1The Enumeration of Labeled Graphsby Number of CutpointsWPI-CS-TR-97-01Stanley M. Selkow*Computer Science DepartmentWorcester Polytechnic InstituteWorcester, MA 01609 USAemail: sms@wpi.edu* Much of this work was done at the D�partement d�Informatique, Universit� de Marne-la-Vall�e, Noisy-le-Grand, France

2ABSTRACT: A generating function is developed to express the number oflabeled graphs with a fixed number of points and cutpoints in terms of thegenerating function of the number of blocks. An asymptotic bound is derivedfor the number of connected graphs with any number of cutpoints.ACKNOWLEDGEMENT: The referees� comments improved the exposition ofthis paper.

31. INTRODUCTION AND DEFINITIONSA cutpoint of a graph is a point whose removal increases the number ofcomponents, and a noncutpoint is a point which is not a cutpoint. A trivialgraph is a graph with exactly one point, and a block is a maximal nontrivialconnected graph without a cutpoint. We only count labeled graphs.According to Harary and Palmer [3], in 1950 Uhlenbeck posed theproblem of counting blocks, and Riddell [4] and Ford and Uhlenbeck [1] derivedan expression relating the number of blocks to the number of connectedgraphs. The derivation of this expression is an exercise in Goulden andJackson [2]. An exponential generating function (EGF) of the series

A1,A2,...

isthe formal power series

A z( ) = An z nn! n≥1∑

. For any non-negative integer n, theoperator

z n[ ]

applied to polynomial P(z) yields the coefficient of zn in P(z),and Dz denotes the derivative with respect to z. For integers p, q‡0, we let

pq

denote the falling factorial function defined recursively as

p 0 =1

and

pq = p * p − 1( )q − 1

for q>0.The EGF for graphs is

G z( ) = Gn z nn! n≥1∑

, where Gn=2n2� Ł � � ł � is the number ofgraphs of n points,

C z( ) = Cn z nn! n≥1∑

is the EGF of connected graphs, and

B z( ) = Bn z nn! n≥1∑

is the EGF of blocks (with B1=0). Because all blocks areconnected, and all connected graphs are graphs, Bn£Cn£Gn for all n‡1. Our goalis to find a semiexponential generating function for

S x,z( ) = Sm ,n xm z nn! n≥2∑ m ≥0∑

where Sm,n is the number of connected graphs with n‡2 points and m‡0cutpoints. Some small values of Sm,n are shown in TABLE I.It is easy to see that B(z), C(z) and G(z) can be expressed in terms ofS(x,z) as:

B z( ) = x0[ ]S x,z( ) =S 0,z( )

C z( ) = z + xm[ ]S x,z( )

m ≥0 ∑ = z +S 1,z( ) G z( ) =e z +S 1,z( )

.The number of graphs with n points and m cutpoints is

xm z nn!

[ ]e z +S x,z( )

. Givenan enumeration of blocks by their numbers of points and edges, our results canalso be extended in a straightforward way to enumerate connected graphs bytheir numbers of points, cutpoints and edges.

4In SECTION 2 we characterize the generating function S(x,z) and develop arecurrence for Sm,n. In SECTION 3 we examine the asymptotic growth of Sm,n.2. THE GENERATING FUNCTION S(x,z)Since a graph with one cutpoint may be considered to be rooted at thatcutpoint, the number of connected graphs with one cutpoint can be expressedas a function of B(z).THEOREM 1: x[]Sx,z()=zeB’z()-B’z()-1() .Proof: To enumerate graphs with one cutpoint, we identify theunlabeled roots of k‡2 blocks. There are n ways to choose the root of a blockof n points. Thus, the EGF of rooted blocks is zDzB(z), and DzB(z) counts rootedblocks with the root unlabeled. There are B’z()()kk!

k-multisets of rooted blockswith unlabeled roots. Since the new cutpoint can belong to any number k‡2 ofblocks, the number of multisets being counted isB’z()()kk!

