∗

∗

•

•

•

•

∈

V ersion 4.2 – 02/8/95

Example 1.1

End example

1 Data t yp e sp ecifications email smolcsdisi.unige.it

MET AL: a Metalangua ge for SMoLCS

F abio P aro di – Gianna Reggio

Dipartimen to di Informatica e Scienze dell’Informazione

Univ ersit` a di Geno v a

This work has b een supp orted by a grant ENEL/CRA (Milano Italy) and by “Progetto Finalizzato

Sistemi Informatici e Calcolo Parallelo” of C.N.R. (Italy).

In this section we present the constructs of MET

AL for sp ecifying data typ es. A data

typ e is:

a family of sets, called carries;

some constants, i.e. particular elements of the carries;

some functions manipulating the elemen ts of the carries; each function taken some

arguments b elonging to some carries returns a result b elonging to some other carrier;

some predicates expressing conditions on the elements of the carries; each predicate

taken some arguments b elonging to some carries is either true or false.

Data typ e “natural numb ers”

Consider a very simple data typ e, “natural numb ers”, consisting of:

– the set of the natural numb ers I N;

– the constant 0 I N;

– the unary function which taken a numb er returns the successor;

– the binary function which adds two numb ers;

– the binary predicate which is true if the first argument is less than the second one.

1

I N

0 i i

i

∗

∈

∗

. . . i i >

∪

× × { }

∈

Data t yp e ersion 4.2

Example 1.2

??

End example

2

Data typ e “stack of natural numb ers”

The data typ e stack is a structure containing some elements, in this case natural numb ers,

regulating the insertion and the extraction in such a way that the last numb er inserted

will b e the first to b e extracted; it is as if the numb ers within the stack are put one over

the other, in a way that only that on the top is accessible. This data typ e consists of:

– the set of the natural numb ers I N;

– the set of the finite sequences of naturals I

N = I N ;

(recall that I

N = I N I N, times, if 0, and that I

N = Λ );

– the constant, the functions and the predicate of the data typ e of the natural numb ers

of the Ex. ;

– the constant Λ I

N , i.e. the empty stack;

– the function which taken a numb er and a stack returns the stack with such numb er

put on the top;

– the function which taken a stack returns the numb er on the top (0 if the stack is

empty);

– the function which taken a stack returns such stack where the numb er on the top

has b een taken away (Λ if the stack is empty);

– the predicate checking if a stack is empty .

In the definition of the data typ es we can distinguish a syntactic/structural part,

called signature, describing which are the comp onents (carries, constants, functions and

predicates), and a semantic part, describing how such comp onents should b e interpreted.

The signature is the syntactic asp ect of the data typ e. The comp onents of the signature

are related with the comp onents of the data typ e following the schema b elow.

Syntax (signature) Semantic (interpretation)

sort carrier (set)

constant name particular elemen t of a carrier

op eration name function

predicate name predicate

T o sp ecify a data typ e means to define first its signature, and then to define the

interpretation of its comp onents. F or defining the interpretation we give the prop erties

that it must satisfy; such prop erties say which result gives a function when applied to

some arguments, and if a predicate applied to some arguments is true or false. In MET AL

these prop erties are expressed by syntactic constructs called axioms.

∗

∗ n n n

sort •

•

•

• ersion 4.2

1.1 Signatures

Sp ecification of a data t yp e

??

Example 1.3

??

End example nat

stack

nat

stack

** this is a comment

sort nat ** sort corresponding to the carrier natural numbers

cn Zero: nat} ** constant

op Succ: nat: nat ** unary operation

op Sum: nat nat -> nat ** binary operation

pr Ge: nat nat ** binary predicate

3

signature comp onents of the data typ e

axioms semantic prop erties

The prop erties of a data typ e are expressed indep endently by the representation con-

crete of the elemen ts of the carries and by the way in which are calculated the op erations

and ev aluated the predicates; for example an imp ortant prop erty of the natural numb ers

is that “for each natural numb er , 0 + = ”, and this fact must hold if we represent the

numb ers as binary sequences or as sequences of decimal digits, and for whatever algorithm

more or less efficient we cho ose for computing the sum.

The signature expresses the (syntactic) structure of the data typ e.

A name is given for each carrier, called ; the notion of sort intuitively corresp onds

to the notion of “typ e” in the usual programming languages as Pascal and Ada.

Consider the data typ e “stacks of natural numb ers” of the Ex. : the sort may

b e the name of the carrier I

N; the sort that of the carrier I

N . Then we can

say that I

N is the carrier asso ciated with and that I

N is the carrier asso ciated

with .

A name and a sort are given for each constant; the sort denotes the carrier to whom

the constant b elong.

A name and an arity are given for each function; the arity of an op eration is the list

of the sorts of the arguments and the sort of the result.

A name and an arity are given for each predicate; the arity of a predicate is the list

of the sorts of the arguments.

Signature of the data typ e “natural numb ers”

Referring to the data typ e “natural numb ers” defined in the Ex. , in MET

AL its

signature may b e defined as follows:

Notice that the sorts are denoted by lower case identifiers, while constants, op era-

tions and predicates are represented by identifiers which start with an upp er case letter.

1

1

1 n

n

n

|

|

| ersion 4.2

1.2 T erms and atoms o v er a signature

Example 1.4

??

??

End example

Syn tax

??

Signatur eDe c Sort Sort

UpIdent Sort

UpIdent Sort Sort Sort

UpIdent Sort Sort

Sort L owIdent sort stack

cn Empty: stack

op Put: nat stack -> stack

op Get: stack -> stack

op First: stack -> nat

pr IsEmpty: stack

sort ...

cn :

op : ... ->

pr : ...

op X: a -> a ** error: a has not still been declared

sort a b

op Y: a -> b ** OK

op Z: a -> c ** error: c is not in the signature

4

Signature of the data typ e “stacks of natural numb ers”

Referring to the data typ e “stacks of natural numb ers” defined in the Ex. , in MET AL

its signature may b e defined starting from the signature defined in adding what follows:

A signature is a sequence of declarations of sorts, constants, op erations and predicates.

::=

::=

The sorts used in the declarations of the constants, of the op erations and of the

predicates must b e part of the signature, and must b e declared b efore. F or example the

following signature contains two errors .

It is prohibited to declare twice the same sort. It is instead allowed to declare constants,

op erations and predicates with the same name, but they must have different arities (see

subsection ).

A signature Σ defines the syntax of a data typ e; for using this data typ e we need a way for

representing the elements of the carries, the application of the op erations and predicates

to such elements. F or doing all that in MET

AL we use appropriate constructs, which are

the terms and the atoms over the signature.

The terms over Σ are used to represent the elemen ts of the carrier and the application

of the op erations to such elements; the atoms over Σ are used for expressing some basic

logic conditions on the elements of the carries, given either by the application of the

predicates of the signature, or by the comparisons b etween terms.

The terms over a signature Σ are obtained by comp osing the constants and the op er-

ations; i.e. a term can b e:

1

1 n

n L R ersion 4.2

•

•

•

•

|

|

•

•

•

•

??

??

??

