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Abstract

In the multi-armed bandit problem, a gambler must decide which arm of K non-identical
slot machines to play in a sequence of trials so as to maximize his reward. This classical
problem has received much attention because of the simple model it provides of the trade-off
between exploration (trying out each arm to find the best one) and exploitation (playing the
arm believed to give the best payoff). Past solutions for the bandit problem have amost always
relied on assumptions about the statistics of the slot machines.

In thiswork, we make no statistical assumptions whatsoever about the nature of the process
generating the payoffs of the ot machines. We give a solution to the bandit problem in
which an adversary, rather than a well-behaved stochastic process, has complete control over
the payoffs. In a sequence of T' plays, we prove that the per-round payoff of our algorithm
approaches that of the best arm at the rate O (T'~*/2). We show by a matching lower bound
that thisis best possible.

We also prove that our algorithm approaches the per-round payoff of any set of strategies
at asimilar rate: if the best strategy is chosen from a pool of N strategies then our algorithm



approaches the per-round payoff of the strategy at the rate O((log N)/27~1/2). Finally, we
apply our results to the problem of playing an unknown repeated matrix game. We show that
our algorithm approaches the minimax payoff of the unknown game at the rate O(7~/2).

Keywords. adversarial bandit problem, unknown matrix games
AM S subject classification: 68Q32 68T05 91A20

1 Introduction

In the multi-armed bandit problem, originally proposed by Robbins [19], a gambler must choose
which of K slot machinesto play. At each time step, he pulls the arm of one of the machines and
receives areward or payoff (possibly zero or negative). The gambler’s purpose is to maximize his
return, i.e. the sum of the rewards he receives over a sequence of pulls. In this model, each arm is
assumed to deliver rewards that are independently drawn from a fixed and unknown distribution.
Asreward distributionsdiffer from arm to arm, the goal isto find the arm with the highest expected
payoff as early as possible, and then to keep gambling using that best arm.

The problem is a paradigmatic example of the trade-off between exploration and exploitation.
On the one hand, if the gambler plays exclusively on the machine that he thinksis best (* exploita-
tion”), he may fail to discover that one of the other arms actually has a higher expected payoff.
On the other hand, if he spends too much time trying out al the machines and gathering statistics
(“exploration”), he may fail to play the best arm often enough to get a high return.

The gambler’s performance is typically measured in terms of “regret”. Thisis the difference
between the expected return of the optimal strategy (pulling consistently the best arm) and the
gambler’s expected return. Lai and Robbins proved that the gambler’s regret over T pulls can be
made, for 7' — oo, assmall as O(In T'). Furthermore, they prove that this bound is optimal in the
following sense: it does not exist a strategy for the gambler with a better asymptotic performance.

Though this formulation of the bandit problem alows an elegant statistical treatment of the
exploration-exploitation trade-off, it may not be adequate to model certain environments. As a
motivating example, consider the task of repeatedly choosing a route for transmitting packets be-
tween two points in a communication network. To cast this scenario within the bandit problem,
suppose thereisaonly afixed number of possible routes and the transmission cost is reported back
to the sender. Now, it islikely that the costs associated with each route cannot be modeled by a
stationary distribution, so a more sophisticated set of statistical assumptionswould be required. In
genera, it may be difficult or impossible to determine the right statistical assumptionsfor a given
domain, and some domains may exhibit dependencies to an extent that no such assumptions are
appropriate.

To provide a framework where one could model scenarios like the one sketched above, we
present the adversarial bandit problem, a variant of the bandit problem in which no statistical
assumptions are made about the generation of rewards. We only assume that each slot machineis
initially assigned an arbitrary and unknown sequence of rewards, one for each time step, chosen
from abounded real interval. Each timethe gambler pullsthe arm of a glot-machine he receivesthe
corresponding reward from the sequence assigned to that slot-machine. To measure the gambler’s
performance in this setting we replace the notion of (statistical) regret with that of worst-case
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regret. Given any sequence (ji, .. ., jr) of pulls, where T > 0 is an arbitrary time horizon and
each j; is the index of an arm, the worst-case regret of a gambler for this sequence of pullsis
the difference between the return the gambler would have had by pulling arms j4, . .., jr and the
actual gambler’sreturn, where both returns are determined by the initial assignment of rewards. It
is easy to see that, in this model, the gambler cannot keep his regret small (say, sublinear in T") for
all sequences of pullsand with respect to the worst-case assignment of rewards to the arms. Thus,
to make the problem feasible, we allow the regret to depend on the “hardness’ of the sequence of
pullsfor whichit ismeasured, where the hardness of asequence isroughly the number of timesone
has to change the slot machine currently being played in order to pull the armsin the order given
by the sequence. Thistrick allowsusto effectively control the worst-case regret simultaneously for
all sequences of pulls, even though (as one should expect) our regret bounds become trivial when
the hardness of the sequence (j, . . ., jr) we compete against getstoo closeto 7.

As aremark, note that a deterministic bandit problem was also considered by Gittins [9] and
Ishikidaand Varaiya[13]. However, their version of the bandit problemisvery different from ours:
they assume that the player can compute ahead of time exactly what payoffs will be received from
each arm, and their problem is thus one of optimization, rather than exploration and exploitation.

Our most general result isa very efficient, randomized player algorithm whose expected regret
for any sequence of pullsist O(S\/KT In(KT)), where S is the hardness of the sequence (see
Theorem 8.1 and Corollaries 8.2, 8.4). Note that this bound holds simultaneously for all sequences
of pulls, for any assignments of rewards to the arms, and uniformly over the time horizon 7'. If the
gambler iswilling to impose an upper bound S on the hardness of the sequences of pullsfor which
he wants to measure hisregret, an improved bound O(/SKT In(KT')) on the expected regret for
these sequences can be proven (see Corollaries 8.3 and 8.5).

With the purpose of establishing connections with certain results in game theory, we also ook
at a special case of the worst-case regret, which we call “weak regret”. Given a time horizon
T, cal “best arm” the arm that has the highest return (sum of assigned rewards) up to time 7T’
with respect to the initial assignment of rewards. The gambler's weak regret is the difference
between the return of this best arm and the actual gambler’s return. In the paper we introduce
a randomized player algorithm, tailored to this notion of regret, whose expected weak regret is
O(VKGmax In K), where G, is the return of the best arm — see Theorem 4.1 in Section 4.
As before, this bound holds for any assignments of rewards to the arms and uniformly over the
choice of thetime horizon 7. Using a more complex player algorithm, we a so prove that the weak
regret isO(/ KT In(KT/§)) with probability at least 1 — ¢ over the algorithm’s randomization,
for any fixed 6 > 0, see Theorems 6.3 and 6.4 in Section 6. This also implies that, asymptotically
for T'— oo and K constant, the weak regret is O(/7'(In T")'+#) with probability 1 for any fixed
e > 0, see Corollary 6.5.

Our worst-case bounds may appear weaker than the bounds proved using statistical assump-
tions, such as those shown by Lai and Robbins[14] of the form O(In T"). However, when compar-
ing our resultsto those in the statisticsliterature, it isimportant to point out an important difference
in the asymptotic quantification. In the work of Lai and Robbins the assumption is that the dis-
tribution of rewards that is associated with each arm is fixed as the total number of iterations T’
increases to infinity. In contrast, our bounds hold for any finite 7', and, by the generality of our

Though in this introduction we use the compact asymptotic notation, our bounds are proven for each finite 7' and
almost always with explicit constants.



model, these bounds are applicable when the payoffs are randomly (or adversarialy) chosenin a
manner that does depend on T'. It is this quantification order, and not the adversarial nature of our
framework, which is the cause for the apparent gap. We prove this point in Theorem 5.1 where we
show that, for any player algorithm for the K -armed bandit problem and for any 7', there existsa
set of K reward distributions such that the expected weak regret of the algorithm when playing on
these arms for 7' time stepsis Q(vV'KT).

