJLVWHU� 7KXV� 2PXUD
V
PHWKRG SHUIRUPV WKH IROORZLQJ VWHSV JLYHQ WKH LQWHJHUV $�% � �N �EXW WKH\
FDQ EH ODUJHU WKDQ Q��

�� )LUVW FRPSXWH 6�  $�%�

�� ,I WKHUH LV D FDUU\�RXW �RI WKH NWK ELW�� WKHQ 6  6� �P� HOVH 6  6��

7KH FRUUHFWQHVV RI 2PXUD
V DOJRULWKP IROORZV IURP WKH REVHUYDWLRQV WKDW

s ,I WKHUH LV QR FDUU\�RXW� WKHQ 6  $ � % LV UHWXUQHG� 7KH VXP 6 LV
OHVV WKDQ �N� EXW PD\ EH ODUJHU WKDQ Q� ,Q D IXWXUH FRPSXWDWLRQ� LW
ZLOO EH EURXJKW EHORZ Q LI QHFHVVDU\�

s ,I WKHUH LV D FDUU\�RXW� WKHQ ZH LJQRUH WKH FDUU\�RXW� ZKLFK PHDQV ZH
FRPSXWH

6�  $�% b �N �
7KH UHVXOW� ZKLFK QHHGV WR EH UHGXFHG PRGXOR Q� LV LQ HoHFW UHGXFHG
PRGXOR �N� :H FRUUHFW WKH UHVXOW E\ DGGLQJ P EDFN WR LW� DQG WKXV�
FRPSXWH

6  6� �P

 $�% b �N �P

 $�% b �N � �N b Q

 $�% b Q �

$IWHU DOO DGGLWLRQV DUH FRPSOHWHG� D pQDO UHVXOW LV UHGXFHG PRGXOR Q E\
XVLQJ WKH VWDQGDUG WHFKQLTXH� $V DQ H[DPSOH� ZH WDNH Q  ��� DQG WKXV�
P  ��b ��  ��  ��������� 7KH PRGXODU DGGLWLRQ RI $  �� DQG %  ��
LV SHUIRUPHG XVLQJ 2PXUD
V PHWKRG DV IROORZV�

$  ��  ��������
%  ��  ��������
6�  $�%  ��������� &DUU\�RXW
P  ��������
6  6� �P  �������� &RUUHFWLRQ

7KXV� ZH REWDLQ WKH UHVXOW DV 6  ��������  �� ZKLFK LV HTXDO WR ��
�PRG ��� DV UHTXLUHG� 2Q WKH RWKHU KDQG� WKH DGGLWLRQ RI $  �� E\ %  ��
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LV SHUIRUPHG DV

$  ��  ��������
%  ��  ��������
6�  $�%  ��������� 1R FDUU\�RXW
6  6�  ��������

7KLV OHDYHV WKH UHVXOW DV 6  ��������  �� ZKLFK LV ODUJHU WKDQ WKH PRGXOXV
��� ,W ZLOO EH UHGXFHG LQ D IXUWKHU VWHS RI WKH PXOWLRSHUDQG PRGXOR DGGLWLRQ�
$IWHU DOO DGGLWLRQV DUH FRPSOHWHG� D pQDO QHJDWLYH UHVXOW FDQ EH FRUUHFWHG
E\ DGGLQJ P WR LW� )RU H[DPSOH� ZH FRUUHFW WKH DERYH UHVXOW 6  ��������
DV IROORZV�

6  ��������
P  ��������
6  6 �P  ���������
6  ��������

7KH UHVXOW REWDLQHG LV 6  ��������  ��� ZKLFK LV HTXDO WR �� PRGXOR ���
DV UHTXLUHG�

� 0 RGXODU 0 XOWLSOLFDWLRQ 2SHU DWLRQ

7KH PRGXODU PXOWLSOLFDWLRQ SUREOHP LV GHpQHG DV WKH FRPSXWDWLRQ RI 3  
$% �PRG Q� JLYHQ WKH LQWHJHUV $� %� DQG Q� ,W LV XVXDOO\ DVVXPHG WKDW
$ DQG % DUH SRVLWLYH LQWHJHUV ZLWK � x $�% � Q� L�H�� WKH\ DUH WKH OHDVW
SRVLWLYH UHVLGXHV� 7KHUH DUH EDVLFDOO\ IRXU DSSURDFKHV IRU FRPSXWLQJ WKH
SURGXFW 3 �

s 0XOWLSO\ DQG WKHQ GLYLGH�
s 7KH VWHSV RI WKH PXOWLSOLFDWLRQ DQG UHGXFWLRQ DUH LQWHUOHDYHG�
s %ULFNHOO
V PHWKRG�
s 0RQWJRPHU\
V PHWKRG�

7KH PXOWLSO\�DQG�GLYLGH PHWKRG pUVW PXOWLSOLHV $ DQG % WR REWDLQ WKH �N�
ELW QXPEHU

3 � � $% �

7KHQ� WKH UHVXOW 3 � LV GLYLGHG �UHGXFHG� E\ Q WR REWDLQ WKH N�ELW QXPEHU

3 � 3 � � Q �
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:H ZLOO QRW VWXG\ WKH PXOWLSO\�DQG�GLYLGH PHWKRG LQ GHWDLO VLQFH WKH LQ�
WHUOHDYLQJ PHWKRG LV PRUH VXLWDEOH DQG DOVR PRUH HrFLHQW IRU RXU SUREOHP�
7KH PXOWLSO\�DQG�GLYLGH PHWKRG LV XVHIXO RQO\ ZKHQ RQH QHHGV WKH SURGXFW
3 ��

��� , QWHU OHDYLQJ PXOWLSOLFDWLRQ DQG U HGXFWLRQ

7KH LQWHUOHDYLQJ DOJRULWKP KDV EHHQ NQRZQ IRU VRPH WLPH� 7KH GHWDLOV RI
WKH PHWKRG DUH VNHWFKHG LQ SDSHUV >�� ��@� /HW $L DQG %L EH WKH ELWV RI WKH
N�ELW SRVLWLYH LQWHJHUV $ DQG %� UHVSHFWLYHO\� 7KH SURGXFW 3 � FDQ EH ZULWWHQ
DV

