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Abstract

The desireto augmentour 3-dimensionalperceptionandthe needto understandmultivariateproblems
spawnedseveralmultidimensionalvisualizationmethodologies.Startingfrom earlysuccessesof visual-
ization,likeDr. J.Snow’sdotmapin 1854showing theconnectionof cholerato awaterpumpin London,
Scatterplots,Chernoff faces,Andrews plots,ProjectionPursuit,Perceptualizationof data,Datadensity,
Treesand Castles,Kinematic displays,Bertin PermutationMatricesand other multivariatetechniques
have beendeveloped(seeBibliographyA in theAppendix). Someof thesewill be reviewed in orderto
establishtheconnectionbetweenmultivariateproblemsandmultidimensionalgeometry. Understanding
theunderlyinggeometryof a multivariateproblemprovidesimportantinsightsinto what is possibleand
what is not. For theunambiguousvisualizationof multidimensionalgeometryand,in turn, multivariate
relationsParallelCoordinates– theleadingMultidimensionalVis Methodology– is introducedandrigor-
ouslydeveloped.RelationsamongN real variablesaremappeduniquelyinto subsetsof 2-spacehaving
geometricalpropertiesenablingthevisualizationof thecorrespondingN-dimensionalhypersurfaces.
After the basicrepresentationresults,associatedalgorithmsfor constructions,intersections,transforma-
tions, containmentqueries,proximity andotherswill be presented.The developmentis interlacedwith
applicationsof therelevantresultsstartingwith demonstrationsof DataMining on realdatasets(i.e. Fea-
ture extraction from LandSatdata,Financial,ProcessControl, Pilot Selection,Raising the Yield and
Quality of VLSI chips,andothers).They arefollowedby Collision AvoidanceAlgorithmsfor Air Traf-
fic Control which arebasedon the representationof lines in multidimensionalspace.The detectionof
coplanarpointsandtherepresentationof planesandhyperplanesleadto someapplicationsin Computer
Vision,GeometricModelingandelsewhere.Moreexamplesof VisualDataMining aregiven.An efficient
geometricautomaticclassifieralgorithmis motivatedandis demonstratedon somechallengingdatasets.
Finally, the representationof curvesandhypersurfacesis takenup togetherwith interactive applications
to ProcessControl, InstrumentationandHeuristicOptimization.NonlinearVISUAL models,in termsof
hypersurfaces,areconstructedfrom dataandusedinteractively for DecisionSupport,Sensitivity Analysis,
studyingfeasibility andeffect of constraintsaswell astrade-off analysis.
NOTE: Do not beintimidatedby theformalisticlanguage.Theorganizeris alsowell known for numero-
logical anecdotesandpalindromicdiversions. Valuableprizeswill be distributed in real-timeto those
contributingmemorableandnoteworthydigressions.

KEYW ORDS: Multidimensional Geometry, Multidimensional/Multi variate Visualization, Inf or-
mation Visualization, Parallel Coordinates, Visual & Automatic Data Mining, Intelligent Process
Control & Instrumentation, Nonlinear Modeling, DecisionSupport.
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VISUALIZA TION - An Intr oduction

** Insight thr ough Images — in the spirit of Hamming’s “we compute to gain

insight not numbers”. Over half of our sensoryneuronsare devoted to vision.

A goal of Visualization is to incorporate our tr emendouspattern-recognition

ability in our problem-solvingloop.

** Emerging Field with Huge Potential – Propelled by TechnologicalAdvances

and the needto Visualizethe “Unseen”.

** SeminalReport Visualization in Scienti f ic Computing, ACM SIGGRAPH 1987

promotedScientificVisualization and indir ectly Visualization in other fields.

** Techniquesare ad hoc and application specific. Roughly speaking the field

consistsof a collectionof mappings:

Problem � s 
 Class � Visual Models

** “Escaping flatland is the essential task of envisioning information - for all

the interesting worlds (physical, biological, imaginary, human) that we seek

to understand are inevitably and happily MULTIVARIATE in nature. Not

flatlands.” – E. R. Tufte prefacein Envisioning Inf ormation, Graphic Press,

Cheshire,Conn. 1990.
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** Our goal is the visualization of complex problems with many parameters –

Multivariate Visualization or equivalently Multidimensional Visualization we

shall emphasizeInf ormationVisualization.

** Believe it or not, the fascination with Dimensionality may predate Aristotle

and Ptolemy who argued that spacecan only have thr eedimensions. By the

nineteenth century, mathematicians lik e Riemann, Lobachevsky and Gauss

unshackled our imagination and higher-dimensional and non-Euclidean ge-

ometries came into their own. The intellectual challenge,limited by our 3-

dimensional perceptual experience,and the abundanceof multi variate prob-

lems,spawnedvarious methodologiesto represent(encode)finite setsof mul-

tivariate data points asindicated in bibliography (APPENDIX A)(It is worth-

while doing a search on WWW for “Multi variate, or Multidimensional or In-

formation Visualization”).

** What is neededis aconceptual breakthrough to enablethevisualization not only

of Multivariate Data but alsoof RELAT IONS without Lossof Inf ormation.
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MULTIDIMENSION AL VISUALIZA TION

We focus on the leading multidimensional methodology for the visual pre-

sentation of relationships between many variables. It is based on a system of

Parallel Coordinates (abbr. � -coords)and providesa a systematicand rigor ousway

of visualizing N-Dimensionalgeometry. This is in the Spirit o f Descartes whoseco-

ordinate systemenablesusto tranf orm relationsbetween2 and 3 variables(dimen-

sions)to geometricmodels– their graphs. However, rather than using orthogonal

axeswe place them in parallel for orthogonality “uses up” the plane very fast. It

is Parallelism rather than orthogonality which is the fundamental concept in Ge-

ometry, and contrary to popular belief the conceptsare not equivalen. A notion of

angle is required for orthogonality whereasfor parallelism what is neededare lines

without points in common.

Basedon the experienceacccumulatedthus far the propertieswhich a desirable

multidimensional visualization methodoly should have are listed next. You are en-

couragedto contribute your own ideasand requirements.
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WANTED!

A Multidimensional Visualization Methodologywhich

displaysmulti variate/multidimensional relations

�
without lossof information, and low representationalcomplexity (i.e. for Par-

allel Coordinatesthe complexity is O � N 
 while for the commonscatterplot ma-

trix it is O � N2 
 ),
which works for any number of dimensions/variables,

��
and tr eatsevery variable in the sameway,

�
enablesthe object being displayed to be recognizedunder projective transfor-

mations (i.e. translations, rotations,scalingand perspective),

�
suchthat the propertiesof the relation uniquely correspondto the properties

of its image,and

�
is basedon a body of rigor ous mathematical and algorithmic results(that is

theoremson how certain objectsaredisplayed rather than ad hoc heurestics).
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FORMAL OVERVIEW

This part is for the moremathematicaly inclined.

