
Examination \Breadth" { TheoryFebruary 11, 2005SOLVE EACH PROBLEM ON A SEPARATE PAGE. WRITE ONLY ON ONE SIDEOF A PAGE. WRITE YOUR CODE AT THE TOP OF EACH PAGE.IF YOU HAVE PROBLEMS WITH THE MEANING OF THE QUESTIONS,ASK THE PROCTOR.1. What are the deterministi
 time and spa
e 
omplexities of regular languages? In otherwords, if you are given a regular language des
ription and asked to build a Turingma
hine to a

ept that regular language, what 
an you say about the time the Turingma
hine would need to a

ept a string of length n? How mu
h additional memory(besides the read-only input tape) would the Turing ma
hine need?Sket
h proofs of your answers.2. Let k � 2 be an integer and let L be a language that is a

epted by a k-tape Turingma
hine M . Prove that there is a one-tape Turing ma
hine that a

epts L.3. (a) Give the de�nition of a Binary Sear
h Tree for a set of n numbers.(b) Suppose that the sear
h for key k in a binary sear
h tree ends up in a leaf.Consider three sets: A, the keys to the left of the sear
h path; B, keys on thesear
h path; and C, keys to the right of the sear
h path. Prove, or disprove byshowing an example, the following statement: For any three keys a 2 A, b 2 B,and 
 2 C, a � b � 
.4. Let S = a1; :::; an be a sequen
e of n numbers. Provide a re
ursive formula forl(i), the length r of the longest monotoni
ally in
reasing sequen
e ak1 < : : : < akr ,k1 < : : : < kr, whi
h is a subsequen
e of a1; :::; ai and kr = i.Based on this formula give an O(n2) dynami
 programming algorithm to �nd thelength of the longest monotoni
ally in
reasing subsequen
e of S. Justify that therunning time is indeed O(n2).Example:For S = 2; 5; 4; 8; 6; 7; 10; 5, l(3) = 2 and the desired monotoni
 subsequen
e is 2; 4.Likewise l(4) = 3 and, in fa
t there are two di�erent subsequen
es witnessing thisequality. Note that l(8) = 3 while the length of the longest monotoni
 subsequen
e ofour sequen
e S is 5.5. Let X be a set 
onsisting of n elements. Prove that there are exa
tly 3n pairs hA;Bi,where A;B are subsets of X and A � B.
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SELECT ONE OF PROBLEMS BELOW AND SOLVE IT. WRITE ON PAGEONE YOUR SELECTION. DO NOT INCLUDE SOLUTIONS OF MORETHAN ONE PROBLEM, ONLY THE PROBLEM LISTED ON PAGEONE WILL COUNT.(The two requested topi
s are: Graph Algorithms and Computational Complexity.)6. (Graph Algorithms) A tournament is a dire
ted graph su
h that for all nodes u 6= v,exa
tly one of the edges hu; vi and hv; ui is present.Given a dire
ted graph G = hV;Ei, a set D is a dominating set in G if for everynode v =2 D, there is a node d 2 D su
h that hd; vi 2 E (in su
h 
ase, we say that ddominates v).Show that every tournament with n nodes has a dominating set of size �(logn).(Show that in any tournament there is a player who beats at least half of remainingplayers; add this player to the dominating set. What is left to dominate?) Design aneÆ
ient algorithm �nding su
h a dominating set.7. (Computational Complexity) Let UP be the subset of NP 
onsisting of those languagesa

epted by nondeterministi
 polynomial time Turing ma
hines that a

ept on at mostone 
omputation per string. (The \U" stands for \unique".)Let f be a one-to-one, polynomial-time 
omputable fun
tion su
h that there is apolynomial p su
h that jxj � p(jf(x)j). (Note that f 
omputable in polynomial timeonly implies the existen
e of a polynomial q su
h that jf(x)j � q(jxj).)Show that if f has no polynomial-time 
omputable inverse, then P 6= UP. In otherwords, if there is no polynomial-time 
omputable g su
h that for all x, g(f(x)) = x,then there is a language L in UP n P. Give a des
ription of L in terms of f , andshow that it is in UP, then show that L in P would imply that f is polynomial-timeinvertible.For partial 
redit, show that if f has no polynomial-time 
omputable inverse, then P6= NP.
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