3 �  $ c%  $ c
Nb�;

L �

%L�
L  

Nb�;

L �

�$ c %L��
L

 ��c c c ����� �$ c %Nb�� �$ c %Nb�� � c c c� �$ c%�
7KLV IRUPXODWLRQ \LHOGV WKH VKLIW�DGG PXOWLSOLFDWLRQ DOJRULWKP� :H DOVR UH�
GXFH WKH SDUWLDO SURGXFW PRGXOR Q DW HDFK VWHS�

�� 3 � �
�� IRU L  � WR N b �
�D� 3 � �3 �$ c%Nb�bL

�E� 3 � 3 PRG Q
�� UHWXUQ 3

$VVXPLQJ WKDW $�%� 3 � Q� ZH KDYH

3 � �3 �$ c%M

x ��Qb �� � �Qb ��  �Qb � �
7KXV� WKH QHZ 3 ZLOO EH LQ WKH UDQJH � x 3 x �Q b �� DQG DW PRVW �
VXEWUDFWLRQV DUH QHHGHG WR UHGXFH 3 WR WKH UDQJH � x 3 � Q� :H FDQ XVH
WKH IROORZLQJ DOJRULWKP WR EULQJ 3 EDFN WR WKLV UDQJH�

3 � � 3 b Q � ,I 3 � y � WKHQ 3  3 �

3 � � 3 b Q � ,I 3 � y � WKHQ 3  3 �

7KH FRPSXWDWLRQ RI 3 UHTXLUHV N VWHSV� DW HDFK VWHS ZH SHUIRUP WKH IROORZLQJ
RSHUDWLRQV�

s $ OHIW VKLIW� �3
s $ SDUWLDO SURGXFW JHQHUDWLRQ� $ c%M
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s $Q DGGLWLRQ� 3 � �3 �$ c %M

s $W PRVW � VXEWUDFWLRQV�
3 � � 3 b Q � ,I 3 � y � WKHQ 3  3 �

3 � � 3 b Q � ,I 3 � y � WKHQ 3  3 �

7KH OHIW VKLIW RSHUDWLRQ LV HDVLO\ SHUIRUPHG E\ ZLULQJ� 7KH SDUWLDO SURGXFWV�
RQ WKH RWKHU KDQG� DUH JHQHUDWHG XVLQJ DQ DUUD\ RI $1' JDWHV� 7KH PRVW
FUXFLDO RSHUDWLRQV DUH WKH DGGLWLRQ DQG VXEWUDFWLRQ RSHUDWLRQV� WKH\ QHHG
WR EH SHUIRUPHG IDVW� :H KDYH WKH IROORZLQJ DYHQXHV WR H[SORUH�

s :H FDQ XVH WKH FDUU\ SURSDJDWH DGGHU� LQWURGXFLQJ 2�N� GHOD\ SHU
VWHS� +RZHYHU� 2PXUD
V PHWKRG FDQ EH XVHG WR DYRLG XQQHFHVVDU\
VXEWUDFWLRQV�

�D� 3 � �3
�E� ,I FDUU\�RXW WKHQ 3 � 3 �P
�F� 3 � 3 �$ c%M

�G� ,I FDUU\�RXW WKHQ 3 � 3 �P

s :H FDQ XVH WKH FDUU\ VDYH DGGHU� LQWURGXFLQJ RQO\ 2��� GHOD\ SHU
VWHS� +RZHYHU� UHFDOO WKDW WKH VLJQ LQIRUPDWLRQ LV QRW LPPHGLDWHO\
DYDLODEOH LQ WKH &6$� :H QHHG WR SHUIRUP IDVW VLJQ GHWHFWLRQ LQ RUGHU
WR GHWHUPLQH ZKHWKHU WKH SDUWLDO SURGXFW QHHGV WR EH UHGXFHG PRGXOR
Q�

��� 8WLOL]DWLRQ RI FDU U \ VDYH DGGHU V

,Q RUGHU WR XWLOL]H WKH FDUU\ VDYH DGGHUV LQ SHUIRUPLQJ WKH PRGXODU PXOWLSOL�
FDWLRQ RSHUDWLRQV� ZH UHSUHVHQW WKH QXPEHUV DV WKH FDUU\ VDYH SDLUV �&�6��
ZKHUH WKH YDOXH RI WKH QXPEHU LV WKH VXP & � 6� 7KH FDUU\ VDYH DGGHU
PHWKRG RI WKH LQWHUOHDYLQJ DOJRULWKP LV JLYHQ EHORZ�

�� �&� 6� � ��� ��
�� IRU L  � WR N b �
�D� �&�6� � �& � �6 �$ c%Nb�bL

�E� �& �� 6�� � & � 6 b Q
�F� LI 6,*1 y � WKHQ �&�6� � �& �� 6��
�� UHWXUQ �&� 6�

7KH IXQFWLRQ 6,*1 JLYHV WKH VLJQ RI WKH FDUU\ VDYH QXPEHU & ��6�� 6LQFH WKH
H[DFW VLJQ LV DYDLODEOH RQO\ ZKHQ D IXOO DGGLWLRQ LV SHUIRUPHG� ZH FDOFXODWH
DQ HVWLPDWHG VLJQ ZLWK WKH 6,*1 IXQFWLRQ� $ VLJQ HVWLPDWLRQ DOJRULWKP



�� 0RGXODU 0XOWLSOLFDWLRQ 2SHUDWLRQ ��

ZDV LQWURGXFHG LQ >��@� ,W LV EDVHG RQ WKH HVWLPDWLRQ RI WKH VLJQ RI & � 6
E\ DGGLQJ RQO\ WKH PRVW VLJQLpFDQW W ELWV RI & DQG 6� )RU H[DPSOH� OHW
&  �������� DQG 6  ��������� WKHQ WKH IXQFWLRQ 6,*1 SURGXFHV