So far we have considered notions of regret that compare the return of the gambler to the
return of a sequence of pulls or to the return of the best arm. A further notion of regret which
we explore is the regret for the best strategy in a given set of strategies that are available to the
gambler. The notion of “strategy” generalizes that of “sequence of pulls’: at each time step a
strategy gives a recommendation, in the form of a probability distribution over the K arms, asto
which arm to play next. Given an assignment of rewards to the arms and a set of N strategies
for the gambler, call “best strategy” the strategy that yields the highest return with respect to this
assignment. Then the regret for the best strategy is the difference between the return of this best
strategy and the actual gambler’s return. Using a randomized player that combines the choices of
the IV strategies (in the same vein as the algorithms for “prediction with expert advice” from [3]),
we show that the expected regret for the best strategy is O(v KT In N) — see Theorem 7.1. Note
that the dependence on the number of strategies is only logarithmic, and therefore the bound is
guite reasonable even when the player is combining a very large number of strategies.

The adversarial bandit problem is closely related to the problem of learning to play an un-
known N-person finite game, where the same gameis played repeatedly by N players. A desirable
property for a player is Hannan-consistency, which is similar to saying (in our bandit framework)
that the weak regret per time step of the player converges to 0O with probability 1. Examples of
Hannan-consistent player strategies have been provided by several authorsin the past (see [18] for
asurvey of these results). By applying (sight extensions of) Theorems 6.3 and 6.4, we can prove
provide an example of a simple Hannan-consistent player whose convergence rate is optimal up to
logarithmic factors.

Our player algorithms are based in part on an algorithm presented by Freund and Schapire [6,
7], which in turn is a variant of Littlestone and Warmuth’s [15] weighted magjority algorithm, and
Vovk’s [20] aggregating strategies. In the setting analyzed by Freund and Schapire the player
scores on each pull the reward of the chosen arm, but gains access to the rewards associated with
all of the arms (not just the one that was chosen).

2 Notation and terminology

An adversarial bandit problemis specified by the number K of possible actions, where each action
is denoted by aninteger 1 < ¢ < K, and by an assignment of rewards, i.e. an infinite sequence
xz(1),x(2),... of vectors z(t) = (x1(¢),...,2x(t)), where z;(t) € [0, 1] denotes the reward
obtained if action ¢ is chosen at time step (also called “trial”) ¢. (Even though throughout the
paper we will assume that all rewards belong to the [0, 1] interval, the generalization of our results
to rewards in [a, b] for arbitrary a < b is straightforward.) We assume that the player knows the
number K of actions. Furthermore, after each trial ¢, we assume the player only knowsthe rewards
x;, (1), ..., z; (t) of the previously chosen actionsiy, . . ., i;. Inthisrespect, we can view the player



agorithmasasequence I, I, . . ., where each I, isamapping fromtheset ({1,..., K} x[0,1])"*
of action indices and previous rewards to the set of action indices.
For any reward assignment and for any 7" > 0, let

T
Ga(T) = Y i (t)
t=1
be the return at time horizon 7" of algorithm A choosing actionsi, is, . . .. Inwhat follows, we will
write G 4 instead of G 4(T") whenever the value of T is clear from the context.
Our measure of performance for a player agorithm is the worst-case regret, and in this paper
we explore variants of the notion of regret. Given any time horizon 7' > 0 and any sequence of
actions (jy, - - ., jr), the (worst-case) regret of algorithm A for (51, .. ., jr) isthe difference

where
T
def
Gljrrir) = Y T3, (8)
t=1
isthereturn, at time horizon 7', obtained by choosing actions j4, . . ., jr. Hence, theregret (1) mea

sures how much the player lost (or gained, depending on the sign of the difference) by following
strategy A instead of choosing actions j4, ..., jr. A specia case of thisisthe regret of A for the
best single action (which we will call weak regret for short), defined by

Gmax (T) - GA (T)

where

T
Gmax(T) & max > z;(t)

J t=1
is the return of the single globally best action at time horizon T". As before, we will write G 1.«
instead of G, (T") Wwhenever the value of T is clear from the context.

As our player algorithms will be randomized, fixing a player algorithm defines a probability
distribution over the set of all sequences of actions. All the probabilities P{-} and expectations
E[-] considered in this paper will be taken with respect to this distribution.

In what follows, we will prove two kinds of bounds on the performance of a (randomized)
player A. Thefirst isabound on the expected regret

jr) — E[GA(T)]

of A for an arbitrary sequence (ji,...,jr) of actions. The second is a confidence bound on the
weak regret. Thishasthe form

.....

P{Guax(T) > G4(T)+c} <6

and states that, with high probability, the return of A up to time 7 is not much smaller than that of
the globally best action.

Finally, we remark that all of our bounds hold for any sequence (1), z(2),... of reward
assignments, and most of them hold uniformly over the time horizon 7T (i.e., they hold for al T
without requiring 7" as input parameter).



Algorithm Exp3
Parameters: Real v € (0, 1]
Initialization: w;(1) =1fori=1,..., K.

Foreacht=1,2,...
1. Set
w;(t)

(1Y T
) = (=)

2. Draw i, randomly accordingly to the probabilitiesp,(t), ..., px (t).

i=1,..., K.

3. Receivereward z;,(t) € [0, 1].

4, Forj=1,..., K st

0 otherwise,
wi(t+1) = w;(t) exp (y3;(t)/K) .

#i(t) = {xj(t)/pj(t) ifj =1

Figure 1. Pseudo-code of algorithm Exp3 for the weak regret.

3 Upper boundson theweak regret

In this section we present and analyze our simplest player algorithm, Exp3 (which stands for
“Exponential-weight algorithm for Exploration and Exploitation™). We will show a bound on the
expected regret of Exp3 with respect to the single best action. I1n the next sections, we will greatly
strengthen this result.

The algorithm Exp3, described in Figure 1, is a variant of the algorithm Hedge introduced
by Freund and Schapire [6] for solving a different worst-case sequential allocation problem. On
each time step ¢, Exp3 draws an action i, according to the distribution p;(¢), ..., px(t). This
distribution is a mixture of the uniform distribution and a distribution which assigns to each action
a probability mass exponential in the estimated cumulative reward for that action. Intuitively,
mixing in the uniform distribution is done to make sure that the algorithm tries out all K actions
and gets good estimates of the rewardsfor each. Otherwise, the algorithm might missagood action
because the initial rewards it observesfor this action are low and large rewards that occur later are
not observed because the action is not selected.

For the drawn action i,, Exp3 sets the estimated reward i;,(¢) to z;,(t) /p;,(t). Dividing the
actual gain by the probability that the action was chosen compensates the reward of actions that
are unlikely to be chosen. This choice of estimated rewards guarantees that their expectations
are equal to the actual rewards for each action; that is, E[z,(t) | i1,...,4-1] = x;(t), where the
expectation is taken with respect to the random choice of ; at trial ¢ given the choicesiy, ..., 1



inthe previoust — 1 trias.
We now give the first main theorem of this paper, which bounds the expected weak regret of
algorithm Exp3.

Theorem 3.1 For any K > 0 and for any y € (0, 1],

KInK
Gmax - E[GExp.‘}] S (6 - ]-)’YGma,x + =

holds for any assignment of rewards and for any 7" > 0.

To understand this theorem, it is helpful to consider a simpler bound which can be obtained by an
appropriate choice of the parameter ~.

Corollary 3.2 For any T' > 0, assumethat ¢ > G ,.x and that algorithm Exp3 is run with input
parameter
. KhnK
y=min 1,4/ —— 7.
(e—1)g

Gmax — E[GExp3] < 2Ve — 1\/gK In K <263/gKInK
holds for any assignment of rewards.

Then

Proof. If ¢ < (KInK)/(e—1),thentheboundistrivia since the expected regret cannot be more
than g. Otherwise, by Theorem 3.1, the expected regret is at most

KhnK

(e — 1)yGmax + =2Ve—1\/gKInK

as desired. O

To apply Corollary 3.2, it is necessary that an upper bound g on G ,,.x(T") be available for tuning
~. For example, if the time horizon 7" is known then, since no action can have payoff greater than
1 on any trial, we can use ¢ = T as an upper bound. In Section 4, we give a technique that does
not require prior knowledge of such an upper bound, yielding a result which holds uniformly over
T.