Don’t let the notation intimidate you!

� A RELAT ION betweenN real variables x1 � x2 ��������� xN is a subsetF of RN – the

EuclideanN - DimensionalSpacei.e. F � RN.

� In order not to loseinformation we want to map F uniquely into a planar pat-

tern i.e. a subsetof R2 – which is a relation betweenx1 � x2.

� The plan, then, is to construct a mapping

�
: 2PN � 2P2

X IndexSet

where 2A � � B � B � A � is the power set o f A, which maps subsetsof PN, the

Pro jective rather than the than Euclidean N - spaceinto subsetsof 2-space.

The reasonsfor using the Projective spaceaswell as the Index Setwill be ex-

plained shortly.

� Further,
�

shouldbeone � to � one sothat
� � F1 
 � � � F2 
�� F1

� F2. By the

way, sincethe cardinality of 2PN
and 2P2

are the same,it is in principle possible

to construct an
�

satisfying this requirement.

� It will beshown that it is possibleto construct sucha mapping,
�

, recursively
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on the dimensionality of the object being represented. That is, starting

with points (0-dimensional) – this the non-recursive part dir ectly fr om the

definition, then successively taking the envelopesof the polygonal lines (1-

dimensional), p-flats (p-dimensional planes 0 � p � N � 1), then certain hy-

persurfaces.In this the indexing plays a crucial role.

� A subsetF of PN is then represented by its image F̄ � � � F 
 . We would lik e

F̄ to have geometrical properties which will aid our intuition to discover the

propertiesof the N-dimensionalsubsetF that it represents.This, of course,is

a cognitiveand subjective requirement.

All this formalism will be clarified in the ensuing. There area coupleof miscon-

ceptions,however, that areworth clearing up at this stage.

Occassionaly, mappings between N-space and M-space, where N  M,

are erroneously referred to as pro jections; but not all such mappings are

pro jections. Specifically, a projection fr om N to M space takes a point

P � x1 � x2 ���!�!�"� xM � x # M $ 1% ���!�"�!� xN 
 into the point P &'� x1 � x2 ���!�!�"� xM 
 . Hence it only has in-

formation about the M variables it retains.Sofor our purposes,projectionsarenot

desirablesincethey loseall information about the N-M missingvariables. Here
�

is not a projection and, in fact, is not even a point-to-point mapping. This is par-

12



ticularly relevant to scatterplotswhich are a very important technique commonly

usedin multi variate visualization. When the number of variables is N, a scatterplot

matrix consistsof the N � N � 1
)( 2 projections of the N variables taken pairwise.

Unfortunately, even sucha plethora of projectionsmay loseinformation about the

N-dimensional object it portrays. In 3-D for example,consider the symmetric in-

tersectionof 3 cylinders having the sameradius r. The 3 pairwise projectionsof this

object areidentical to thoseof a spherewith radius r, and hencethesetwo relatively

simple objectscan not be distinguishedby their projections. It is worth coming up

with your own examples.

Also don’t let the name fool you, the Projective Plane, which we will be occas-

sionally mentioning is not relatedto projectivemappings.

PARALLEL COORDINATES – Definition

In the Euclidean plane with xy-Cartesian coordinates,N copiesof the real line la-

beled X̄1 � X̄2 ��������� X̄N are placedequidistant (e.g. oneunit apart) and perpendicu-

lar to the x-axis. They are the axesof the parallel coordinate systemfor N-space

all having the samepositive orientation as the y-axis. A point C with coordinates

(c1 , c2 , ����� , cN) is representedby the completepolygonal line C̄ (i.e. the lines of

13



Figure1: Thepolygonalline C representsthepoint
�
c1 � c2 � c3 � c4 � c5 � .

which only the local segmentsare usually shown) whoseN verticesare at � i � 1 � ci 

on the X̄i-axis for i � 1 ���)����� N asshown in Fig. 1. In this way, a 1-1 correspondence

betweenpoints in N-spaceand planar polygonal lines with vertices on the paral-

lel axesis established. The definition is deceptively simple and many peoplestop

here without realizing the power of Parallel Coordinates which is really a whole

METHODOLOGY .

In Fig. 2 , N � 7 with r � r7 being the required distance. One of the points

shown is the origin though the construction is valid in general.

Here there will be a static display of a multi variate datasetwith 35 parameters

and thousandsof data items. Then a setof LandSat data will beexaminedshowing

14



Figure2: ConstructingtheEuclideanDistancebetweentwo points.
how featureextraction canbe accomplishedinteractively.

REPRESENTING RELATIONS – START WITH 2-D

What distinguishes � -coordsfr om Nomography, “Pr ofiles”, “Glyphs”, “N-M plots”,

“ AndrewsCurves”, “Cher noff ’s faces”, etc is the ability to representand display

not only points but alsomulti variate relations without losing information. Westart

our exploration in 2-D not only becauseit is the simplest,but alsobecausewe can

contrast � -coordswith Cartesiancoordinates.

As we seefr om Fig. 3 a point is representedby a line line. And it is, therefore,

natural to ask “how is a line represented”?
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Figure3: A Point,(3, -1), in 2-D is representedby a line

16



Figure4: Point �*� Line duality in 2-D
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In Fig. 4, the distancebetweenthe parallel axesis d. The line

l : x2
� mx1 + b � (1)

is a collection of its points A. In tur n, the points are representedin � -coordsby the

infinite collection of lines Ā on the xy plane. Remarkably, when m ,� 1 theselines

intersectat the point with xy-coordinates:

l̄ : � d
1 � m � b

1 � m

 � (2)

This motivatesthe tentative (which will be modified as we go along – seeRecur-

siveDefinition in the previous section)definition on the representationof relations.

Namely, a relation, typically involving infinitely many points, will be represented

by the envelope of the correspondinginfinite family of polygonal lines representing

the points of the relation.