Syn tax

T erm UpIdent UpIdent T erm T erm

Atom UpIdent T erm T erm T erm T erm

Zero Succ(Zero) Succ(Succ(Zero))

nat Sum(Zero,Succ(Zero))

Sum

Zero Succ(Zero)

IsEmpty(Empty) Zero = Succ(Zero) Empty = Put(Succ(Zero),Empty)

Succ(Empty)

Put(Zero,Zero) Get(Zero,Empty) Zero = Empty Ge(Zero,Put(Zero,Empty))

IsEmpty(Zero)

( , ..., )

( , ..., ) =

C s C: s

O(t1, ...,tn) s O: s1 ... sn -> s

t1 tn s1 sn

P(t1, ...,tn) P: s1 ... sn

t1 tn s1 sn

tL = tR tL tR

5

a constant name;

an op eration name applied to some arguments, which in turn are represented by

terms.

Referring to the signature of the Ex. , the terms , ,

and so long represent elements of the carrier of . The term

represents the application of the op eration denoted by to the elemen ts represented

by the terms and .

An atom over a signature Σ can b e:

a predicate name applied to some arguments,which are represented by terms;

a comparison b etween two terms of the same sort.

Referring to the signature of the Ex. the following are atoms:

, , .

MET AL is a typ ed language, in the sense that it do es not allow to confuse different

sorts. This feature helps to separating in a clear way distinct concepts and allows to

determine some conceptual errors due to the confusion.

F or example, always referring to the signature of Ex. , the terms ,

, and the atoms , ,

are wrong since the arguments do not resp ect the arities of the op erations

or of the predicates.

::=

::=

Not all the terms and the atoms obtained by the ab ove grammar are correct: the

requiremen ts ab out the arities of the op erations and of the predicates are the following.

is a correct term of sort if is a constant of the signature.

is a correct term of sort if is an op eration of

the signature and , . . . , are correct terms resp ectively of sorts , . . . , .

is a correct atom if is a predicate of the signature

and , . . . , are correct terms resp ectively of sort , . . . , .

is a correct atom if and are correct terms of the same sort.

n 1

∀ ∈ n n n ersion 4.2

V arDe c L owIdent L owIdent Sort

T erm L owIdent

1.2.1 V ariables

??

Example 1.5

End example

Syn tax

1.2.2 Ov erloading var n: nat n Sum(Zero,n)

nat

sort nat

var n m: nat

cn Zero: nat

op Succ: nat -> nat

op Sum: nat nat -> nat

pr Ge: nat nat

sort pair

var p: pair

op Pair: nat nat -> pair

op First: pair -> nat

op Second: pair -> nat

pr In: nat pair

p Zero Pair(n,Sum(Zero,n)) First(p)

Second(n) Pair(n,Pair(Zero,Zero)) Pair(p)

Ge(n,m) Second(p) = Zero

In(p,p) Zero = p Sum(n,m) = Second(n)

var ... :

v s v s

6

“In the data typ e natural numb ers, whatever numb er added to zero gives as result the

numb er itself ”. F or expressing prop erties of this typ e in mathematics we use the v ariables,

writing in a way very compact and expressive I

N, + 0 = ; in MET

AL the concept

of v ariable is used analogously .

The v ariables are used to represent generic elements of the carrier of a certain sort;

they are represented by lower case identifiers and may b e used for building the terms,

together constants and op erations. F or example if we add to the declarations of the

Ex. the declaration ; then and are terms with v ariables of

sort .

Consider the following signature with v ariables:

The following are correct terms: , , , ;

while these are wrong: , , ;

the following are correct atoms: , ;

while these are wrong: , , .

::=

::=

The sorts app earing in a v ariable declaration must b e declared b efore to b e used.

Given a signature, is a correct term of sort if is a v ariable of sort and has b een

declared b efore to b e used.

The overloading of the names of constant, op eration and predicate is a feature of some

signatures. In MET

AL a name of constant, of op eration or of predicate can b e overloaded ersion 4.2

Example 1.6

End example

1.2.3 Constan ts, op erations and predicates with mixed infix syn tax

Sum

sort nat int

var n m: nat

var i: int

cn Zero: nat

op Succ: nat -> nat

op Sum: nat nat -> nat

cn Zero: int

op Succ -> int -> int

op Pred: int -> int

op Sum: int int -> int

op NatInt: nat -> int

op Abs: int -> nat

Zero Succ Sum

Zero Succ(Zero) Sum(Zero,Succ(Zero))

NatInt(Succ(Zero)) Sum(Zero,n)

NatInt(Sum(Zero,i)) Abs(n)

7

with many different meanings. F or example , that in the previous examples represented

the sum of natural numb ers, can b e used also for representing other op erations, as the

sum of integer numb ers, the lists concatenation, or the adding of an element to a table.

The adv antage of using the overloading is that we can cho ose names for the op erations/

predicates which are really meaningful without b e to o long. In this way we can write more

clear and compact sp ecification. The disadv antage is that, since a name may have v arious

interpretations, sometime it is hard to understand which is the right one; in some cases

it is the context to establish it, in other cases the context is not sufficient and so we have

ambiguous terms and atoms.

However we cannot abuse of the overloading, otherwise we risk of getting sp ecifications

of difficult comprehension for two reasons: the first is that a nonambiguous term/atom

containing names with several meanings can b e difficult to interpret for a human reader;

the second is that for eliminating the ambiguity sometime we have to rewrite terms and

atoms in a complex and not natural way .

Consider the following signature, for a data typ e putting together natural and integer

numb ers:

Notice that some op erations over naturals, different from that on the integers, are

denoted by the same symb ols ( , , ).

The following are ambiguous terms: , , ;

while these one are not ambiguous: , and

the following are wrong terms: , .

The syntax used until now for terms (and atoms) is called functional, or prefix with

parenthesis, and it is based on writing the name of the op eration (or of the predicate)

followed by the arguments b etween parentheses, separated by commas. Usually in mathe-

matics more compact and expressive notations are used, as for example the binary infixed

notation used for the adding and multiplication op erations b etween numb ers. This since ersion 4.2

Example 1.7

??

End example

1.2.4 Am biguit y of terms and atoms

1 + Zero Sum(1,Zero)

sort nat pair

var n m: nat

var p: pair

cn 0: nat

op Succ _ : nat -> nat

op _ + _ : nat nat -> nat

op _ * _ : nat nat -> nat

op _ ! : nat -> nat

pr _ <= _ : nat nat

op < _ _ >: nat nat -> pair

op _ 1: pair -> nat

op _ 2: pair -> nat

pr _ In _ : nat pair

nat 0 Succ 0 0 + Succ n

p 1 < Succ 0 0 > 1 n! nat n

+ 0 + m Succ n ! pair p < n m >

0 = 0 Succ 0 = 0 0 In p n + m + 0 = n

+ m

8

is more clear of .

MET AL allows to define together the names of constants, op erations and predicates

also the syntax for using them. The notations binary infix, unary prefix, p olish prefix

and p olish p ostfix are particular cases of the general mec hanism of syntactic definition

supp orted by MET

AL. This mechanism is called “mixed infix notation”.

In the declarations of constants, op erations and predicates we give the syntax with we

intend to use tehm in terms and atoms. The character underscore “ ” denotes the place of

the arguments, following the declaration order. There are as many “ ” as the arguments

(and then in the declarations of constants no ). Building terms and atoms, each “ ” is

replaced by a term of the corresp onding sort.