If the rewards x;(t) are in the range [a, b], a < b, then Exp3 can be used after the rewards
have been translated and rescaled to the range [0, 1]. Applying Corollary 3.2 with ¢ = T givesthe
bound (b — a)2v/e — 1v/TK In K) on the regret. For instance, thisis applicable to a standard loss
model where the “rewards” fall in the range [—1, 0].

Proof of Theorem 3.1. Here (and also throughout the paper without explicit mention) we use the
following simple facts, which are immediately derived from the definitions,

B0 < 1nl) < Ky @
SN A

;pz‘(t)wz‘(t) = Pit(t)pit(t) = (1) 3)

S p0a0? = w550 <20 = Y00 @



Let W, = w;(t) + ...+ wg(t). For al sequencesi, . .., ir of actionsdrawn by Exp3,

Wi im1
_ f;wmg) exp (%@(t))
= 3O g (L)
< Zz::pl(?:z/K [1+%§c,(t)+(e—2) (%,(t))Z]
< 1+%;pz(t>y(> RS nin 0y

1= i=1

Eq. (5) usesthe definition of p;(¢) in Figure 1. Eq. (6) usesthefact that e < 1+ + (e — 2)2?

()

(6)

(7)

(8)

for

x < 1; the expression in the preceding lineis a most 1 by Eq. (2). Eq. (8) uses Egs. (3) and (4).

Taking logarithmsand using 1 + = < e” gives

in et < g LZ DY 5,

Summing over ¢ we then get

Tt < 2 G+ 2L S i)

l—n t=1 i=1

In

For any action j,

T
Wi (T+1 v
In W > In :?Z —InK.

Combining with Eq. (9), we get

I KhnK vy X
Gnpa = (1-7) 2 a4(1) = =2 = (e =2 30D ).
t=1 t=1 i=1

We next take the expectation of both sides of (10) with respect to the distribution of (i, ...

For the expected value of each i;(t), we have:

E[a(t) | v, iet] = E [ (-2 —pi(t»-o] — ).

(9)



Combining (10) and (11), we find that

T

ElGrxps] > (1-2) 3 y(1) ~ T — (e =) LIS ()

t=1 v t=1 =1

Since 5 was chosen arbitrarily and

D) @i(t) < K Gra

t=1 =1

we obtain the inequality in the statement of the theorem. O

Additional notation. As our other player algorithmswill be variants of Exp3, wefind it conve-
nient to define some further notation based on the quantities used in the analysis of Exp3.
Foreach1 < ¢ < K andfor each t > 1 define

Gi(t+1) o Zx,(s)

Git+1) € 3 ay(s)

A~ (iif A~ )
Gmax(t+1) = jmax Gi(t+1)

4 Boundson theweak regret that hold uniformly over time

In Section 3, we showed that Exp3 yields an expected regret of O (/K g In K') whenever an upper
bound ¢ on the return G, of the best action is known in advance. A bound of O(v KT In K),
which holds uniformly over 7', could be easily proven via the “guessing techniques’ which will
be used to prove Corollaries 8.4 and 8.5 in Section 8. In this section, instead, we describe an
agorithm, called Exp3.1, whose expected weak regret is O(v/ K Gax In K) uniformly over T'.
AS Grax = Gmax(T) < T, thisbound is never worse than O(v/ KT In K) and is substantially
better whenever the return of the best arm is small compared to 7.

Our algorithm Exp3.1, described in Figure 2, proceeds in epochs, where each epoch consists
of a sequence of trials. Weuser = 0,1,2, ... to index the epochs. On epoch r, the algorithm
“guesses’ abound g, for the return of the best action. It then uses this guess to tune the parameter
~ of Exp3, restarting Exp3 at the beginning of each epoch. As usual, we use ¢ to denote the
current time step.? Exp3.1 maintains an estimate G;(¢ + 1) of the return of each action i. Since
E[#:(t)] = a;(t), this estimate will be unbiased in the sense that E[G;(t + 1)] = G,(t + 1) for
al ¢ and ¢t. Using these estimates, the algorithm detects (approximately) when the actual gain of
some action has advanced beyond g,.. When this happens, the algorithm goes on to the next epoch,
restarting Exp3 with alarger bound on the maximal gain.

°Note that, in general, this t may differ from the “local variable’ ¢ used by Exp3 which we now regard as a
subroutine. Throughout this section, we will only use ¢ to refer to the total number of trialsasin Figure 2.
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Algorithm Exp3.1 R
Initialization: Lett =1,and G;(1) =0fori=1,..., K

Repeat for r =0,1,2,...
1. Letg, = (KInK)/(e —1)4".

. KInK
2. Restart Exp3 choosing v, = min < 1, s b
(6 - 1)91"

3. Whilemax; G;(t) < g, — K/, do:
(@ Let i, be the random action chosen by Exp3 and z;, (¢) the corresponding reward.
(b) Gi(t+1) = Gy(t) +a(t) fori=1,..., K.
(c)t:=t+1

Figure 2: Pseudo-code of algorithm Exp3.1 to control the weak regret uniformly over time.

The performance of the algorithm is characterized by the following theorem which is the main
result of this section.

Theorem 4.1 For any K > 0,

Gmax — E[GExp3.1] 8ve — 1/ Gunax K In K +8(e — 1)K + 2K In K

<
< 105 /GraxKIn K +13.8 K + 2K In K

holds for any assignment of rewards and for any 7" > 0.

The proof of the theorem is divided into two lemmas. The first bounds the regret suffered on each
epoch, and the second bounds the total number of epochs.

Fix T arbitrarily and define the following random variables: Let R be the total number of
epochs (i.e, thefinal valueof r). Let S, and 7T, bethefirst and last time steps completed on epoch
r (where, for convenience, we define T = T'). Thus, epoch r consists of trials S,., S, + 1,...,T,.
Note that, in degenerate cases, some epochs may be empty in which case S, = 7, + 1. Let
Ginax = Gmax(T + 1).

Lemma 4.2 For any action j and for every epoch r,

i:xit(t) > i:ij(t) —2Ve—1ygKInK .

t=S t=S
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Proof. If S, > T, (so that no trials occur on epoch r), then the lemma holds trivially since both
summationswill be equal to zero. Assumethenthat S, < 7,. Let g = g, and v = ~,.. We use (10)
from the proof of Theorem 3.1:

T, T, T, T, K

YIEAUED SEACIEE) SEALEEL RSy A0

t=S t=Sy t=1 v t=S, i=1

From the definition of the termination condition we know that GZ-(TT) < g— K/v.Usng (2), we
get i;(t) < K/v. Thisimpliesthat G;(T, + 1) < g for al i. Thus,

T, T,
. . KInK
> i (t) =) () —g(v+ (e —2) - :
t=Sr t=Sr v
By our choice for v, we get the statement of the lemma. O

The next lemmagives an implicit upper bound on the number of epochs R. Letc = (K In K) /(e —

1).
Lemma 4.3 The number of epochs R satisfies

K Gmae 1
2f 1 < — 4 =4+
c c 2

Proof. If R = 0, then the bound holdstrivially. So assume R > 1. Let z = 251, Because epoch
R — 1 was completed, by the termination condition,

~

Gma.x 2 CA:ma.x(]ﬂ’]?,—l + ]-) > gr—1 —

=4t KR =2 — K2 (12)
TR-1

Suppose the claim of thelemmaisfase. Thenz > K/c+ \/Gmax/c. Since the function cz? — K«
isincreasing for z > K/(2¢), thisimplies that

2
K Gmax K GAmaX GA’ma,x A
czZKz>c(+ ) K(C—i— >K + Gax »
C

C Cc Cc

contradicting (12). a

Proof of Theorem 4.1. Using the lemmas, we have that

T R T,
C;’Exp3.1 = Z Ty, (t) = Z Z Ly (t)
t=1 r=0 t=S,
R [T,
> rnaxz(Zij(t)—2\/e—1\/ngan>
J r=0 \t=S,



R
= Gi(T+1)—2KInK 2"
mjax ]( ) n ;
= Ghax — 2K In K (281 — 1)

