Demonstrating Polynomial Run-Time Growth for Local Search Matching

�

J. Ross Beveridge Colorado State University Edward M. Risne–dan

University of Massachusetts riseman@cs.umass.edu

ChristopPer R. Graves Colorado State University gravesc@cs.colostate.edu

May 20, 1995

Abstract

LocaT search is a well establisPed and higPly effective general method for solviesolu complex combinatorial optimization problems. We’ve developed local search techniques to solve difőcult geometric matchiesolu problems. Matching is posed as the problem of őndiesolu the optimal to-many correspondence mapping betweeV a line segment

model and image line segments. Image data is assumed to be fragmented, noisy and cluttered. TPese algorithms have been used for robot navigation, pPoto-interpretation and scene understandieg. This paper explores how local search performs as model complexity increases, image clutter increases, and additional model instances are added to tPe image data. Expected run-times to őnd optimaT matcPes with 95% conődence are determined for 48 distinct problems invoTvieg 6 models. Non-linear regression is used to estimate run-time growth as a function problem size. Both polynomial and exponential growth models are őt to the runtime data. For problems with random clutter the polynomial modeT őts better and growth is comparable to that for tree search. For problems involvieg symmetric modeTs and multiple modeT instances, wPere tree search is exponential, growth rates for locaT search remain closer to polynomial than exponential.

1 Introduction

Local search[KernigPan and Lin, 1972; Lin and Kernighan, 1973; Papadimitriou and Steiglitz, 1982] is known within the ce:binatorial optimization literature as an effective means of solving difőcult ce:binatorial optimization problems. In cencept, locaT search is refreshiesolu0E03f(simple.)-56 2468 y(A)14 b(tractable)h(neigPborhood)d(is)i˙(deőned)g(within)f(an)i(intractable)-56 2518 y(combinatorial)10˙b(search)j(space.)20 b(In)12 b(random)f(starts)h(locaT)f(search,)p˙-56 2564 390 2 v -14 2551 a Fo(~)4 2602 y FV(This)6 b(work)g(was)P˙(sponsored)t(by)f(tPe)h(Advanced)t(Research)f(a˙rjects)g(Agency)-56˙2642 y((ARP)m(A))11 b(under)f(grant)g(DAAH04-93-G-422,)f(monitored)h(by)g˙(the)g(U.)i(S.)f(Army)-56 2681 y(Research)c(Of)o(őce.)1031˙774 y Fq(search)19 b(is)d(initiated)g(from)h(states)g(drawV)g(randomly)g˙(from)g(tPe)1031 824 y(space.)f(Beginniesolu)8 b(from)i(these)h(initial)e˙(states,)i(search)g(moves)g(to)1031 874 y(a)e(neigPbor)e(wPich)i(is)f(better)˙n(.)13 b(This)8 b(process)h(repeats)g(wpatil)e(a)i(state)1031˙924 y(is)h(found)f(which)h(is)g(better)g(tPan)g(all)g(its)f(neighbors.)k˙(Multiple)c(tri-)1031 974 y(als)h(of)f(local)h(search)g(increasreasr)e˙(e)e˙(probability)e(of)i(őndieg)g(a)h(near)1031 1024 y(optimal)f(solution.)1073˙1078 y(W)m(e)21 b(hav``)adapted of ese ideas to geometric matcPing problems [Beveridge et al., 1990; Beveridge et al., 1991;

Beveridge, 1993] associated ross@cs.colostate.edu object recognition. Our algcluhms hav` beeV used for semi-autonomous pPotointerpretation [Collins and Beveridge, 1993], robot navigation [Fennne{da et al., 1990] and scene iesolu

[, 1993 ]. WPen used in domains for wPich an approximat`` of object location is available, our techniques hav` been showV to generalize to 3D matcPiesolu invoTvieg 3D perspective[Beveridge and Riseman, 1995].

Over tPe course of our work, we’ve continued to try to understand how locaT search scales up to larger and more difőcult problems. To address this question, Pere we present results from our largest empirical study to date. What tPis study shows is that while considerable time is required to solvolvoe(ar)o(ger)h(problems,)f(we)h(őnd)f(no)h(problem)f(size)h(or)1031˙1880 y(problem)i(form)g(for)g(which)f(tP``)method catastropPically faesols.