Pairs of naturals with mixed infix syntax

F or giving an example of mixed syntax, we consider a signature for the data typ e “pairs of

natural numb ers” (another signature for the same data typ e, but with functional syntax,

is in the Ex. ).

The following are correct and non ambiguous terms of sort : , , ,

, , ; the following are correct but ambiguous terms of sort :

, and those are correct terms of sort : , .

The following are correct atoms: , , ; while

is an ambiguous atom.

Notice that some of these terms and atoms are ambiguous also if there is no overload-

ing.

The ambiguity of the terms can b e caused by the overloading, by the mixed infix syntax,

or by a combination of them, and sometime we can solve it using the context in which

the term is inserted; for this reason ambiguous terms are allowed by the language. The

ambiguity of the atoms is caused by the ambiguity of the comp onent terms, and cannot

b e solved using the context; for this reason the ambiguous atoms are wrong.

ersion 4.2

Example 1.8

??

End example

Example 1.9

??

End example

1.2.5 Implicit em b eddings

Example 1.10 s s: s -> s

s

Zero nat(Zero) int(Zero)

Succ(Zero) Succ(nat(Zero)) int(Succ(Zero))

Sum(Zero, Succ(Zero)) Sum(int(Zero),Succ(Zero))

Sum(nat(Zero),Succ(Zero))

nat(Sum(Zero,Succ(Zero)))

0 < 0 Succ 0 > 0 + n p 1

0 + n + m 0 + (n + m) (0 + n) + m

Succ 0 + n (Succ 0) + n Succ(0 + n)

Succ n ! (Succ n)! Succ(n!)

p In 0 Succ < 0 0 > < < 0 Succ 0 > n > n 1 p! < < 0 0 > 0>

-> s -> s’

sort nat seq

var n: nat

var q: seq

cn 0: nat

op Succ _ : nat -> nat

op _ : nat -> seq

op _ _ : nat seq -> seq

pr _ In _ : nat seq

9

The ambiguity caused by the overloading can b e eliminated stating explicitly the sort

of the terms. It is as if for each sort there is an op eration , called explicit

typing op eration, or casting. This op eration is used for co ercing a term to have sort .

Overloading and ambiguous terms

Consider the signature of the Ex. .

ambiguous term corresp onding non ambiguous terms

,

,

,

,

The ambiguity caused by the mixed infix syntax is solved putting round parentheses

around the terms to whom we want to give precedence.

Mixed syntax and ambiguous terms

Referring to the signature of the Ex. , consider the following terms.

– , , , are correct and nonambiguous.

– is ambiguous: it can b e or .

– is ambiguous: it can b e or .

– is ambiguous: it can b e or .

– , , , , , are wrong.

The unary op erations of the kind are called implicit emb eddings; in the

terms they are invisible and can cause ambiguities. Consider the following example.

Sequences of natural numb ers n

n

n

n

1

1

1

1 ersion 4.2

•

•

•

|

|

| |

|

| | |

End example

Syn tax

1.3 Prop erties and axioms seq

0 Succ 0 Succ 0 0 Succ 0 0 0

0 nat seq

nat

seq

: a -> b

: b -> c : c -> a

(t)

t t

s(t) s t

cn :

op : ... ->

pr : ...

...

( )

...

( )

tL = tR tL tR

Signatur eDe c MixfixR epr Sort

MixfixR epr Sort Sort Sort

MixfixR epr Sort Sort

MixfixR epr MixfixR eprElem MixfixR eprElem

MixfixR eprElem Symb ol UpIdent

T erm Mixfix Sort T erm

Atom Mixfix

Mixfix MixfixElem MixfixElem

MixfixElem UpIdent Symb ol T erm Mixfix

10

The following are correct terms of sort over the ab ove signature:

, , , , . . . .

The term is ambiguous since it can b e of sort or of sort ; also the other

terms of sort are ambiguous, since due to the implicit emb edding they are also terms

of sort .

The ambiguities caused by the implicit emb edding op erations are extremely dangerous,

and sometime are very difficult to solve; thus the use of these op erations is limited by the

following restrictions.

No cycles of implicit emb eddings. F or example the three op erations “ ”,

“ ”, “ ” cannot co exist in the same signature.

An implicit emb edding op eration cannot b e applied to a term having form ,

when is a term. In the case they are applied to b efore to put the parentheses.

An implicit emb edding op eration cannot b e applied to the result of an op eration of

explicit typing, i.e. to a term having form , where is a sort and is a term.

::=

::=

::=

::=

::=

::=

::=

The numb er of the “ ” in an declaration of an op eration or of a predicate must b e equal

to the numb er of the arguments; and the “ ” cannot app ear in a constant declarations.

A term is obtained from a constant name, or from an op eration name with mixed

infix syntax by replacing the with terms of sorts corresp onding to the arguments; or by

enclosing b etween parentheses another term; or by co ercing the sort of another term.

An atom is obtained by the name of a predicate with infix mixed syntax by replacing

the “ ” with terms of sorts corresp onding to the arguments; or by enclosing b etween

parentheses a correct atom; moreover is an atom if and are terms of the

same sort, and no one of the two is obtained with the application to the outer level of an

op eration of implicit emb edding. The ambiguous atoms are wrong.

The signatures are used to define the syntax of the data typ es, but not to expressing the

semantic prop erties of the interpretations of the symb ols of the signature. In particular,

the signature cannot express:

•

•

• ersion 4.2

Example 1.11

??

??

End example

1.3.1 Logic com binators

??

+

n n + 0 = n

n m n + (m + 1) = (n + m) + 1

ax n + 0 = n

ax n + Succ m = Succ(n + m)

ax n + 0 = n

n nat n + 0 = n

<=

A1 A2

not A1 A1 and A2 A1 or A2 A1 if A2 if A1 then A2 A1 iff A2

not not A1 A1

and A1 and A2 A1 A2

or A1 or A2 A1 A2

11

which are really the elements of the carries;

which is the result of the application of an op eration to some arguments;

if a predicate applied to some arguments is true or false.

F or sp ecifying these asp ects of the data typ es we give the prop erties of its comp onents

(constants, op erations and predicates). Such prop erties are expressed in MET

AL with

particular constructs called axioms.

Axioms of the sum of naturals

Referring to the Ex. of the pairs of natural numb ers, we want to sp ecify with some

axioms the meaning of the sum, i.e. which is the result of the application of the function

asso ciated to the op eration to two generic natural numb ers.

This can b e done in several ways. One of that consists in requiring the following two

prop erties:

– for each natural numb er , holds;

– for each two natural numb ers and , holds.

These two prop erties characterizes completely the sum, in the sense that completely define

the result of the sum of two arbitrary numb ers.

Consider the signature with v ariables of the Ex. : in MET

AL the ab ove prop erties

can b e expressed by means of the two axioms:

When we use v ariables in an axiom, we means that the axiom holds whatever v alues

assume the v ariables. F or example the axiom is read “for each p ossible

v alue of in the carrier of , the equality holds”.

The atoms are the simpler kind of axiom; more complex axioms can b e given by

comp osing the atoms using the logic combinators and by quantifying the v ariables.