k‡2�=B’z()()kk!

k‡0�-B’z()-1=eB’z()-B’z()-1and the theorem follows from adding a factor of z to label the root.Although extending THEOREM 1 to graphs with two cutpoints isstraightforward, it seems to be very difficult to handle much larger values ofm. This is because the cutpoint of THEOREM 1 corresponds to a root, but withseveral cutpoints the root can be any cutpoint which belongs to at least oneblock containing no other cutpoint. However, S(x,z) may be characterized as inthe following relation.THEOREM 2:

zD

z

− xD

x ( ) S x,z( ) = zB

'

z+Φ S x,z( ) ( )

, where

Φ = x 1− x( )D x +zD z ( )

.Proof: Both sides of the equation enumerate connected nontrivialgraphs rooted at a noncutpoint. Every nontrivial graph has at least twononcutpoints, and a graph counted by Sm,n has n-m of them. Thus there are

n − m ( )S m ,n x

m z

n

n!

n≥2

∑

m ≥0

∑ = zD z − xD x ( ) S x,z( )

ways to choose a nontrivial connected graph and root it at a noncutpoint.A noncutpoint of a nontrivial connected graph G belongs to exactly oneblock. Assume that the block containing the root has k‡2 points,

v^1,...,v^k { }

,where vk is the root of G. There are kBk rooted blocks with k points. For each

v i ∈ v 1 ,...,v k { }

, remove

v 1 ,...,v

i− 1 ,v i+1 ,...,v k { }

from G, and let Hi be the (possiblytrivial) component rooted at vi. If Hi is trivial, it is counted by z. Hk istrivial. If Hi is not trivial, then vi is a cutpoint of G. If vi is a cutpoint of Hi,

5then xDxS(x,z) counts the number of choices for Hi times the number of waysto root it at a cutpoint. If vi is not a cutpoint of Hi, then

zDz − xDx ( )S x,z( ) counts the number of choices for Hi times the number of ways to root it at anoncutpoint. Finally, we add a factor of x since vi becomes a cutpoint of G.Connected graphs rooted at a noncutpoint which belongs to a block ofk‡2 points are counted by

kBk z z + xDxS x,z( )+ x zDz − xDx ( )S x,z( ) ( )k − 1 k!

.Since k can be any integer greater than or equal to 2, combining thesepossibilities yields

kBk z z + xDxS x,z( )+ x zDz − xDx ( )S x,z( ) ( )k − 1 k! k≥2∑ = z Bk z + xDxS x,z( )+ x zDz − xDx ( )S x,z( ) ( )k − 1 k − 1 ( )! k≥2∑ = zB' z + xDxS x,z( )+ x zDz − xDx ( )S x,z( ) ( )

which yields the theorem.For m=0, the relation of THEOREM 2 reduces to the identity zB’(z)=zB’(z).For m‡1, the recurrence permits the computation of Sm,n for all n‡2. This taskis made easier for n>>m by noticing that at most m points of the blockcontaining the root can be cutpoints. The recurrence of the followingCOROLLARY was used to compute the values of Sm,n displayed in TABLE I and usedin TABLE II.COROLLARY 1: For m‡1 and n‡2,

Sm ,n = n!n − m Bkk =2n − m∑ xm z n +q − k [ ] Φ S x,z( ) ( )q q! k − 1− q ( )! q =1 min k − 1,m ( )∑

.Proof: As in THEOREM 2, we enumerate connected nontrivial graphs,with at least one cutpoint, rooted at a noncutpoint. These are counted by theterms of zDz-xDx()Sx,z() with positive exponents of x, or n-m()Sm,nxmznn!

n‡2�m‡1�.Let the block containing the root have k points, q of which are cutpoints,k>q‡1. Each subgraph rooted at one of the q cutpoints of the block containingthe root is counted by

Φ S x,z( )