The point (2) representsthe linear relation, Equation (1), and is, in fact, the

envelopeof the family of lines Ā. This point, all by itself, sufficesto representthe

line for the two parameters m and b specify completely both l and l̄. In effect, � -
coords in 2-D induce a Point - Line duality (i.e. mapping points into lines and

vice versa– this is examinedmore thoroughly in the next section). But there is a

“little problem” when m � 1. Despiteappearances,the point l̄ doesnot “blo w up”

asm � 1. Rather, when the limiting processis donecarefully, oneseesthat l̄ goes

18



Figure5: Thex-coordinateof � dependsonly on theslopeof �
farther out but in the specificdir ection whoseslopeis b ( d. Solines with m � 1 are

not mappedinto a point but into a directionand still all the information is there! The

fact that it is a dir ection tells us that m � 1 while the slopeof the dir ection givesus

the value of b. What is going on? Well, dualities properly residein the Pro jective

and not the Euclidean Plane. The “dir ections” are in fact points (called “ideal”) of

the Projective Plane– which will be describedshortly. One doesnot needexpertise

in ProjectiveGeometryto do � -coordsbut awarenessis advisableto avoid blunders.
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In Fig. 5 we seean important property of the duality, namely the horizontal

location of l̄ revealsthe slopeof l. Soparallel lines,having the sameslope,are rep-

resentedby points on the samevertical line (seeFig. 7) and that enablesusto recog-

nize (i.e. “eyeball”) parallelism in � -coords. Further, lines with slopem “meet” at

the ideal point denotedby P∞
m whoseimageP∞

m is the vertical line at x � 1(�� 1 � m 
 .
“Let no oneignorantof Geometryenter”.... At entranceto Plato’sAcademy

A MODEL OF THE PROJECTIVE PLANE

The Projective Planecan be thought of as the Euclidean Planewith a points at

infinity assignedin every direction. Theseare the “ideal” points. The ideal point

in the dir ection with slopem is denotedby P∞
m . It’ s image, P∞

m , is the vertical line

at x � 1 (�� 1 � m 
 and which representsall parallel lines with slopem. With the

stereographicprojection shown in Fig. 6 to every point of the Euclidean Plane(i.e.

a “r egular” point) correspondsa unique point on the hemisphere. Imagining the

limiting processas a point goesfarther away fr om the origin (point of tangency

with the plane) in a constantdir ection having slopem, yields that an ideal point is

representedby the diameter, on the top disk with dir ectionhaving slopem. Further,

as shown in Fig 7, Lines map into great semi-circles. Semi-circles representing

parallel lines share the same diameter � i � e � “meet at the ideal point corresponding
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Figure6: Modelof theProjectivePlane

to their direction“ 
 .
For a changeof paceherewewill interactively study a financial dataset.Wewill

seesomeoccurrencesand the significanceof the duality in real data. Also we will

discussthe permutations of the axis in the display and discover somesurprising

evidenceabout the gold market.
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Figure7: ParallelLinesarerepresentedby pointsona verticalline

22



DETECTING ORTHOGONALITY

With the following twoconstructionsweshow that the information on orthogonality

is alsopreserved in � -coords.

Figure8: Reflectionaboutx � 1� 2. Pointsrepresentinglineswith slopem arereflectedto pointsrepre-

sentinglineswith slope1� m

Figure9: Circle InversionandReflection.Pointsrepresentinglineswith slopem are“inverted”topoints

representinglineswith slope 	 m.

Hencethe reflection shown in Fig. 8 together with the circle inversion provide

the points representingmutually orthogonal families of lines.
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THE DUALITY AS A LINEAR TRANSFORMATION

In Homogeneous Coordinates

the triple . : / a1 � a2 � a3 0 are the line coordinates of the line

a1x1 + a2x2 + a3
� 0

which is mappedinto the point . : � da2 � � a3 � a1 + a2 
 .
Considering the triples for . and . as column vectors yields the

correlation (not to be confusedwith the sameterm usedin Statistics – In the

languageof Projective Geometry this meansa linear transformation between

line coordinatesand point coordinates):

. � A . � . � A 1 1 .
where

A �
2333333
4

0 d 0

0 0 � 1

1 1 0

57666666
8 � A 1 1 �

2333333
4
� 1( d 0 1

1( d 0 0

0 � 1 0

57666666
8

and d is the horizontal distancebetweenthe parallel axes
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Figure10: Duality of Transformations

Rotationsof a line about a point and translations of a point alonga line aredual.

Picture of a square (a), cubein 3-D (b) and Cube in 5-D (c) all having unit side.
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Figure11: HypercubeRepresentationin ParallelCoordinates
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MULTIDIMENSION AL LINES

REPRESENTATIONS & CONSTRUCTION ALGORITHMS

�
A line . in RN is represented by N � 1 points with two indices

i � j � / 1 � 2 ���)���u� N 0 .
�

Thereare two commonwaysto describelines.

�
Either in terms of ad jacent variables :

. 1 � 2 : x2
� m2x1 + b2

. 2 � 3 : x3
� m3x2 + b3

���)�
. i 1 1 � i : xi

� mixi 1 1 + bi

���)�
. N 1 1 � N : xN

� mNxN 1 1 + bN
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�
or in terms of a singlevariable, the base variable which canbe takenasx1, i.e.

. 1 � 2 : x2
� m1

2x1 + b1
2

. 1 � 3 : x3
� m1

3x1 + b1
3

�����
. 1 � i : xi

� m1
i x1 + b1

i

�����
. 1 � N : xN

� m1
NxN + b1

N

�
The N � 1 indexedpoints (in homogeneouscoordinates)are :

�
in the first case

. i 1 1 � i � �)� i � 2
�� 1 � mi 
 + 1 � bi � 1 � mi 
 �
�

and in the secondcase

. 1 � i � � i � 1 � b1
i � 1 � m1

i 
 �
The indexing of the points is an essentialpart of the representationand it is

crucially usedin thesubsequentalgorithms. Though the indexing isoftennot shown

to savedisplay space,it needsto be accessible.
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Figure12: Interval ona line in R10

The polygonal lines thr ough all the points representpoints on on the line with

the heavier polygonal lines indicating the endpoints. The points shown here rep-

resentingthe line correspondto the adjacent variables parametrization. Here the

indexing,of the points representingthe line, canbefound fr om the intersectingseg-

mentsof the polygonal line. For example,if ¯. 1 � 2 wasshown it would lie to the right

of the X2 axis, ¯. 7 � 8 lies betweenthe X7 and X8 axesetc.
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Figure13: Collinearityof thepoints ¯� i 
 j � ¯� j 
 k � ¯� i 
 k.
The thr eepoint collinearity property plays a fundamental role in the represen-

tation algorithms for higher dimensional objects. It is found by an application of

Desarguestheorem of Projective Geometry . The two triangles shown are in per-

spectivewith respectto the ideal point in the vertical dir ection.
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Figure14: Thepoint ¯�
2 � 5 foundby construction

For a line � in RN the linear relation betweenany pair of variables can be found

geometricaly fr om the N � 1 points representingthe line. Here ¯� 2 � 5 is constructedas

the intersection of the segmentsjoining the coordinatesof two points (on the line)

on the X̄2 and X̄5 axes.

Figure15: Rotationof a line aboutoneof it’ spoints
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“It wasrecentlydiscoveredthattheringsof Saturnaremadeof lostairline

luggage... that’swhy moreof themarediscoveredeveryweek!”

