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Abstract

Stereoscopic display is a fundamental part of virtual reality
systems such as the virtual workbench, the CAVE and HMD
systems. A common practice in stereoscopic systems is deliberate
incorrect modeling of user eye separation. Under estimating eye
separation can help the human visual system fuse stereo image
pairs into single 3D images, while over estimating eye separation
enhances image depth. Unfortunately, false eye separation
modeling also distorts the perceived 3D image in undesirable
ways. We present a novel analytic expression and quantitative
analysis of this distortion for eyes at an arbitrary location and
orientation.

1 Introduction

Virtual environments aim to perceptually place the user in an
artificial computer-generated world. A key component of creating
thisillusion isinteractive 3D imagery. To generate this imagery,
atypicad VR system has alocation and orientation tracking device,
an image generator and one or more displays. The tracking device
determines the positions of the user’s head and/or eyes and of the
displays. The image generator computes the image that each eye
would see on a display surface if the eye and the display existed
inside the virtual world at their tracked positions.  Thisimage is
then fed to the physica display. VR systems are typicaly
configured either as a head-mounted display (HMD) or as a head-
tracked display (HTD). In a HMD, the display is attached to a
helmet worn by the user, so both the eye points and the display are
in continuous motion. In a HTD, the display is stationary so
only the eye points move. HTD examples are the CAVE [Cruz
93], fish tank VR [Ware93], and the virtual workbench [Krug94].

As hinted above, most VR systems generate a pair of images,
one for each eye. This stereoscopic imagery provides a true 3D
image so virtual objects appear to float in front of and behind the
physical display surface. Software methods for stereoscopic
display are well known [Hodg92][Rohi92][Sou95][Robid5].
Stereoscopic display for virtual reality has been shown to improve
user depth perception and task performance in a variety of tasks
[Rose93][Ware93]. This is not surprising since real world
experience shows that stereopsis is an important depth cue
especially for objects within the user’s persona space (1.5 meters)
[Cutta7].

Both experience [Lipt82] and experimenta studies
[Yeh90][Hodg93] have shown that users with normal stereoscopic
vision often have trouble fusing stereo image pairs if the eyes are
modeled based on exact eye separation. The common solution is
to underestimate the eye separation of the user. This approach
solves the image fusion problem but creates a new problem with
head-tracked displays. Underestimating eye separation causes the
stereoscopic image to shift and warp with head movement.  As
the user moves her head forward and back the perceived image
will compress and expand. As the user moves her head left and
right the perceived image will shift side ways. The images in
Figure 1 are indicative of what a real user perceives on a stereo
HTD using under estimated eye separation. The diagram is an
overhead view of a user viewing a stereo HTD. The eyes are
shown in blue with the true eye points on the outside and the
modeled eyes on the inside. The central horizontal black line is

the projection plane.  Below, the black square is the modeled
geometry while the red shape is the geometry that the user
perceives.  Figures (a) and (b) illustrate the compression and
expansion while (c) and (d) illustrate the left/right shifting.
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Figurel: . Anoverhead view of auser viewing a stereo HTD. The eyes
are shown in blue with the true eye points on the outside and the modeled
eyeson theinside. The central horizontal black line is the projection plane.
Below, the black grid is the modeled geometry while the red grid is the
geometry that the user perceives.  Figures (a) and (b) illustrate the
compression and expansion while (c) and (d) illustrate the left/right
shifting.

This distortion is particularly irksome because the purpose of
adding head-tracking to stationary stereoscopic displays was to
remove similar distortions that were observed in earlier non-head-
tracked systems [Hodg92].

Interestingly, several researchers find it beneficial to use over
estimate the eye separation.  Akka [Akka93] reports that users
prefer the results of dlightly exaggerating the modeled eye
separation in a head-tracked stereoscopic display. In Ware
[Ware95], the authors dynamicaly adjust the modeled eye
separation to enhance the perceived depth of non-head-tracked
stereoscopicaly displayed terrain.  We find, however, that over
estimated eye separation in head-tracked systems causes stereo
image warping similar to that previoudly illustrated for the under
estimated case.



Since these common fase eye separation methods have
undesirable artifacts when applied to head-tracked displays, it is
desirable to quantify them. Until now, however, a rigorous
description of these distortions for a head at an arbitrary position
and orientation was unavailable.  This report presents a novel
analytic description of this distortion. We analyze the affects of
this distortion as it relates to head-tracked stereoscopic displays. A
key result is that fundamentally the user will perceive virtual
objects to warp and shift when he moves his head even with
perfect head tracking.

2 Background and Previous Work

When a user cannot perceive a single 3D image from a stereo
image pair, she will experience diplopia (double vision). In a
stereoscopic display the occurrence of diplopiaisrelated to various
physica attributes of the display system and the geometry of the
display environment [Hodg92]. The relevant geometric aspects
are:

the distance of the displayed virtual object relative to the

display surface
*the eye separation value used in computing the viewing
transform

«the distance of the user’s eyes from the display surface

Figure 2 illustrates the situation. The eyes are on the left and a
point on a virtual object is on the right. This point is projected
onto two points on the projection plane. The screen paralax, p,
associated with avirtual point is the distance between the projected
points. The distance between the eyes and the virtual point also
determine the angle, B. Associated with the screen itself is another
angle, o Research has shown that if the difference, a-f, is outside
a limited range, then diplopia occurs and the 3D depth illusion
collapses [Yeh90][Hodg92][Sou95].  This range has a negétive
limit generally associated with points in front of the projection
plane and a positive limit generaly associated with points behind
the projection plane.  The negative limit is called the “crossed-
parallax” limit while the positive limit is the “uncrossed-parallax”
limit.
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Figure 2: Illustration of the projection of a virtual point onto the
projection plane for the two eyes of auser. P isthe horizontal parallax, or
distance on the screen between the stereo images of a virtua point. 8 is
the vergence angle of this virtual point. a is the vergence angle of the
projection planeitself.

Additional problems with stereoscopic displays are user fatigue
and temporary dteration of the visua system’sinternal coupling of
accommodation (eye focus) and convergence (the relative
orientation of one eye to the other) [Mon95].

As previously mentioned, the common software technique to
minimize these problems in non-headtracked stereoscopic displays
isto model the user’'s eye separation with a value smaller than the
true value. The resulting screen parallaxes and vergence angles

are reduced and this minimizes user difficulties. However, when
applied to stereo HTD's fa se eye separation yields the distortions
illustrated in Figure 1.

Interestingly, several researchers find it beneficia to use
exaggerated values for the modeled eye separation. Akka
[Akka93] reports that users prefer the results of dightly
exaggerating the modeled eye separation in a head-tracked
stereoscopic display.  In [Ware95], the authors dynamically over
estimate the modeled eye separation to enhance the perceived
depth of terrain.  This method was used in area world application
where engineers routed cables along a seabed.  Note, that this
application did not use head-tracking so the stereo distortions
introduced by false eye separation modeling were drowned by the
qualitatively similar distortions due to the lack of head tracking.

As discussed in the introduction, these false-eye separation
methods induce undesirable distortions in tracked stereo displays.
While previous work provides qualitative and quantitative insights
into related stereo distortions, none provide a complete description
of this distortion.

Recall that in genera, problems occur when the modeled
viewing geometry, which is used to compute the computer
imagery, fails to correctly account for some aspect of the true
viewing geometry. As a result, the 3D image, which is
reconstructed by the human visual system, will be a distorted
version of the 3D geometry that the software system is attempting
to display.

Robinett et. a [Robi92][Robi95] present a computational model
for HMD optics describing how these optics distort straight lines
into curves. Watson and Hodges [Wats95] demonstrate a real-
time method for compensating for this distortion.

Deering [Deer92] discusses several aspects of accurately
modeling stereoscopic HTDs.  First he points out the variation in
the true eye-separation due to convergence of the eyes and he
suggests a few solutions.  He then qualitatively discusses the
distortions due to tracker lag. Finaly, he presents a quantitative
description of the distortions due to the curvature and refraction of
the front glass in CRTs. He aso gives a run-time method to
compensate for these latter two problems.

Hodges et a [Hodg92][Hodg93] discus qualitative aspects of
the incorrect modeling of the user’s head position in non-head-
tracked stereoscopic displays. As the user's head is displaced
from the modeled location, the perceived stereo image appears to
contract or grow and shift side to side.  Additionally, they
qualitatively analyze the change in eye separation due to
convergence.

Hodges and McAllister [Hodg90] present an analytic description
of the distortion of the 3D image for stereoscopic displays if eye
rotations are used to model binocular viewing geometry.  They
discuss the induced vertical parallax and non-line preserving
distortion and they conclude that the rotation method is
inappropriate for single screen stereo displays.