. There are k-q choices for the root of the graph,and Bk ways to arrange the lines of the block containing the root. Combiningthese terms yieldsFSx,z()()qq!

k-q()Bkzk-qk-q()!

q=1k- 1�Allowing k to vary from 2 to n-m,

6n-mn!S m,nxmznn‡2�m‡1�=Bkk=2n-m�FSx,z()()qq!k-1-q()!q=1mink-1,m()�zk-qand the COROLLARY follows from comparing coefficients.3. ASYMPTOTIC VALUES OF Sm,nSince Sm,n=0 unless 0£m£n-2, then for any n,

Sm ,n

m ≥0 ∑

is distributedamong the values

S0,n ,...,Sn − 2,n { }

. Because the only graph with n points and n-2cutpoints is a path of length n, and the number of labeled paths of length n isn! divided by the order of the symmetry group of the path, then

Sn − 2,n = n!2

forn‡2.The derivation of other values of Sm,n appears to be more difficult, sowe consider asymptotics. Since it follows that Sm,nm‡0�=Cn~Gn=2n2� Ł � � ł � , then

Sm ,n ~ 2 n2

m ≥0 ∑

. Almost all graphs are blocks [3],

S0,n ~Gn

, so

S0,n ~ Sm ,n ~ 2 n2

m ≥0 ∑

, and as nfi¥, almost all of

Sm ,n

m ≥0 ∑

is concentrated inthe first term. In fact, the following theorem shows that the seriesk=0mSi,nk‡i‡0�{} yields increasingly tight approximations toCn=Si,nk‡i‡0�+oSk,n().THEOREM 3: For any m‡1, Sm ,n=oSm-1,n().Proof: Any connected graph with n points and m cutpoints must have acutpoint, w, belonging to blocks with a total of p‡nm

points. The contributionof such a graph to Sm,n consists of four factors:-np� Ł � � ł � , the number of ways to choose labels for the p points,-S1,p, the number of of ways to distribute edges and labels among the ppoints,-the number of of ways to distribute edges and labels among the n-pother points,-the number of ways to choose and identify cutpoints connecting the sets of p points and n-p points.By making w a noncutpoint, the only factor above that changes is thatS1,p is replaced by S0,p. Since S0,p~Gp, the theorem follows from theobservation that S1,p=oS0,p().

7It will be seen (THEOREM 4) that since Bn grows so rapidly with n, thenfor any fixed m‡0, as nfi¥ almost all connected graphs with n points and mcutpoints consist of m+1 blocks, with m of the blocks being single edges andn-m of the points belonging to a single large block. Each of the m simpleblocks has a distinct vertex of the big block as an endpoint. There are

nm = n mm!

ways to choose the labels for the m points not belonging to the bigblock,

n − m ( )m

choices of points in the big block for attaching the m littleblocks, and

Bn − m ~ 2 n − m2

ways to arrange the edges and labels on the verticesof the big block. Combining terms,Sm ,n~nm

m !n-m()m

2n-m2� Ł � ł =n2m

m !2n-m2� Ł � ł ~n2mm!

2n-m2� Ł � ł .LEMMA 1: For any q>m‡0 and n‡0, xmzn[]FSx,z()()q=0.Proof Since

Φ = x 1− x( )Dx +zDz ( )

, then FSx,z()()q must be divisible by xq.LEMMA 2: For any m‡1 and q>n-m, xmzn[]FSx,z()()q=0.Proof (by induction on q): xmzn[]FSx,z()=mSm ,n+n-m+1()Sm-1,nn!