: K | |G 1
> Gmax +2KInK —8KInK <+ Gim +2>
c c

~

= Goax — 2KInK —8(e — 1)K — 8v/e — 11/ Grax K In K . (13)

Here, we used Lemma 4.2 for the first inequality and Lemma 4.3 for the second inequality. The
other steps follow from definitions and simple algebra

Let f(z) =z—a/x—bforz > 0wherea = 8ve — 1VKIn K andb = 2K In K+8(e—1)K.
Taking expectations of both sides of (13) gives

~

E[GExp.‘}.l] 2 E[f(Gmax)] . (14)

Since the second derivative of f ispositivefor = > 0, f isconvex so that, by Jensen’sinequality,
E[f(Gmax)] > f(E[Gima]) - (15)

Note that,

T
E[Gmax] = E {max G (T + 1)] > max E[G,(T +1)] = maxej(t) = Gmax -
g

J J

Thefunction f isincreasingif andonly if z > a2/4. Therefore, if Gray > a?/4then f(E[Ginax]) >
[ (Gnax). Combined with (14) and (15), thisgivesthat E[Ggxps.1] > f(Gmax) Whichisequivalent
to the statement of the theorem. On the other hand, if G .. < a?/4 then, because f is non-
increasing on [0, a?/4],

f(Gmax) S f(O) =—b S 0 S E[GExp.‘}.l]

so the theorem followstrivialy in this case aswell. O

5 Lower boundson theweak regret

In this section, we state a lower bound on the expected weak regret of any player. More precisely,
for any choice of the time horizon T" we show that there exists a strategy for assigning the rewards
to the actions such that the expected weak regret of any player algorithm is Q(+/KT). Observe
that this does not match the upper bound for our algorithms Exp3 and Exp3.1 (see Corollary 3.2
and Theorem 4.1); it is an open problem to close this gap.

Our lower bound is proven using the classical (statistical) bandit model with an crucial differ-
ence: the reward distribution depends on the number K of actionsand on thetime horizon 7. This
dependence is the reason why our lower bound does not contradict the upper bounds of the form
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O(InT) for the classical bandit model [14]. There, the distribution over the rewards is fixed as
T — oo.

Note that our lower bound has a considerably stronger dependence on the number K of action
than the lower bound © (/T In K'), which could have been proven directly from theresultsin[3, 6].
Specificaly, our lower bound implies that no upper bound is possible of the form O(T¢(In K)?)
where0 < a < 1,3 > 0.

Theorem 5.1 For any number of actions K > 2 and for any time horizon 7", there exists a distri-
bution over the assignment of rewards such that the expected weak regret of any algorithm (where
the expectation is taken with respect to both the randomization over rewards and the algorithm's
internal randomization) is at least

— mln{\/— T}.

The proof isgivenin Appendix A.

The lower bound implies, of course, that for any algorithm there is a particular choice of re-
wards that will cause the expected weak regret (where the expectation is now with respect to the
algorithm’sinternal randomization only) to be larger than this value.

6 Boundson theweak regret that hold with probability 1

In Section 4 we showed that the expected weak regret of algorithm Exp3.1isO(v KT In K). In
this section we show that a modification of Exp3 achieves aweak regret of O(\/ KT In(KT/J))
with probability at least 1 — 9, for any fixed § and uniformly over T'. From this, a bound on the
weak regret that holds with probability 1 follows easly.

The modification of Exp3 is necessary since the variance of the regret achieved by this algo-
rithmislarge, so large that an interesting high probability bound may not hold. The large variance
of the regret comes from the large variance of the estimates z;(¢) for the payoffs x;(¢). In fact,
the variance of z;(¢) can be closeto 1/p;(t) which, for v in our range of interest, is (ignoring the
dependence of K) of magnitude v/7'. Summing over trials, the variance of the return of Exp3 is
about 7%/, so that the regret might be as large as 7%/,

To control the variance we modify algorithm Exp3 so that it uses estimates which are based on
upper confidence boundsinstead of estimateswith the correct expectation. The modified algorithm
Exp3.P isgivenin Figure 3. Let

5t +1) € VKT T+Z

1pz

Whereas algorithm Exp3 directly uses the estimates G;(t) when choosing i, at random, algo-
rithm Exp3.P uses the upper confidence bounds G (t) + ad;(t). The next lemma shows that,
for appropriate «, these are indeed upper confidence bounds. Fix some time horizon 7. In what
follows, we will use &; to denote 5;(T + 1) and G; to denote G (T + 1).

13



Algorithm Exp3.P
Parameters. Redsa > 0 and vy € (0,1]
Initialization: Fori =1,..., K

w;(1) = exp (% %) :

Foreacht=1,2,...,T
1 Fori=1,..., K s&t
w;(t)

(1 i\ T
pi(t) = (1 V)Zlewj(t)jLK'

2. Choose i; randomly according to the distribution p; (¢), . .., px (t).
3. Receivereward ;,(t) € [0, 1].

4, Forj=1,..., K st

(1) = {xj(t)/pj(t) ifj =14

0 otherwise,

w]'(t—i-l) = wj(t)exp (3% (.@](t)—f—lj(zt;#\/ﬁ)) .

Figure 3: Pseudo-code of algorithm Exp3.P achieving small weak regret with high probability.

Lemma6.l If 24/In(KT/§) < o < 2v/ KT, then

Proof. Fix some: and set

def @

©263(t+ 1)
Sincea <2V KT andg;(t+ 1) > VKT, wehave s, < 1. Now

St

P{Gi + a6, < GZ}

- P{Z(:ci(t) —(t) - 5> %a}

t=

—_

(16)

IN

-
—

o)

S
-
7 N\

&

=

&

=

|
DN
3
=

Q
%
~
N———

\%
INES
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= P{exp (ST; (l‘z(t) — 2;(t) — W)) > exp (a2/4)}

e~ /E |ex STT xi(t) — Z; S —
< E[ p( Z( (6) = &() m(t)@))

where in step (16) we multiplied both sides by sy and used 6; > 3.1, 1/(p;(t)V/KT), whilein
step (17) we used Markov’'sinequality. Fort =1, ..., 7T set

7, exp <st§t: (:cz-(v) — (7)) — m» .

T7=1

(17)

Then,fort=2,....T

Z, = exp <st (:Ui(t) () — m» (Zp)emr

Denoteby E, [Z;]| = E[Z, | i1, ..., 11| the expectation of Z; with respect to the random choice
intrial ¢ and conditioned on the past ¢ — 1 trials. Note that when the past ¢+ — 1 trials are fixed the
only random quantitiesin 7, arethe z;(¢)’s. Note also that z;(¢) — z;(¢t) < 1, and that

E, [(i(t) — 2:(1)?] = Ei[@:(t)"] — 2i(t)”
< E [#:(t)7]
z;(t)?

1
= w® " pl o
Hence, foreacht =2,...,T

E.[Z] < E {GXP St (l'z(t) — ;(t) — pj(;))} (Zt,l)stsjl (19)
< Bl s(n(0) - 500) + 50 - a0 oo (1) (20077 @)
< (L4 s7/ps(t)) exp (‘%) (Zi1)" 1 (21)
< (Zi)s (22)
< 1427 (23)

Eq. (19) uses N N 5

S OVET ~ 290t + 1) pill)

since5;(t +1) > VKT. Eq. (20) usese® < 1 +a+a? fora < 1. Eq. (21) usesE, [#;(t)] = z:(1).
Eq. (22) uses1 + = < e” for any real x. Eq. (23) usess; < s;_; and z* < 1+ z forany z > 0 and
u € [0, 1]. Observing that E[Z;] < 1, we get by induction that E[Z7] < T', and the lemmafollows
by our choice of a. O
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The next lemma shows that the return achieved by algorithm Exp3.P is close to its upper confi-
dence bounds. Let R X
U % max (Gi + a&i) )

1<i<K
Lemma6.2 If a < 2v KT then

5 ~ 3
GExp3P > (1 — %) U—--"KInK —2aVKT — 22 .

v

Proof. We proceed as in the analysis of algorithm Exp3. Set = +/(3K) and consider any
sequence iy, . .., ip Of actions chosen by Exp3.P. Asi;(t) < K/v, pi(t) > v/K, and o <
2v KT, we have

nEi(t) + — 1 <1
' pi0VKT —
Therefore,
Wt+1 _ XK: wi(t + 1)
Wi — Wi

pi(t) —v/K ( an )
< exp | nx;(t
; -7 ) pi()VKT
pi(t) v/K[ ) an 2n 2, 20°0
< 1+ ni(t) + Fonta (1) 4 — T
- ; 1-7v ) pi(t)VKT () pi(t)*KT
R an = 1
5 L)+ 25
2n? s o 2a%np? 1
()2 (t
T S + 1Y e

n an K 2n . 20%n 1
< 14 ——ux,(1 — (7 —.