Ware et. a. [Ware95] present a brief discussion of the change in
the perceived depth of a point for false eye separation modeling in
non-headtracked stereo displays.

Woods et. al. [Wood93] derive an analytic description of
distortions in stereoscopic tel e-operator systems. They assume the
viewer is looking at a single display surface while the image
generating cameras may be paralel or angled-inward. In the
parallel case, the distortion preserves lines while in angled-in case
the distortion maps linesto curves. Woods' treatment assumes the
eye axis is paralld to the display plane and that the center of the
eyes lies on a line perpendicular to the display and through its
center. These assumptions are, of course, not true in a



stereoscopic HTD system and therefore Woods' results do not
cover this case.

3 Geometric Description of Distortion

To derive a geometric description of fase eye separation
distortion, we begin by reviewing and simplifying the viewing
model used in stereo HTD’s. A typical viewing model consists of
the coordinate system hierarchy presented in Figure 3
[Sou95][Robi95]. The top coordinate system is the platform
coordinate system (PCS). Manipulating this coordinate system
moves the user through the virtual space. Directly attached to this
coordinate system is the projection plane coordinate system and
the emitter coordinate system. The projection plane coordinate
system contains the projection plane in its XY plane with the
window centered about the origin. The emitter coordinate system
simply represents the tracker's emitter. Attached to the emitter
coordinate system is the head receiver coordinate system and
attached to that is the eye coordinate system. The two eye points
are on the x-axis of the eye coordinate system and are symmetric
about the origin.
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Figure 3:  The coordinate system hierarchy for a typical head-tracked
display.

The position and orientation of each child coordinate system
relative to its parent are measured physicaly from the physica
display setup as are the view window dimensions and eye
separation. The platform coordinate system’s mapping to virtua
world coordinates defines the mapping of the physical space of the
real world to the virtual space of the virtual world. In addition to
specifying the position and orientation, the platform coordinate
system can also be uniformly scaled. This causes the virtual world
to grow and shrink.

Assuming all the mentioned physical measurements correct, the
virtual eye separation equals the physical separation multiplied by
the platform coordinate system’s scale.  For example, if the
modeled eye separation equals the user’ s true eye separation, say 6
cm, and she views a virtua Earth at a 10°® scale where the planet
appears as a large globe, then the virtua eye separation is 60 km.
By our definition this case does not represent over estimated eye
separation because the modeled physical eye separation equals the
veridical 6cm.

In this paper we are not concerned with the discrepancy between
the virtual eye separation and the physical eye separation. This
discrepancy, dependent on PCS scaling, merely scales the virtual
world up or down. The world may appear as. a small model, such
as the Earth as a globe; a true model, such as a telephone at actual
size; or a magnified model, such as an atom at the size of a
basketball. This uniform scaling always preserves angles, aspect
ratios, and parallelism and maintains the perceived rigidity of the
virtual world as the head moves. What we are concerned with is
the discrepancy between the true physical eye separation and the

modeled physical eye separation. This discrepancy will distort the
world in a projective manner. The virtual world, at whatever scale
it is displayed, will shear and warp with head position and neither
angles, aspect ratio nor parallelism will be preserved.

Therefore we henceforth ignore PCS scale and the virtual eye
separation, and we focus on the modeled and true physical eye
separations.  For brevity, the term “eye separation” will now
always refer to the physical separations.

Having said this, we now illustrate geometrically why false eye
separation yields distortions.  In Figure 4, two sets of eye points
areillustrated in blue.  Within each set the true eye points are on
the outside in dark blue and the modeled eye points are on the
inside in light blue.  Again the projection plane is the horizonta
black line. Below asingle modeled point is shown in black along
with the perceived point as seen by the left and right eye set
positions. For each eye set, the modeled point is projected onto
the projection plane through the modeled eyes. These projectors
are drawn in black. The true eyes reconstruct a perceived image
by finding the intersection of the red lines.  These red lines are
drawn between an eye and its corresponding projected image
point. Note how the perceived point (red) moves as the user
moves her head.  Also the perceived point is closer to the
projection plane than the modeled point.

We can treat the above construction as a mapping between
points. The mapping is computed by finding the appropriate line
intersections. Call this construction A¢ (“ Distortion,constructed”).
This geometric construction can be applied to a set of points to
yield dl the distortions illustrated in Figure 2.
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Figure 4: A geometric construction illustrating why false eye modeling
distorts the perceived image and how the perceived image moves with head
position.  Two sets of eye points are shown in blue. Within a set the
outer eye points (dark blue) are the true eyes while the inner ones (light
blue) are the modeled eyes.  The projection plane is the horizontal black
line. Below asingle modeled point in black is projected onto the plane by
black projectors and its perceived location is reconstructed by the red
projectors for each eye set.

Note this construction assumes that all the important physical
measurements, besides the modeled eye separation, are correct.
The formulation aso assumes any distortion due to curvature of
the screen or any optics is negligible or accounted for by other
means [Deer92].  Additionaly, it assumes that change in the
separation of the focal points of the human eyes during
convergence is also negligible or accounted for.



4 Analytic Description of Distortion

Figure5: Parameterizing the distortion due to false-eye modeling. The
projection plane lies in the X-Y plane. The user’s true left and right eye
points (dark blue) are displaced by vectors d and -d from the central eye
(green), I. The modeled eye points (light blue) are displaced by red from
the central eye. r istheratio of the modeled eye separation to the true eye
separation. E is a modeled point while F is the perceived location of this
point.

To derive an analytic description of this distortion we
parameterized important points asillustrated in Figure 5. First we
place the projection plane coordinate system at the center of the
projection plane with the plane containing the X-Y axes. Next we
add a central eye point (green), I.  The true left and right eyes
(dark blue) are displaced from | by the vectorsd and —d. 2[d|is
the true eye separation. Next the scalar r is the ratio of the
modeled eye separation to the true separation. Hence the left and
right modeled eyes (light blue) are displaced by r*d and —+*d
respectively, and 2r|d| is the modeled eye separation.  E is the
modeled point and F is the perceived point reconstructed by the
user’svisua system.

In Appendix 1, we show that this construction is a projective
transformation. In projection plane coordinates the matrix is:
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In the context of a rendering pipeline the distortion acts as
follows. Let amatrix, M E, denote the coordinate transform from
coordinate system A to coordinate system B. Then matrix stack
during rendering is:

Screen —
Model

Screen.
World

M World
Model

(2

Let [M] 4 be the representation of atransform M in coordinate
system A. Then using false eye separation effectively induces the
complete transformation:

Screen Screen World
M +Sereenzy - [a}yorig + M 3
Model World [ orld Model 3

Therefore, using a false eye separation will produce the same
perceived 3D image as using the true eye separation and adding
[ *Twong ON the viewing stack. Note, that as equations (2) and (3)
describe virtual space, [*]wong Will include a scale component
inherited from the platform coordinate system scale.  However,
when analyzing e, it is more convenient to ignore this scale issue
and consider the projection plane coordinate system as it exists in
the physical world. We can then discuss the effects of « in
physical units such as meters and consider how < behaves,
independently of the scale at which the virtual scene appears.

5 Pictorial Analysisof ¢

The images in Figure 2 adready illustrated the sideways shifting
and the compression/expansion effects of « for under estimated
eye separation.  Figure 6 (page 9), re-illustrates these distortions
with a more detailed grid and larger diagrams.  (A) through (d)
show the distortions for under estimated eye separation. (A) and
(b) show the sideways shifting while (c) and (d) show the
compression/expansion.  (E) through (h) show the distortions for
over estimated eye separation. (E) and (f) show the sideways
shifting while (g) and (h) show the compression/expansion. We
see more clearly, that « does not preserve angles, distances nor
parallelism.

This projective distortion has many repercussions. A user
designing what she perceives to be as a cube may actualy have
designed a more general truncated pyramid. Equivalent to Wood's
[Wo0d93] observations in teleoperator environments, perceptions
of velocity through the environment will also be distorted given
this non-linear distortion.  Most importantly static, rigid objects
will appear to move as the user moves his head. Qualitatively
these results are readily verified on real stereoscopic HTD's.

6 Quantitative Analysis of ¢
Having illustrated « to gain an intuitive understanding of ¢, we
now return to amore rigorous analysis.

6.1 Degenerate Cases

« contains three degenerate cases which must first be addressed.
All these cases correspond to similar degeneracies in the original
congtruction .. Once we show that these cases occur in rare
circumstances, we will ignore them in further analysis.