,so xmzn[]FSx,z()=0 if n£m, which establishes the LEMMA for q=1.xmzn[]FSx,z()()q=xmzn[]FSx,z()FSx,z()()q-1=xjzk[]FSx,z()xm-jzn-k[]FSx,z()()q-1j,k�.By the basis, xjzk[]FSx,z()=0 unless k>j, but in that case q-1>n-k()-m-j(),so that xm-jzn-k[]FSx,z()()q-1=0 by the induction hypothesis.LEMMA 3: For any m‡q‡1, xmzm+q[]FSx,z()()q=m-1q-1� Ł � � ł � .Proof:xmzm+q[]FSx,z()()q=xrkzsk_{[]}FSx_,z()q‡k‡_1�r_1+…+rq=ms_1+…+s_q=m+_q� .By LEMMA_{1 and L}EMMA_{2, every term in the above summation is 0 unless}r_i‡_{1,}si=r_i+_{1,}q‡i‡_1, so

8xmzm+q[]FSx,z()()q=xrkzrk+1[]FSx,z()q‡k‡1�r1+…+rq=m�=1r1+…+rq=mr1‡ 1,…,rq‡1�=m-1q-1� Ł � � ł � ,which is the number of compositions of m into q parts.Consequences of LEMMA 3 which will be used in THEOREM 4 are that forany m‡1, xmz2m[]FSx,z()()m=1 and xmzm+1[]FSx,z()=1.THEOREM 4: For any fixed m,Sm ,n~n2mm!

2n-m2� Ł � ł .Proof: The proof is by induction on m, the number of cutpoints. Thebasis S0,n~2n2� Ł � ł is proved in Harary and Palmer [3]. We now fix an m‡1 andassume the statement of the theorem for all smaller values. Being interestedin asymptotic results, we assume n>>m. From COROLLARY 1,

S

m ,n

=

n!

n − m

B

k k =2

n − m

∑ x

m

z

n +q − k

[ ]

Φ S x,z( ) ( )

q

q! k − 1− q ( ) !

q =1

min k − 1,m ( )

∑

.We will show that the sum is dominated by the term (k=n-m, q=m), and nowconsider three cases:

k=n-m By LEMMA 3,n!n-m

Bn-mxmzm+q[]FSx,z()()qm!n-m-q-1()!

q=1m�=n!n-m

Bn-mm-1q-1� Ł � � ł � 1m!n-m-q-1()!

Bn-m1m!n-2m-1()!

+m-1q-1� Ł � � ł � 1m!n-m-q-1()!

q=1m-1� Ł � � � ł � � ~n!n-m

Bn-mm!n-2m-1()!

1+O1n

� Ł � � ł � � Ł � � ł � ~n2mm!

2n-m2� Ł � ł .

k=2 By THEOREM 3 and the induction hypothesis,n!n-m

B2xmzn-1[]FSx,z()=n!n-m mSm ,n-1+n-m()Sm-1,n-1n-1()!

� Ł � � ł � ~nSm-1,n-1

9~n2m-1m-1()!2n-m2� Ł � ł =on2mm!2n-m2� Ł � ł � Ł � � � ł � � .n-m>k>2 Before treating this case, a bound must be determined for xmzn+q-k[]FSx,z()()q.LEMMA 4: For any fixed m‡q‡1, xmzn[]FSx,z()()q=2n-m-q+22� Ł � � ł � n-4m()!

O1().Proof (by induction on q): For q=1,xmzn[]FSx,z()=mSm ,n+n-m+1()Sm-1,nn!

By THEOREM 3 and the induction hypothesis of THEOREM 4, this is asymptotic toSm-1,nn-1()!

~n2m-2n-1()!m-1()!

2n-m+12� Ł � ł =2n-m+12� Ł � ł n-2m+1()!

O1()Fixing q>1, we assume the LEMMA for all smaller values.xmzn[]FSx,z()()q=xjzk[]FSx,z()()q-1xm-jzn-k[]FSx,z()k=j+q-1n-m+j-1�j=q-1m-1�.The term 2n-m-q+22� Ł � ł in the induction hypothesis grows so rapidly that theinner summation of the last equation is dominated by the end values, k=j+q-1and k=n-m+j-1.xmzn[]FSx,z()()q~j-1q-2� Ł � � ł � xm-jzn-j-q+1[]FSx,z()+xjzn-m+j-1[]FSx,z()()q-1� Ł � � ł � j=q-1m-1�=2n-m+q+22� Ł � ł n-2m+j-q+2()!