DISPLAYING AIR TRAFFIC INFORMA TION

Figure16: Path(left)andtrajectory(Right)of anaircraft

The 3-D pictur e shows the path and position while the polygonal line in parallel

coordinatesshowsthe position at a giventime. The point T : 1 representsthe linear

relation betweentime T and the X1-coordinate while 1 : 2 and 2 : 3 representthe

path, i.e. the pairwise linear relation betweenx1 � x2 � x3 .
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Figure17: Closestapproachof two aircraft

The time at which this occurs and their correspondingpositions. On the four

parallel axesa polygonal line shows the time, value on the T-axis, when the two

positionsin � x1 � x2 � x3 
 is attained.
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Figure18: Two aircraftflying thesamepathwith thesamevelocity

Note that the 1 : 2 � 2 : 3 points indicated by boxes(theseare the l’s) are shared

indicating that the paths in 3-D are the same.When that occurs,the leftmost T : 1

correspondsto the greater speed.Here the airplaneshave the samevelocity since

the two T : 1 points have the samehorizontal position.
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Figure19: Angulardeviationsfor assignedtrajectories

A deviation of � θ degreestransforms into a lateral deviation centeredabout the

appropriate point. Herea deviation of � 5 degreesin ground headingis shown when

x3 is the altitude scale.
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DISTANCE & PROXIMITY PROPERTIES

INTERSECTIONS

∇ The pair of lines . � . & givenby

. � . 1i : xi
� mix1 + bi

. & � . &1i : xi
� m &ix1 + b &i �

i � 2 ���)���u� N
∇ and representedin xy-coordinatesby the points

. 1i : x � i � 1
1 � mi

� y � bi

1 � mi

. & 1i : x � i � 1
1 � m &i � y � b &i

1 � m &i
∇ intersectwith .���.^& = P �

αi
� b &i � bi

m &i � mi

� p1 ��� i � 2 ���)���u� N
∇ where x1 � P 
 � p1.

∇ Analogouscriteria exist for differ ent parametrizations.
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Figure20: Two linesintersectingin R5 - first example

Common parameter is x1. One line, . is representedby the points . 1i and the

other, .^& by . &1i for i � 2 � 3 � 4 � 5. The two lines intersect � the lines P
1i, joining . 1i

and . &1i, intersectat the samepoint of the x1-axis. The polygonal line representsthe

point of intersection.
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Figure21: Two linesintersectingin R5 - secondexample

Here the representationis basedon consecutive adjacent pairs of coordinates.

The two lines,. � .^& arerepresentedby the points . i � i $ 1 and . &i � i $ 1 i � 1 � 2 � 3 � 4. The

two lines intersect � the line P
i � i $ 1, joining . i � i $ 1 and . &i � i $ 1, intersectsthe xi-axis

at the samepoint asthe line P
i $ 1 � i $ 2, joining joining . i $ 1 � i $ 2 and . &i $ 1 � i $ 2, for all i.

The polygonal line shown representsthe point of intersection.
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“Law of Attractionof UnfortunateEvents”

“Unfortunateeventstendto attractothersof their kind.”.......................

MINIMUM DISTANCE BETWEEN TWO LINES

�
For the pair of lines . , .^& previously describedin terms of the basevariable x1,

�
the L1 distancebetweentwo points oneon eachof the lines is givenby :

L1 � x1 
 � N

∑
i � 2

� xi � x &i � � N

∑
i � 2

� ∆mi ��� x1 � αi �
�

The minimum of L1 � x1 
 occursat an x1
� αi.

�
The valueof x1 at which the minimum Euclidean distanceL2 occursis

α � � ∑αi∆m2
i

∑∆m2
i

where the summation is only over thosevaluesof i where ∆mi ,� 0.

�
It tur ns out that the minimum L1 occursvery closeor at α � .

For comparison the minimum L2 distanceoccurs at x1
� α � . The � ∆mi � are

addedon the bar chart (to the right of the x6 axis) in the order 6 � 2 � 4 � 3 � 6 obtained

fr om the order of increasingα (asshown on the x1-axis). The I where the mid-point

valueof the ∑ � ∆mi � occursprovidesthe correctx1
� αI. Here � ∆4 � dominatesthe

sumyielding I � 4.

All joint interceptsareequal.
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Figure22: Findingx1 � αI minimizing theL1 distancebetweentwo lines

Figure23: HeretheL1 andL2 minimacoincide
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Figure24: Intersectinglinesin 4-D

Y

X

T̄ X̄1 X̄2 X̄3

¯�
T3

¯�'�
T 3

¯�
T2

¯�
T2

¯�
T1

¯� �
T1

D = 20 T = .9

Figure25: Non-intersectionbetweentwo linesin 4-D.Heretheminimumdistanceis 20andoccursattime

= .9. Note the maximumgapon the T̄ -axis formedby the lines joining the ¯� ’s with the samesubscript.

Thepolygonallinesrepresentingthepointswheretheminimumdistanceoccursareshown.
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Y

X

T̄ X̄1 X̄2

D = 10 T = 1.6

¯�
T1

¯�W�
T1

¯�
T3

¯� �
T3

¯�
T2

¯�W�
T2

X̄3

Figure26: Non-intersectionbetweentwo linesin 4-D.Heretheminimumdistanceis 10andoccursattime

= 1.6. Note thethediminishingmaximumgapon the T̄ -axis formedby thelines joining the ¯� ’s with the

samesubscriptandcomparewith Fig. 25. Thepolygonallinesrepresentingthepointswheretheminimum

distanceoccursareshown.

Y

X

T̄ X̄1 X̄2 X̄3

¯�
T1

¯�W�
T1

¯�
T2

¯�W�
T2

¯�
T3

¯�W�
T3

D = 1.5T = 1.8

Figure27: Nearintersectionbetweentwo lines in 4-D. Herethe minimum distanceis 1.5 andoccursat

time = 1.8. Notethethediminishedmaximumgapon the T̄ -axis formedby thelinesjoining the ¯� ’s with

thesamesubscript.Thepolygonallines representingthepointswheretheminimumdistanceoccursare

shown.
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“Law of InopportuneTiming”

“If a fortunateeventoccursat all it tendsto happenabit toosoonor a bit too late”

CONFLICT DETECTION & RESOLUTION FOR AIR TRAF-

FIC CONTROL

THE BASIC ALGORITHM

Figure28: Protectedairspacein 3-D
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Figure29: Determiningthefront andbackscrapes

At t � 0 all particles on the vertical line x1 � p0
1k are poisedto move with the

samevelocity asACk. Particles which just scrapethe circle fr om the fr ont (i.e. start-

ing at x2 � f 0
ik) and back (i.e. starting at x2 � b0

ik define the limiting tra jectories.

Here there is a conflict betweenACk and ACi since f 0
ik � p0

2k � b0
ik.