Figure 7: Embedded Modeled Eye Degeneracy

First « is only well-defined when the modeled eye points are not
contained in the projection plane. If they are, the denominatorsin
the 3" column become zero. However, recall « is a homogenized



form of ¢ (Appendix 1.7) which assumed this eye configuration
did not occur. In ¢’ this configuration leads to the lower-right
term being zero and the matrix becomes singular in this case. This
isin accordance with the ray construction, ¢, which also becomes
singular, or non-invertable. Specifically, in such a configuration,
. maps all points to the line through the eye points. In Figure 7,
the true eye points are A,D (blue); the modeled eye points are B,C
(blue); black dashed lines show projection of input point E to
points H,G on the projection plane; red dashed lines show the
reconstructed point F. Since B and G are coincident, the
reconstruction line AG is embedded in the eye axis. Hence, F is
constrained to the eye axis and therefore A, maps 3D space to this
line. Clearly, this degenerate case occurs rarely so it seems
permissible to ignore it in A, and to ignore the corresponding
degeneracy in A.

Figure 8: Embedded True Eye Degeneracy

The second degeneracy occurs when the true eye points are
contained in the projection plane. In this case, A is non-singular.
This follows from the fact that the rows of A are no longer
independent if the third element in row 3, r(dz>-17%), equals zero.
Assuming r is non-zero, thisterm is zero precisely when atrue eye
point is embedded in the projection plane. Again, thisresult isin
accordance with the ray construction, A., which becomes singular
inthiscase. Specificaly, A, mapsal pointsto the projection plane
if atrue eye point lies in the projection plane. Figure 8 illustrates
this. The points are labeled as described in the previous
paragraph. Since the reconstruction line AG is constrained to the
projection plane, it follows that F, the intersection of AG and DH
is also constrained to the projection plane.  Hence, A maps 3
space to the plane and is singular. Again, this degenerate case
occursrarely so it is permissible to ignore it in A¢ and to ignore the
corresponding degeneracy in A.

The final degeneracy is the most interesting. It primarily
occurs for values of r>1 where the modeled eye separation is
larger than the true eye separation. Rather unexpectedly, both A
and the origina construction A flip some objects in front of the
viewer to behind the viewer (Figure 9).

Such behavior is inherent in a perspective transform for objects
that cross the vanishing plane of the transform [Wyli70]. Recall
that the vanishing plane is the plane of points (affine points) which
are mapped to points at infinite (ideal points). For review, Figure
10 illustrates how a simple perspective transform maps different
regions of space. Three regions in space are color coded green,
blue, and purple. The fixed plane is a solid black horizontal line.
The vanishing plane is a dashed black horizontal line. The
vanishing plane of the inverse transform is a dashed red horizontal
line.  Two paralel lines, color coded by the region containing
them (10a), are mapped to intersecting lines (10b).  Note how
ordinary points (patterned purple) become ideal points and how
ideal points (solid purple) become ordinary points as mapped

between 10a and 10b. Also note how regions are compacted (A),
expanded (B) and repositioned (C).

Returning to Figure 9, the vanishing planes and fixed plane is
colored coded as in Figure 10. Figure 9a shows the affect on an
object, the black grid, beyond the vanishing plane while Figure 9b
shows the affect on an object intersected by the vanishing plane.
Again the ray construction is illustrated for a single point on the
grid. Note when r < 1 (not illustrated), the vanishing line is
generally behind the eyes where no stereoscopic imagery ever
appears. Therefore, the flipping problem generally only arises for
r>1.

At first, this degeneracy makes the basic construction, A,
appear somewhat flawed from a psychophysical perspective since
it does not predict what area user will perceive in this degenerate
case. Theproblem liesin the fact that for true a eye separation, e,
screen paralax varies from —infinite, to zero and to +e as the
modeled point moves from the eyes’ center, to the projection plane
and towards infinite beyond the projection plane. This degenerate
case, however, generates a positive screen paralax that is greater
than +e.  As soon as we cross the veridica +e limit, we have
reached a situation that has no analog in real world experience.
Similar results occur if you mistakenly input a negative eye
separation (r < 0).  Such excessive positive paralax yields
confusing images and diplopia.
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Figure 10: Effects of Typical Projective Transform



Interestingly, this exaggerated eye separation (r > 1) has been
used quite successfully in a non-head-tracked real-world
application [Ware95]. We suspect that since Ware only
exaggerates the eye separation for scenes with little depth, most of
the virtual objects lie on the closer side of the vanishing plane
where they do not experience excessive positive screen parallax
and a flipping under A.. In such cases the result is an effective
exaggerated depth shown in Figure 11.
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Figure 11: Over estimated eye separation can yield exaggerated depth
without the flipping degeneracy.

6.2 Maximum Depth Plane
true eyes

modeled eyes maximum depth plane
Figure 12:  Illustration of the maximum depth plane of perceived space
due to under estimating eye separation

Having covered and set aside the degenerate cases, we continue
to gain a more rigorous understanding of A.  First we can use A™
(see Appendix A1.7) to compute the maximum possible depth in
perceived space when the modeled eye separation is smaller than
the true eye separation (r < 1). The existence of a maximum
depth plane in the perceived space has been noted before [Woods
93]. Figure 12 illustrates this idea.  For a point beyond the
projection plane the screen paralax reaches its maximum value,
equal to the modeled eye separation, for a point infinitely far away
(B). This places a limit on the depth of the reconstructed
perceived points (F).

For a non-degenerate viewing configuration, A is non-singular
and hence A exists. LikeA, A isa projective transform so it has
a plane, P, of affine points which are mapped to ideal points
(points at infinity). This planeis caled the vanishing plane since
these points have no image in Euclidean space. Clearly, A being
the inverse of A™ maps these ideal points back to the affine plane
P.  These ideal points represent the points lying infinitely far
beyond the projection plane that get mapped to the maximum
depth plane. P then is precisely this maximum depth plane.
Therefore, the equation for the maximum depth plane is the
vanishing plane of A™. It is easy to find the vanishing plane of a
perspective matrix [Gold92].  With this insight the maximum
depth planeis:

2 2
, - r(dz -lz ) @)
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This illustrates that the maximum depth plane position varies
with the head position’s z-component. This helps explain the head-
position dependent squashing of perceived space illustrated in
Figure 13. Here the perceived grid compresses as the head moves
towards the projection plane and brings the maximum depth plane
(the dash red line) closer too.
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Figure 13:  Perceived space squashed towards view plane.  Note
maximum depth plane (dashed red line).

Figure 14 plots the position of the maximum depth plane as a
function of viewer head position (1z) for several eye separations
ratios (r): 0.75 (solid), 0.5 (dash-dot), 0.25 (dash) and 0.125 (dot).
Note, Figure 9 assumes the head is parallel to the projection plane
(dz=0); however, even for non-paralel case dz is typicaly small
compared to Iz.  In Figure 14, the maximum depth plane position
is linear with respect to the head position while it varies non-
linearly withr. Smaller modeled eye separations produce a closer
maximum depth plane and hence a greater compression of the
perceived space.
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Figure14:  Plot of the position of the maximum depth plane versus the
user's head position for various values of, r, the modeled to true eye
separation ratio. Values of r are 0.75 (solid), 0.5 (dash-dot), 0.25 (dash)
and 0.125 (dot).

6.3 Sideways Shifting

Figures 6a and 6b illustrate the sideways shifting induced by fase
eye-separation.  Here we examine this shifting more rigorously.
We plot the x-coordinate difference of amodeled point, E, from its
distorted point, F, as a function of head position. For simplicity,
assume the eyes are paralel to the projection plane and are
contained in the X-Z plane (dz,dy=0). Fix the eyes z-coordinate
to 1 meter and then vary the central eye's (1) x-coordinate so that



the head moves side to side. In this case, Fx and hence Fx-Ex,
varies linearly with 1x as seen from the eguation for Fx:
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Figure 15: Plot of the displacement of a perceived point from its modeled
location versus head position.. Head position, Ix, varies from-1to 1; r is
0.5; eye-separation is 0.065. Plots are drawn for a model point a z=0.10
(solid),z=-1 (dashed), z=-10 (dotted) and z=-100 (dash-dot).

In Figure 15, Ix varies from —1 to 1; r is 0.5; eye-separation is
0.065. Plots are drawn for a model point a z=0.10 (solid),z=-1
(dashed), z=-10 (dotted) and z=-100 (dash-dot).  Sensitivity to
head position grows with object depth, with z=0.10m ranging up to
0.05m and z=-100 m ranging up to —50 m.