F or giving the prop erties of the predicate of the Ex. the atoms are not sufficient;

we need more complex axioms, which are obtained by comp osing the atoms using the so

called logic combinators.

Let , b e two axioms. Then the following are axioms:

, , , , , .

– is the logic negation. is true when is false and vice versa.

– is the logic conjunction. is true when and are b oth true.

– is the logic union. is true when either is true, or is true, or b oth.

ersion 4.2

Example 1.12

??

End example if then if A1 then A2

A2 A1 A1 A2

A2 if A1 if A1 then A2

iff A1 iff A2 A1 A2

A not A

A1 A2 A1 and A2 A1 or A2 if A2 then A1 A1 iff A2

A1 if A2 if A2 then A1

A1 or A2 and A3 A1 or

(A2 and A3) not

A1 if A2 if A3

(A1 if A2) if A3 and or

(A1 or A2) and A3

ax n + 0 = n

ax n + Succ m = Succ(n + m)

ax n * 0 = 0

ax n * (Succ m) = (n * m) + n

ax 0! = 1

ax (Succ n)! = (Succ n) * (n!)

ax 0 <= n

ax Succ n <= Succ m if n <= m

ax < n m > 1 = n

ax < n m > 2 = m

ax n In p if n = p 1 or n = p 2

12

– is the logic implication, i.e. the conditional form. is true

when either is true, or is false. Notice that if and are b oth false, the

implication is true.

The alternative form is equiv alent to and dep ending on

the cases may b e clearer.

– means “if and only if ”. is true when and are either b oth true,

or b oth false.

The meaning of the logic combinators is synthesized by the following tables:

false true

true false false false false false true true

false true false true false false

true false false true true false

true true true true true true

The axiom is equiv alent to , but it has the arguments swapp ed.

By a syntactic p oint of view the logic combinators have a mixed infix syntax, so

axioms may b e ambiguous; in this case some precedence b etween the logic combinators

are given for establishing how to interpret an axiom in case of ambiguity; the rule is that

the combinators which are more at left in the previous table have bigger precedence and

have to b e applied first: for example “ ” has to b e interpreted “

”. The has precedence over all the binary combinators.

The binary combinators asso ciate on the left: for example “ ” has to

b e interpreted “ ”. In the case of and this is irrelev ant since the

result do es not change.

If we want an interpretation different from that established by the precedence rules,

we can use the parentheses for enclosing the axioms to b e ev aluated first. F or example

we can write “ ”.

F or showing the use of the logic combinators, we give some axioms on the signature of

the Ex. :

n

n

| | |

| |

| |

| ersion 4.2

1 2 1 2

1 2 1 2 1 2

1

1

1.4 Sp ecification of data t yp es

Syn tax

1.3.2 Quan tifiers

Example 1.13

End example

Syn tax ax

( ) not

and or

if then if iff

forall exists

ax not exists n: not exists m: n + n = (m + m) + Succ 0

forall

exists

m n

ax exists m: Sum(n,m) = n

** or equivalently

ax forall n: exists m: Sum(n,m) = n

m

n

ax exists m: forall n: Sum(n,m) = n

forall ... :

exists ... :

AxiomDe c Axiom

Axiom Atom Axiom Axiom

Axiom Axiom Axiom Axiom

Axiom Axiom Axiom Axiom Axiom Axiom

ther e do es not exists a natur al numb er that adde d with itself gives an o dd r esult

Axiom L owIdent L owIdent Axiom

L owIdent L owIdent Axiom

L owIdent

13

::=

::=

W e require that each atom app earing in an axiom must have one and only one inter-

pretation, i.e. it must b e correct and not ambiguous.

The v ariable quantifiers are and and are applied to build some typ es of

axiom. F or example for expressing

“ ”

we can write

The quantifier used to the outer level is useless, since the v ariables are al-

ready considered “for each v alue’, instead used with allows to express interesting

prop erties.

In this axiom, the v alue of can b e chosen dep ending on the v alue given to :

Instead this axiom is stronger since says that there is a v alue for which works

indep endently from the v alue given to :

::=

is a v ariable identifier, and must b e declared b efore to b e used in the axioms.

The sp ecification of a data typ e consists of a signature, a set of v ariables and a set of

axioms. The signature includes declarations of sorts, constants, op erations and predi-

cates. The axioms define the prop erties that the interpretation of the comp onents of the

signature (constants, op erations and predicates) must have.

1

1 ersion 4.2

s

C s

O s sn s

P s sn

S pec

S pec

. . .

. . .

•

• ∈

•

× ×

•

× ×

•

∈

∈

≤

≤

1.4.1 Sp ecification and data t yp es.

Example 1.14

Ax

DT

DT DT

DT DT

DT DT DT DT DT

DT DT DT DT

Ax DT

Ax

DT DT

Ax Ax

DT

DT s

C: s

O: s1 ... sn -> s

: ->

P: s1 ... sn

:

A

A A

A1 A2

A1 and A2

<=

sort nat

var n m: nat

cn 0: nat

op Succ _ : nat -> nat

pr _ <= _ : nat nat

ax 0 <= m

ax if n <= m then Succ n <= Succ m

14

Consider the relationship b etween a sp ecification and the data typ e that it is denoting.

Given a sp ecification consisting of the signature Σ and of the axioms , we say

that is a mo del of if:

to each sort of Σ corresp onds a carrier of ;

to each symb ol of constant of Σ corresp onds an element ;

to each symb ol of op eration of Σ corresp onds a function

of ;

to each symb ol of predicate of Σ corresp onds a predicate

of ;

the axioms in hold in .

This means that taken an axiom , for each assignment of v alues to v ariables

of the interpretation of in is true; moreover in also all the axioms which

are logic consequences of that in hold. F or example, if , then also the

axiom holds in .

Notice that in general in also other formulae, not deriv ate by the axioms, may

hold.

In general a sp ecification can have either several mo dels, or no one. If a sp ecification

has many different mo dels, all of them have the structure imp osed by the signature, and

satisfy the axioms. A sp ecification has not mo dels if its axioms are contradictory

, and so

there do es not exist a data typ e satisfying all of them.

Sometime there is a particular mo del that it is interesting; other times instead there

are different mo dels equally interesting.

Consider the following two examples, that show two completely different ways of con-

sidering the meaning of the sp ecification of a data typ e.

Naturals with ordering relationship

The following declarations sp ecify the natural numb ers with the ordering relationship ,

denoted by the predicate .

•

•

• ersion 4.2

End example

Example 1.15

End example

??

??

1.4.2 Order of the declarations sort toset

var x y z: toset

pr _ <= _ : toset toset

ax x <= x ** reflexivity

ax if x <= y and y <= z then x <= z ** transitivity

ax if x <= y and y <= x then x = y ** antisimmetry

ax x <= y or y <= x ** totality

15

This sp ecification defines a precise data typ e, consisting of a set isomorphic to the set

of the natural numb ers, with the constant zero, the op eration that taken a numb er gives

the successor and the predicate corresp onding to the increasing order of the naturals.

In this case, we want that the data typ e denoted by the sp ecification is uniquely

determined (up to isomorphism); and so the axioms give all and only the prop erties of

constants, op erations and predicates.

Sets with an order relation

The following declarations sp ecify the general prop erties that whatever total order relation

must satisfy .