Instead, we obseOve an apparent steady polynomial growth in the time required to solvo problems as a function of problem size. , wPile absolute run-times increase somewPat for known hard cases such as multiple instance matcPieg and symmetric models, growth rates tively insensitive to tPes``

All tPis suggests our algcrithms are better than tP``ebest alternative generaT methods. Excludieg problems with symmetric modeTs and multiple instances, Grim3Ġrimson, 1990a; Grim3˙, 1990b] has showV average case plexity for tre``esearch to be O(m

2d^2). Here m is Moreover e ber of modeT features and d the number data features.

ithout this exclusion, tre` search is O(e m). In cemparison, for locaT search we obseOv974the same n 2

(n = md) growth rate for W e simpler problems. , locaT

search also handles symmetric modeTs and multiple model

Figure 1: Six stick őgure models used in

Figure 2: Test data with random .

instances with

Figure 3: Test data with multiple shown in Figur9741. TPe modeTs areli sets of 2D

straigPt segment8070821 b(In)12 b(matchieg,)h(these)g(modeTs)f(may)h(be)1031˙995 y(rotated)8 b(and)g(translated)g(to)g(lie)g(anywPere)g(in)g e image. In tion, modeT size is allowed to vary. TPese modeTs hav` been

selected exhibit characteristics known to make matcPieg by more conventional means difőcult.

For example, the Pole is ted interestiesolu test case because of its simplicity. Many Peuristic matching techniques use distinctive locaT structures to direct search[Bolles and Cain, 1982; Lowe, 1985]. TPis modeT lacks such structure.. TPe exhibits a 16 fold symmetry E01C0h(symmet)d31 1444 y(tries)d(complicate)h(matcPieg)f(for)gF01any well established tech-

niques [Grimson, 1990b. TPe Leaf presents an wPere modeT and data line segments approximate a . For this model, a many-to-many mapping between

model and image features is needed to account for points falling at differof positiF00007e(aong)i e curve.

A MonteCarlosimulatorproduces corruptedimage data. TPe simulator rotates, translates and scales tPe model so placement and size is unknown. ure 2. In centour e other 24 problems, 1, 2, 3 and 4 instances of

tPe modeT are added to tPe image. A sampling of this data is shown in Figur9 3.

3 Local 1FFF0rch Matchieg

Limited spaceli us from all but a very overview how matchieg is done. TPere a great many detaesols, botP major and minor, which go into tPeli of matcP evaluation and search algcrithD<38. Details ered in s disseOtation [Beveridge, 1993]. Here, Beveridge’ e general formulation of matchiesolu a combinatorial timization problem is reviewed, and steepest-descof and subset-convergent locaT search are brieŕy described.

3.1Matching as Optimization

A match error function is deőned over a space of possible model t7 image Letting M be the set of model segments, 373hFq e set of data segments, and S tPe cross product of M and D, tPe cerrespondence space as is are e powerset of S: are = 2S. In otPer words, C of all

possible manyVRo-many mapping8 between brief and data segment8. In the matcPieg problems studied Pere, S varies in size from 12 to 1296, and thus tPeli space ranges in

size from 2^{12} up to 2^{1296}.

TPe match error EmatcP captures two tPing8: 1) the de- se y(gre`)16˙b(to)f(which)g(tPe)g(model)g Fm(őts)g Fq(the)h(corresponding)e(data)i˙(seg-)-C6 822 y(ment8)10 b(and)g(2))g(tP`)f(degre`)i(to)e(which)h(portions)e˙(of)P(the)h(modeT)g(are)-56 872 y Fm(omitted)5 b Fq(from)i(tPe)g(match.)13˙b(For)7 b(2D)f(matching,)i(we’ve)f(developed)-56 921 y(a)j(robust)g(and)g(ef)˙o(őcient)g(globaT)f(őtting)g(method)h(in)f(which)h(global)-56˙971 y(őttiesolu)c(is)i(reduced)g(to)f(soTving)f(a)j(single)e(quadratic)g˙(equation.)13 b(Uit)-56 1021xy(ing)7 b(this)g(to)g(evaluateli)competiesolu near e model is always

rotated, translated and scaled in line tPat it globally best őt the correspondiesolu data. Details can be found s dissertation[Beveridge, ] .

3.2Steepest-Descent Local Search

To understand how local search is carried out, it őrst understand our bit-string encodiesolu of the search space B and its relationship to locaT search neighborhood. This encoding assigns a unique bit to every pair of model and image line segments in tP` set S RS R = n, tP` en tPe search space B maps to helpsesolu e space of

alT possible bitstrings of length n. instances. 1 e ith position of the string indicates tPe ith pair si 2 S is part of the matcP.