Figure 16 shows the effect of different vaues for r for a model
point at (0,0,-10). In 12a, r is 0.75 (solid), 0.5 (dash-dot), 0.25
(dash) and 0.125 (dot). In12b, ris 1 (solid), 2 (dash-dot), 4 (dash)
and 8 (dot). Generaly, as we move away from using true eye
separation, r=1, the shifting grows more sensitive to head
movement. Note also the change from positive to negative sope
asr goes from less to greater than one. This represents a reversal
in the direction of the shifting.

This discussion illustrates the behavior of the distortions
shifting. The plots show the shift grows quite large especialy for
modeled eye-separations far from the true value (r=1).

7 Conclusions

We have presented a novel analytic description of the distortion, A,
induced by fa se eye-separation modeling for a head at an arbitrary
position and orientation. This distortion does not preserve
distance, angles nor parallism.  This makes false-eye modeling
problematic for avariety of applications. In command-and-control
applications, for example, users often demand undistorted views of
terrain. Another example is a CAD application where the loss of
distance, angles and paralelism would be quite problematic.
Finaly, multi-screen environments such as a CAVE [Cruz93] are
especially problematic.  Since A is relative to a particular view
plane, each screen would distort the world in a different manner.
A virtual object which spans two adjacent screens would be
distorted differently by each screen creating further visua

anomalies. Next in any stereoscopic HTD application using 6
DOF input devices, the distortions from false eye-separation
modeling will ruin the correspondence between the physical device
and itsvirtual representation.

8 FutureWork

First, a clearer understanding of the effects of false eye separation
paves the way for studying how these artifacts interfere with
various user tasks. Second, an analytic description of the
distortion due to false-eye separation can aid studies trying to
understand the affects of a change in eye-separation due to
convergence [Deer92]. Findly, it would be desirable to remove
as many artifacts of A as possible while retaining the desired
effects of reduced horizontal parallax and enhanced depth.
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Figure 16: Plot of the displacement of a perceived point from its
modeled position versus head position. The modeled point is at (0,0,-10).
In (@) r variesover: 0.75 (solid), 0.5 (dash-dot), 0.25 (dash) and 0.125
(dot). In(b), ris1(solid), 2 (dash-dot), 4 (dash) and 8 (dot).
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Figure6: Asin Figure 1 the eyes are blue; the projection plane is the black horizontal line; the modeled grid is black; and the perceived gridisinred. In
the top four figures (a-d) the outer eye points are the true eyes while the inner points are the modeled eyes. Hence (&) through (d) illustrate the under
estimated eye separation case. (&) and (b) show the sideways shifting, and (c) and (d) show the compression/expansion.  In the bottom four figures (e-h)
the outer eye points are the modeled eyes while the inner points are the true eyes. Hence (e) through (f) illustrate the over estimated eye separation case.
(e) and (f) show the sideways shifting, and (g) and (h) show the compressi on/expansion.
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Appendix 1: Derivation of Distortion Transform

The following figure illustrates the distortion induced by false eye separation modeling for a head at an arbitrary
position and orientation. The eye points are on the |eft, the projection plane is the X-Y plane, and the modeled and perceived
object points, E and F, are on theright. The user’'s central eye pointisat|. Theleft eye, D, isdisplaced by d and the right
eye, A, isdisplaced by -d. 2|d| is the true eye separation. The scalar r is the ratio of the modeled eye separation to the true
separation.  Hence the left and right modeled eyes, C and B, are displaced by r*d and —r*d respectively, and 2r|d| is the
modeled eye separation.  E is a point on a virtual object and H and G are E’s left and right projected images. F is the
perceived point reconstructed by the user’ s visual system.

Projection Plane

Figure 17: Parameterization of analytic description.

Numerous hand drawings of this construction indicated the induced transform preserved lines and was projective.
We therefore developed a software program to distort a mesh of points by the construction by computing appropriate line
intersections.  These results further convinced us the transform was projective. Rather than pursuing a synthetic proof that
this construction defined a projective transformation, we plowed straight into an analytic proof. The goal is to produce a
rationa linear expression for each coordinate of F in terms of E where the terms of the denominator are shared by all
coordinate expressions and the terms of the numerator are unique for each coordinate expression. So we need:

M  Ex+N Ey+O_ Ez+P
e e "9 ="'y

o QEx+REy+SEz+T

(A1-1)

where X,y andz aresymbolicaly subsitutedfor &

Al1.1 From thefigure:

A=l-d
B=I-rxd
C=I+r*d
D=I+d

Al.2 Solvefor H:

Equation of line CH is:
P=(ECt+C

Atz=0:

11



-Cz Cz
0=(Ez-Czk+cz 0O t= =
Ez-Cz Cz-Ez

So:
Cz
H=(E-C) +C
Cz-Ez
Or fromA1.1:
Iz+rdz
H=(E-I-rd)———+I+rd
lz-Ez+rdz

A13 Solvefor G:
Using arguments similar to A1.2:

lz-rdz
+B=(E-l+rd)———+1 -rd
Bz-Ez Iz-Ez-rdz

G=(E-B)

Al.4 Solvefor Fx:
To begin:

F = AGn DH
So use the following eguation to find two unknownsta and td:
(G-Ata+ A=(H-D)td+D

Solve for ta for z-component:

_ (Dz- Az{(Hz- D2)d

(Gz- Agta+ Az=(Hz-D2td+Dz 0O ta
(Gz- A2

Substitute ta in original equation’ s x-component:

(Gx— AX)EBDZ_ Az+ (Hz - D2)d H+ Ax = (Hx - Dx)td + Dx

Gz- Az [
Solve for td:
Dz - Az+ (Hz - D2)td
(Gx—Ax)B ( ) EI—(HX—Dx)td = Dx — Ax
[l Gz- Az ]
Gx—- Ax)\Dz- A Gx—- AX)(Hz-D
o & 9(0z- ) +1g G AIHZ=DD o bovtd = Dx - Ax | muttply throughby (Gx - Ax)
(Gz- A2 (Gz- Az
Gx— Ax)(Hz - Dz) (Gx - Ax)(Dz - Az) factorouttd, movenon- td termstoright hand
O tdEK —(Hx—Dx)ﬁ: Dx — Ax -
(Gz- A2 (Gz- A2 side
Gx—- Ax)(Dz - Az
(Dx— AY) - ( )( )
(Gz- A2 - . .
O td= ||d|V|deto maketd soletermin left handside
EKGX— AX)(Hz - D2)
- (Hx - Dx)
O (Gz- A2

12



_ (Gz- Az)(Dx - Ax) - (Gx— AX)(Dz - A2)

O td = ||mu|tip|y numeratoanddenominatoby (Gz- Az)
(Gx—- AX)(Hz-Dz) - (Gz- Az)(Hx — Dx)
- Az(Dx - AX) — (Gx— Ax)(Dz - Az
0 =24 )~ i ) |luseHz = Gz=0
(Gx - Ax)(— Dz)+ Az(Hx — Dx)
— AzDx+ | AzAf - GxDz+ GxAz+ AxDz- | AxAZ| o
O td = ||expand|dent|fyllke terms

- DzGx+ AxDz+ AzHx— AzDx

AxDz- GxDz+ AzGx—- AzDx .
0 td = ||remove||ke termsandreorder

— AzDx+ AxDz—- DzGx+ AzHX

Now substituteintd in for Fx:
B AxDz- GxDz+ AzGx— AzDx

Hx — Dx) + Dx
[ — AzDx+ AxDz—- DzGx+ AzHx[

Fx =td(Hx - Dx) + Dx =

Put Fx over common denominator, expand, identify like terms and simplify:

(AxDz— GxDz+ AzGx— Asz)(Hx - Dx) + Dx(— AzDx+ AxDz- DzGx+ Asz)
— AzDx+ AxDz- DzGx+ AzHXx

Fx =

AXDzHx- GXDzHx+ AzGxHx— ||AszH>H 4 - ||AxDzD>H 3t ||GxDzD>|:|l - AzGxXDx+ ||AszD>H 5

_ —||AszD>|:|2 +||AxDzD>H3 —||ch;xD>|:|1 + | AzHxDX 4

— AzDx+ AxDz- DzGx+ AzHXx
||expanchndidentifylike terms

_ AXDzHx— GxDzHx+ AzGxHx— AzGxDx ||rem0vdike terms

- AzDx+ AxDz- DzGx+ AzHXx
— (- AXDzHX+ GXDzHx~ AzGxHx+ AZGXDY)

- (Asz— AxDz+ DzGx- Asz)

- AXDzHx+ GxDzHx— AzGxHx+ AzGxDx ||cance| 1

AzDx—- AxDz+ DzGx— AzHx

AzDXGx— AxDzHx+ (Dz - Az)GxHx
= ( ) ||reorder tems,andfactorout GxHx

AzDx— AxDz+ DzGx— AzHXx

||factorout- 1
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Now substitute expressions for Hx and Gx from A1.2 and A1.3 into this definition of Fx and use Dz-Ax=2dz. Thisyields:

(Ex— IX + rdxXIz - rdz)
lz-Ez-rdz ]

AZD)@X —rdx +

B AxDsz rdx+ (Ex— Ix - rdxXIz + rdz)
O lz-Ez+rdz O
. (2dz)Bx ~rdx+ (Ex— Ix + rdx)(lz - rdz)%x rdx+ (Ex— IX - rdxXIz + rdz)B
Fx = OJ lz-Ez-rdz Hil lz-Ez+rdz OJ
AzDX
- AxDz

(Ex— Ix + rdx)(lz - rdz)
lz-Ez-rdz ]

(Ex —-Ix- rdx)(lz + rdz)
Iz- Ez+rdz C

+ DzElx —rdx +
[l

- AZ[BX +rdx +

Next multiply the complete expression by:

(Iz-=Ez+rd2)(lz- Ez-rd2)
(Iz-Ez+rd2)(lz- Ez-rd2)

When doing, however, treat the numerator and denominator separately.