Figure30: Thelimiting trajectories(scrapes)informationin parallelcoordinates

The ordinates of the points P21 and P22 are the coordinatesof the intersection of

Bik with the conflict parallelogram.
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Figure31: RelationBetweenManeuver-SpeedandTurn-Angle

Maneuver with no speed change can be done with tur n angle α. Turn angles

greateror lessthan α require a slower or faster speedrespectively than � Vk � .
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RESOLUTION OF A CONFLICT SCENARIO

Figure32: Six aircraftfrom scenarioflying at thesamealtitude

Initial positions(T = 0 sec.)and circlescentered at eachaircraft with radius 2.5

nm (5 nm separationstandard) areshown to scalewith arr owsrepresentingvelocity

vectors.

Figure33: Conflictsamongthesix aircraft

A conflict occurswhen the separationbetweenany two aircraft is lessthan 5 nm

(i.e. two circlesintersect). Several conflicts occur within the first 5 minutes (time

elapsedin secondsis indicated in the lower left hand corner).
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Figure34: Conflict intervals(CI)

Using the data of conflict scenario the CI1k � k � 2 � 3 � 4 � 5 � 6 (i.e. of aircraft

2,3,4,5,6versus 1 ) are plotted. Vertical scaleunits of distance are representing

specificpaths parallel to thoseof aircraft 1. Times shown indicate entry and exit

fr om correspondingconflict parallelogram.

Figure35: ConflictParallelograms

Parallelograms are with respectto aircraft 4 where the two dashedlines (repre-

sentingthe “particle” lines) intersectand for circleswhoseradius is doubled.
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Figure36: Threepairsof tangentcircles

Resolutionwith equal speedparallel offsetmaneuvers.

Figure37: Triple tangency

Scrapingcirclesindicate that the minimum displacementfr om original courseis

used.
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Figure38: Resolutionin 3 dimensions

Air craft areat differ ent altitudes and the protectedspaceis cylindrical.
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Planes,Flats & Hyperplanes

REPRESENTING HYPERPLANES WITH VERTICAL LINES

Figure39: In P3 planesarerepresentedby two verticallinesandapolygonalline A

This generalizesto N-dimensionswherehyperplanesarerepresentedby N-1 par-

allel lines and a polygonal line representingoneof its points.

Figure40: Setof coplanaron a regulargrid pointsin 3-D
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EXAMPLE – INDUSTRIAL DATA

Figure41: IndustrialData.NotepatternbetweenthevariablesR111andR112

Figure42: EnlargedR111- R112portionof previousplot

Figure43: R111vs. R112linearrelationbetweenthese2 andanotherparameter
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DUALITY BETWEEN TRANSLATIONS OF A POINT ALONG A LINE AND ROTATIONS OF

A LINE ABOUT A POINT

 

P1

P2

x1

x2

x3Y 2

Y 1

π

X̄1 X̄2 X̄3

Ȳ1 Ȳ2

X

Y

P̄1

P̄2

¯ 
23

¯ 
12

η̄12

Ȳ 2
12

Ȳ 1
23

Ȳ 2
23Ȳ 1

12

Figure44: A line
�

on a planeπ is representedby onepoint η̄12 in termsof theplanarcoordinates̄Y1 and

Ȳ2 which is collinearwith it’ s two point ¯�
12 and ¯�

23.
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P1

P2

x1

x2

x3Y 2

Y 1

π

X̄1 X̄2 X̄3

Ȳ1 Ȳ2

X

Y

P̄1

P̄2

¯ 
23

¯ 
12

η̄12 π ¡
η̄ ¡ 12

Ȳ ¢1 Ȳ ¢2

Figure45: Rotationof aplaneabouta line £ Translationof apoint alonga line.
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REPRESENTING FLATS BY INDEXED POINTS

From Ph. D. Thesisof J. Eickemeyer @ UCLA

¤
A p ¥ f lat in RN specifiedby N ¥ p linearly independentequationsof the form

:

¤
πi1 ¦§¦§¦ i ¨ p © 1ª :

p « 1

∑
k ¬ 1

cik
xik

� co

¤
canbe representedby the ­ N ¥ p ® ¢ p points :

¤
π i1̄ ¦§¦§¦ i ¯ ¨ p © 1ª : ­ p « 1

∑
k ¬ 1

d °ikcik � co � p « 1

∑
k ¬ 1

cik
®

for O ± p � N

¤
where

1. eachvariable xi appearson two parallel axesX i and X ² i,
2. d °i is the distancefr om the y-axis to the X °i axes,

3. Permutations suchasi1i2 ³)³�³ iq consistsof unique integersin ´ 1 � 2 � ³)³�³ � N µ ,
4. and i °k � ik when j ± k or i °k � i ²k for j ¶ k ³
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DETECTING RANDOML Y CHOSEN COPLANAR POINTS

Figure46: On thefirst 3 axesasetof randomlychosedcoplanarpointsis shown

Figure47: Coplanarity

From the points in Fig. 46the twopoint representationof the linesis constructed.

The lineson thesepoints form the pencil of linesshown in Fig. 47– this occurrs only

the original points arecoplanar.
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Figure48: A planein 3-dimensionsis representedby 2 points

Secondpoint is generatedby translating the X1 to the X ²
1 axis and repeatingthe

process.

Figure49: Four pointsgeneratedfrom thecoplanarpoints

The points aregeneratedwith the X ²
i ­ i � 1 � 2 � 3® axes.

56



Figure50: Readingtheequationof a planefrom its representation

A planeπ : c1x1 · c2x2 · c3x3 � co. The coefficientsarethe distancesbetween

adjacent (by indices)points.

Figure51: Randomlychosedpointsonanapproximateplane(“slab”) in 3-dimensionson left 3 axes
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Figure52: Approximatecoplanarityobtainedusingthepointsshown in Fig. 51.

Figure53: Thepoint clustersindicatingtheapproximateplane– from thepointsshown in Fig. 51.
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Figure54: Detectionof severalapproximateplanes(slabs)

Starting fr om a set of points, representedby polygonal lines, lines are formed.

No pattern is seensincepoints arenot fr om a singleslab.

Figure55: Detectingseveralslabsfrom randomlychosenpoints
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A histogram giving the number of intersectionsper point.

Figure56: Originalpointsbelongedto 3 slabs

Histogram is queried for points with more than 2 hits.

HIGHER DIMENSION AL EXAMPLES

Figure57: Points(0-flats)on anapproximatehyperplanein 6-dimensions
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Figure58: Portionsof Lines(1-flats)formedfrom thepreviouspoints

No “structur e” is evident

Figure59: Portionsof planes(2-flats)formedfrom thepreviouslines

Again no pattern is seen.
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Figure60: Portionsof 3-Flatsformedfrom theprevious2-flats

No apparent “structur e”

Figure61: Portionsof 4-Flatsformedfrom theprevious3-flats

Pencil of lines showing that the original points are very near to a hyperplane

(5-Flat) in 6-dimensions.
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Figure62: Pointsrepresentingthehyperplanein R6

Repeatingthe processin terms of the auxiliary axesX ²
i � i � 1 � 2 � ³�³�³ � 6 yields the

points representingthe hyperplane. As in the 3-D examplethe distancebetweenad-

jacent by index pair of points providesthe coefficientsof the hyperplanesequation.