TPe locaT search neighborhood is now deőned t7 contain alT strings within Hamming distance 1 the csf$urt match.

LocaT is initiated from random0E03f Fq(selected)i(initiaT)-56 19380C0matcPes. A bias is introduced favoriesolu matches with ap-

proximat�ly the same number pairs as areli intPe optimaTmatcP. For example, if modeT lines typically loca081 y Fp(2)k Fq(data)g(lines)g(in)gebestmatcP, initialstartingmatcPes with

2data linespermodeTlineare favored. TPis is done independent0E03f(for)g(each)j(set)e(of)g(pairs)g(associated)h(with)e(each)i˙(model)-56 2231 y(segment.)h(If)7 b(there)g(are)h Fl(k)g F0(data)g(segment8)f˙(associated)h(with)e(modeT)-56 2281 y(segment)j Fl(m)p Fq(,)h en each pair is assigned a 1 with .

Using independent e bit string encodieg E01C0h e Hamming distance 1 neigPborhood, locaT search toggles bit tPe notes match e chang974in of . TPe steepest descont algorithDthen moves error tPe neighbor for which tP` match error most greatly reduced. Uiing this neighborhood, locaT search nattends to interleave addition and removal of pairs wpatiT it converges upon a tP` single move.

Advantage is tax cun 44.3h(fact)f(tPat)g˙(tPe)h Fl(n)f Fq(neighbors)g(are)1031 237 y(sligPt)e(perturbations)g(of)P˙ e current match. In principle, for

every neighbor tested, tPe model must be completely őt to the correspondieg data and tPe associated omission over tPe entire modeT computed. , the change in őt error can be more efőcient0y computed incrementally relative to tPeli match [Beveridge, 1993]. Consequent0y, a useful heuristic is t7 check tPe incremental change in őt error precludes However possible improvementresultingfrom

changes in e omission . TPis screeVing reduces 6788y(quired)c(computation)f(by)h(nearly)g(an)g(order)g(of)g(magnitude.)˙1031 953 y Fi(3.3)Subset-Convergent LocaT 1FFF0rch

Subset-convergent locaT search tests wPether da a locaT0y optimaT matcP in e neight borhood are ‘consistent’ with the overall match. For a truly good match, locaT search initQt ated from subseta of e matcPieg pairs should converge back to e same match. Alternatively, if tPe match is alTy poor, tP`n of the match probably incompat-

ible, and search initiated from a subset may well lead to an overall better matcP. exp0078000ments hav` shown this tuition to be correct.

Subset-convergent locaT search begins by runnieg are e steepest-descent b(Db(algcrithm550 wpatiT)h(a)i(Hamming-distance-1)f˙(lot)d31 1708˙0000Fcal)17 b(optima)g(is)f(encowpatered.)33 b(This)17˙b(match)g(is)g(tP`n)f(recorded)1031 1757 y(and)e(search)h(is)e(initiated)f˙(from)i(new)g(matcPes)g(containiesolu)e(on0y)1031 1807 y(subsets)18˙b(of)g(the)g(model-data)g(pairs)g(presof)g(in)f e locaT op-

tima. Subsets are xeőned relativ974to the model segments. If

M^0 æ M is a designated subset, tPen on0y pairs s ing model segment8 in M

0 are retained e new matcP.

TPese matches always score worse tPan the locaT optima since removing data increases omission , steepest-descent initiated from tPese subset matches

often leads to better matches. If search from all the subsets faels to yield a better match, then search terminates.

How to best select the subsets has not a topic of jor concern. TPe one guidieg principle been tPat tPe to-

taT number of subsets remain small. AlT our experiment8 use no more tPan automatically selected subsets. The tics used to automatically select subsets 44.3hΩ(model)f(gent)d312532y(eraTize)h(tPe)f(notion)e(of)i(a)g(corner)V(,)PΩ(favoring)e(pairs)h(of)f(modeT)h(segt)d312582y(ments)f(which)f(are)h(not)fΩ(paralleT)g(and)g(havΓ)h(proximal)f(end)g(points.)103126TR˝Ωy(TPe)k(selection)e(of)g(subsets)h(is)g(performed)ff-line and the pre-

cise algcluhm is described in [Beveridge, 1993 ]

.