14



Al14.1 SolveFor Fx Denominator
Begin by solving for the denominator of Fx multiplied by (1z-Ez+rdz)(1z-Ez-rdz):

B&z Dx H

[+ AxDz ]

|:| - —
(Iz - Ez+ rdz)(Iz - Ez - rdz) [} Dsz —rdx + (EX X+ rdx)(lz rdz)
O 0O lz-Ez-rdz M

0
E‘ Az@x rdx+ (Ex— Ix — rdx)(lz + rdz)

Iz-Ez+rdz
BAZDX H
[+ AxDz ]
O _ _ O]
- (12 B2+ rd)(z - E2- 100 paix - ez Dz (EX =" * 0Nz = 1d2) | muiitply throughby Dz,Az
] lz-Ez-rdz (]
H (Ex— Ix - rdx)(lz + rdz) 0

H Azlx-rdxAz- Az

Iz-Ez+rdz

=(lz-Ez+rdz)(lz- Ez- rdz)(Asz— AxDz+ DzlIx - rdxDz - AzIx— rdxAz)
+(lz- Ez+rd2) Dz(Ex— IX + rdx)(lz - rdz)
- (lz-Ez-rdz) Az(Ex— IxX - rdx)(lz + rdz)

Imuttiply throughby (1z - Ez+ rdz)(1z - Ez - rdz)

=(lz-Ez+rdz)(lz- Ez- rdz)(Asz— AxDz+ Ix(Dz - Az)— rdx(Az+ Dz))
+ Dz(lz - Ez+ rd2) (Ex— IX + rdx)(lz - rdz)
- Az(lz-Ez- rdz)(Ex— IX = rdx)(lz + rdz)

||reassociaandcommute

Iz - Ez+rdz)(lz - Ez-rd2)

_ ]
) ﬁKIz - dz)(lx + dx)— (Ix - dx)(lz + dzl|1 + ||Ix((|z + dz)— (Iz -dz )— rdx((lz - dz)+ (Iz +dz }|2 %
+ (Iz + dz)(lz - Ez+rdz) (Ex - Ix+ rdx)(lz - rdz)
- (Iz - dz)(lz -Ez- rdz)(Ex— IX = rdx)(lz + rdz)

||substituteAx, Az, Dx, Dzfrom Al.1 andidentify interestirg patterng1and2) for nextstep
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= ((Iz -Ez+rdz)(lz-Ez- rdz)(2|z dx - ||2dz|x|| + ||2Ix dz” -2r dxlz))
+ (Iz + dz)(lz - Ez+rdz) (Ex - Ix+ rdx)(lz - rdz)
- (Iz - dz)(lz -Ez- rdz)(Ex— IX = rdx)(lz + rdz)
Apply (A - B)(C+ D) - (C- D)(A +B) = 2AD - 2BC topartl
whereA =1z,B =dz,C = Ix,D = dx.

Combindike termsin part2. Identifylike terms.

= ||(Iz -Ez+rdz)(lz-Ez- rdz)”l(ZIz dx-2r dxlz)

+ (Iz + dz)(lz - Ez+rdz) (Ex— IX + rdxXIz - rdz)
- (Iz - dz)(lz -Ez- rdz)(Ex— IX - rdxXIz +rdz 5

||Combinelike terms. Identify partsfor nextstep.

= ﬁlz - Ez)2 - r2dz2 gZIz dx-—2r dxlz)
ZHZ dz(lz - Ez)(Ex - Ix)+ I22r dz(Ex— Ix)— Iz(lz - Ez)r dz(Ex - Ix)— dzr2d22(Ex - |X)H
+

H— I22(Iz - Ez)r dx+ lzdzr dzr dx— dz(lz - Ez)r dzr dx— 1z r2dz?r dx H

Partl: (A+ B)(A- B) = AZ - B2
Part2 : (A + B)(C + D)(E + F)(A - D) - (A - B)(C- D)(E - F)(A + D) =

2(ABCE + ADE - ACDE - BD2E + ACF + ABDF-BCDF-ADF)

whereA =1z, B=dz, C=(lz-Ez), D =rdz, E=(Ex-1x), F=rdx

- 2Ezlz+ EZ - r2dA glz dx —r dx Iz)

D+ Izdz IzEx— IzIx — EZEx+ Ezlx)+ ExIZr dz- Ix Iz%r dz - Izrdz(IzEx IzIx — EZEx+ Ezlx)
20
[+ Exdzr2dZ? + Ix dzr 2dZ2

Iz Izzr dx - Ezlzzr dx+ lzdzr dzr dx—Izdzr dzr dx+ Ezdzr dzr dx— Izrzdzzr dx

||Expand.

dmOoOoOgoc4

16



Bz dxlz2 - 2lzdxEzlz+ Iz de£ -z dxrzdz2 -rdxlz dzlz2 + 2r dxIzEzlz-r dezEz2 +r XmZI’ZdZZH

Bi— 1z dzIzEx- 1z dzlzIx— 1z dzEzEx+ 1z dzEzIx+ Exlzzr dz-Ix Izzr dz B
=20 1zr dzIzEx+ Izr dzlzIx+ 1zr dzEZEx- Izt dzEzIx Il
O O
[+ Exdzr2dZ? + Ix dzr 2dZ2 [l
ﬁ Iz12%r dx— EzIz?r dx+ Iz dzr dzr dx - Iz dzr dzr dx+ Ezdzr dzr dx - Izr 2dZr dx ﬁ
||Expand.
Hz dxlz2 - 2lzdxEzlz+ Iz dez2 -z dxrzdz2 —||rdxlz Iz2 + 2||r dezEzI4|2 -r dezEz2 +|r dxlzr2d22H H
O ! 30
EL. 1zdzlzEx—- 1z dzlzIx— |z dzEzEx+ 1z dzEzIx+ Exlzzr dz” —[Ix I22r dz” O
O 4 5 O
=2 D ||Iz r dzIzE>H + ||Iz r dzIzI>{| + 1zr dzEzEx- Izr dzEzlx A
0T 4 5 O
0 0
[y Exdzr2dz? + Ix dzr 2dZ? OJ
O 2 2 2 O
1z1z rd><” —-||Ezlz rd><< +||Izdzrdzrd><” —||Izdzrdzrd><” + Ezdzr dzr dx—||lzr dzzr d><”
ﬁ 1 2 6 6 3 ﬁ
||Expand. Identify like terms.
E dxlz3 - 2dezIz2 + de22Iz - dxdzzlz r2 + dezIz2 r —dx E22Izr E
B+ dzEsz2 - dzIsz2 - dzExEzlz dzEzIxlz B
=20 +dzExEzlzr —dzEzIxIzr 0
O O
[+ d23Ex r2 + dAIx r? |
E + dxdz%Ez 12 E
||Combine|ike terms. Alphabetiz variables
Hjxlz3 - 2dezIz2 + dezzlz - dxdzzlz r 2 + dezIz2 r—dx Ezzlzr +dz Exlz2 —-dzlx Iz2 H
=2
U U
[T dzExEzlz+dzEzlIx Iz+ dzExEzlz r - dzEzIx Izr - dz%Exr? + dZ8Ixr 2 + dxdz?Ezr 2 O
|| Rewrite.
_ 2 2.2
= —2(dzEx- dxEz-dzIx+ dxIz)(Ezlz— 1z - Ezlzr +dz"r ™) (Al.4.1-1)

||factor by inspection Thisis motivatedby the need to endup with aformlike A1-1.
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Al.4.2 Solvefor Fx Numerator:
Continue with the numerator multiplied by (I1z-Ez+rdz)(lz-Ez-rdz) and proceed as follows:

%dza‘x ~rdx+ (Ex - 1x + rdx 1z - rdz)%x +rx + (Ex - Ix - rdx )(1z + rdz)

lz-Ez+rdz

lz-Ez-rdz
[l

(Iz- Ez+rdz)(Iz - Ez- rdz) 4 AxDzEIx +rdx + (Ex - bx - raxJiz + rdz)E
B lz-Ez+rdz
AzDxClx — rdx + (Ex - Ix+ rdxXIz - rdz)
lz-Ez-rdz

= 2dz[(|z - Ez-rdz)(Ix — rdx) + (Ex -Ix+ rdxXIz - rdz)]
[(Iz -Ez+ rdz)(lx + rdx) + (Ex - Ix- rdx)(lz + rdz)]—
AxDz(lz - Ez - rdz)[(lz - Ez + rdz)(Ix + rdx) + (Ex -Ix - rdxXIz + rdz)] +
AzDx(lz - Ez+ rdz)[(lz -Ez- rdeIx - rdx)+ (Ex - Ix+ rdx)(lz - rdz)]
|muttiply throughby (Iz - Ez + rdz)(1z - Ez - rdz)

%lez”1 -IXEz- ||Ixr dz||2 - ||r dxlz ||3 +r dx Ez+||r dxr dz ||4 O
=2dz

E+ Iz Ex— ||Iz Ix||1 + ||Izr dx||3 -rdzEx+ ||r dzlx”2 —||r dzr dx|| 4 E

lez||5 - IXEz + ||Ix r dz|| 6 + ||rdx|z||7 -rdx Ez + ||rdx rdz||8 O
Er IzEx - ||Iz|x||5 - ||Izrdx||7 +rdz Ex - ||rdz Ix||6 - ||rdz rdx||8 E_

Ix1z||, - Ix Ez H|Ix rdz +|rdx Iz|[, . — rdx Ez +| rdx rdz O
AxDz(lz - Ez - rdz)% ”9 +” ”10 ” ”11 ” ”12 O+
%L Exlz + Exrdz—”lx Iz||9 - ||Ix rdz ||10 - ||rdx Iz ||11 - ||rdx rdz” 12 E
a| Ix Iz||13 -IxEz- ||Ix rdz”14 - ||rdx Iz||15 + rdx Ez + ||rdx rdz”16 [l

AzDx(l1z - Ez + rdz)
a— Exlz - Exrdz - ||Ix Iz|| 13+ || IX rdz ||14 +||rdx Iz ||15 - || rdx rdz||1GH

|| expandandidentify like terms

MmOoOoOoodgod
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= 2dz[(Esz - Ezlx)— (Exr dz- Ezr dx)][(Esz - Ezlx)+ (Exr dz-Ezr dx)]
- AxDZlz - Ez- rdz)[Esz + Exrdz- Ix Ez- rdx Ez]
+ AzDXlz- Ez+ rdz)[Esz— Exrdz- Ix Ez+ rdx Ez]

|| Cancelike terms. Expand

= 2dz[(Esz - Ezlx)2 - (Exrdz - Ezrdx)z]
- AxDZlz - Ez- rdz)[Esz + Ex rdz-IXxEz-r dx Ez]
+ AzDXlz- Ez+ rdz)[Esz - Exrdz—Ix Ez+rdx Ez]

use:(A +B)(A-B) = A2 - B2

= 2dz[Ex2 Iz2 - 2ExEzIx Iz + Ez2 Ix2 - Ex2 r2dz2 + 2 ExEzrdxrdz- dx2Ez2 r2

LIz Exlz + ||Iz Exr dz”l —lzIxEz-l1zrdxEz - EzExlz-EzExr dz+ EzIx Ez+ Ezr dxEz
- AxD4]

g—”r dzEsz||1 —rdzExrdz+rdzIxEz+rdzrdxEz

Lz Exlz—”lz Exr dz”2 —lzIxEz+lzrdxEz —-Ez Exlz+ EzExr dz+EzIx Ez—Ezr dxEz
+ AzDX ]

a—” r dzEsz||2 —rdzExrdz-r dzIx Ez+r dzr dxEz

mOoO mon

|| Expand. ldentifylike terms

= 2dz[Ex2 Iz2 - 2ExEzIx Iz + Ez2 Ix2 - Ex2 r2dz2 + 2dxdzEszr2 - dx2Ez2 r2]

%xlz2 -EzIxlz —dxEzlzr -ExEzlz-dzExEzr +Ez2 Ix+de22r
- AxDz

—dz2 Exr2 +dzEzIxr + dxdzEzr2

><%xlz2 —EzIxlz + dxEzlzr —Ex Ezlz+dzExEzr +Ez2 IX —dez2 r
+ AzD

- dz2 Ex r2 - dzEzIxr + dxdzEzr2

Mmoo eOom

|| Cancelike terms. Alphabetizvariables.

= 2dz[Ex2 Iz2 - 2ExEzIx 1z + Ez2 Ix2 - Ex2 r2dz2 + 2dxdzEszr2 - dx2Ez2 r2]

2 2 2

—AxDz%xlzz—EzIsz—EszIz+Ez Ix—dzZExr + dxdzEzr +(—dezIzr—dzEszr+de22r+dzEzIer

+ AzD><%xlz2 -EzIx1z- ExEzlz + Ez2 Ix—dz2 Exr2 +dxdzEzr2 - E» dxEzlzr —dzExEzr +dez2 r +dzEzIxr%

|| Reassociat
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2

= 2dz|_Ex2 Iz2 - 2ExEziIx 1z + Ez Ix2 - Ex2 r2dz2 + 2dxdzEszr2 - dx2Ez2 rzj—

- (Ix - dx)(lz + dz)

%xlz2 -EzIx1z- ExEzlz + Ez2 Ix —dz2 Exr2 + dxdzEzr2 + (— dxEzlzr —dzExEzr + dez2 r +dzEzIer

+ (Iz - dz)(lx + dx)

%xlz2 —-EzIxlz- ExEzlz + Ez2

Ix —dz2 Exr2 + dxdzEzr2 - ﬁ— dxEzlzr —dzExEzr + dez2 r +dzEzIxr%

|| Substitutefor Ax,AzDx, Dz.

=2dz Ex2 Iz2 - 2ExEzix Iz + Ez2 x2

((lez - dxdz)+ (dzlx - dxlz»

%xlz2 -EzIxlz- ExEzlz + Ez2 Ix - dz2 Exr2 + dxdzEzr2 + (— dxEzlzr —dzExEzr + dez2 r +dzEzIer+

((lez - dxdz)— (dzlx - dxlz))

%xlz2 -EzIxlz- ExEzlz + Ez

| —Ex2r2d22+2dxdzEszr2—dx2E22r ]—

2 Ix—dz2 Exr2 +dxdzEzr2 - @dezlzr -dzExEzr +de22r+dzEzIxr%

|| Expand.

2.2

= 2dz[Ex2 Iz2 - 2ExEziIx Iz + Ez® Ix© - Ex2 rzdz2 + 2dxdzEszr2 - dx2Ez2 r2]

- 2(dz|x - dxlz)%xlz2 ~EzIx Iz- ExEzlz + EZ% Ix - dz% Exr > + dxdzEzr 2 E

- 2(Ix|z - dxdz)(— dxEzlzr —dzEXEz r + dx Ez2 r+dzEzIx r)
Use: -(A +B)(C+D)+ (A -B)(C-D) =-2BC-2AD

whereA = Ix |1z-dzdz, B =dzlx-dxlz, C= EzIx2 -EzIxlz...... , D=-dxEzlz-dzExEzr.....

0
[szx2 Iz2 - 2dzExEziIx Iz + dzEz2 Ix2 - dzEx2 r2dz2 + 2dzdxdzEszr2 - dzdszz2 r2

2 2

O 2 2 2
N szIxEsz —dzIxEzIxlz-dzIXExEzlz + dzIX Ez” Ix = dzIxdz® Exr © + dzIx dxdzEzr

=2

O

0
(] [ dxlz Exlz2 + dxIz EzIx Iz + dxIz EXEzlz — dxIz EZ Ix + dxIz dz2 Exr 2 - dx|z dxdzEzr 2

|

O H— IXIZdxEzlzr - IXIZdZEXEz r + IXIZdXEZ r + IxlzdzEzIxr H
[ [l
ﬁ [f dxdzdxEzlzr + dxdzdzEXEz r — dxdzdx Ez r - dxdz dzEzIxr 0

mmooHeS oo

|| Factorout2. Expand.