Figure63: Detectingpointsbelongingto severalslabsin 5-D

Portions of 4-flats formed fr om original setof 5-D points.
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Figure64: Numberof intersectionsperposition

Figure65: Two “hits” with morethan1 intersection.Pointsareon two hyperplanes
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MORE ADVANCED DATAMINING

Visual DataMining

SelectedExamples– an effort will be madeto match the audience’s interests

A GeometricClassifier

Classification is a basic task in data analysis and pattern recognition and an al-

gorithm accomplishing it is called a Classifier. The input is a dataset P and a

designatedsubsetS. The output is a characterization, that is a set of conditions

or rules, to distinguish elementsof S fr om all other members of P. With paral-

lel coordinatesa datasetP with N variables is transformed into a set of points in

N-dimensional space. In this setting, the designatedsubsetS can be describedby

meansof a hypersurfacewhich enclosesjust the points of S. In practical situations

the strict enclosure requirement is dropped and somepoints of S may be omitted

(“false negatives”), and somepoints of P ¥ S are allowed (“false positives”) in the

hypersurface. The description of sucha hypersurface is equivalent to the rule for

identifying, within someacceptableerror, the elementsof S. This is the geometrical

basisfor the classifierpresentedhere. The algorithm accomplishingthis entails:

65



¸
useof an efficient “wrapping” algorithm to enclosethe points of S in a hyper-

surface S1 containing S and typically also somepoints of P ¥ S; so S ¹ S1, of

coursesuchan S1 is not unique.

the points in ­ P ¥ S ®»º S1 are isolatedand the wrapping algorithm is applied to

enclosethem, and usually alsoa few points of S1, producing a new hypersur-

faceS2 with S ¼½­ S1 ¥ S2 ® ,
¸¸

the points in S not included in S1 ¥ S2 are next marked for input to the wrap-

ping algorithm, a new hypersurfaceS3 is producedcontaining thesepoints as

well assomeother points in P ¥¾­ S1 ¥ S2 ® resulting in S ¹¿­ S1 ¥ S2 ®ÁÀ S3,

¸
the processis repeatedalternatively producing upper and lower containment

bounds for S; termination occurswhen an error criterion (which can be user

specified)is satisfiedor whenconvergenceis not achieved.

It can and doeshappen that the processdoesnot converge when P doesnot

contain sufficient information to characterize S. It may also happen that S is so

“por ous” (i.e. sponge-like) that an inordinate number of iterations are required.

On convergencethe output is a description of the hypersurface containing S the

rule is given in terms of the minimum number of variables neededto describeS

without lossof information. Unlik e other methods, lik e the Principal Component
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Analysis (PCA), the classifier discards only the redundant variables. It is impor-

tant to clarify this point. A subsetS of a multidimensional setP is not necessarilyof

the samedimensionality asP. Sothe classifierfinds the dimensionality of S in terms

of the original variables and retains only thosedescribing S. That is, it finds the

basisin the mathematical senseof the smallestsubspacecontaining S, or morepre-

ciselythe curr ent approximation for it. This basisis the minimal setMr of variables

neededto describeS. We call this dimensionality selectionto distinguish it fr om

dimensionality reductionwhich is usually donewith lossof information. Retaining

the original variables is important in the applications where the domain experts

have developedintuition about the variables they measure. The classifierpresents

Mr orderedaccording to a criterion which optimizesthe clarity of separation. This

may beappreciatedwith the exampleprovided in the attachedfigure, in addition.

The implementation allows the user to selecta subsetof the available variables

and restrict the rule generation to thesevariables. In certain applications, as in

processcontrol, not all variables can be controlled and henceit would be useful

to have a rule involving such variables that are “accessible” in a meaningful way.

Therearealsotwo optionsavailable :

Â either minimize the number of variablesusedin the rule, or
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Â minimize the number of steps,in terms of the unions and (relative) comple-

ments,in the rule.

The classifierprovides:

Â an approximate convex-hull boundary for eachcavity is obtained,

Â utilizing properties of the representation of multidimensional objects in Ã -
coords,a very low polynomial worst casecomplexity of O ­ N2 �P � 2 ® in the num-

ber of variables N and datasetsize �P � is obtained; it is worth contrasting this

with the often unknown, or unstated,or very high (evenexponential)complex-

ity of other classifiers,

Â an intriguing prospect,due to the low complexity, is that the rule can be de-

ri ved in near real-timemaking the classifieradaptive to changingconditions,

Â the minimal subsetof variablesneededfor classificationis found,

Â the rule is given explicitly in terms of conditions on thesevariables, i.e. in-

cluded and excludedintervals, and provides“a pictur e” showing the complex

distrib utions with regionswhere there is data and “holes” with no data; that

canprovide significant insights to the domain experts,
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Figure66: Themonkey datasetshowing theseparationachievedby twoof the9out32parametersobtained

from thedimensionalityselection.

The datasetchosento illustrate hastwo classesto be distinguishedconsistingof

pulsesmeasured on two typesof neurons in a monkey’s brain (poor thing!). There

are 600 sampleswith 32 variables. Remarkably, convergencewas obtained and
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required only 9 of the 32 parameters. The resulting ordering shows a striking sep-

aration. In the attached figure the first pair of variables x1 � x2 originally given is

plotted showing no separation. In the adjoining plot the bestpair x11 � x14, aschosen

by the classifier’s ordering, shows remarkable separation. The result shows that

the data consistsof two “banana-lik e”1 clustersin 9-D one(the complementin this

case)enclosingthe other (classfor which the rule was found). Note that the clas-

sifier can actually describehighly complex regions. It can build and “car ve” the

cavity shown. It is no wonder that separationattempts in terms of hyperplanesor

nearest-neighbortechniquescanfail badly on suchdatasets.The rule gavean error

of 3.92% using train-and-test with 66% of the data for training).

1Perhapsthemonkey wasdreamingaboutbananasduringthis fatefulexperiment...
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CURVES

point-curve ÄÅ line-curve– envelopeof it’ s tangents.

Conicsmap into conicsin six differ ent ways.

Figure67: Ellipsesalwaysmapinto hyperbolas.Eachassymptoteis theimageof apointwherethetangent

hasslope1.

Figure68: A parabolawhoseideal point doesnot have directionwith slope1 always transformsto a

hyperbolawith a verticalassymptote.Theotherassymptoteis theimageof thepoint wheretheparabola

hastangentwith slope1.
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Figure69: A parabolawhoseidealpointhasdirectionwith slope1 transformsto aparabola- self-dual.

Figure70: Hyperbolato ellipse– dualof caseshown in Fig. 67
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Figure71: Hyperbolato parabola.This occurswhenoneof the assymptoteshasslope1 – dual of case

shown in Fig. 68

.