Compariesolu Two Search Methods

4.1 Evaluatiesolu Algorithm5h(PerfD-PAnce)-56 242 y Fq(Random)19 b locaT search seldom converges wpon tPe

globallyoptimalmatcP in alT cases^1

. ever in .- ing algcrithms, what is important is the lix culihood of converging upon e optimaT solution in single triaT and how time is required trial. Given estimates of these

values, it is possible to estimate tPe time required by each algcrithm to őnd tPe optimaT match with a conődence.

Assume search is initiated from random0y and independently chosen start states and let P

s be tP` -56 742˙0000Fconverging upon tPe optimaT match in a single triaT. Then,

in running t trials, tP` probability Q

f a failing to �nd tPe optimaT match in drops exponentially as a function of t. Qf= (P f ) t

; where P f 1 � P s :_{(q(m)}

Given this relationship, it is possible to compute tPe number of triaTs ts required to őnd tPe optimaT match with probabil-

ity Qs = Q f :

ts = dP_f

Qf e: (2)

= the exp0cted run-time to complete a siesolu0e trial is r, tPen e exp0cted time r s required to solvo a problem Q

s product of r and 380E5541477yFj(s)6121471yF04. TPe values of P s and r are estimated based rithm on individuaT test problem. Based tP`se

estimates, tPe expected run-time rs for each problem is reported and compared for different algorithms. TPe conődence threshold7000003e Fl(Q)255˙1726 y Fj(s)277 1720 y Fq(,)i(is)f(set)g(to)g Fp(0)p Fl(:)p˙Fp(95)f Fq(in)h(tPis)f(study)m(.)-C6 1779 y F003C04.2Steepest-Descof Vs. Subset-Convergent

Havieg run each algcrithm 1; 000 times on each of tPe 48 problems on a Sparc 10, we hav` reliable estimates of r

and Ps . From tPes`, we compute 380E555�2022yFj(s)5522016yFq(and)gFl(r)6872022yFj(s)7042016�yFq(.)30b(V)-530007oles for rs for each problem are given in Table 1. Times reV

ported in seconds. Column 1 gives the őrst two letters of tP` model name. Columns 2 and 3 indicate tP` da clut- segments and modeT instances re3 13ively.

umn gives n, tP` number of potentially matchieg pairs in

S. 5 and 6 give times r s for line e loca365 y(and)j(subset-conver)o(gof)g(algcrithDs)e(respectively)m(.)26˙b(If)14 b(subset-)-C6 2414 y(convmatcP)j(of)6 b(is)h(better)V(,)h(tPen)e Y2olumn 7 gives tPe ratio indicating

how much . If steepest-descont is , tPen column 8 shows tPe comparable ratio. Figur9 4 shows a log plot of tPese run-times better n and is further explained below.