] i

0 [
[;izEx2 122 - 2dzEXEzIx Iz + dzEZ? Ix? — dz5 Ex? 1 2 + 2dxdz? ExEzr 2 - dx?dzEz? 12 ]

H
ZD szExIx 122 ~dzEzIx? Iz - dzExEzIx Iz + dzEZ? Ix2 —dz3 ExIxr 2 + dxdzZ EzIxr2 ﬁ

O]
0 E— dxExIz3 + dxEzIx 122 + dXExEzlz2 - dxEZ? Ix 1z + dxdz? Exlzr 2 - dx?dzEzlzr 2 %

W
O H dXEzIXIz2 r —~dzEXEzIxIz 1 + dxEZ2 IXIzr +dzEzIx2Izr H

0
[]
0 42 2 2 47ES2 2 0
[ dx© dzEzlzr + dxdz® ExXEz r —dx“ dzEz® r — dxdz“EzIxr ]

|| Alphabetiz terms.

sz Ex2 Iz2 - 2||dz ExEzIx Iz||1 +||dz Ez2 Ix2 - dz3 Ex2 r2 + 2dxdz2 Ex Ezr2 - dx2dz Ez2 r2 H
0 2
B— dzExIx Iz2 +dzEzIx2 Iz+||dzEszIx Iz||1 - dzEz2 Ix2 +dz3 Exlxr2 —dxdz2 Ezlxr2
2
U

=20k desz3 - dxEzlx Iz2 —deszIz2 + dez2 IX Iz—dxdz2 Exlzr2 + dxzdzEzIzr2
O
[+ dxEz Isz2 r +dzExEzIxlz r —dez2 IXlzr —dzEzIx2

O
[+ dx2 dzEzlzr - dxdz2 ExEzr + dx2 dzEz2 r+ dxdz2 EziIxr

:

lzr

I

|| Expandout —1. Identifylike terms.

- dz3 Ex2 r2 + 2dxdz2 Eszr2 - dx2dzEz2 r2
2

BJIZEX2 Iz2 —-dzExEzlIx Iz
O
T dzExIx Iz2 +dzEzIx2 Iz +dz3 ExIxr 2 —dxdz2 Ezixr

= 2%4- desz3 - dxEzlx Iz2 —deszIz2 + dez2 IX Iz—dxdz2 Exlzr2 + dxzdzEzIzr2

0 2 2

D+ dxEzIxlz<r +dzExEzIxlz r —dez2 IXlzr —dzEzIx“lzr

I O O R A
=
N
)

% dx2 dzEzlzr - dxdz2 ExEzr + dx2 dzEz2 r+ dxdz2 EziIxr

|| Combindike terms.

=
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2

= 2(dzEx— dxEz- dzIx+ dxlz)ﬁ ||Ez|x Iz”2 + Exlz2 + ||[dxdzEzr

) - ||dxdz Ezr”6 + ||Ez|x 1z r”5 - Hdz2 Exr2

i

Factorout (dzEx - dxEz - dzlx + dxlIz). Thisis motivatedby theneedto get thefinal resultfor Fxin formAl-1. Sincethe

3

Fxdenominato(Al.4.1- 1) hasfactora = (dzEx - dXEz- dzIx + dxlz), weneedto extract tlis samdactorfrom theprevious

equation(Al.4.2-1) of thenumerator. Thisis necessargothatin thecompletdractionfor Fx, a cancel®utleavingarationallinear

equation. Tofactor(Al.4.2-1),notethat(Al.4.2- 1) has24termscountingthe2dx dZExEz? twice. Sowemustfactor
(A1.4.2-1)into a3 wherea hastheknown4 termsand 3 hasé unknown tems. Tofind thetermsof 3 makea tableof

the4 termsof a versughe24termsof (A1.4.2-1)asin Tablel. Divideeach(Al.4.2-1)termbyeach ternof a, if
possibletoyieldaquotient erm. Wemustnowfind 6 quotient ermseachof whichoccursn onecolumn(i.e.isassociated

with each ternof a). Theseguotientsermsareexactly tketermsof 3. Theresultingtermsin theabovefactorizaton are

labelecatin Table1 1

dzEx -dxEz -dzl x dxlz
dzEx? 22 Ex|Z? *1
-dzExEzlIxlz -Ez IXlz *2 ExEzlz
-dz® Ex?r? -dZ2Exr®  *3
dxdZ?ExEzr? | dxdzEzr® *4 -dZ’Exr?
dxdZ’ExEzr? | dZ’Ezr? -dZ2Exr®  *3
-dx?dzEZ r? dxdzEzr?  *4
-dzExIxI 22 -IxIZ? Ex|IZ? *1
dzEzI X%z -EzIxIz *D
dZ°ExIxr? dZ2Ixr? -dz%Exr? *3
-dxdZ’Ezl x r? -dZx r? dxdzEzr> *4
dxExlZ Ex|Z? *1
-dxEzlxI 22 IxIZ> -EzIxIz *2
-dxExEzl 22 Ex|Z? *1 -ExEzlz
dxEZ%Ixl z -EzIxIz *D EZ%Ix
-dxdZ’Exlzr? | -dxdzlz r? -dZ’Ex r? *3
dx?dzEzl z r? -dxdzlz r? dxdzEzr? *4
dxEzl xI Z%r -IxIZr Ezixlz r *5
dzExEzIxlzr Ezixlzr *5 -ExEzlzr
-dXEZIXIZ ¥ EzIxlzr *5 -EAxr
-dzEzIx4zr EzIxlzr *5
-dx?dzEzlzr dxdzlzr -dxdzEz r *6
-dxdZ’ExEzr | -dxdzEzr *6 dzZ’Exr
dx’dzEZ r -dxdzEz r *6
dxdz’EzIx r -dZxr -dxdzEzr  *6

Table1: Factoring termsfrom (A1.4.2-1) by terms of o and |abeling common results.

= —2(dzEx— dxEz-dziIx+ dez)(EzIx Iz- ExIz2 + dxdzEzr - EzIx Izr +dz? Exr 2 - dxdzEzr 2)

||factorout- 1

 While this tabular method is seemingly obvious, initial difficulty with this factorization lead us to consider that A did not
conform to A1-1 and hence was not a homology. We then sought software solutions to factor this expression and
“discovered” and used Mathematica 2.0 to get past thisstep.  Clearly, at this point we could have abandoned all our prior
manual work and replaced it with an automated approach, but we preferred to finish the work that we had started.
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Al1.4.3 Solvefor Fx Complete Fraction:
Now return to the complete fraction, cancel common expressions and then collect like terms:

Fx = 2(dzEx— dxEz- dzix+ dez)(EzIx Iz ExIz? + dxdzEzr - EzIX Izr +dz? Exr 2 - dxdzEzr 2)
X =

- 2(dzEx- dxEz-dzIx+ dxI2)(Ezlz- Iz2 -Ezlzr + dzzr 2)
(Ezlx Iz - ExIz2 + dxdzEzr - EzIx Izt + dz2 Exr 2 —dxdzEer)

%)
Ex(dzzr 2_ I22)+ Ez(lxlz +dxdzr - Ixlzr - dxdzr2)
Ez(lz(l— r))+ (dzzr2 - Izz)

Ex(dzzr 2122 )+ Ez(l— r)(lxlz + glxdzr)
Ez(lz(l— r))+ (dzzr 2_ Izz)

(Ezlz—- Iz2 - Ezlzr + dzzr

Al1l5 Solvefor Fy

Using aparallel derivationasin A1.4:

_ Ey(dzzr2 - I22)+ Ez(l— r)(lylz + gydzr)

Ez(lz(l— r))+ (dzzr2 - Izz)

Fy

Al.6 Solvefor Fz

Using theinitial results from Al.4:

B DzAx- DzGx+ AzGx— AzDx H
Hz-Dz) + Dz
[F AzDx+ AxDz- DzGx+ AzHx[]
DzAx- DzGx+ AzGx— AzDx
= -Dz) + Dz [Hz=0
[+ AzDx+ AxDz- DzGx+ AzHx[]

Fz=td(Hz-Dz)+ Dz =

Rewrite the expression over a common denominator and simplify using Hz=0:

_ (DzAx- DzGX(-D2) + (AzGx~ AzD¥(-Dz) + Dz(~ AzDx+ AxDz~ DzGx+ AzHX)
- — AzDx+ AxDz—- DzGx+ AzHx
||DzAxD)f|1 +|DzGxDF , ~ AzGxDz+ |AzDxD7 4" |DzAzDY At ||DzAxD)f|1 - |DzDzGH , + DzAzHx

Fz

— AzDx+ AxDz—- DzGx+ AzHXx

AzDzHx- AzDzGx
- ||Cancebommon tams.

