Epipolar Curves on Surfaces^�

Peter J. Giblin Richard S. Weiss

Dept. of Pure Math Computer Science Department University of Liverpool University of Massachusetts L693BX, England Amherst, MA 01003

Abstract The epipolar parametrization of a surface is obtained by tracking its profiles in a sequence of images with known camera motion. Generally, this does not provide a global reconstruction and depends on the camera trajectory. This paper gives a systematic way of detecting the gaps left by the reconstruction process. We present an investigation of epipolar curves on the object surface and in a related ‘spatio-temporal surface’. The epipolar curve has a cusp and the epipolar parametrization breaks down where the epipolar plane is tangent to the surface. This parametrization also breaks down where the epipolar curve is tangent to the critical set. A description is given for the geometry of all of the generic cases where the epipolar parametrization breaks down.

1 Introduction This paper is concerned with some aspects of the reconstruction of a smooth surface M from a sequence of profiles (also called apparent contours, outlines and occluding contours) where the motion of the observer is known. Such a reconstruction was introduced in [6] for a simple class of motions, and was generalised in [1, 2, 15] to arbitrary motion. For the general motion case, the epipolar correspondence (as in stereo) played an important role in matching points from one profile to the next. In addition, this results in a use-

�Both authors would like to thank the Newton Institute for providing an excellent environment for us to work together and NATO grant CRG 910221. In addition, the second author would like to acknowledge the support of DARPA and TACOM under contract DAAE07-91-C-R035 and NSF under grants IRI-920892 and IRI-9116297.

ful parametrization of the surface. The purpose of this paper is to describe conditions when this parametrization does not exist.

Given a smooth surface M and a curve c(t) of camera centers, we have, for each t, a critical set or contour generator Σ_t on M consisting of those points r where the ‘visual ray’ or viewline from c(t) to r is tangent to M (see Fig 1). The epipolar plane is the plane spanned by this ray and the tangent to the curve c of centers. In practice the epipolar plane is computed from a visual ray to one camera center and the baseline connecting the two centers [3, p.170].

On the surface M an epipolar curve through r is defined as one whose tangent is along the visual ray as shown in Fig. 1. As c moves with time, the visual ray slips along the epipolar curve. Note that this is almost never the intersection of the epipolar plane with the surface. In general, the critical sets and epipolar curves make a coordinate grid on M: a local parametrization r(t, u) can be found in which the critical sets are given by t =constant and the epipolar curves by u = constant. It is this ‘epipolar parametrization’ of M which is used in [1, 2] to reconstruct M from its profiles, which are the images of the critical sets in a viewplane or viewsphere. In [14] it is shown that reconstruction from the epipolar parametrization is readily transformable into an optimal estimation problem. The epipolar parametrization also has another very interesting property: the viewlines associated with points r(t, u) and r(t+δt, u) of M will (being lines in space) generally not intersect. However, for the epipolar parametriza-

Figure 1: A surface M and segment of camera path from c(0) to c(t). Also shown are the two corresponding critical sets Σ_0, Σ_t, a segment of epipolar curve (drawn heavily), viewlines (dashed) tangent to the epipolar curve, and a local coordinate grid of critical sets and epipolar curves.

tion, the point at which these lines come closest to one another is (as δt → 0) on the surface M. So this parametrization is the best one to choose if one uses the pseudo-intersection of viewlines as an approximation to the surface. In [8] we show that there is only one other parametrization besides the epipolar one for which this holds.

The epipolar curves on M have the striking property that their osculating planes are precisely epipolar planes. The epipolar plane becomes tangent to M at points which we shall identify as ‘frontier points’ (§2.2), and it is precisely at such points that the epipolar curve becomes singular. The ‘frontier,’ which is the locus of such points of M, plays an important role in this paper, since it is along the frontier that the epipolar parametrization breaks down. To examine the situation at the frontier we introduce a ‘spatiotemporal surface’ in §2.1.

There are other places where the epipolar parametrization breaks down. First, there are points where the epipolar curve and critical set become tangent. This results in a profile with a cusp (or higher singularity) and is also reflected in the geometry of the epipolar curve: it has a zero of curvature. Second, the critical sets themselves can become singular (having an isolated point or a crossing). A more complete version of this paper will appear in [8], and some of the results have appeared in [7].