The second inequality usese® < 1 +a+a?fora < 1, and (a + b)? < 2(a® + b?) for any a, b. The
last inequality uses Egs. (2), (3) and (4). Taking logarithms, using In(1 + z) < x and summing
overt =1,...,7T weget

In

Wra o 1 g Jrﬂ\/KTJFQ—2 KG~+
Wl _1_7 Exp3.P 1_7 1_72-:1 2 1_7

Since
InW, =anvVKT +1n K
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and for any j R
InWrpyy > Inw;(T +1) > nGj + and,

thisimplies

K

~ 1 ~

Grxpar > (1 — 1) (Gj + aa-j) ——InK —2a0VKT -2y Gi—20° |
U =1

forany j. Finally, usingn = v/(3K) and

K
ZG < KU
=1

yieldsthe lemma u

Combining Lemmas 6.1 and 6.2 gives the main result of this section.

Theorem 6.3 For any fixed T" > 0, for all K > 2 andfor all § > 0, if

fy:min{g,Q %KI;K} and a = 2y/In(KT/)),

then

KT KT
Gma,x_ GEXp3.P S 4\/KT1HT +4\/§KT1HK+81HT

holds for any assignment of rewards with probability at least 1 — §.

Proof. We assume without loss of generdity that 7' > (20/3)K In K and that 6 > KTe KT,
If either of these conditions do not hold, then the theorem holds trivially. Note that T° >
(20/3)K In K ensures v < 3/5. Note aso that § > KTe X7 impliesa < 2¢/KT for our
choice of a.. So we can apply Lemmas 6.1 and 6.2. By Lemma 6.2 we have

5v\ . 3
GExpsp > (1 _ %) U—2KInK —20VKT — 202 .
v

By Lemma 6.1 we have U > G ., With probability at least 1 — 6. Collecting terms and using
Gmax < T givesthe theorem. O

It is not difficult to obtain an algorithm that does not need the time horizon 7" as input parameter
and whose regret isonly slightly worse than that proven for the algorithm Exp3.P in Theorem 6.3.
This new algorithm, called Exp3.P.1 and shown in Figure 4, simply restarts Exp3.P doubling
itsguessfor T" each time. The only careful issueis the choice of the confidence parameter 6 and of
the minimum length of the runsto ensure that Lemma 6.1 holds for all the runs of Exp3.P.
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Algorithm Exp3.P.1
Parameters: Real 0 < 6 < 1. 5

Initialization: let T, = 2", §, = —+———— and
(r+1)(r+2)
r* =min{r € N : 6, > KT,e ¥7"} . (24)
Repeat for r =r*,r* +1,...

Run Exp3.P for T, trialschoosing o and v asin Theorem 6.3withT = T, and § = §,..

Figure 4: Pseudo-code of algorithm Exp3.P.1 (see Theorem 6.4).

Theorem 6.4 Let K > 2,5 € (0,1)andT > 2. Let cp = 21In(2 + log, T'), and let 7* be asin
Eq. (24). Then

10 KT KT
Grax — GExpzp1 < 2KT [ In — 10(1 +1log, T') [ In — ,
Exp3.P.1 \/5—1 (Il 5 +CT>+ ( + logy )(n 3 —|—CT)

holds with probability at least 1 — 6.

Proof. Choose the time horizon T arbitrarily and call epoch the sequence of trials between two
successive restarts of algorithm Exp3.P.
For each r > r*, where r* isdefined in (24), let

or+1 or+1 or+l 1
def A def def
GiT = z;(t), GZ’T = -'i'zt ) 6-1'7” = KT7"+
(r) t_ZQ 0, G Y w0, ) 2 VT
=2r {1 t=2r 41 t=2r 41

and similarly define the quantities G;(r*) and G;(r*) with sumsthat go from¢ = 1 to ¢t = r*.
For each r > r*, we have §, > KT,e~¥T. Thus we can find numbers o, such that, by
Lemmaé.1,

P{@Er>r)(3i): Gilr) +adilr) < Gi(n)} <

[

P {Eli L Gi(r) 4+ a,64(r) < Gi(r)}

g 1

5
(r+ D)(r +2)

o

I
(ST

We now apply Theorem 6.3 to each epoch. Without loss of generality, assume that 1" satisfies

{—1
oritt=1 Z oritr - oritt
r=0

18



for some ¢ > 1. With probability at least 1 — ¢ over the random draw of Exp3.P.1’s actions
TR

Gma,x - GEXp3.P.1

-1
KT, KT,
< ) 10 \/KT,*+rln T —
r=0

(5r*+r (5r*+r
i -1
KTT* —_ KTT‘* _
10 \/Kln 57”1 > VT +lIn 7“1]
L 0

IN

rrHe=1 T 57‘*—1—(—1

[ KTeogq (207402 KTy
10 | (/K In e 1( >+€ln7+“
(51"*«%71 \/5 —1 (51"*«%71

IN

10 KT KT

where ¢y = 21n(2 + log, 7). O

From the above theorem we get, as a simple corollary, a statement about the almost sure conver-
gence of the return of algorithm Exp3.P. The rate of convergence is almost optimal, as one can
see from our lower bound in Section 5.

Corollary 6.5 For any K > 2 and for any function f : R — R with limy_,, f(T") = oo,

li Gma,x - GEXp3.P.1 o
m =
T—oo /T(InT)f(T)

holds for any assignment of rewards with probability 1.

Proof. Let§ = 1/T2. Then, by Theorem 6.4, there exists a constant C' such that for al 7' large
enough
Gma,x - GExp3.P.1 S C VKT InT

with probability at least 1 — 1/7%. Thisimpliesthat

p { Gma,x - CyExp3.P.1 C K } 1

Jamnam T[T

and the theorem follows from the Borel-Cantelli lemma. O

7 Theregret against the best strategy from a pool

Consider a setting where the player has preliminarly fixed a set of strategies that could be used
for choosing actions. These strategies might select different actions at different iterations. The
strategies can be computations performed by the player or they can be external advice given to the
player by “experts.” We will use the more general term “expert” (borrowed from Cesa-Bianchi et
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al. [3]) because we place no restrictions on the generation of the advice. The player’sgoal in this
case isto combine the advice of the expertsin such away that itsreturn is close to that of the best
expert.

Formally, we assume that the player, prior to choosing an action at time ¢, is provided with
a set of N probability vectors €' (t),..., €V (t) € [0,1]¥, where Zle £i(t) = 1 for each i =
1,...,N. We interpret £'(¢) as the advice of expert i on tria ¢, where the j-th component 5;? (t)
represents the recommended probability of playing action j. (As a specia case, the distribution
can be concentrated on a single action, which represents a deterministic recommendation.) If the
vector of rewards at time¢ isx(¢), then the expected reward for expert 4, with respect to the chosen
probability vector £°(¢), issimply &°(t) - (t). In analogy of Gy, we define

= def Z
ma,x = max E

1<i<N

measuring the expected return of the best strategy. Then the regret for the best strategy at time
horizon T, defined by Gy (T) — GA(T'), measures the difference between the return of the best
expert and player’'s A returnup totime 7.

Our results hold for any finite set of experts. Formally, we regard each £'(t) as a random
variable whichisan arbitrary function of the random sequence of playsi, ..., i;_. Thisdefinition
allows for experts whose advice depends on the entire past history as observed by the player, as
well as other side information which may be available.