This sp ecification intends to define a class of data typ es, i.e. not a unique data typ e,

but several ones. Indeed all sets with a total ordering relation are mo dels of this sp eci-

fication; for example the natural numb ers, the real numb ers, the english words with the

lexicography ordering and so long.

These are two completely different approaches to the problem of giving a meaning to

a sp ecification. Precisely there are two kinds of sp ecifications.

Design sp ecification, as the sp ecification of the natural numb ers of the Ex. , which

denote a unique data typ e.

Requiremen t sp ecification, as the sp ecification of the ordered sets of the Ex. ,

which denote a very large class of data typ es.

The crucial difference b etween these two approaches is in the way the axioms are

considered: in the first case the axioms completely characterizes all the prop erties of the

data typ e; in the second case the axioms give the prop erties which surely must hold,

leaving op en the p ossibility that other prop erties hold.

In MET

AL the declarations comp osing a signature can b e mixed with the declarations of

the v ariables and of the axioms, whenever each symb ol is declared b efore to b e used. This

freedom allows to structure the sp ecification in a prop er way

, and must b e used carefully;

in general we recommend of following one of the two schemas:

Separation b etween signature and axioms: first we declare the sorts; followed by

the constants, the op erations and the predicates; then the v ariables and at last the

axioms. In this way the signature of the data typ e is put in evidence.

S P

S P

•

•

•

• ersion 4.2

??

Example 1.16

1.5 Design sp ecifications

exactly

satisfies al l and only the pr op erties

DT

Ax

DT

DT

DT

DT

Ax

Succ Succ 0 = 0 2 = 0

nat

0 Succ

A A A

design end

design

sort nat

var x y: nat

cn 0: nat

op Succ _ : nat -> nat

op _ + _ : nat nat -> nat

ax x + 0 = x

ax x + Succ y = Succ(x + y)

end

16

Integration b etween signature and axioms: first we declare the sort, followed by the

v ariables, and after the constants, the op erations and the predicates together with

the relative axioms. In this way the link b etween axioms and relative op erations is

in evidence; there is the risk of lo osing the view of the signature, which is spread

out in the sp ecification.

A design sp ecification of a data typ e includes as usually a signature and some axioms;

we want that denotes a data typ e with the sorts, the constants, the op erations

and the predicates declared in the signature, and that

expressed by the axioms and their consequences.

If we consider the sp ecification of the Ex. , we do not want that in the denoted typ e

the prop erty , i.e. hold. This prop erty is not a logic consequence

of the axioms and thus it must not hold in the mo del in which we are interested.

Moreover we want that the carrier of the sort do es not contain elements not

expressible with the constants and the op erations: the data typ e of the real numb ers is

not appropriate since the irrational numb ers cannot b e expressed using only and .

The data typ e denoted by a design sp ecification with signature Σ and axioms

is characterized by the following prop erties.

is a mo del of .

F or expressing all the elemen ts of the carries of the constants and the op erations

of Σ are sufficient; in other word, is generated by Σ.

Let b e an axiom over Σ; holds in if and only if is a logic consequence of

some axioms .

In general a sp ecification has many mo dels, but there only one (up to isomorphism)

satisfying these three prop erties; such data typ e is said the initial mo del of the sp ecifica-

tion.

In MET

AL we have a design sp ecification enclosing the signature declarations and

axioms b etween the key words and .

Mo dels of the sp ecification of the naturals

Consider the following sp ecification:

n

n

n

1

1

1

•

•

∈

•

•

•

| | ersion 4.2

n π

atom

atom atom atom

atom atom atom

End example

1.5.1 Existence of the initial mo del

Syn tax

R e al

R e al

BasicDe c Signatur eDe c V arDe c AxiomDe c

Sp e c BasicDe c BasicDe c design

end

nat

Succ 0 = 0

nat

0 Succ +

if and and

if and and then

A B

C

if A or B then C

if A then C if B then C

A and B A B

A and B A B

if A then B and C

if A then B if A then C

A or B (A or B) if C not A exists x: A

design ... end

17

This sp ecification denotes the data typ e of the natural numb ers (which is its initial

mo del), since the declarations of signature and axioms are enclosed b etween and

.

But the same set of declarations has many mo dels; in the following we give two ex-

amples of data typ es different from the initial mo del.

In the trivial mo del the carrier of contains a unique element and all the op erations

have as result . Obviously the equation holds in this mo del, also if it is not

a consequence of the axioms: thus this mo del is not initial.

In the mo del of the real numb ers the carrier of is and includes p ositive and

negative real numb ers, with fractions, algebraic ro ots and so long. This mo del satisfies

the first and the third requirement, but not the second: indeed there exists a numb er

which cannot b e represented with , and , e.g. , and thus this mo del

do es not satisfies the second requiremen t.

Dep ending on the form of the axioms of a sp ecification, it can happ en that the initial mo del

determined by a design sp ecification, i.e. the data typ e satisfying the three requiremen ts

given previously

, do es not exist. However it can b e shown that if the axioms have a certain

form, called p ositive conditional, then the initial mo del exists. In other words if we use

only p ositive conditional axioms, we are guaranteed that the initial mo del do es exist; for

this reason in the design sp ecification we can only use p ositive conditional axioms. An

axiom is p ositive conditional if has one of the following forms:

. . . ;

. . . .

Some kinds of axioms which are not p ositive conditional can b e reformulated in an

equiv alent way as a set of p ositive conditional axioms. F or giving some examples, let ,

and b e some atoms.

The axiom “ ” is equiv alent to the pair of p ositive conditional ax-

ioms “ ”, “ ”.

The axiom “ ” is equiv alent to the pair of p ositive conditional axioms “ ”, “ ”;

since means that b oth and must hold.

Analogously the axiom “ ” is equiv alent to the pair of p ositive

conditional axioms “ ”, “ ”.

Instead the following axioms in general are not equiv alent to other p ositive conditional

axioms: “ ”, “ ”, “ ”, “ ”.

::=

::=

1

1

DT DT

DT

DT ersion 4.2

Example 1.17

End example

1.6 Requiremen t sp ecification

In the scientific literature this way of interpreting a sp ecification is known as lo ose approach.

requirement

end

requirement ** properties of the groups

sort group

var x y z: group

cn Id: group ** identity

op _ + _ : group group -> group ** sum

ax x + (y + z) = (x + y) + z ** associativity

** Id is the identity}

ax x + Id = x

ax Id + x = x

ax forall x: exists y: x + y = Id ** existence of the inverse

end

not or

18

All the axioms app earing in a design sp ecification must b e p ositive conditional. The

sorts, the constants, the op erations, the predicates and the v ariables must b e declared

b efore to b e used.

In some cases it is desirable to sp ecify only very general prop erties of a class of data typ es.

A sp ecification of this kind denotes the class of all its mo dels, i.e. the class of the data

typ es such that has the sorts, the constants, the op erations and the predicates

of the signature of the sp ecification, and satisfies all its axioms.

The other constraints for the initial mo del in this case are not required. In particular

it is not necessary that the carries of are generated by constants and op erations of

the sp ecification: elements non represented by terms can b e in the carriers; clearly the

axioms and their logic consequences must hold in ; however it is p ossible that other

prop erties, which are are not consequences of the axioms hold.