&  ������

6  ������

�W  �� 6,*1  �

�W  �� 6,*1  ��

�W  �� 6,*1  ���

�W  �� 6,*1  ����

�W  �� 6,*1  �����

�W  �� 6,*1  ������ �

,Q WKH ZRUVW FDVH WKH H[DFW VLJQ LV SURGXFHG DIWHU DGGLQJ DOO N ELWV� ,I WKH
H[DFW VLJQ RI &�6 LV FRPSXWHG� ZH FDQ REWDLQ WKH UHVXOW RI WKH PXOWLSOLFDWLRQ
RSHUDWLRQ LQ WKH FRUUHFW UDQJH >�� 1�� ,I DQ HVWLPDWLRQ RI WKH VLJQ LV XVHG�
WKHQ ZH ZLOO SURYH WKDW WKH UDQJH RI WKH UHVXOW EHFRPHV >�� 1 �c�� ZKHUH c
GHSHQGV RQ WKH SUHFLVLRQ RI WKH HVWLPDWLRQ� )XUWKHUPRUH� VLQFH WKH VLJQ LV
XVHG WR GHFLGH ZKHWKHU VRPH PXOWLSOH RI 1 VKRXOG EH VXEWUDFWHG IURP WKH
SDUWLDO SURGXFW� DQ HUURU LQ WKH GHFLVLRQ FDXVHV RQO\ DQ HUURU RI D PXOWLSOH RI
1 LQ WKH SDUWLDO SURGXFW� ZKLFK LV FRUUHFWHG ODWHU� :H GHpQH IXQFWLRQ 7 �;�
RQ DQ Q�ELW LQWHJHU ; DV

7 �;�  ; b �; PRG �W� �

ZKHUH � x W x Qb �� ,Q RWKHU ZRUGV� 7 UHSODFHV WKH pUVW OHDVW VLJQLpFDQW W
ELWV RI ; ZLWK W ]HURV� 7KLV LPSOLHV

7 �;� x ; � 7 �;� � �W �

:H UHGXFH WKH SDLU �&� 6� E\ SHUIRUPLQJ WKH IROORZLQJ RSHUDWLRQ 4 WLPHV�

,� � A&� A6� � & � 6 b1 �

-� ,I 7 � A&� � 7 � A6� y � WKHQ VHW & � A& DQG 6 � A6�

,Q 6WHS -� WKH FRPSXWDWLRQ RI WKH VLJQ ELW 5 RI 7 � A&� � 7 � A6� LQYROYHV Qb W
PRVW VLJQLpFDQW ELWV RI A& DQG A6� 7KH DERYH SURFHGXUH UHGXFHV D FDUU\�VXP
SDLU IURP WKH UDQJH

� x &� � 6� � �4� ��1 � �W
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WR WKH UDQJH

� x &5 � 65 � 1 � �W �

ZKHUH �&�� 6�� DQG �&5� 65� UHVSHFWLYHO\ GHQRWH WKH LQLWLDO DQG WKH pQDO
FDUU\�VXP SDLU� 6LQFH WKH IXQFWLRQ 7 DOZD\V XQGHUHVWLPDWHV� WKH UHVXOW LV
QHYHU RYHU�UHGXFHG� L�H��

&5 � 65 y � �
,I WKH HVWLPDWHG VLJQ LQ 6WHS - LV SRVLWLYH IRU DOO 4 LWHUDWLRQV� WKHQ 41 LV
VXEWUDFWHG IURP WKH LQLWLDO SDLU� WKHUHIRUH

&5 � 65  &� � 6� b41 � 1 � �W �

,I WKH HVWLPDWHG VLJQ EHFRPHV QHJDWLYH LQ DQ LWHUDWLRQ� LW VWD\V QHJDWLYH
WKHUHDIWHU WR WKH ODVW LWHUDWLRQ� 7KXV� WKH FRQGLWLRQ

7 � A&� � 7 � A6� � �

LQ WKH ODVW LWHUDWLRQ RI 6WHS - LPSOLHV WKDW

7 � A&� � 7 � A6� x b�W �

VLQFH 7 �;� LV DOZD\V D PXOWLSOH RI �W� 7KXV� ZH REWDLQ WKH UDQJH RI A& DQG
A6 DV

7 � A&� � 7 � A6� x A& � A6 � 7 � A&� � 7 � A6� � �W�� �

,W IROORZV IURP WKH DERYH HTXDWLRQV WKDW

A& � A6 � �W�� b �W  �W �

6LQFH LQ 6WHS , ZH SHUIRUP � A&� A6� � & � 6 b 1 DQG LQ WKH ODVW LWHUDWLRQ
WKH FDUU\�VXP SDLU LV QRW UHGXFHG �EHFDXVH WKH HVWLPDWHG VLJQ LV QHJDWLYH��
ZH PXVW KDYH

&5 � 65  A& � A6 �1 �

ZKLFK LPSOLHV

&5 � 65 � 1 � �W �

7KH PRGXODU UHGXFWLRQ SURFHGXUH GHVFULEHG DERYH VXEWUDFWV 1 IURP �&�6�
LQ HDFK RI WKH 4 LWHUDWLRQV� 7KH SURFHGXUH FDQ EH LPSURYHG LQ VSHHG E\ VXE�
WUDFWLQJ �NbM1 GXULQJ LWHUDWLRQ M� ZKHUH �4��� x �N DQG M  �� �� �� � � � � N�
)RU H[DPSOH� LI 4  �� WKHQ N  � FDQ EH XVHG� ,QVWHDG RI VXEWUDFWLQJ 1
WKUHH WLPHV� ZH pUVW VXEWUDFW �1 DQG WKHQ 1 � 7KLV REVHUYDWLRQ LV XWLOL]HG
LQ WKH IROORZLQJ DOJRULWKP�
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�� 6HW 6��� � � DQG &��� � ��
�� 5HSHDW �D� �E� DQG �F IRU L  �� �� �� � � � � N