- AzD»y + AxD:z - DzGy + AzH»

Asin Al.4 proceed by treating the numerator and denominator separately and multiply both by “(1z-Ez-rdz)(1z-Ez+rdz)”.

23



A1.6.1 Solvefor Fz Numerator

Begin with the numerator multiplied by (1z-Ez+rdz)(l1z-Ez-rdz) and proceed as follows:

(lz-Ez+rdz)(Iz-Ez- rdz)(— AzDzGx+ AzDzH>)
= AzDZAIz - Ez+rdz)(Iz - Ez- rdz)(Hx — GX)
= AzDZAlz - Ez+rdz)(I1z - Ez-rd2)

%x frdx+ (Ex— Ix = rdx)(lz + rdz)%_ %x rdx+ (Ex— IX + rdxXIz - rdz)%

Iz-Ez+rdz Iz-Ez-rdz

| Substitutefor Hx (A1.2), Gx (A1.3)

(Ex— Ix - rdxXIz + rdz) (Ex— Ix + rdx)(lz - rdz)ﬁ

= AzDZAlz - Ez+rdz)(I1z - Ez-rdZ)[Rr dx + -
lz-Ez+rdz lz-Ez-rdz

||Combine|ike terms.

BZr dX¥|(1z - Ez+ rdz)(1z - Ez~- rolz)||1 B
= AzDZ{+ (I1z - Ez~- rdz)(Ex— Ix - rdx)(lz +rdz) U
-(lz-Ez+ rdz)(Ex— Ix + rdxXIz -rdz

2
||Mu|tiply throughby (I1z — Ez + rdz)(Iz— Ez - rdz). Identify partsfor nextstep.

BZr dxﬁlz - Ez)2 ~r2dz2 ﬁ-%

= AzDZ7 E
BZ((lZ - Ez)rdz(Ex— Ix)+ r2dz?r dx— (Iz - Ez)rdx lz-rdz (Ex— Ix)lz)H
Partl: Use(A - B)(A +B) = A2 - B2

Part2 : Use(A - B)(C-D)(E +B) - (A + B)(C+D)(E-B) = 2(ABC+ BZD - ADE - BCE)
A=1z-Ez, B=rdz, C=Ex-Ix, D=rdx, E=1z, B=rdz

BZr dxglz - Ez)2 —r2dz2 ﬁ-%

= AzDz7]
BZ (IzEx— IzIx - EZEx+ Ezlx)rdz +dxdz?r 3 - (Izr dxlz-Ezr dxlz )— rdz1z Ex +r dzlz IX)H

O

|| Expand.

24



dez2 - 2dxEzlzr + dezzr - dxdzzr3

o

20

-
- AZD% H|I2Exrdz”4 ||Iz|xrdz||3 - EzExrdz+ Ezixrdz +

H H+||r dzlz Ix||3

|| Expandand identify like terms.

dxdzzr3

- ||Iz r dez”1 + Ezrdxlz - ||rdz Iz Ex”4

2

= 2AzDz(— 2dxEzlzr + dxEz“r — dzEXEz + dzEzIxr +dxEzlzr )

|| Factorout2. Combine like termsandalphabetiz variables

= 2(Iz - dz)(lz + dz)(— 2dxEzlzr + dx Ezzr + dxEzlzr — dzExEzr + dzEzIxr)
||Substitutefor A, D from (Al1.1).

= 2622 - dz2 X— 2dxEzlzr + dx Ezzr + dxEzlzr —dzExEzr + dzEzIxr)
||Expand.

ZH— 2I22dx Ezlzr + Izzdx Ezzr + IzzdezIzr - IzzdzEszr + IzzdzEzIxr H

E— ~dz22dxEzlzr + —dz2dx EZ?r + —dz2dxEzlzr - -dz2dzEXEzr + -dz2dzEzIxr E

||Expand.

2||dx EzIz + dx Ez2 2r + dezIz3 rif - dzEszIz2 r +dzEzIx Iz

_5 1

- dxdz2 Ezzr - dxdzZEzIzr + dz3Ex Ezr - dz3EzIxr

2
|alphabetiz andidentify like terms.

2 dxdz Ezlzr

[ -

.
3

2

H—dezIz3 r +de22Iz r—dzEszIz2 r +dzEzIx Iz r

Eﬁ-dxdz Ezlzr - dxdz2 Ez%r + dz5ExEzr - dZ°Ezixr E

||Combine like terms.

H— dez3 + dx EzIz2 - dzEx Iz2 +dz IX Iz2 H
= 2Ezr

[ dxdz? 1z - dxdz? Ez +dz3Ex- dZ3Ix E

||Factorout Ezandr.

=2Ez r(dzz-lzz) (dz Exdx Ez-dz kX + dx 12)

||Factor.

HBEEhom



Al1l.6.2 SolveFor Fz Denominator

Simplifying the denominator is practically completed from derivation A1.4.1.

Den = (I1z-Ez-rd}(I1z-Ez+ rdz)(— AzDx+ AxDz- DzGx+ Asz)
= —(Iz-Ez-rdz)(Iz-Ez+ rdz)(Asz— AxDz+ DzGx- Asz)
Thisfrom theresultof Al.4.1which
= —% Z(dzEx— dxEz- dzIx+ dxlz)BEzlz— 12 - Ezlzr + dz%r ? @E founda nearlyidenticalexpressiorior thedenominatoof
Fx multipliedby (Iz - Ez - rdz)(I1z- Ez + rdz).

= Z(dzEx— dxEz- dzIx+ dez)(EzIz— Iz2 -Ezlzr + dzzr 2 )

Al1l.6.3 SolveFor Fz Fraction

Now return to the complete fraction, cancel common expression and collect like terms:

2 Ez 1(d2-122) (dz Ex-ok Ez-dz Ix dx I2)
Fz= ( 2 22
2(dzEx— dxEz- dzix+ dez)(EzIz— Iz® - Ezlzr +dz"r )

_ Ezr (dzzl-lzz)

) Ez(lz(l— r))+ (dzzr2 - I22)

||Cancebommorfactorsandfactordenominato

Al.7 Rewritein matrix form

Rewriting these equations in matrix from yields 4

gdzzr2 - Izz) 0 (1— r)(lxlz + dxdzr) 0 0
2.2 2 U

A = U 0 dz°r< -z (1—r)(|y|z+dydzr) 0 O
B 0 0 r(dz2-122) 0 B

5 o 0 1z(L-r) dz’r? - 1z°8

Note this will degenerate to a singular transform if any of the 4 true or false eye points become embedded in the view plane,
but in practice this should not happen. Hence weignorethiscase. Given this assumption and the fact that scalar multiples
of a projective transformation matrix are equivalent rewrite A:
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a 0 (1—r)(|x|z+dxdzr) OD
. 22-z22 g
%) 1 (1—r7XIyIz+dydzr) o0
A=[] dzzrz—lz2 B
%) 0 r(dzz-lzz) OD
0 dz2r2 - 122 E
o 270D - 4n
£ d22r2—lz2 £
Finally 4 can be decomposed as follows:
A =DBprgject * Ascale® 2 shear
a1 o 0 Ol 0 0 0 (1—rXIsz+dxdzr) OD
0
o 1 0 oL 1 0 0 dzfr® - 1z° O
:%) 0 1 o K(dz2-122) (= iyiz + dydar) ol
B o 210 4 dzzrz—_lzz . d22r21_|22 OB
2.2
- 0 0 1
E r(dz=-1z%) @ 0 0 1%
For completeness 4 ™ can be found component wise:
A—lz -1 1 A1
Shear ~Scale Project
H 0 —(1—rXIsz+dxdzr) 0 0 0 oo o 0 o0
0 dz2r2 - 122 1 0 o 1 0 ot
:%) 1 -0 Jytz + dydzr) 0 dz%r2 - 122 % 0 1 0%
dz2r 2 - 122 2.2 0 - lz(1-r)
%) 0 1 0 r(dz<-1z<) Ul —= 7 10
N . L0 o 0 1HH  r@z®2?) H
% 0 —(1—rXIsz+dxdzr) OB
0 K(dz2-122) 0
%) 1 —(1—r)(|y|z+dydzr) OD
0 K(dz2-122) B
- 2.2 _,,2
% 0 dzer< -1z OB
0 r(dzz-lzz) O
%} 0 -1z(1-r) l%
0 r(dz2-122) 0
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