In MET

AL we have a requirement sp ecification i.e. interpreted in the ab ove way by

enclosing the declarations of signature and the axioms b etween the keywords

and .

Group requiremen ts

In mathematics a group is a set with a binary op eration, called sum, which has a neutral

element and is asso ciative, and for whom each elemen t has an inverse. The real numb ers

w.r.t. the pro duct, the integers w.r.t. the sum are examples of groups.

Whatever mo del of the following sp ecification is a group, and whatever group can b e

seen as a mo del of the following sp ecification.

In the requirement approach the axioms may have whatever form and so we can use

freely the , the combinators and the quantifiers.

n 1 ersion 4.2

Syn tax

Example 1.18

1.7 Tw o final examples

Sp e c BasicDe c BasicDe c

19

::=

The sorts, the constants, the op erations, the predicates and the v ariables must b e

declared b efore to b e used.

This paragraph contains two final examples including all the features of MET

AL presented

in the section. The first is a design sp ecification, the second a requirement sp ecification.

Data typ e “priority queues of natural numb ers” requirement ... end

design ** natural numbers

sort nat

var n m: nat

cn 0: nat

op Succ _ : nat -> nat

op _ + _ : nat nat -> nat

ax 0 + n = n

ax (Succ m) + n = Succ(m + n)

pr _ <= _ : nat nat

ax 0 <= n

ax if n <= m then Succ n <= Succ m

op Max: nat nat -> nat

ax if n <= m then Max(n,m) = m

ax if m <= n then Max(n,m) = n

pr _ =/= _ : nat nat

ax if x <= y then x =/= Succ y

ax x =/= y if y =/= x

sort queue ** priority queues

var q: queue

cn <> : queue

op Add : nat queue -> queue

pr _ Is Empty: queue

ax <> Is Empty

• ̸

• ersion 4.2

f

a b a b f a

f b

c a

f a c

f

DOM CODOM

DOM CODOM

DOM

CODOM

DOM

End example

Example 1.19

End example

2 Sp ecifications structured in mo dules op Max _ : queue -> nat ** computes the maximum

ax Max <> = 0

ax Max Add(n,q) = Max(n,Max q)

op Rest _ : queue -> queue ** gets the maximum

ax Rest <> = <>

ax Rest Add(n,q) = q if n = Max Add(n,q)

ax Rest Add(n,q) = Rest q if n =/= Max Add(n,q)

end

=/=

requirement

sort dom codom ** domain and codomain

op F: dom -> codom ** bijective operation

var x y: dom

var n: codom

ax if not x = y then not F(x) = F(y) ** injectivity

ax exists x: F(x) = n} ** surjectivity

end

20

Notice that the last axiom is p ositive conditional, due to the intro duction of the

auxiliary predicate on naturals.

Class of the data typ es with a bijective op eration

Consider two sets, say and , linked by a function which taken an element

of returns an element of , such that:

(injectivity) whatever two elements and of we take, if = then ( ) =

( );

(surjectivity) whatever element of we take, there exists an element of

such that ( ) = .

A function having this two prop erties is said bijectivit y . This situation can b e

sp ecified as follows:

In MET

AL it is p ossible to split a sp ecification in several separated mo dules; each mo dule

corresp onds to an isolated asp ect of the problem, and its reduced dimension makes its

content immediately understandable. Each mo dule is connected to the other in a clear

and ordered way; the division of a sp ecification in mo dules allows to reuse the same

comp onents in v arious different situations, with a consistent save of time and of work.

ersion 4.2

Example 2.1

End example

NAT

NAT =

design

sort nat

cn 0: nat

op Succ _: nat -> nat

STACK OF NATURAL

STACK_OF_NATURAL =

design

use NAT

var n: nat

sort stack

var s: stack

cn Empty: stack

op Put: nat stack -> stack

op Get: nat stack -> stack

ax Get(Put(n,s)) = s

ax Get(Empty) = Empty

op First: nat stack -> nat

ax First(Put(n,s)) = n

** be careful: First(Empty) is different from all naturals of NAT

pr _ Is Empty: stack

ax Empty Is Empty

STACK OF NATURAL

                                                                                                                NAT

21

In MET

AL we give a name to each mo dule by means of an asso ciation with an identifier

called “bind”; in this way we define an environment asso ciating mo dules with identifiers.

Developing a sp ecification of a system, we usually start from an informal description

of the minimal requirements that the system must satisfy

. This description is formalized

with a requiremen t sp ecification, leaving space to different interpretations. The sp ecifi-

cation is then refined in several steps until we get a detailed design sp ecification of the

pro ject. During this refinement it is p ossible that some mo dules are terminated b efore

other, and thus in the intermediate steps we have requiremen t sp ecifications with some

sub comp onents already at the design level.

Sp ecification of the stacks of naturals

Consider the following mo dular sp ecification of the data typ e “stacks of natural numb ers”;

first we sp ecify the natural numb ers, then we use the naturals for sp ecifying the stacks.

W e asso ciate the sp ecification of the data typ e “natural numb ers” with the identifier

by the following bind.

Then we asso ciate the sp ecification of the data typ e “stacks of natural numb ers” with

the identifier by writing

Now the data typ e denoted by includes also the naturals denoted

by , and it is in some sense an extension of it.

??

•

•

•

•

•

• ersion 4.2

2.1 Binds and en vironmen ts use

A B B A

rename

export hide

NAT STACK OF NATURAL

STACK OF NATURAL NAT STACK OF NATURAL

NAT

22

The principal constructs of MET

AL ab out the structuring in mo dules of the sp ecifi-

cations are the following.

“ ” allows to define a sp ecification using other sp ecifications defined previously

as subparts. If uses , the elements of the signature of are av ailable in , with

their semantic prop erties, and thus there is no need to redeclare them.

“ ” allows to change name to some sorts, constants, op erations and predicates

of a mo dule. In this way we can reuse a mo dule, by changing some of its symb ols,

for adapting it to the new needs.

The parameterization is an imp ortant to ol for reusing the sp ecifications; it allows

to sp ecify generic data typ es, that can b e instantiated afterwards.

F or example we can define the generic the data typ e stack, without to say which

are the ob jects of the stack. After, this data typ e can b e instantiated by creating

stacks of naturals, stacks of streams of naturals, stacks of stacks of trees of pairs of

naturals . . . .

“ ” and “ ” allow to control which symb ols of the signature of the sp eci-

fication defined in a mo dule b ecome av ailable outside and which not.

These op erations among sp ecifications can b e applied to the basic sp ecifications b oth

requiremen t and design, for getting new sp ecifications; in this way after having written

some basic mo dules (and using those built-in) we can build more complex sp ecifications

of data typ es.

T ogether with requiremen t and design MET

AL has two other kinds of sp ecifications.

The draft sp ecification are mo dules without any semantic, neither initial nor lo ose,

but which simply denote a signature and some axioms. They are used for solving

some problems of mo dular decomp osition.

The param sp ecifications are used within the parametric sp ecifications, for express-

ing the requiremen ts that their parameters must satisfy

. They have lo ose semantic

and differ by the requirement sp ecifications only in the use.