�D� �&�L�� 6�L�� � �&�Lb�� � �6�Lb�� �$QbL%�

�E� � A&�L�� A6�L�� � &�L� � 6�L� b �1 �
,I 7 � A&�L�� � 7 � A6�L�� y �� WKHQ VHW &�L� � A&�L� DQG 6�L� � A6�L��

�F� � A&�L�� A6�L�� � &�L� � 6�L� b1 �

,I 7 � A&�L�� � 7 � A6�L�� y �� WKHQ VHW &�L� � A&�L� DQG 6�L� � A6�L��
�� (QG�

7KH SDUDPHWHU W FRQWUROV WKH SUHFLVLRQ RI HVWLPDWLRQ� WKH DFFXUDF\ RI WKH
HVWLPDWLRQ DQG WKH WRWDO DPRXQW RI ORJLF UHTXLUHG WR LPSOHPHQW LW GHFUHDVHV
DV W LQFUHDVHV� $IWHU 6WHS �F� ZH KDYH

&�L� � 6�L� � 1 � �W �

ZKLFK LPSOLHV WKDW DIWHU WKH QH[W VKLIW�DGG VWHS WKH UDQJH RI &�L���� 6�L���

ZLOO EH >�� �1 � �W���� $VVXPLQJ 4  �� ZH KDYH

�1 � �W�� x �4� ��1 � �W  �1 � �W �

ZKLFK LPSOLHV �W x 1 � RU W x Qb �� 7KH UDQJH RI &�L��� � 6�L��� EHFRPHV

� x &�L��� � 6�L��� � �1 � �W�� x �1 � �Q x �Q�� �
DQG DIWHU 6WHS �E� WKH UDQJH ZLOO EH

b�Q�� x b�1 x &�L��� � 6�L��� � 1 � �Q � �Q�� �

,Q RUGHU WR FRQWDLQ WKH WHPSRUDU\ UHVXOWV� ZH XVH �Q����ELW FDUU\ VDYH DGGHUV
ZKLFK FDQ UHSUHVHQW LQWHJHUV LQ WKH UDQJH >b�Q��� �Q���� :KHQ W  Q b ��
WKH VLJQ HVWLPDWLRQ WHFKQLTXH FKHFNV � PRVW VLJQLpFDQW ELWV RI A&�L� DQG A6�L�

IURP WKH ELW ORFDWLRQV Q b � WR Q � �� 7KLV DOJRULWKP SURGXFHV D SDLU RI
LQWHJHUV �&� 6�  �&�Q�� 6�Q�� VXFK WKDW 3  & � 6 LV LQ WKH UDQJH >�� �1��
7KH pQDO UHVXOW LQ WKH FRUUHFW UDQJH >�� 1� FDQ EH REWDLQHG E\ FRPSXWLQJ
3  & � 6 DQG A3  & � 6 b 1 XVLQJ FDUU\ SURSDJDWH DGGHUV� ,I A3 � ��
ZH KDYH 3  A3 � 1 � 1 � DQG WKXV 3 LV LQ WKH FRUUHFW UDQJH� 2WKHUZLVH�
ZH FKRRVH A3 EHFDXVH � x A3  3 b 1 � �W � 1 LPSOLHV A3 � >�� 1�� 7KH
VWHSV RI WKH DOJRULWKP IRU FRPSXWLQJ �� c�� �PRG ��� DUH LOOXVWUDWHG LQ WKH
IROORZLQJ pJXUH� +HUH ZH KDYH

N  EORJ
�
����F� �  � �

$  ��  ����������� �

%  ��  ����������� �

1  ��  ����������� �

0  b1  ����������� �
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7KH DOJRULWKP FRPSXWHV WKH pQDO UHVXOW

�&�6�  ����������� ����������  �����b����
LQ �N  �� FORFN F\FOHV� 7KH UDQJH RI & � 6  ���b ���  �� LV >�� � c ����
7KH pQDO UHVXOW LV IRXQG E\ FRPSXWLQJ & �6  �� DQG & �6b1  �� DQG
VHOHFWLQJ WKH ODWWHU VLQFH LW LV SRVLWLYH�

& 6 A& A6 7 � A&� � 7 � A6� 5
L  � ��������� ��������� ^ ^ ^ ^

�D ��������� ��������� ^ ^ ^ ^
L  � �E ��������� ��������� ��������� ��������� ��������� �

�F ��������� ��������� ��������� ��������� ��������� �
�D ��������� ��������� ^ ^ ^ ^

L  � �E ��������� ��������� ��������� ��������� ��������� �
�F ��������� ��������� ��������� ��������� ��������� �
�D ��������� ��������� ^ ^ ^ ^

L  � �E ��������� ��������� ��������� ��������� ��������� �
�F ��������� ��������� ��������� ��������� ��������� �
�D ��������� ��������� ^ ^ ^ ^

L  � �E ��������� ��������� ��������� ��������� ��������� �
�F ��������� ��������� ��������� ��������� ��������� �
�D ��������� ��������� ^ ^ ^ ^

L  � �E ��������� ��������� ��������� ��������� ��������� �
�F ��������� ��������� ��������� ��������� ��������� �
�D ��������� ��������� ^ ^ ^ ^

L  � �E ��������� ��������� ��������� ��������� ��������� �
�F ��������� ��������� ��������� ��������� ��������� �

��� % U LFNHOO
V PHWKRG

7KLV PHWKRG LV EDVHG RQ WKH XVH RI D FDUU\ GHOD\HG LQWHJHU LQWURGXFHG LQ
6HFWLRQ ���� /HW $ EH D FDUU\ GHOD\HG LQWHJHU� WKHQ� LW FDQ EH ZULWWHQ DV

$  
Nb�;

L �

�7L �'L� c �L �

7KH SURGXFW 3  $% FDQ EH FRPSXWHG E\ VXPPLQJ WKH WHUPV�

�7� c% �'� c%� c �� �
�7� c% �'� c%� c �� �
�7� c% �'� c%� c �� �

���
�7Nb� c% �'Nb� c%� c �Nb�
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6LQFH '�  �� ZH UHDUUDQJH WR REWDLQ