We could at this point view each expert as a “meta-action” in a higher-level bandit problem
with payoff vector defined at trial ¢ as (&' (t) - (), ..., €~ (t) - 2(t)). We could then immediately
apply Corollary 3.2 to obtain a bound of O(1/¢gN log N) on the player’s regret relative to the best
expert (Where ¢ is an upper bound on Gi....). However, this bound is quite wesk if the player is
combining many experts (i.e., if IV isvery large). We show below that the algorithm Exp3 from
Section 3 can be modified yielding a regret term of the form O(v/¢gK log N). This bound is very
reasonable when the number of actions is small, but the number of experts is quite large (even
exponential).

Our agorithm Exp4 is shown in Figure 5, and is only a dlightly modified version of Exp3.
(Exp4 stands for “Exponential-weight algorithm for Exploration and Exploitation using Expert
advice”) Let usdefiney(t) € [0, 1]V to be the vector with components corresponding to the gains
of the experts: y;(t) = €'(t) - z(t).

The simplest possible expert is one which always assigns uniform weight to all actions so that
§;(t) = 1/K on each round . We call this the uniform expert. To prove our results, we need to
assume that the uniform expert is included in the family of experts.® Clearly, the uniform expert
can always be added to any given family of experts at the very small expense of increasing N by
one.

Theorem 7.1 For any K, T > 0, for any v € (0, 1], and for any family of experts which includes

3Infact, we can use adightly weaker sufficient condition, namely, that the uniform expert isincluded in the convex
hull of the family of experts, i.e., that there exists nonnegative numbersa 1, . .., ayx with Z;'V:1 a; = 1 such that, for

al tandall 4, E] LaEl(t) = 1/K.
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Algorithm Exp4
Parameters: Real v € (0, 1]
Initialization: w;(1) =1fori=1,..., N.

Foreacht=1,2,...

1. Get advice vectors€'(t),..., €V (1).

N
2. SetW, =) w;(t)andforj=1,... K sat
=1

pilt) = (1= L(%ﬂt) -

)

3. Draw action i; randomly according to the probabilities p; (¢), ..., px(t).
4. Receivereward z;,(t) € [0, 1].
5. Forj=1,..., K set o

0 ={ PO e

6. Fort=1,..., N set

wit +1) = wi(t) exp (v5:(t)/ K) -

Figure 5: Pseudo-code of algorithm Exp4 for using expert advice.

the uniform expert,

~ ~ KInN
Gma,x - E[GExp4] S (6 - 1)7Gmax + ;1 .

holds for any assignment of rewards.

Proof. We prove thistheorem along the lines of the proof of Theorem 3.1. Let ¢;(t) = w;(t)/W,.
Then

Wt+1 _ zNjwl(t—i‘l)
Wi Wi

— i\f: q;(t) exp (%Qz(ﬂ)
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< 1+ (v/K) Z%(t)ﬁz(t) + (e — 2)(7/[()22%@)@@'(75)2 :

Taking logarithms and summing over ¢ we get

In S < (/) S Y a0l0) + e~ D(/KP Y S a0

t=1 =1 t=1 =

Since, for any expert k,

In WV%“ > 1 w’“(fvj D _ l;@k(t) —InN
we get
T N T Ko N y T ,
DD alhidt) = Yo klt) = = (e = 2) 5 30 S alt)in()
Note that
Z%(t)?)i(t) = Z%(t) ( Q(ﬂ@j(ﬂ)
-y (Z qz-<t>§]<t>> (1)
_ N (PO /Y ()
= ;( = > J(t)gl_v.
Also
Yo a®n®)? = @ (0(E,6)2:,(1)
2 P t(t)
< Z,(t) 1—~
< xit(t)
S 1,
Therefore, for al experts &,
Grsps = Yo a(t) 2 (1-9) 3 iult) = 2 — (e =297 30 Y ay(0)
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We now take expectations of both sides of thisinequality. Note that

Further,

T K T K
1 . B 1 -
LD SIS 905 SRR SR
— ]:
since we have assumed that the uniform expert is included in the family of experts. Combining
these facts immediately implies the statement of the theorem. O

8 Theregret against arbitrary strategies

In this section we present a variant of algorithm Exp3 and prove a bound on its expected regret
for any sequence (ji, ..., jr) of actions. To prove this result, we rank all sequences of actions
according to their “hardness’. The hardness of a sequence (jy, . . ., jr) isdefined by

. . def
H(J1, .- dr) = L+ L <0 <T = jy # e} -

So, H(1,...,1) = 1 and H(1,1,3,2,2) = 3. The bound on the regret which we will prove
grows with the hardness of the sequence for which we are measuring the regret. In particular,
we will show that the player agorithm Exp3.S described in Figure 6 has an expected regret of
O(H(37)y/KT In(KT)) for any sequencej = (j1,...,jr) of actions. On the other hand, if the
regret is measured for any sequence ;7 of actions of hardnessH(j”) < S, then the expected regret
of Exp3.S (with parameters tuned to this S) reducesto O(/SKT In(KT)). In what follows, we
will use G,r to denotethereturn z;, (1) + ... z;,(T) of asequence ;7 = (ji, ..., jr) of actions.

Theorem 8.1 For any K > 0, for any~y € (0, 1], and for any o > 0,

K(H(GT) In(K/a) + eal)

GjT —E [GExp3.S] S ~

+ (e — 11T

holds for any assignment of rewards, for any 7' > 0, and for any sequence j© = (ji,...,jr) of
actions.

Corollary 8.2 Assume that algorithm Exp3.S isrun with input parameters« = 1/7 and

{ Kln(KT)}
vy =min« 1, — 7 (-

Then
G.r

KT
§T E[GExp?,S <H \/KT]H KT + 2e KT)

holds for any sequence ;” = (44, . .., jr) of actions.
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Algorithm Exp3.S
Parameters: Realsv € (0,1] and o > 0.
Initialization: w;(1) =1fori=1,..., K.

Foreacht=1,2,...

1. Set

oy
Pl = 0= o

2. Draw i, randomly accordingly to the probabilitiesp,(t), ..., px (t).
3. Receivereward z;,(t) € [0, 1].

4, Forj=1,..., K st

#i(t) = {xj(t)/pj(t) ifj =1

0 otherwise,

wi(t+1) = w;(t) exp (yz;(t)/K) +—sz

Figure 6: Pseudo-code of algorithm Exp3.S to control the expected regret.
Note that the statement of Corollary 8.2 can be equivalently written as

E (Grxpas] > max (GT—H( T) KTln(KT))

KT
In(KT)

revealing that algorithm Exp3.S is able to automatically trade-off between the return G .~ of a
sequence ;T and its hardness H(;T).

Corollary 8.3 Assume that algorithm Exp3.S isrun with input parameters« = 1/7 and

L K(SIn(KT) +e)
v—mln{l,\/ (c—1)T } .

Gyr — E [Gexpss] < 2Ve — I/KT (SIn(KT) +e)
holds for any sequence ;' = (j, ..., jr) of actionssuch that H(;7) < S.