Figure72: Hyperbolato hyperpola– self-dualcase.
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Algebraic Curves

From M.Sc. ThesisTsur Itshakian, CS Dept. Tel Aviv Univ. 2001

Degreen ÄÅ n ­ n ¥ 1® and lesswhen therearesingularities. An efficient algorithm

was found which givesthe exact equation of the image even for implicitly defined

polynomials.

x2

x1

x2x1

y

x

Figure73: A 3rddegreecurvewith singularitymapsto another3rd degreecurve.

x2

x1

x2x 1

y

x

Figure74: A 3rd degreecurvewith differentsingularitymapsinto a4thdegreecurve.
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Generalizedconics– Gconics

Lik econics,gconicsmap into gconicsin 6 differ ent ways

Figure75: Gconics- threetypesof sections:(left) boundedconvex setbc, (right) unboundedconvex set

uc and(middle)hyperbola-likegh regions.

Figure76: Generalizationof Fig. 67 — bc to gh.
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Figure77: uc to uc – self-dual

Figure78: uc to gh
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Figure79: gh to bc.

Figure80: gh to gh – self-dual
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Further Dualities

Figure81: Cuspsaretransformedinto inflectionpoints

Figure82: Duality Cusps £ In f lection Points
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Operational Dualities and Convexity Algorithms

Figure83: Interior andboundarypointsof boundedconvex set

Figure84: Convex-Hull construction

The boundary of the gh of a setcorrespondsto it’ sCONVEX-HULL.
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Figure85: Convex Unionof bcs correspondsto theOuterUnionof their imagesghs.

Figure86: InnerIntersectionandIntersectionareDual.
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LINE NEIGHBORHOODS

A Topologolyfor proximity of flats

How canmeasure “closeness”betweenlines and moregeneralbetweenplanes?

Figure87: A family of line transformations

Fixing r and varying Θ definesa family of linestangentto the circlewhoseparal-

lel coordinate representationis a hyperbola while fixing Θ and varying r produces

vertical lines.

81



Figure 88: Line neighborhoodin orthogonal(doesn’t work) and parallel coordinates.The unbounded

region (on theright) is replacedby aboundedone.

Figure89: Severalline neighborhoods.Herethetransformedneighborhoodsaredistinct.
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HYPERSURFACES

Figure90: A spherein R5 centeredat theorigin (0,0,0,0,0).

Interior Point Construction Algorithm

Figure91: Thepolygonalline representsthepoint foundinterior to theHyperellipsoidin 6-D. Thesame

algorithmappliesto any piecewiseconvex hypersurface.
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Application to ProcessControl and Intelligent Instrumentation

Figure92: FindingaFeasiblePoint– stateof thesystem– for aProcessRepresentedby theHypersurface.

A processbeinga relationamongseveralvariablescanberepresentedby a hypersurface.A feasiblestate

of the systeminvolved correspondsto an interior point of the hypersurface– sinceall the constraints

aresatisfiedsimultaneously. Theintermediateenvelopeson bothsidesof thepolygonalline indicatethe

local curvatureof the hypersurfacein a neighborhoodof the point. Notice that hereX13 Æ X14 Æ X15 are

the critical variables sincethe availablerangesinvolved – for maintainingcontrol – arethe narrowest.

Thedisplayshown canserve asthesystemsintrumentation.As a valueof a variableis fixed thedisplay

providestheavailable range for theremainingvariables.
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DETECTING CONVEX POLYTOPES

Ph.D. thesisA. Chatterjee @ USC

X

Y

X
1

__
X
2

__
X
3

__

.||____1
123

.||____2
123

.||____3
123

.||____4
123

.||____5
123

.||____6
123

Figure93: Adjacency relationshipof the2-facesof theconvex 3-polytopein ParallelCoordinates

The123representationof the6 2-flatscontainingthe6 2-facesof the3-polytopeis shown. The3-polytope

in this examplebeingconvex, all theadjacency relationshipsarerepresentedby line segments.
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Figure94: Adjacency relationshipof the2-facesof thenon-convex 3-polytopein ParallelCoordinates

The123representationof the6 2-flatscontainingthe6 2-facesof the3-polytopeis shown. The3-polytope

in this examplebeingnon-convex hassomeadjacency relationships( π4
123 andπ5

123, π5
123 andπ6

123, π6
123

andπ4
123 ) whicharerepresentedby linesinsteadof line-segments.
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Representingsurfacesby their tangentplanes– seealsonext section.
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Figure 95: A Spherein 3-D representedby its tangentplanes(points). The hyperbolicpatternof the

envelopesindicatesthattheobjectis convex.

The conjectureis that with the tangentplanerepresentationconvex objectsin N-D are representedby

generalizedhyperbolas– seegconics.
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REPRESENTING SURFACES IN TERMS OF THEIR

TANGENT PLANES

Chao-Kuei Hung @ USC

DEVELOPABLE SURFACES – QUADRICS

CONICS Ç CONICS

Figure96: Representationis apair of ellipses

Conevertex is (0,0,1),axisvectoris (6,8,7),circle centeris at (6,8,8),radiusis 5.
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Figure97: Representationis apair of parabolas

Conevertex is (0,0,1),axisvectoris (-0.6,0.8,5),circlecenteris at (-0.6,0.8,6),radiusis 7.

Figure98: Representationis apair of hyperbolas

Conevertex is at (0,0,1),axisvectoris (6,8,7),circlecenteris at (6,8,8),radiusis 1.
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Figure99: Representationis apair of hyperbolas

Representationof cylinderwith axisdefinedby thepoints(2,2,2),(2,3,3),radiusis 5.

Ruled Surfaces

X

Y

Z

X

Y

X2 X3 X1’

 

Figure100: Hyperbolicparaboloid- Samplingalongrulingsgivesmeshesof straightlines– self-dual.
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VISUAL & COMPUTATION AL DECISION SUPPORT SYSTEMS

Finally we illustrate the methodology’s ability to model multi variate relations in

terms of hypersurfaces– just as we model a relation betweentwo variables by a

planar region. Then by using the interior point algorithm, with the model we can

do trade-off analyses,discover sensitivities, understand the impact of constraints,

and in somecasesdooptimization. For this purposeweshall useadatasetconsisting

of the outputs of various economicsectorsand other expendituresof a particular

(and real) country. It consistsof the monetary values over several years for the

Agricultural, Fishing,and Mining sectoroutputs,Manufacturing and Construction

industries, togetherwith Government, Miscellaneousspendingand resultingGNP;

eight variablesaltogether. Wewill not takeup the full ramifications of constructing

a model fr om data. Rather, we want to illustrate how Ã -coords may be usedas a

modelingtool. Using the LeastSquarestechniquewe“fit” a function to this dataset

and we are not concerned at this stagewhether the choiceof function is a “good”

choiceor not. The function we obtained boundsa region in R8 and is represented

by the upper and lower curvesshown in Fig. 101.