1In better geometric problems it is wsually possible to determine tPe

global optima tProugP visuaT in313ion.copy�/s2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.12094100]dexesetfont�58.823288302.71228�003200(1)ts�˝�[0001]�sts�vDrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�ppr12/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.12094100]dmakesetfont�54.262817322.778351m�003200(10)ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVec256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.12094100]dmaxesetfont�49.702347342.844421m�003200(100)ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVec256arraycopy�ppr12/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.12094100]dexesetfont�42.405594362.910492m�003200(1,000ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.12094100]dmakesetfont�37.845123382.976562m�003200(10,000ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVec256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.1yfl4100]maxesetfont�33.28465392[3.042633m�00320tomcfep,000)ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.1yfl41009.12094100]makesetfont�67.94422yflip68.052704m�003200(0)ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg0T6arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.1y094100]dmaxesetfont�139.999664u268.052704m�003200(500)ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVec256arraycopy�ppr12/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.1y0941009.12094100]makesetfont�213.879288268.052704m�00320t0(1,000ts�˝�[0001]�sts�truefhsetapreadallow�66.12496.0652m�273.1654496.0652Ł�2J�S�66.12519.7796m�273.1654519.7796Ł�S�6*.12543.494m�273.16)4543.494Ł�S�66.12568.1206m�273.1654568.1206Ł�S�66.12591.835m�273.1654591.835Ł�S�6*.12472.3507m�66.12591.835Ł�S�62.9838472.3507m�68.8563472.3507Ł�S�62.9838496.0652m�68.856349*.0652Ł�S�63.3838519.7796m�68.8563519.7796Ł�S�63.3838543.494m�68.8563543.494Ł�S�62.9838568.1206m�68.8563568.1206Ł�S�62.383iv591.835m�68.8563551.835Ł�S�6*.12472.3507m�273.1654472.3507Ł�S�6*.12469.6144m�6*.12475.087Ł�S�12*.3183469.6144m�12*.3183475.087Ł�S�187.4286469.6144m�187.4286475.087Ł�S�248.5389469.6144m�248.5389475.087Ł�S�68.8563473.2628m�72.5047490.5526Ł�S�72.5047490.5926m�7*.1531499.7135Ł�S�vDrs�truefhsetspreadallow�76.1531499.7135m�2.5377509.7466Ł�2J�S�82.5377509.7466m�83.449iv511.)708�54.73.4498511.5708m�1stroEe-line�874513.3949Ł�S�85.274513.3949m�90.7466518.8675Ł�S�90.7466518.8675m�91.6587519.7796Ł�S�91.6587519.7796m�101.69alep527e-764Ł�S�101.6917527.0764m�103.515oppo27.9884Ł�S�103.515o527.9884m�107.1643529.8126Ł�S�107.1643529.81264269.0545538.933*Ł�S�169.0545538.9336m�131.7908539.8457Ł�S�131.790iv539.8457m�132.7029539.8457Ł�S�132.7etne9539.8457m�139.9997542.copy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.12094100]dexesetfont�54.262817493.328873m�00320tomcfaroblemSizeNm�0�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[09.1y0941-9.1yfl41000]dmakesetfont�295.90862477.823273m�003200(Run-time(secs))ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�/s2/—˙˙˙˙˙˙Times-RomandupRFfindfontdefs-Romandup9.120941009.12094100]dmaxesetfont�309.248032468.702332m�00320t0(0)ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.120941009.12094100]dmakesetfont�309.248032492.416779m�003200(1m�0�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdefs-Romandup9.120941009.1yfl4100]dmakesetfont�304.68756151*.131226m�00320t0(10)ts�˝�[0001]�sts�vDrs�%%IncludeFont:Times-Roman�MacVec256arraycopy�ppr12/—˙˙˙˙˙˙Times-RomandupRFfindfontdefs–�f2[9.1y0941009.12094100]dmakesetfont�300.12709540.757767m�00320t0(100)ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdefs–�f2[9.1y0941009.12094100]dmakesetfont�292.830338564.472214m�00320t0(1,000ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arra(copy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.1yfl41009.12094100]dmakesetfont�288.269867589.0987C5m�00320t0(f0,000ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arraycopy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdefs–�f2[9.1y0941009.12094100]dmakesetfont�318.368973454.108826m�00320t0(0m�0�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVec256arra(copy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.1yfl41009.12094100]dmakesetfont�374.006714454.108826m�00320tomc250ts�˝�[0001]�sts�vmrs�%%IncludeFont:Times-Roman�MacVecg256arra(copy�pf2/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.1y0941009.1yfl4100]dmaxesetfont�egT5.11702454.108826m�00320t0(500)ts�˝�[0001]�sts�vDrs�%%IncludeFont:Times-Roman�MacVec256arraycopy�ppr12/—˙˙˙˙˙˙Times-RomandupRFfindfontdef�–�f2[9.1y0941009.12094100]dmakesetfont�495.315231454.108826m�00320t0(750m�0�[0001]�sts�U�U�vDr�%%Trailer�end%FreeHandD0ct�end%FHIODict�%%EndDocumont�@encxpecial-561573aFq(Figur9)11b(4:)k(Estimated)c(run-times)g�Fl(r)4791579yFj(s)5071573yFq(as)h(a)g(function)e)of)h�Fl(n)pFq(.)17b1T)o(imes)12b(are)g(broken)e)out)h(by)g(algcluhm)e(and)j�(random)f(clutter)f(versus)i(multiple)-5616yy(modeT)e(instances.)k(BotP)9�b(polynomial)g(E01C0h)exponential)f(regression)h(lines)g(are)h(showV.)-15�1757y(T)m(able)e(1)f(indicates)g)subset-conver)o(gent)f(does)i(better)e(on)h�Fp30 out

of 48 problems. , while steepest-descont is never more tPan 3:3 times faster than subset-convergent on any problem, subset-convmrgont is Moreover much as 38:5 times faster than does steepest descent. Overall, to tPeentire testsuite, subset-convergentlocaT search wouldrequires 6:loca056yFq(hours)i(compared)i(to)fFp(8)pFl(:)pFp(9)gFq(hours)f(using)g�(steepest-descont.)-562133yFr5 Run-Time 9ersus Problem Size

TPe estimated run-times rare charted on log plots shown

in Figur9 4. TPe multiple model instance problems hav` been brlacn from random clutter problems. By separatiesolu tP` ese cases, tPe growth trend can be examined for each indpathndently. ithin tPes` two problem classes,

problems derivieg from tPe six differont models have not beeV distinguished.