Then
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Proof of Theorem 8.1. Fix any sequence ;7 = (i, ..., jr) of actions. With a technique that
follows closely the proof of Theorem 3.1, we can prove that for all sequencesi,, .. ., ip of actions
drawn by Exp3.S,

Wit /K
<14, (t
W, S +1_7x()+

(e —2)(y/K)?
1=y

z;(t) + e . (25)

=1

where, as usual, W, = w;(t) + ... + wg(t). Now let S = H(j7) and partition (1,...,7) in
segments
Ty, ..., 1), [Toy ..., T3), ..., [Ts,. .., Tsy1)

whereT) = 1, Tsyy =T + 1, and jr, = jr,41 = ... = jr,,,—1 foreachsegment s = 1,...,S.
Fix an arbitrary segment [T, T,,1) and let A, = T, — T;. Furthermore, let

Tey1—1

Goepss(s) < D @ilt) .

t=Ts

Taking logarithms on both sides of (25) and summingovert =715, ..., Ts.1 — 1 we get

S 1 K
W, _ /K (e = 2)( 7/K —
WT+ < 1- /_YGExp&S(S) + Z Zaj + eal, . (26)

s t=Ts 1=1

In

Now let j bethe action such that j;, = ... = jz,,,—1 = j. Since

w;(Ts + 1) exp (% SX: @-(t))

t=Ts+1

(% i @-(t))

t=Ts+1

Tyy1—1
(6% Y R
2 ?WTS exp (? Z xj(t))

t=Ts

v

w;(Tey1)

v
|
=
@D
o]
o)

where the last step uses vz ;(t) /K < 1, we have

Wi, w;(Ts41) a A

s t=Ts
Piecing together (26) and (27) we get

Tep1—1

Crpss(s) > (1-7) 3 ay(t) ~ SRS ()

t=Ts 7 t=T, i=1 v
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Summing over all segmentss = 1,..., .S, taking expectation with respect to the random choices
of algorithm Exp3.S, and using

T K
Gy <T  and Y mi(t) < KT

t=1 =1
yields the inequality in the statement of the theorem. O

If the time horizon 7' is not known, we can apply techniques similar to those applied for proving
Theorem 6.4 in Section 6. More specifically, we introduce a new agorithm, Exp3.S.1, that runs
Exp3.S asasubroutine. Suppose that at each new run (or epoch) » = 0,1, ..., Exp3.S is started
with its parameters set as prescribed in Corollary 8.2, whereT" isset to 7, = 2", and then stopped
after T, iterations. Clearly, for any fixed sequence ;7 = (ji,..., jr) of actions, the number of
segments (see proof of Theorem 8.1 for a definition of segment) within each epoch r is a most
H(;7). Hence the expected regret of Exp3.S.1 for epoch r is certainly not more than

(H(5") + 2e)\/KT, In(KT,) .

Let ¢ be such that 2¢ < T < 2+1. Then the last epoch is ¢ < log, T and the overall regret (over
the / + 1 epochs) is at most

(H(") +2€) Y VKT, In(KT,) < (H(") + 2¢)v/ KT, In(KT,) Y /T, .

r=0
Finishing up the cal culations proves the following.

Corollary 8.4

H(;T) + 2e
Gir — E [Grxpssa] < U)

<51

for any T > 0 and for any sequence j© = (ji, ..., jr) of actions.

2KTIn(KT)

On the other hand, if Exp3.S.1 runs Exp3.S with parameters set as prescribed in Corollary 8.3,
with areasoning similar to the one above we conclude the following.

Corollary 8.5
2/e — 1
Gir — E [Grxpssa) < \/; 1 V2KT(STn(KT) + e)

for any 7' > 0 and for any sequence j© = (ji,. .., jr) of actionssuch that H(;T) < S.

9 Applicationsto gametheory

The adversarial bandit problem can be easily related to the problem of playing repeated games. For
N > 1 integer, a N-person finite game is defined by N finite sets Sy, ..., Sy of pure strategies,
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one set for each player, and by N functionsu., . .., uy, wherefunctionu; : S; x ... x Sy = Ris
player’si payoff function. Note the each player’s payoff depends both on the pure strategy chosen
by the player and on the pure strategies chosen by the other players. Let S = S; x ... x Sy and let
S_;=81%...x8;_1xS;11%...xSy. Weuse s and s_; to denote typical membersof, respectively,
S and S_;. Givens € S, we will often write (j,s_;) to denote (s1,...,8;_1,7, Sit1s--->SN)s
where j € S;. Suppose that the gameis played repeatedly through time. Assume for now that each
player knows all payoff functions and, after each repetition (or round) ¢, also knows the vector
s(t) = (s1(t),...,sn(t)) of pure strategies chosen by the players. Hence, the pure strategy s, (),
chosen by player ¢ at round ¢ may depend on what player 7 and the other players chose in the past
rounds. The average regret of player ¢ for the pure strategy j after 7" rounds is defined by

T

ROT) = 2 i s-4(0) — wi(s(1))]

t=1

Thisis how much player i lost on average for not playing the pure strategy j on all rounds, given
that al the other players kept their choices fixed.

A desirable property for a player is Hannan-consistency [8], defined as follows. Player i is
Hannan-consistent if

limsupmax RY(T) =0 with probability 1.
Tooo JES:
The existence and properties of Hannan-consistent players have been first investigated by Han-
nan [10] and Blackwell [2], and later by many others (see [18] for a nice survey).

Hannan-consistency can be also studied in the so-called “unknown game setup”, where it is
further assumed that: (1) each player knows neither the total number of players nor the payoff
function of any player (including itself), (2) after each round each player seesits own payoffs but
it sees neither the choices of the other players nor the resulting payoffs. This setup was previously
studied by Bafos[1], Megiddo [16], and by Hart and Mas-Coldll [11, 12].

We can apply the results of Section 6 to prove that a player using algorithm Exp3.P.1 as
mixed strategy is Hannan-consistent in the unknown game setup whenever the payoffs obtained by
the player belong to a known bounded real interval. To do that, we must first extend our results
to the case when the assignment of rewards can be chosen adaptively. More precisely, we can
view the payoff x;,(t), received by the gambler at trial ¢ of the bandit problem, as the payoff
u; (i, s_i(t)) received by player 7 at the ¢-th round of the game. However, unlike our adversarial
bandit framework where all the rewards were assigned to each arm at the beginning, here the
payoff u;(i;, s_;(t)) depends on the (possibly randomized) choices of al players which, in turn,
are functions of their realized payoffs. In our bandit terminology, this corresponds to assuming
that the vector (x4 (), ..., zk(t)) of rewards for each tria ¢ is chosen by an adversary who knows
the gambler’s strategy and the outcome of the gambler’s random drawsup totime ¢ — 1. We leave
to the interested reader the easy but lengthy task of checking that all of our results (including those
of Section 6) hold under this additional assumption.

Using Theorem 6.4 we then get the following.
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Theorem 9.1 If player ¢ has K > 2 pure strategies and plays in the unknown game setup (with
payoffsin [0, 1]) using the mixed strategy Exp3.P.1, then

Gop o 10 2K (KT 10(1+log, T) (| KT
Ijré%}le ( )_\/5_1 7 \In— +er | + T n— +eor ),

where ¢r = 21n(2 + log, T'), holds with probability at least 1 — ¢, for all 0 < § < 1 and for all
T = (K/0)20/5),

Note that, according to Theorem 5.1, the rate of convergence is optimal both in 7" and K up to
logarithmic factors.
Theorem 9.1, along with Corollary 6.5, immediately implies the result below.

Corollary 9.2 Player’s strategy Exp3.P.1 is Hannan-consistent in the unknown game setup.

As pointed out in [18], Hannan-consistency has an interesting consequence for repeated zero-sum
games. These games are defined by an n x m matrix M. On each round ¢, the row player chooses
arow ; of the matrix. At the same time, the column player chooses a column j. The row player
then gains the quantity M,;;, while the column player |oses the same quantity. In repeated play, the
row player’s goal isto maximize its expected total gain over a sequence of plays, wile the column
player’sgoal isto minimizeits expected total l0ss.

Suppose in some round the row player chooses its next move : randomly according to a prob-
ability distribution on rows represented by a (column) vector p € [0, 1]™, and the column player
similarly chooses according to a probability vector g € [0,1]™. Then the expected payoff is
p’ Mg. Von Neumann's minimax theorem states that

T . T
max minp' Mg = minmaxp Mg,
px I p Mg P p Mg

where maximum and minimum are taken over the (compact) set of al distribution vectors p and
g. The quantity v defined by the above equation is called the value of the zero-sum game with
matrix M. In words, this says that there exists a mixed (randomized) strategy p for the row player
that guarantees expected payoff at least v, regardless of the column player’s action. Moreover, this
payoff is optimal in the sense that the column player can choose a mixed strategy whose expected
payoff isat most v, regardless of the row player’s action. Thus, if the row player knows the matrix
M, it can compute a strategy (for instance, using linear programming) that is certain to bring an
expected optimal payoff not smaller than » on each round.