2 Critical sets and the spatio-temporal surface Let M be a smooth surface in 3-space, without boundary, and let c(t) and r be as above. We use n to denote the unit (say outward) normal at r. Then the critical set Σ_t corresponding to ‘time’ t is the set of points r of M satisfying

(r − c(t)) · n = 0. (1)

In this paper we are mostly concerned with ‘local’ results, that is, we can assume our surface M to be parametrized: (u, v) → r(u, v). Notice that the equation (1) then becomes one equation in three variables t, u, v, defining a surface in 3- space.

Definition 2.1 The surface fM defined by (r(u, v) − c(t)) · n(u, v) = 0 (2) is called the spatio-temporal surface. It is associated with M and the motion c of the camera center. Compare [4]. There is a natural projection π : fM → M given by π(u, v, t) = r(u, v). Thus fM can be regarded as the union of the critical sets on M, spread out in the t-direction. On

f_{M we call the sets t = constant lifted critical}

sets, eΣ_t. We shall often use the (u, v) parameter space of M in place of M itself. Then π becomes (u, v, t) → (u, v). Clearly the epipolar curves can be parametrized by t, and when the tangent is in the t direction on fM the epipolar curve on M will have a cusp.

In order to understand how fM relates to M , consider a paraboloid as shown at the top of Figure 2. The u, v parameter space is shown in the middle Figure 2. The critical sets in the parameter space are circles tangent to the two frontier lines u = 0, 2. The spatio-temporal surface fM is shown at the bottom of Figure 2. The u, v parameter space is shown as the bottom of the bounding box, and this time the epipolar curves are drawn. Note that they have cusps along the frontier in the u, v plane but not on fM. If one were to draw the frontier on M, it would consist of two parabolas above the lines u = 0, 2. The epipolar curves would have cusps on these two parabolas.

Definition 2.2 The frontier F of M, relative to the given motion c, is the set of points of M for which c_t · n = 0. This can also be described as

1. the envelope of critical sets on M (i.e., the locus of intersections of ‘adjacent’ critical sets on M);

2. the set of points of M where the epipolar plane (assumed defined) is the tangent plane to M: the set of ‘epipolar tangency points’.

3. the set of ‘critical values’ of the map π in Definition 2.1, i.e. the points of M under the ‘fold line’ of the projection π . Instead of π here we can equivalently use the linear ‘vertical’ projection of fM to the parameter space of M : (u, v, t) → (u, v).

The frontier points do not remain stationary as the camera moves, but slip along the frontier. An exception to this rule is motion where c moves in a plane P . If P is tangent to M then any point of tangency is a stationary frontier point, but other frontier points may move around. For orthographic projection, motion in any plane P has stationary frontier points where the tangent plane to M is parallel to P . This is used by Kutulakos and Dyer [10] for producing a set of stationary points. Joshi et al. used these points to compute structure from unkown motion [9] 3 Breakdown of the epipolar parametrization The (local) epipolar parametrization of M near r breaks down when any of the following occur:

(i) The critical set and epipolar curve on M are smooth and tangent to one another (the profile has a singularity, Fig 3),

(ii) The critical set on M is singular (Fig 4),

(iii) The critical sets form an envelope on M(frontier points, Fig 2).

Figures 2-4 show some of the cases of the three types of events listed above. The figures are drawn in the (u, v) parameter space. The critical sets are labeled Σ (thin lines), the epipolar curves are E (thicker lines), and the line of cusps when present is L (thick line). The line of cusps is where the epipolar curves and critical sets are tangent. Typically, the profile ends at these points. The line of cusps forms part of the natural boundary, where the surface profile is occluded. The other part of the natural boundary is associated with T-junctions [8].

4 Conclusion The epipolar parametrization of a surface M has been shown elsewhere to be very useful in the reconstruction process. We present the cases where the epipolar parametrization cannot be obtained, namely, at the frontier, at a singularity of the profile, e.g. a cusp point, and where the critical set is singular. We have shown that at the frontier we cannot parametrize M using critical sets as parameter curves, but that the epipolar curves can be understood using the ‘spatio-temporal surface’

f_{M, which is (except at a (profile) cusp point on}

the frontier) parametrized locally by lifted critical sets and lifted epipolar curves. In these cases we have found the detailed structure of the epipolar curves around the point at which the epipolar parametrization breaks down. When this occurs, it is possible to use other parametrizations which may even include the critical sets.