�� c 7� c % � �� c'� c% �
�� c 7� c % � �� c'� c% �
�� c 7� c % � �� c'� c% �

���
�Nb� c 7Nb� c % � �Nb� c'Nb� c% �

�Nb� c 7Nb� c %

$OVR UHFDOO WKDW HLWKHU 7L RU 'L�� LV ]HUR GXH WR WKH SURSHUW\ RI WKH FDUU\
GHOD\HG DGGHU� 7KXV� HDFK VWHS UHTXLUHV D VKLIW RI % DQG DGGLWLRQ RI DW PRVW
� FDUU\ GHOD\HG LQWHJHUV�

s (LWKHU� �3G� 3W� � �3G� 3W� � �
L c 7L c %

s 2U� �3G� 3W� � �3G� 3W� � �
L�� c'L�� c %

$IWHU N VWHSV 3  �3G� 3W� LV REWDLQHG� ,Q RUGHU WR FRPSXWH 3 �PRG Q��
ZH SHUIRUP UHGXFWLRQ�

,I 3 y �Nb� c Q WKHQ 3 � 3 b �Nb� c Q
,I 3 y �Nb� c Q WKHQ 3 � 3 b �Nb� c Q
,I 3 y �Nb� c Q WKHQ 3 � 3 b �Nb� c Q

���
,I 3 y Q WKHQ 3 � 3 b Q

:H FDQ DOVR UHYHUVH WKHVH VWHSV WR REWDLQ�

3 � 7Nb� c % c �Nb�
3 � 3 � 7Nb� c% c �Nb� �'Nb� c% c �Nb�
3 � 3 � 7Nb� c% c �Nb� �'Nb� c% c �Nb�

���

3 � 3 � 7� c % c �� �'� c% c ��
3 � 3 � 7� c % c �� �'� c% c ��

$OVR� WKH PXOWLSOLFDWLRQ VWHSV FDQ EH LQWHUOHDYHG ZLWK UHGXFWLRQ VWHSV� 7R
SHUIRUP WKH UHGXFWLRQ� WKH VLJQ RI 3 b �L c Q QHHGV WR EH GHWHUPLQHG �HVWL�
PDWHG�� %ULFNHOO
V VROXWLRQ >�@ LV HVVHQWLDOO\ D FRPELQDWLRQ RI WKH VLJQ HVWL�
PDWLRQ WHFKQLTXH DQG 2PXUD
V PHWKRG RI FRUUHFWLRQ� :H DOORZ HQRXJK ELWV
IRU 3 � DQG ZKHQHYHU 3 H[FHHGV �N� DGG P  �N bQ WR FRUUHFW WKH UHVXOW� ��
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VWHSV DIWHU WKH PXOWLSOLFDWLRQ SURFHGXUH VWDUWHG� WKH DOJRULWKP VWDUWV VXE�
WUDFWLQJ PXOWLSOHV RI Q� ,Q WKH IROORZLQJ� 3 LV D FDUU\ GHOD\HG LQWHJHU RI
N��� ELWV� P LV D ELQDU\ LQWHJHU RI N ELWV� DQG W� DQG W� FRQWURO ELWV� ZKRVH
LQLWLDO YDOXHV DUH W�  W�  ��

�� $GG WKH PRVW VLJQLpFDQW � ELWV RI 3 DQG P c ����

�� ,I RYHUqRZ LV GHWHFWHG� WKHQ W�  � HOVH W�  ��

�� $GG WKH PRVW VLJQLpFDQW � ELWV RI 3 DQG WKH PRVW VLJQLpFDQW � ELWV RI
P c ����

�� ,I RYHUqRZ LV GHWHFWHG DQG W�  �� WKHQ W�  � HOVH W�  ��

7KH PXOWLSOLFDWLRQ DQG UHGXFWLRQ VWHSV RI %ULFNHOO
V DOJRULWKP DUH DV IROORZV�

%� � 7L c % � � c'L�� c %
P� � W� cP c ��� � W� cP c ���
3 � ��3 �%� �P��

$ � �$ �

��� 0 RQWJRPHU \
V PHWKRG

7KH 0RQWJRPHU\ DOJRULWKP FRPSXWHV

0RQ3UR�$�%�  $ c% c Ub� PRG Q

JLYHQ $�% � Q DQG U VXFK WKDW JFG�Q� U�  �� (YHQ WKRXJK WKH DOJR�
ULWKP ZRUNV IRU DQ\ U ZKLFK LV UHODWLYHO\ SULPH WR Q� LW LV PRUH XVHIXO ZKHQ
U LV WDNHQ WR EH D SRZHU RI �� ZKLFK LV DQ LQWULQVLFDOO\ IDVW RSHUDWLRQ RQ
JHQHUDO�SXUSRVH FRPSXWHUV� H�J�� VLJQDO SURFHVVRUV DQG PLFURSURFHVVRUV� 7R
pQG RXW ZK\ WKH DERYH FRPSXWDWLRQ LV XVHIXO IRU FRPSXWLQJ WKH PRGXODU
H[SRQHQWLDWLRQ� ZH UHIHU WKH UHDGHU WR WKH FRPSDQLRQ UHSRUW >��@� ,Q WKLV
VHFWLRQ� ZH LQWURGXFH DQ HrFLHQW ELQDU\ DGG�VKLIW DOJRULWKP IRU FRPSXW�
LQJ 0RQ3UR�$�%�� DQG WKHQ JHQHUDOL]H LW WR WKH P�DU\ PHWKRG� :H WDNH
U  �N� DQG DVVXPH WKDW WKH QXPEHU RI ELWV LQ $ RU % LV OHVV WKDQ N�
/HW $  �$Nb�$Nb� c c c$�� EH WKH ELQDU\ UHSUHVHQWDWLRQ RI $� 7KH DERYH
SURGXFW FDQ EH ZULWWHQ DV

�bN c �$Nb�$Nb� c c c$�� c %  �bN c
Nb�;

L �

$L c �L c% �PRG Q� �
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7KH SURGXFW W  �$��$��� c c c$Nb��
Nb�� c% FDQ EH FRPSXWHG E\ VWDUWLQJ