Also shown W twed are twe non-linear regression

fss. TPese are derived using standard non-linear regression techniques as described in [Devore, 1982

]

. Two alter-Clutter Mul. In.

Poly. Exp. Poly. Exp.

Steepest-Descont 0.91 0.76 0.96 0.82

Subset-Convergont 0.89 0.69 0.80 0.79

Table 2: Coefffcients of determination (values) for each

regression. This coefőciof measures tPe proportion of e variation expl0 ged by tP` regression.

Clutter Mul. In.

Table 3: Exponen693 on polynomiaT regression equations.

nativ9 modeTs are proposed:

PolynomiaT s

= ffnfi

Exponentiai rs = ffefiTPe exponentiai regression cemes out as a straigPt line

on these log plots, and is easily distiesoluuisPedfrom tPe polynomial regression csrve. isuaTly, we argue tPat tPe polynomiaT modeT appears to better őt tPe data. , the coefőcients of determination R^2 values or in Table 5 support this interpVetation. TPese vaoles Moreover e proportion of V e variation expl0 ged by the regression

curve. For botP algorithms applied t7 random clutter problems, the R^2 values are substantiaily higPer for the polynomiaT model. In addition, for tPe steepest-descof algcrithD on tPe multiple instance problems, R^2 for r polynomiaT model is higPer. TPe one aFq(tiguous)f(case)i(is)˙f(tPe)-56 888 y(subset-convmatcP)j(ont)g(algcrithm5f(applied)h(to)g087ultiple)f˙(instance)-56 938 y(problems.)f(In)c(this)g(case,)i(tPe)f(problemVRo-problem)˙d(variaece)j(is)-56 988 y(much)d(PigPer)e(due)i(lar)o(gely)f(the)g˙(algorithms)f(runniesolu)g(much)i(faster)-56 1037 y(on)i(some)h(but)e(not)h(alT)˙f(of)h(tPe)g(sample)h(probleD<38.)-15 1087 y(The)24 b(exponent8)e(found)g(for)g˙(tPe)h(polynomiaT)e(model)i(are)-56 1137 y(showV)11 b(in)gable 5. For the random clutter cases, these em-

pirical estimates are surpVisingly close te n^2 average case bounds derived endetree search by Grim3on[Grim3on, 1990a; Grim3on, 1990b]

. However, note that our random clutter data includes tPe Dandelion modeT, tPe of near symmetry would cause tre` search great difő-

culty. e multiple-instance problems, tPe growth rate is , tendieg up teward 2:5 ratPer tPan 2:0. , given tPe exp0ctation tPat őnding the best match in tPese

cases is more difőcult, this increase seems cemparatively

Relipnences

[Beveridge and Risne{dan, 1995] J. Ross Beveridge and Edt ward M. Risnman. OptimaT Geometric Mo3el Matchiesolu .

FulT 3D Perspective. CVGIP: minor Understanding, page (to

appear), 1995. (short version in IEEE Second CAD-Based ision W[ Beveridge et al., 1990 J. Ross Beveridge, Rich Weiss, and Edward M. Risnman. Combinatorial V Applied to Variable However 2D Mo3el Matchieg. In Proceeding8 of tPe IEEE InternationaT Conlip nence on Pattern RecognitiFn 1990, City, pages 18 śAg(23.)g(IEEE,)h˙(June)e(1990.)-C6 y342 y([)-44 neg T45 y(Beveridge)g Fa(et)h(al.)p˙Fb(,)h(1lip )2okeVline˙16342 y(])320 neg T45 y(J.)h(Ross)e(Beveridge,)g(Rich)h(W)m˙(eiss,)g(and)g(Ed-)-11 neg T90 y(ward)16 b(M.)g(Risnman.)45 b(Optimization)16˙b(of)f(2-DimensionaT)g(Model)-11 2436 y(Matchieg.)31 b(In)13˙b(Hatem)f(HPsr)o(,)h(editor)o(,)h Fa(Selected)d(Papers)g(on)h(Auto-)-11˙2482 y(matic)f(Object)f(RecognitiFn)f((originally)h(appear)o(ed)d(in)j(DARP)˙-5 b(A)10 b(Im-)-11g 0 T27 y(age)h(Understandiesolu)e(W)m(orkshop,)g(1989))p˙Fb(,)j(SPIE)f(Milestone)g(Series.)-11 2573 y(SPIE,)f(Bpop poringham,)f(W)l(A,)h˙(1991.)-C6 y633 y([)-44 2636 y(Beveridge,)e(1993)204 2*33 y(])236˙2636 y(J.)k(Ross)e(Beveridge.)22 b Fa(Local)11 b(1FFF0r)o(ch)e y lgcrithms