A bind is the asso ciation of an identifier with a sp ecification. The Ex. contains two

binds, which asso ciate two sp ecifications with the two identifiers and .

A sequence of binds in which all the identifiers on the left of the equalities are distinct

is an environment.

F or giving the semantic to a sp ecification we need to know the binds to whom it refers;

for example refers to , and for giving a meaning to

first we have to give a meaning to . Among the binds of an environment there is thus

a dep endence relationship, without cycles; moreover within a bind for an identifier it is

not p ossible to refer to the same identifier.

n

n

1

1

•

•

•

•

•

•

• ersion 4.2

2.2 Use of mo dules

Syn tax

??

??

Syn tax

...

=

A = SA B = SB

use B SA

B

A B

SA SB A B

                                                          SA SB SA SB

                                                          SA SB SB

                                                          SA SB

                                                          SA SB SB

SA

SA SB

SB

                                                          SA SB

                                                          SA SB

                                                          SA SB

SA

use , ...,

BindSe quenc e Bind Bind

Bind UpUpIdent Sp e c

no junk no c onfusion

no junk no c onfusion

Sp e c UpUpIdent

BasicDe c Sp e c Sp e c

23

::=

::=

The identifiers on the left must b e all distinct and each identifier must b e declared

b efore to b e used.

Let and b e two binds of an environmen t.

If the declaration app ears in , from that p oint we can use the sorts, the

constants, the op erations and the predicates defined in . The v ariables cannot b e used,

since they are lo cal to the mo dules. In such case we say that uses .

Dep ending on the semantic of and of there are some restrictions to using .

design, design: it is desirable that do es not change the prop erties of .

F or this reason we put two restrictions, called and , presented

in the subsection .

design, draft: it is allowed, if all the axioms of are p ositive conditional.

design, requirement or draft, param: error; a param sp ecification can b e used

only within other param mo dules.

requirement or param, design: in this case the data typ e denoted by w.r.t.

the initial semantic is inserted in the data typ e denoted by , which has a lo ose

semantic.

Notice that whatever mo del of restricted to the signature of must coincide with

the initial mo del of . That means that the restrictions and ,

expressed in subsection , hold. This is the situation during the refinemen t of

the sp ecification of a system when while we sp ecify the requirements of the whole

system some submo dules are already develop ed (i.e. given by design sp ecifications).

requirement or param, requiremen t or draft: no problems.

param, param, design, requirement or draft: no problems.

draft, draft, design or requiremen t: it is p ossible, but we cannot guarantee

any prop erties of consistency

, since has not a semantic in terms of data typ es.

::=

::=

The restrictions on the imp orting of mo dules are expressed by the table b elow.

SB

•

• ersion 4.2

no junk

no c onfusion

A B SA SA SA SA

SB

SB

SB

SB

2.2.1 No junk, no confusion

??

Example 2.2

??

no junk, no confusion no junk, no confusion no junk, no confusion

with only p ositive conditional axioms uses design requirement draft param

design OK

requirement Error OK OK OK

draft OK OK OK

param Error Error Error OK

A = SA B = SB SB

A B B

B A

A

A B

A

B B

B A

B

SA SB

First(Empty)

nat

NAT

                                                                                          nat

ax First(Empty) = 0

NAT STACK OF NATURAL

STACK_OF_NATURAL’ =

design ** adding one axiom

use STACK_OF_NATURAL

var s s’: stack

ax s = s’ if First(s) = First(s’)

24

Let and b e two binds, with design (with initial semantic), such that

uses . denotes uniquely a data typ e, and it is imp ortant that the carries and the

prop erties of the data typ e denoted by are not mo dified by the new declarations of ,

but they are preserved within the data typ e denoted by . This requirement is formalized

by the two constraints:

: do es not add elemen ts to the carries of the sorts of ;

: do es not contain axioms which make true prop erties not holding in

. An atom without v ariables built using the symb ols of the signature of holds in

iff it holds in .

The idea of that is that we use the sp ecification determined by as it is, without

mo difying the data typ e which defines.

The first constraints (no junk) cannot b e verified automatically

. Indeed in general it

is allowed that in we declare constants and op erations of a sort defined in , and so

we cannot guarantee that the terms obtained with these new constants and op erations

are equiv alent to some old terms.

Ex. do es not satisfy the constraint no junk: indeed the term of sort

, which corresp onds to read the first element of an empty stack, denotes an element

completely new for such sort, different from all naturals defined in ; thus the carrier

of has b een mo dified. F or fixing this problem we have to add new axioms identifying

these new term with another already existent. F or example we may add:

Also the second constraint (no confusion) cannot b e verified automatically

, since the

confusion may b e caused by axioms apparently ab out other sorts.

Consider the environment defined by the binds and of the Ex.

and by the following ones.

0 1 s s

2.3 Rename ersion 4.2

End example

Example 2.3

??

End example nat s0 = Put(0,Put(0,Empty))

s1 = Put(0,Put(Succ 0,Empty))

First(s0) = First(s1) = 0

s0 = s1 First(Get(s0)) = First(Get(s1)) 0 = Succ 0

nat

S S

S

POSET =

requirement

sort poset

var x y z: poset

pr _ <= _: poset poset

ax x <= x ** reflexivity

ax if x <= y and y <= x then x = y ** antisimmetry

ax if x <= y and y <= z then x <= z ** transitivity

TOSET

x <= y or y <= x

TOSET =

requirement

use rename sort poset to toset in POSET

var x y: toset

ax x <= y or y <= x

25

The added axiom say that two stacks are equal if they have equal the first element. This

axiom pro duces confusion in the sort . Indeed consider

and .

F rom the last axiom, we get = , since . On the

other hand if then and thus .

That means that one is equal to zero! Pro ceeding in this way we can deduce that all the

elements of sort are equal.

The result is that a wrong axiom non only ruins the stacks, but also the naturals,

which apparently were not involved. Errors of this kind can b e very difficult to find and

thus we need to b e very careful.

The rename is a construct which allows to reuse mo dules written previously simply by

changing the name to some of the comp onents of the signature (sorts, constants, op era-

tions and predicates).

By renaming a sp ecification we can change the symb ols directly defined in , and also

that imp orted in from other sp ecification. The kind of the sp ecification instead remains

the same, and so we can rename design, requiremen t, param and draft sp ecifications

getting sp ecifications of the same kind.

Partial and total orders

A partial order structure (POSet, Partially Ordered Set) consists of a set, and of a partial

order (i.e. two elements may b e noncomparable).

F or getting the sp ecification of the totally ordered sets ( ) we add the axiom

;

at this p oint it is reasonable to change the name to sort, to avoid confusion (see ).

n

n

n

1

1 2

1

1

Syn tax

??

ersion 4.2

|

| |

| |

|

•

•

•

•

•

2.4 P arametric sp ecifications rename ... in

  sort to to

cn cn :

op op : ... ->

pr pr : ...

to

to

list(elem)

list(nat)

Sp e c Map Map Sp e c

Map Sort Sort CnOpPrExpr MixfixR epr

CnOpPrExpr MixfixR epr MixfixR epr Sort

MixfixR epr MixfixR epr Sort Sort Sort

MixfixR epr MixfixR epr Sort Sort

26

::=

::=

::=

The sorts, the constants, the op erations and the predicates on the left of the must

b e part of the signature of the renamed sp ecification.