IURP WKH PRVW VLJQLpFDQW ELW� DQG WKHQ SURFHHGLQJ WR WKH OHDVW VLJQLpFDQW�
DV IROORZV�

�� W � �
�� IRU L  N b � WR �
�D� W � W�$L c%
�E� W � � c W

7KH VKLIW IDFWRU �bN LQ �bN c$ c% UHYHUVHV WKH GLUHFWLRQ RI VXPPDWLRQ� 6LQFH

�bN c �$� �$�� � c c c$Nb��
Nb��  $Nb��

b� �$Nb��
b� c c c$��bN �

ZH VWDUW SURFHVVLQJ WKH ELWV RI $ IURP WKH OHDVW VLJQLpFDQW� DQG REWDLQ WKH
IROORZLQJ ELQDU\ DGG�VKLIW DOJRULWKP WR FRPSXWH W  $ c % c �bN�

�� W � �
�� IRU L  � WR N b �
�D� W � W�$L c%
�E� W � W �

7KH DERYH VXPPDWLRQ FRPSXWHV WKH SURGXFW W  �bN c$ c%� KRZHYHU� ZH DUH
LQWHUHVWHG LQ FRPSXWLQJ X  �bN c$ c% �PRG Q�� 7KLV FDQ EH DFKLHYHG E\
VXEWUDFWLQJ Q GXULQJ HYHU\ DGG�VKLIW VWHS� EXW WKHUH LV D VLPSOHU ZD\� :H
DGG Q WR X LI X LV RGG� PDNLQJ QHZ X DQ HYHQ QXPEHU VLQFH Q LV DOZD\V RGG�
,I X LV HYHQ DIWHU WKH DGGLWLRQ VWHS� LW LV OHIW XQWRXFKHG� 7KXV� X ZLOO DOZD\V
EH HYHQ EHIRUH WKH VKLIW VWHS� DQG ZH FDQ FRPSXWH

X � X c �b� �PRG Q�

E\ VKLIWLQJ WKH HYHQ QXPEHU X WR WKH ULJKW VLQFH X  �Y LPSOLHV

X � �Y c �b�  Y �PRG Q� �

7KH ELQDU\ DGG�VKLIW DOJRULWKP FRPSXWHV WKH SURGXFW X  $ c % c �bN
�PRG Q� DV IROORZV�

�� X � �
�� IRU L  � WR N b �
�D� X � X�$L c %
�E� ,I X LV RGG WKHQ X � X� Q
�F� X � X �
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:H UHVHUYH D �N����ELW UHJLVWHU IRU X EHFDXVH LI X KDV N ELWV EHIRUH DQ DGG�
VKLIW VWHS� WKH DGGLWLRQ RI $L c % DQG Q �ERWK RI ZKLFK DUH N�ELW QXPEHUV�
LQFUHDVHV LWV OHQJWK WR N � � ELWV� 7KH ULJKW VKLIW RSHUDWLRQ WKHQ EULQJV LW
EDFN WR N ELWV� $IWHU N DGG�VKLIW VWHSV� ZH VXEWUDFW Q IURP X LI LW LV ODUJHU
WKDQ Q�
$OVR QRWH WKDW 6WHSV �D DQG �E RI WKH DERYH DOJRULWKP FDQ EH FRPELQHG�

:H FDQ FRPSXWH WKH OHDVW VLJQLpFDQW ELW X� RI X EHIRUH DFWXDOO\ FRPSXWLQJ
WKH VXP LQ 6WHS �D� ,W LV JLYHQ DV

X� � X� j �$L%�� �

7KXV� ZH GHFLGH ZKHWKHU X LV RGG SULRU WR SHUIRUPLQJ WKH IXOO DGGLWLRQ RSHU�
DWLRQ X � X�$L%� 7KLV LV WKH PRVW LPSRUWDQW SURSHUW\ RI 0RQWJRPHU\
V
PHWKRG� ,Q FRQWUDVW� WKH FODVVLFDO PRGXODU PXOWLSOLFDWLRQ DOJRULWKPV �H�J��
WKH LQWHUOHDYLQJ PHWKRG� FRPSXWHV WKH HQWLUH VXP LQ RUGHU WR GHFLGH ZKHWKHU
D UHGXFWLRQ QHHGV WR EH SHUIRUPHG�

��� + LJK�U DGL[ LQWHU OHDYLQJ PHWKRG

6LQFH WKH VSHHG IRU UDGL[ � PXOWLSOLHUV LV DSSURDFKLQJ OLPLWV� WKH XVH RI KLJKHU
UDGLFHV LV LQYHVWLJDWHG� +LJK�UDGL[ RSHUDWLRQV UHTXLUH IHZHU FORFN F\FOHV�
KRZHYHU� WKH F\FOH WLPH DQG WKH UHTXLUHG DUHD LQFUHDVHV� /HW �E EH WKH UDGL[�
7KH NH\ RSHUDWLRQ LQ FRPSXWLQJ 3  $% �PRG Q� LV WKH FRPSXWDWLRQ RI
DQ LQQHU�SURGXFW VWHS FRXSOHG ZLWK PRGXODU UHGXFWLRQ� L�H�� WKH FRPSXWDWLRQ
RI

3 � �E c 3 �$ c %L b4 c Q �
ZKHUH 3 LV WKH SDUWLDO SURGXFW DQG %L LV WKH LWK GLJLW RI % LQ UDGL[ �E�
7KH YDOXH RI 4 GHWHUPLQHV WKH QXPEHU RI WLPHV WKH PRGXOXV Q LV VXEWUDFWHG
IURP WKH SDUWLDO SURGXFW 3 LQ RUGHU WR UHGXFH LW PRGXOR Q� :H FRPSXWH 4
E\ GLYLGLQJ WKH FXUUHQW YDOXH RI WKH SDUWLDO SURGXFW 3 E\ Q� ZKLFK LV WKHQ
PXOWLSOLHG E\ Q DQG VXEWUDFWHG IURP WKH SDUWLDO SURGXFW GXULQJ WKH QH[W
F\FOH�
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7KLV LPSOHPHQWDWLRQ LV LOOXVWUDWHG LQ WKH IROORZLQJ pJXUH�

B   (Multiplier) A (Multiplicand)

Accumulator

Shift Left
   b  bits

Shift Left
   b  bits

Divide by  n

n   (Modulus)

+ +

b+1  bits

b  bits

)RU WKH UDGL[ �� WKH SDUWLDO SURGXFW JHQHUDWLRQ LV SHUIRUPHG XVLQJ DQ DUUD\
RI $1' JDWHV� 7KH SDUWLDO SURGXFW JHQHUDWLRQ LV PXFK PRUH FRPSOH[ IRU
KLJKHU UDGLFHV� H�J�� :DOODFH WUHHV DQG JHQHUDOL]HG FRXQWHUV QHHG WR EH XVHG�
+RZHYHU� WKH JHQHUDWLRQ RI WKH KLJK�UDGL[ SDUWLDO SURGXFWV GRHV QRW JUHDWO\
LQFUHDVH F\FOH WLPH VLQFH WKLV FRPSXWDWLRQ FDQ EH HDVLO\ SLSHOLQHG� 7KH PRVW
FRPSOLFDWHG VWHS LV WKH UHGXFWLRQ VWHS� ZKLFK QHFHVVLWDWHV PRUH FRPSOH[
URXWLQJ� LQFUHDVLQJ WKH FKLS DUHD�

��� + LJK�U DGL[ PRQWJRPHU \
V PHWKRG

7KH ELQDU\ DGG�VKLIW DOJRULWKP LV JHQHUDOL]HG WR KLJKHU UDGL[ �P�DU\� DO�
JRULWKP E\ SURFHHGLQJ ZRUG E\ ZRUG� ZKHUH WKH ZRUGVL]H LV Z ELWV� DQG
N  VZ� 7KH DGGLWLRQ VWHS LV SHUIRUPHG E\ PXOWLSO\LQJ RQH ZRUG RI $ E\ %
DQG WKH ULJKW VKLIW LV SHUIRUPHG E\ VKLIWLQJ Z ELWV WR WKH ULJKW� ,Q RUGHU WR
SHUIRUP DQ H[DFW GLYLVLRQ RI X E\ �Z� ZH DGG DQ LQWHJHU PXOWLSOH RI Q WR X�
VR WKDW WKH OHDVW VLJQLpFDQW ZRUG RI WKH QHZ X ZLOO EH ]HUR� 7KXV� LI X � �
�PRG �Z�� ZH pQG DQ LQWHJHU P VXFK WKDW X�P c Q  � �PRG �Z�� /HW X�
DQG Q� EH WKH OHDVW VLJQLpFDQW ZRUGV RI X DQG Q� UHVSHFWLYHO\� :H FDOFXODWH
P DV

P  bX� c Qb�� �PRG �Z� �

7KH ZRUG�OHYHO �P�DU\� DGG�VKLIW 0RQWJRPHU\ SURGXFW DOJRULWKP LV JLYHQ
EHORZ�

�� X � �
�� IRU L  � WR Vb �
�D� X � X�$L c %
�E� P � bX� c Qb�� PRG �Z
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�F� X � X�P c Q
�G� X � X �Z

7KLV DOJRULWKP VSHFLDOL]HV WR WKH ELQDU\ FDVH E\ WDNLQJ Z  �� ,Q WKLV
FDVH� ZKHQ X LV RGG� WKH OHDVW VLJQLpFDQW ELW X� LV QRQ]HUR� DQG WKXV� P  
bX� c Qb��  � �PRG ���

5HIHU HQFHV

>�@ *� 5� %ODNOH\� $ FRPSXWHU DOJRULWKP IRU WKH SURGXFW $% PRGXOR 0�
,((( 7UDQVDFWLRQV RQ &RPSXWHUV� ���������^���� 0D\ �����

>�@ 5� 3� %UHQW DQG +� 7� .XQJ� $ UHJXODU OD\RXW IRU SDUDOOHO DGGHUV� ,(((
7UDQVDFWLRQV RQ &RPSXWHUV� ���������^���� 0DUFK �����

>�@ (� )� %ULFNHOO� $ IDVW PRGXODU PXOWLSOLFDWLRQ DOJRULWKP ZLWK DSSOLFD�
WLRQ WR WZR NH\ FU\SWRJUDSK\� ,Q '� &KDXP� 5� /� 5LYHVW� DQG $� 7�
6KHUPDQ� HGLWRUV� $GYDQFHV LQ &U\SWRORJ\� 3URFHHGLQJV RI &U\SWR ���
SDJHV ��^��� 1HZ <RUN� 1<� 3OHQXP 3UHVV� �����

>�@ (� )� %ULFNHOO� $ VXUYH\ RI KDUGZDUH LPSOHPHQWDWLRQV RI 56$� ,Q
*� %UDVVDUG� HGLWRU� $GYDQFHV LQ &U\SWRORJ\ _ &5<372 ��� 3URFHHG�
LQJV� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� 1R� ���� SDJHV ���^���� 1HZ
<RUN� 1<� 6SULQJHU�9HUODJ� �����

>�@ (� )� %ULFNHOO� '� 0� *RUGRQ� .� 6� 0F&XUOH\� DQG '� %� :LOVRQ� )DVW
H[SRQHQWLDWLRQ ZLWK SUHFRPSXWDWLRQ� ,Q 5� $� 5XHSSHO� HGLWRU� $G�
YDQFHV LQ &U\SWRORJ\ _ (852&5<37 ��� /HFWXUH 1RWHV LQ &RPSXWHU
6FLHQFH� 1R� ���� SDJHV ���^���� 1HZ <RUN� 1<� 6SULQJHU�9HUODJ� �����

>�@ :� 'LrH DQG 0� (� +HOOPDQ� 1HZ GLUHFWLRQV LQ FU\SWRJUDSK\� ,(((
7UDQVDFWLRQV RQ ,QIRUPDWLRQ 7KHRU\� ������^���� 1RYHPEHU �����

>�@ 7� (O*DPDO� $ SXEOLF NH\ FU\SWRV\VWHP DQG D VLJQDWXUH VFKHPH EDVHG
RQ GLVFUHWH ORJDULWKPV� ,((( 7UDQVDFWLRQV RQ ,QIRUPDWLRQ 7KHRU\�
���������^���� -XO\ �����

>�@ %� *LOFKULVW� -� +� 3RPHUHQH� DQG 6� <� :RQJ� )DVW FDUU\ ORJLF IRU
GLJLWDO FRPSXWHUV� ,5( 7UDQVDFWLRQV RQ (OHFWURQLF &RPSXWHUV� �����^
���� �����

>�@ )� +RRUQDHUW� 0� 'HFURRV� -� 9DQGHZDOOH� DQG 5� *RYDHUWV� )DVW 56$�
KDUGZDUH� GUHDP RU UHDOLW\" ,Q &� *� *XQWKHU� HGLWRU� $GYDQFHV LQ



5()(5(1&(6 ��

&U\SWRORJ\ _ (852&5<37 ��� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH�
1R� ���� SDJHV ���^���� 1HZ <RUN� 1<� 6SULQJHU�9HUODJ� �����

>��@ .� +ZDQJ� &RPSXWHU $ULWKPHWLF� 3ULQFLSOHV� $UFKLWHFWXUH� DQG 'HVLJQ�
1HZ <RUN� 1<� -RKQ :LOH\ 	 6RQV� �����

>��@ '� (� .QXWK� 7KH $UW RI &RPSXWHU 3URJUDPPLQJ� 6HPLQXPHULFDO $O�
JRULWKPV� YROXPH �� 5HDGLQJ� 0$� $GGLVRQ�:HVOH\� 6HFRQG HGLWLRQ�
�����

>��@ &| � .� .R|F� +LJK�6SHHG 56$ ,PSOHPHQWDWLRQ� 7HFKQLFDO 5HSRUW 75�
���� 9HUVLRQ ���� 56$ /DERUDWRULHV� 56$ 'DWD 6HFXULW\� ,QF�� 1RYHPEHU
�����

>��@ &| � .� .R|F DQG &� <� +XQJ� &DUU\ VDYH DGGHUV IRU FRPSXWLQJ WKH
SURGXFW $% PRGXOR 1 � (OHFWURQLFV /HWWHUV� ����������^���� ��VW -XQH
�����

>��@ &| � .� .R|F DQG &� <� +XQJ� 0XOWL�RSHUDQG PRGXOR DGGLWLRQ XVLQJ FDUU\
VDYH DGGHUV� (OHFWURQLFV /HWWHUV� ���������^���� ��WK 0DUFK �����

>��@ &| � .� .R|F DQG &� <� +XQJ� %LW�OHYHO V\VWROLF DUUD\V IRU PRGXODU PXO�
WLSOLFDWLRQ� -RXUQDO RI 9/6, 6LJQDO 3URFHVVLQJ� ��������^���� �����

>��@ 0� .RFKDQVNL� 'HYHORSLQJ DQ 56$ FKLS� ,Q +� &� :LOOLDPV� HGLWRU�
$GYDQFHV LQ &U\SWRORJ\ _ &5<372 ��� 3URFHHGLQJV� /HFWXUH 1RWHV LQ
&RPSXWHU 6FLHQFH� 1R� ���� SDJHV ���^���� 1HZ <RUN� 1<� 6SULQJHU�
9HUODJ� �����

>��@ ,� .RUHQ� &RPSXWHU $ULWKPHWLF $OJRULWKPV� (QJOHZRRG &OLoV� 1-�
3UHQWLFH�+DOO� �����

>��@ '� &� .R]HQ� 7KH 'HVLJQ DQG $QDO\VLV RI $OJRULWKPV� 1HZ <RUN� 1<�
6SULQJHU�9HUODJ� �����

>��@ 5� /DGQHU DQG 0� )LVFKHU� 3DUDOOHO SUHp[ FRPSXWDWLRQ� -RXUQDO RI WKH
$&0� ���������^���� 2FWREHU �����

>��@ 6� /DNVKPLYDUDKDQ DQG 6� .� 'KDOO� 3DUDOOHOLVP LQ WKH 3UHp[ 3UREOHP�
2[IRUG� /RQGRQ� 2[IRUG 8QLYHUVLW\ 3UHVV� ����� ,Q SUHVV�

>��@ -� '� /LSVRQ� (OHPHQWV RI $OJHEUD DQG $OJHEUDLF &RPSXWLQJ� 5HDGLQJ�
0$� $GGLVRQ�:HVOH\� �����
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>��@ 1DWLRQDO ,QVWLWXWH IRU 6WDQGDUGV DQG 7HFKQRORJ\� 'LJLWDO VLJQDWXUH
VWDQGDUG �'66�� )HGHUDO 5HJLVWHU� ������� $XJXVW �����

>��@ -� .� 2PXUD� $ SXEOLF NH\ FHOO GHVLJQ IRU VPDUW FDUG FKLSV� ,Q ,QWHUQD�
WLRQDO 6\PSRVLXP RQ ,QIRUPDWLRQ 7KHRU\ DQG LWV $SSOLFDWLRQV� SDJHV
���^���� +DZDLL� 86$� 1RYHPEHU ��^��� �����

>��@ 5� /� 5LYHVW� 56$ FKLSV �3DVW�3UHVHQW�)XWXUH�� ,Q 7� %HWK� 1� &RW�
DQG ,� ,QJHPDUVVRQ� HGLWRUV� $GYDQFHV LQ &U\SWRORJ\� 3URFHHGLQJV RI
(852&5<37 ��� /HFWXUH 1RWHV LQ &RPSXWHU 6FLHQFH� 1R� ���� SDJHV
���^���� 1HZ <RUN� 1<� 6SULQJHU�9HUODJ� �����

>��@ 5� /� 5LYHVW� $� 6KDPLU� DQG /� $GOHPDQ� $ PHWKRG IRU REWDLQLQJ
GLJLWDO VLJQDWXUHV DQG SXEOLF�NH\ FU\SWRV\VWHPV� &RPPXQLFDWLRQV RI
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