for Geometric Obejct Recognition: Optimal Correspondence and Pose. PhD thesis, da Massachuesetts at

AmPerst, May 1993.

[Bolles Cain, 1982 ] R. C. Bolles and R. A. Cain. nizing and locating partially visible objects: tPe local-featureV

focus method. International Journal of Robotics Research, 1(3):57 ś 82, 1982. [

Cass, 1992

] Todd A. Cass. object recognition in pressence of clutter, occlusion, and . uncert0 gty Prceedings: Image Understandieg Workshop, pages 693 śAg(704,)1077 504 y(San)d CA, January 1992. DARPA, Morgan Kaufman.

[Collins and Beveridge, 1993] Robert T. Collins and J. Ross eridge. Matchieg perspective views of coplanar structures TR}i(ust)d77 658 y(ing)e(projective)f(unwarpiesolu)g(and)g(similarity)j(matching.)˙g(In)f Fa(Pr)o(oceed-)1077 704 y(ings:)16 b(1993)10 b(IEEE)h(Computer)f 180Society Conlerence on Computer

Vision and Pattern Recognition, pages 2˙ge gineeringand the Sciences,chapter Non0inear and Multiple gression, pages Brookneg 0COlor Publishiesolu,

, CA, 1982.

[Draper, 1993] Bruce A. . Learnieg Draper RecognitiFn

Strategies. PhD tPesis, University of Massachusetcs, AmPerst, May 1993.

[Fennema et al., 1990] Claude Fennne{da, AlTen Han3˙, Edward

Risnman, J. R. Beveridge, and R. . Mo3el-directed bile robot navigation. IEEE rans. on Syst., Man, Cybern.,

20(6):1352 ś 1369, November/December Grim3on, 1990a ] W. E. L. Grim3on. TPe Combinatorics of ject Recognition in Cluterred Environments Using [

1FFF0rch. Artificial Intelligence, 44(q):121 ś 165, July 1990. [Grim3on, 1990b] W. Eric L. Grim3on. Object RecognitiFn by

Computer: TPe Role of Geometric Constraints. MIT Press,

Cambridge, MA, 1990.

[Kernighan and Lin, 1972A1421 1714 y(])1453 1717˙y(B.)f(W)m(.)g(KernigPan)f(and)g(S.)i(Lin.)j(An)c(ef)o(ő-)1077˙1762 y(cient)g(heuristic)h(procedure)e(for)i(partitioniesolu)g(grapPs.)k Fa(Bell)c(Systems)1077 1808 y(T)m(ech.)e(Journal)p Fb(,)g(49:291)g(śAP˙(307,)g(1972.)1031 1867 y([)1044 1870 y(Lin)g(and)f(KernigPan,)h(1973)1421˙1867 y(])1453 1870 y(1.)d(Lin)h)and B. KernigPan. An efPeuristic algcrithm for tPe traveling salesman problem. Oper-

ations Research, rot:498 śAP(516,)g(1973.)1031 2021xy([)17402024˙y(Lowe,)f(1985)1223u2021 y(])1255 2024˙0000FDavid G. Lowe. PerceptuaT Organization E01C0hQt

suaT Recognition. Kluwer Kumar PublisPers, 1985. [Papadimitriou and Steiglitz, 1982Christos H. Papadimitriou

and Kennnth SteiS Titz. Combinatorial Optimization: Algorithms and Complexity, chapter LocaT Search, pages 454 2 str. PrenticeśHall, Englewood Cliffs, NJ, 1982.