+2n-m+q+22� Ł � ł n-m-j-2q+4()!

� Ł � � � � ł � � � j=q-1m-1�O1()=m2n-m-q+22� Ł � ł n-4m+5()!

O1()where the last step is justified by LEMMA 1. This finishes the proof of LEMMA 4.Using LEMMA 4 to finish the third case of THEOREM 4 (where the constants inthe O-notation depend upon m),n!n-m

Bkk=3n-m-1�xmzn+q-k[]FSx,z()()qq!k-q-1()!

q=1mink-1,m()�=n!n-m

2k2� Ł � � ł � q=1mink-1,m()�2n-m-k+22� Ł � � ł � n-4m-k+q()_!k-q-_1()! k=3n-m-1�O1()

10=n4m+k-q-1q=1mink-1,m()�2n-m-k+22� Ł � � ł � +k2� Ł � � ł � k-q-1()!

k=3n-m-1�O1()=n2mm!

2n-m2� Ł � � ł � q=1mink-1,m()�1nq-2m-k+1k-q-1()!2n-m-k+2()k-2n2

2n-m2� Ł � � ł � 1nq-2m-kk-q-1()!2n2

O1()=on2mm!

2n-m2� Ł � ł � Ł � � � ł � � which establishes THEOREM 4.TABLE II gives an indication of the rate of convergence of Sm,n to itsasymptotic value n2mm!

2n-m2� Ł � ł for some small values of m and n.THEOREM 4 suggests an efficient way to generate a random graph with npoints, m of which are cutpoints, for n>>m, such that almost all such graphsare chosen with the same probability.repeatgenerate a random graph G of n-m pointsuntil G is a blockRandomly select m points of Gfor each of the m pointsattach an edge between the point and a new pointRandomly relabel each of the n pointsSince

B^n ~G^n

, the repeat-until loop will almost certainly be executed onetime. Because the test for being a block (connected with no cutpoints) can beperformed in time

O n 2( )

, the expected execution time of the algorithm is

, which is optimal, since almost all graphs being counted have Wn2()edges.

11n S0,n˚ S1,n S2,n S3,n2131341016125238250180606113688496456019207101488854056821168075600816653761661672192171866244663680950680432112126084062882416430016469336898102910780937433646974593024005976158688007913203200011320935271592961283256012245850496266262716016000231215101920001268846607723033232640427643740067831193621858390106353715212082931084928000Sm,nTABLE I

12n

CnGn S0,nCn S0,n2 n2 S1,n n 22 n − 12 S2,n n 42! 2 n − 22 S3,n n 63! 2 n − 32

S4,nn84!

2n-42� Ł � ł

5.71094.32692.23242.19531.37500.00018.0000010.98045.84379.82729.68357.44526.22640.0881115.99908.98731.98641.91283.72892.49616.2841820.99996.99928.99924.94876.81045.61909.4200225.99999+.99996.99996.95994.84777.68630.5072430.99999+.99999+.99999+.96666.87214.73260.5714235.99999+.99999+.99999+.97143.88975.76700.6211140.99999+.99999+.99999+.97500.90309.79359.66067TABLE II

13REFERENCES[1] G.W. Ford and G.E. Uhlenbeck, Combinatorial Problems in the Theory ofGraphs I, Proc. Nat. Acad.Sci. U.S.A., 42 (1956), 122-128.[2] I.P. Goulden and D.M. Jackson, �Combinatorial Enumeration�, JohnWiley, New York, 1983.[3] F. Harary and E. Palmer, �Graphical Enumeration�, Academic Press,New York, 1973[4] R.J. Riddell,�Contributions to the Theory of Condensation�,dissertation, University of Michigan, Ann Arbor, 1951