In general, the reconstruction of surfaces from profiles leaves gaps. These gaps are bounded by frontier curves or natural boundaries. Making multiple passes over the surface can reduce these gaps, but may not eliminate them if the object has concavities or the camera trajectory is limited by environmental constraints. Note that the frontier curve can be reconstructed by triangulation. Once one has determined where the frontier and natural boundary curves are, there are three ways to fill in the gaps. As in [11], one can actively move the camera to a trajectory that will reconstruct some missing parts of the surface (if this is possible). One could also apply different sensors or use information from surface markings and texture (as in multiframe stereo). A third approach is to use other information which is implicitly present in the profiles. The profile of a surface from a given view determines a bounding cone. The intersection of these cones from different viewpoints can be used to construct the bounding volume for an object [12, 13]. Merging of the appropriate pieces of these two surfaces along the frontier and the natural boundary can produce a closed surface which uses all of the information available from the profiles. Additional information from surface markings can potentially be combined for visible regions which are not covered by the critical sets Acknowledgement We are grateful to Gordon Fletcher for producing the computer pictures in Figures 2 and 2 for us, using the ‘Liverpool Surface Modelling Package’ of Richard Morris and the software ‘Geomview’ from the Geometry Center in Minneapolis.

References

[1] A.Blake and R.Cipolla, ‘Robust estimation of surface curvature from deformations of apparent contours’, Image and Vision Computing 9 (1991), 107–112.

[2] R. Cipolla and A. Blake, ‘Surface shape from the deformation of apparent contours’, Internat. J. of Computer Vision 9 (1992), 83-112.

[3] O.D. Faugeras, Three Dimensional Computer Vision, MIT Press, 1993.

[4] O.D. Faugeras. ‘On the motion of 3-D curves and its relation to optic flow,’ Proc 1st ECCV, pp 107–117, Springer Verlag, April 1990.

[5] P.J. Giblin, J.E. Rycroft and F.E. Pollick ‘Recovery of an unknown axis of rotation from the profiles of a rotating surface’, J.Optical Soc. America 1994

[6] P.J.Giblin and R.S.Weiss, ‘Reconstruction of surface from profiles’, Proc. First Internat Conf. on Computer Vision, London, 1987, Computer Society of the IEEE, pp. 136–144.

[7] P.J.Giblin and R.S.Weiss, ‘Epipolar fields on surfaces’, Proceedings of ECCV, Stockholm 1994, Springer Lecture Notes on Computer Science, Ed. J.-O.Eklundh, 800 (1994) 14-23.

[8] P.J.Giblin and R.S.Weiss, ‘Epipolar curves on surfaces’, to appear in Image and Vision Computing.

[9] T. Joshi, N. Ahuja, J. Ponce, Structure and Motion Estimation from Dynamic Silhouttes, University of Illinois Tech. Rpt. UIUC-BI-AI-RCV-94-01, 1994.

[10] K.N.Kutulakos and C.R.Dyer, ‘Occluding contour detection using affine invariants and purposive viewpoint control’, IEEE Conf. on Computer Vision and Pattern Recognition, Seattle, Washington (1994) 323-330.

[11] K.N.Kutulakos and C.R.Dyer, ‘Global surface reconstruction by purposive control of observation motion’, IEEE Conf. on Computer Vision and Pattern Recognition, Seattle, Washington (1994), 331-338.

[12] J.R.Steenstrom and C.I.Connolly, ‘Constructing object models from multiple images’, Int. J. of Computer Vision, 9 (1992), 185-212.

[13] R.Szeliski, ‘Rapid octree construction from image sequences, CVGIP: Image Understanding 58 (1993), 23-32.

[14] R. Szeliski and R. Weiss, ‘Robust shape recovery from occluding contours using a linear smoother,’ Proc. IEEE Conference on Computer Vision and Pattern Recognition, Champaign, Illinois, June 1993, pp.666-7.

[15] R. Vaillant and O.D. Faugeras, ‘Using extremal boundaries for 3-D object modeling,’ IEEE Trans. on Pattern Analysis and Machine Intelligence, Vol. 14, No. 2, 1992, pp. 157–173.

Figure 2: Top: A paraboloid and camera motion. Middle: The critical sets (circles) and their envelope in the u, v parameter space (case (iii)). Bottom: The spatio-temporal surface.

Figure 3: Cusp: case (i), epipolar curves and critical sets are tangent. For an opaque surface, all the lines to one side of the line of cusps L are occluded, thus the profiles and epipolar curves end at L. E is an epipolar curve and Σ a critical set. The other possibility for case (i) is a swallowtail event [8].

Figure 4: Lips: case (ii), the critical set is singular. For an opaque surface all to one side of L is occluded. The other possibility for case (ii) is a beaks event [8].