The pictur e is in effecta simplistic visualmodelof the country’ seconomy, incor-

porating it’ scapabilities, limitations and interelationshipsamongthe sectorsetc. A
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Figure101: Modelof acountry’seconomy

point interior to the region,satisfiesall the constraints simultaneously, and there-

forerepresents(i.e. the 8-tuple of values)a feasibleeconomicpolicy for that country.

Using the interior point algorithm we can construct suchpoints. It can be donein-

teractively by sequentially choosingvaluesof the variables and we seethe result

of onesuch choicein Fig. 101. Once a value of the first variable is chosen(in this

casethe agricultural output) within it’ s range, the dimensionality of the region is
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reducedby one. In fact, the upper and lower curves betweenthe 2nd and 3rd

axescorrespondto the resulting 7-dimensionalhypersurface and show the avail-

able range of the secondvariable (Fishing) reducedby the constraint. In fact, this

can be seen(but not shown here) for the rest of the variables. That is, due to the

relationship betweenthe 8 variables, a constraint on one of them impacts all the

remaining onesand restricts their range. The display allows us to experiment and

actually seethe impact of such decisions“downstream”. By interactively varying

the chosenvalue for the first variable we found, that it not possibleto havea policy

that favors Agricultur e without alsofavoring Fishing and viceversa.
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Figure102: Competitionfor laborbetweentheFishing& Mining sectors– comparewith previousfigure93



Proceeding,a very high value fr om the available range of Fishing is chosenand

it correspondsto very low valuesof the Mining sector. By contrast in Fig. 101 we

seethat a low value in Fishing yieldshigh valuesfor the Mining sector. This inverse

correlation wasexaminedand it wasfound that the country in questionhasa large

number of migrating semi-skilledworkers. When the fishing industry is doing well

most of them areattracted to it leaving few available to work in the minesand vice

versa. The comparisonbetweenthe two figuresshows the competitionfor the same

resourcebetweenMining and Fishing. It is especiallyinstructi ve to discover this

interactively. The construction of the interior point proceedsin the sameway.

A theorem guaranteesthat a polygonal line which is in-betweenall the inter-

mediate curves/envelopesrepresentsan interior point of the hypersurface and all

interior points canbefound in this way. If the polygonal line is tangent to anyoneof

the intermediate curvesthen it representsa boundarypoint, while if it crossesany-

oneof the intermediate curvesit representsan exteriorpoint. The later enablesusto

see,in an application, the first variable for which the construction failed and what is

neededto makecorrections.By varying the choiceof valueover the available range

of the variable interactively, sensitive regions(where small changesproducelarge

changesdownstream) and other properties of the model can be easily discovered.
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Once the construction of a point is completed it is possibleto vary the valuesof

eachvariable and seehow this effectsthe remainingvariables. Soonecando trade-

off analysisin this way and provide a powerful tool for, DecisionSupport, Process

Control and other applications. As new data becomesavailable the model can be

updatedwith the DecisionMaking beingbasedon the most recentinformation.
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APPENDIX A – BIBLIOGRAPHY ON

MULTIVARIATE MULTI-DIMENSION AL

VISUALIZA TION
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ics, and data visualization – M.Friendly and D. J. Denis 2001 –

http://www.math.yorku.ca/SCS/Gallery/milestone/
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Â Visualization of domain and concept descriptions – www-

ai.ijs.si/DunjaMladenic/papers/abstract/ascai92.html

Â Dir ections in Spatial Spectroscopy –

www.math.yorku.ca/Who/Faculty/Monette/pub/s-99a

Â Welcome to Starlight - Remote Sensing Group Project –

www.pnl.gov/remote/projects/starlight/theory.html

Â Breaking the Barriers of 3D Visualization –

www.sv.vt.edu/future/muri/white/white.html

Â Extruded Parallel Coordinates – www.cg.tuwien.ac.at/ ru-

bik/extruded.htm

Â Links to my Master’s Thesis –

www.ifs.tuwien.ac.at/ rk osara/thesislinks.html (In this site there

a particularly well organizedliteratur e review)

Â Hierar chical Parallel Coordinates –

avis.wpi.edu/matt/courses/parcoord

Â Parallel Coordinates for Power Stability –

www.caip.rutgers.edu/peskin/epriRpt/PowerStability.html

114



Â Thermodynamic Cycle Data – www.caip.rutgers.edu/ pe-

skin/epriRpt/ThermoCycle.html

Â Parallel Coordinates in MATHLAB –

www.math.tau.ac.il/ nin/learn98/Nauman/parplot.html

Â The PARCOVI Project-The Parallel Coordinates Visualizer –

atkosoft.com/statparcovi.htm

Â Visualization of a THERMOPOT –

www.inf.ethz.ch/personal/lindenme/thermoprot

Â DNA VISUAL AND ANALYTIC DATA MINING –

www.cs.uml.edu/phoffman/dna1

Â Kohonen neural network visualizations –

www.anvilinf ormatics.com/portfolio/yeast/yeaste.html

Â A Visual Approach for Monitoring Logs –

www.usenix.org/publications/library/pr oceedings/lisa98

Â Visualizing Lar ge Datasets – www1.math.uni-augsburg.de/ un-

win/AntonyArts/visualising.html

Â Visualisation Techniques for Statistics – www1.math.uni-

augsburg.de/ unwin/AntonyArts/V isTechNTTS.html (Excellent
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site)

Â Exploratory Data Visualiser – www1.bell-

labs.com/user/gwills/EDVguide/guide/guide.html

Â Nonlinear Feature SpaceTransformations – www.cs.unc.edu/cog-

gins/Research/Nonlinear/NonlinearPaper.html

Â AN INVESTIGA TION OF FUNDAMENTAL FREQUENCIES OF

LAMIN ATED CIRCULAR CYLINDERS– www.knowledgestor.com

Â Evaluation of Marine Data by visual means– www.egd.igd.fhg.de

Â Manual Endmember Selection Tool –

cires.colorado.edu/cses/research

Â Vizcraft - Multidimensional Visualization of Air craft Design– cs-

grad.cs.vt.edu/agoel/vizcraft.html

Â Parallel Coordinates Visualization Applet – cs-

grad.cs.vt.edu/agoel/parallel-coordinates

Â Public Policy Analysis –www.ppm.ohio-state.edu/ppm/research-

groups/pubpolan.html

Â ACM Digital Library Reconnaissance sup-
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port for juggling multiple processing –

www.acm.org/pubs/citations/proceedings/uist/192426/p27-lunzer

Â Inf ormation Visualization: Data Types –

www.cs.umd.edu/hcil/pubs/presentations/eyeshaveit/tsld013.htm

(This is an important site for Inf oVis)
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