Suppose now that the game M is entirely unknown to the row player. To be precise, assume
the row player knows only the number of rows of the matrix and a bound on the magnitude of the
entries of M. Then, using the results of Section 4, we can show that the row player can play in
such amanner that its payoff per round will rapidly converge to the optimal maximin payoff .

Theorem 9.3 Let M be an unknown game matrix in [a, b]"*™ with value v. Suppose the row
player, knowing only a, b and n, uses the mixed strategy Exp3.1. Then the row player’s expected
payoff per round is at least

1 1
v—8Ve—1 ";}”—8(6—1)%—2”;”.
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Proof. We assume that [a,b] = [0, 1]; the extension to the general case is straightforward. By
Theorem 4.1, we have

E [zT:Mitjt] = E [ixtt(t)]

> maxE [Zx,(t)] —8Ve—1VTnlnn —8(e —1)n — 2nlnn .

)
t=1

Let p be amaxmin strategy for the row player such that

v = mﬁx min p’ Mq = mqin p Mg,

and let g(¢) be adistribution vector whose j,-th component is 1. Then

T n T T T
max E [Z zi(t)| > Z;T)ZE [Z a:l(t)] =E [Zﬁ . :c(t)] =E [ZETMq(t) > vT
! t=1 i=1 t=1 t=1 t=1
sincep’Mgq > v fordl q.
Thus, the row player’s expected payoff is at least
vT — 8/e — 1VTnlnn — 8(e — 1)n — 2nlnn .
Dividing by T to get the average per-round payoff givesthe result. O

Note that the theorem is independent of the number of columns of M and, with appropriate as-
sumptions, the theorem can be easily generalized to column players with an infinite number of
strategies. If the matrix M isvery large and all entries are small, then, even if M is known to the
player, our algorithm may be an efficient alternative to linear programming.
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A Proof of Theorem 5.1

We construct the random distribution of rewards as follows. First, before play begins, one action I
is chosen uniformly at random to be the “good” action. The T" rewards x;(t) associated with the
good action are chosen independently at random to be 1 with probability 1/2 + ¢ and 0 otherwise
for some small, fixed constant e € (0,1/2] to be chosen later in the proof. The rewards = ;(t)
associated with the other actions j # I are chosen independently at random to be 0 or 1 with equal
odds. Then the expected reward of the best actionisat least (1/2+ ¢)T'. The main part of the proof
below isaderivation of an upper bound on the expected gain of any algorithm for this distribution
of rewards.

Wewrite P, {-} to denote probability with respect to thisrandom choice of rewards, and we also
write P;{-} to denote probability conditioned on i being the good action: P;{-} = P.{- | I = i}.
Finaly, we write P,,;;{-} to denote probability with respect to a uniformly random choice of
rewards for all actions (including the good action). Analogous expectation notation E, [-|, E; [-]
and E,,,,; [] will also be used.

Let A betheplayer strategy. Let r, = z;,(t) be arandom variable denoting the reward received
at time ¢, and let r' denote the sequence of rewards received up through trial ¢: ' = (ry,..., 7).
For shorthand, r = r” isthe entire sequence of rewards.

Any randomized playing strategy is equivalent to an a-priori random choice from the set of all
deterministic strategies. Thus, because the adversary strategy we have defined is oblivious to the
actions of the player, it suffices to prove an upper bound on the expected gain of any deterministic
strategy (thisis not crucial for the proof but simplifies the notation). Therefore, we can formally
regard the algorithm A as afixed function which, at each step ¢, mapsthe reward history r'~! toits
next action ;.

Asusua, G4 = .1, r, denotes the return of the algorithm, and G . = max; Y1 z;(t) is
the return of the best action.

Let V; be arandom variable denoting the number of times action i is chosen by A. Our first
lemma bounds the difference between expectations when measured using E; [-] or E ;¢ [+].

LemmaA.l Let f: {0,1}T — [0, M] be any function defined on reward sequences r. Then for
any action z,

B ()] < B [F(0)] + /B [N (1 — 4e2).

Proof. We apply standard methods that can be found, for instance, in Cover and Thomas[4]. For
any distributions P and Q, let

IP-Ql,= Y  [P{r}-Q{r}
re{0,1}7
be the variational distance, and let

KLP | Q= 3 P{r}lg(

re{0,1}7

o)
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be the Kullback-Liebler divergence or relative entropy between the two distributions. (We use Ig
to denote log,.) We also use the notation

-1 1 . P{Tt | rtil}
KL(P{r, | o'} | Q{re [ 27} = > Pt lg | o=y
o)t (Q{Tt | r })

for the conditional relative entropy of r; givenr~L. Finally, for p, ¢ € [0, 1], we use

KL(p || ¢) =plg (g) +(1-p)lg (1%5)

as shorthand for the relative entropy between two Bernoulli random variables with parameters p
and g.
We have that

Ei [f(r)] = Eunys [f(£)] = Y f(£)(Pi{r} = Puy{r})

< Z fx)(Pifr} — Pum’f{r})
r:Pi{r}>P i {r}
<MY (Pt Pug(r)

P:Pi{T}ZPunif {I‘}

M
= ?“Pz - Pum’f”l' (28)
Also, Cover and Thomas's Lemma 12.6.1 states that
[Punis — Pill? < (2In2)KL (Pouy || Po). (29)

The “chain rule for relative entropy” (Cover and Thomas's Theorem 2.5.3) gives that

T
KL (Puniy | Pi) = D KL (Puny{re | '} || Pifry | £'71})
t=1

T

= Z (Pum'f{it # i} KL (% | %) + Punig{is = i} KL (% | % + 6))

t=1
T

= D Pu{is =i} (—31g(1 - 4¢"))
t=1

= Euuy [N)] (—318(1 — 4€%)) . (30)

2

The second equality can be seen as follows: Regardiess of the past history of rewards r'~*, the
conditional probability distribution P ;s {r; | r'~'} onthe next reward r, is uniform on {0, 1}.
The conditional distribution P;{r, | r'~'} isaso easily computed: Givenr‘~!, the next action 7,
isfixed by A. If thisaction is not the good action z, then the conditional distribution is uniform on
{0,1}; otherwise, if i, = i, then r, is 1 with probability 1/2 + ¢ and 0 otherwise.

The lemmanow follows by combining (28), (29) and (30). O
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We are now ready to prove the theorem. Specifically, we show the following:

Theorem A.2 For any player strategy A, and for the distribution on rewards described above, the
expected regret of algorithm A islower bounded by:

E. [Gmax — Ga] > € (T— L 1 —Zln(l — 462)) :
Proof. If action i is chosen to be the good action, then clearly the expected payoff at time ¢ is
1/2 +eifiy =dand 1/2if i; # i
E;[r] = (+¢ Pifi, =i} +1P;{i, #1}
Thus, the expected gain of algorithm A is

ZE 7] :—+€E[N] (31)
Next, we apply Lemma A.1 to N;, which is a function of the reward sequence r since the
actions of player strategy A are determined by the past rewards. Clearly, N; € [0, T]. Thus,
E:[Ni] < Eunis [N, \/ oy [Ni] In(1 — 4¢2)
and so

ZEz’ [Ni] < g( unif [V \/ Eounir [N, 1n1_4€2))

< T+ —\/—TK In(1 — 4€?)

using the fact that ZZ L Eunis [N;] = T, which implies that ZZ LV Eunis [Vi] < VTK. There-
fore, combining with (31),

T T T T
E _ _ _ _ 2
E GA 9 <K+2 Kln(l 46 ))

The expected gain of the best actionis at least the expected gain of the good action, SOE. [Gax] >
T(1/2 + €). Thus, we get that the regret is lower bounded by the bound given in the statement of
the theorem. O

For small ¢, the bound given in Theorem A.2 is of the order

T
j— 2 J—
O (Te Te™y/ ) .
Choosing ¢ = ¢/ K/T for some small constant ¢, gives a lower bound of Q(v/KT). Specif-

ically, the lower bound given in Theorem 5.1 is obtained from Theorem A.2 by choosing ¢ =
(1/4) min{\/K/T, 1} and using theinequality — In(1 — z) < (41n(4/3))z for x € [0,1/4].
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