The arities of the symb ols on the left of the can b e omitted, if there is no ambiguity .

The arities of the symb ols on the right are deducible by the renaming of the arities of the

symb ols on the left, and thus there is no need to declare them explicitly .

Renaming a sort corresp onds really to declare a new sort; it is the same thing for the

names of sorts of the subsection .

MET AL supp orts a p owerful to ol for the reuse of the mo dules: indeed it allows to pa-

rameterize the mo dules over other mo dules. The parameterization is a construct of high

level which allows to reuse sp ecifications written b efore, in a controlled and safe way .

The MET

AL approach to parametric mo dules it is based on the following p oints.

The formal parameters are identifiers representing sp ecifications.

A sp ecification (of kind param) is asso ciated with each formal parameter, it rep-

resents the requirements that the corresp onding actual parameter must satisfy for

making the correct instantiations. These requirements are b oth ab out the structure

of the signature and the prop erties of the interpretation of the constants, of the

op erations and of the predicates.

The instantiations are obtained by asso ciating with each formal parameter a sp eci-

fication, called actual parameter, which must satisfy the relative requirements.

The asso ciation of an actual parameter with a formal one it is not trivial, since we

have to define how the actual parameter satisfies the requirements of the formal

parameter. This it is done by asso ciating with each of the comp onents (sorts,

constants, op erations and predicates) of the sp ecification defined in the requirement

part of the formal parameter a corresp onding element of the actual parameter.

The sorts defined in a parametric sp ecification can have a syntax parameterized on

the sorts app earing in the requirement part of the formal parameters; for example

we can define the parametric lists, having sort , and then instantiate

them with the natural numb ers as elements, getting the sort .

In this way the sorts defined in different instantiations of the same parametric

sp ecification have automatically assigned different names; this is very useful to avoid

the collisions among the names of the sorts.

|

|

|

1 1 +1

1

1

1 n n n

n n

n

n

n ersion 4.2

Example 2.4

End example

Syn tax

Sp e c UpUpIdent Sp e c UpUpIdent Sp e c Sp e c

UpUpIdent Instant Instant

BasicDe c BasicDe c

Instant Sp e c Map Map Sp e c

Sort L owIdent Sort Sort

LIST =

generic ELEM : param sort elem end in

requirement

use ELEM

sort list(elem)

var e: elem

cn <>: list(elem)

op _ & _: elem list(elem) -> list(elem)

op _: elem -> list(elem)

ax list(elem)(e) = e & <>

end

LIST ELEM

NAT

ELEM NAT elem nat

LIST_NAT =

LIST(NAT sort elem to nat)

LIST NAT nat list(nat)

LL_NAT =

LIST(LIST(NAT sort elem to nat) sort elem to list(nat))

LLL_NAT =

LIST(LL_NAT sort elem to list(list(nat)))

generic : ... :

( , ..., )

param ... end

...

( , ..., )

27

Parametric lists

In this example we sp ecify the data typ e lists parameterized on the elements. This

parametric sp ecification can b e instantiated pro ducing lists of natural numb ers, lists of

streams, lists of lists of naturals, or lists of whatever other data typ e (which has at least

a sort).

Now we want to instantiate , binding the formal parameter with the ac-

tual parameter . W e have to define a corresp ondence b etween the signature of the

requiremen ts of and that of , by asso ciating the sort with the sort .

Now the sp ecification has the sorts and . Other examples of

instantiations are:

The requiremen ts on actual parameters allow to prove general prop erties of the para-

metric mo dule, holding on all instantiations, whenever the actual parameter satisfies the

requiremen ts. The same sp ecification can b e used as actual parameter from different

p oints of view, dep ending on the asso ciation among the signatures.

::=

::=

::=

•

•

•

•

•

• ersion 4.2

A P

A A A P

P P

A A A A A A A

P P P

P P P P

A A A A A

P P P P

P

2.4.1 Instan tiation of the parameters

Structural constrain ts.

Seman tic constrain ts.

X: P A

P A

P A

P

P

P

P

A

s A s P

Cn : s A s s

Cn : s P

Op :s1 sn s A s1 sn s

s1 sn s

Op :s1 sn s P

Pr :s1 sn A s1 sn

s1 sn Pr :s1

sn P

P

A

P

                                                                                                 A P A

P A A

28

T o instantiate a parametric sp ecification we asso ciate with each formal parameter an

actual parameter. Each actual parameter must satisfy the requiremen ts put in the dec-

laration of the corresp onding formal parameter. These requirements are ab out signature

and axioms. The signature of the requirement of the formal parameter put some struc-

tural constraints on the actual parameter, while the axioms put semantic constraints. Let

b e a formal parameter and the corresp onding actual parameter.

They are satisfied by defining a corresp ondence b etween the

symb ols of the signature of and the symb ols of the signature of . T aken a symb ol of

the signature of we gives the corresp onding elemen t of the signature of .

The symb ols which have to b e asso ciated are that visible in the signature of , origi-

nated by a sp ecification of kind param. Such symb ols are usually declared directly in ,

but they can b e also imp orted from another sp ecification of typ e param. Notice that if

imp orts the symb ols from a sp ecification of different kind, these symb ols must b e such

and that in the actual parameter. More precisely:

Each sort, constant, op eration and predicate of , originated in a sp ecification not

of kind param must b e present in with the same arity .

A sort of must corresp ond with each sort of the signature of originated

in a sp ecification of kind param.

A constant of , where corresp onds to , must corresp ond to each

constant of the signature of originated in a sp ecification of kind param.

An op eration . . . of , where the sorts , . . . , , corresp ond

resp ectively to the sorts , . . . , , , must corresp ond to each op eration

. . . of the signature of originated by a sp ecification of kind param.

A predicate . . . of , where the sorts , . . . , corresp ond re-

sp ectively to the sorts , . . . , , must corresp ond to each predicate

. . . of the signature of originated in a sp ecification of kind param.

If we omit the asso ciation for a symb ol of the signature of , and there exists a

symb ol in the signature of with the same name and corresp onding arity

, these

symb ols are asso ciated by default.

The v ariables are lo cal and so we do not need to asso ciate them.

The asso ciations defined b etween the signature of and that

of allows to translate the axioms of into axioms of . The semantic constraints are

satisfied if the axioms of translated in the signature of hold also in .

It is not p ossible to verify automatically the semantic constraints.

≤

≥

Example 2.5 ersion 4.2 29

Ordered lists

In general a sp ecification can b e used as actual parameter in several different ways. F or

example the naturals can b e considered an ordered set b oth w.r.t. the relation “ ” and

the relation “ ”.

The following parametric sp ecification gives the requirements of the parametric lists

with an ordering op eration. F or defining such op eration we need a total order predicate

on the list elements.

W e want to instantiate the parameter with the natural numb ers: they can b e

considered an ordered set b oth in increasing and decreasing order.

TOSET =

param

sort toset

var x u z: toset

pr _ <= _: toset toset

ax x <= x ** reflexivity

ax if x <= u and y <= x then x = y ** antisimmetry

ax if x <= y and y <= z then x <= z ** transitivity

ax x <= y or y <= x ** totality

ORDERED_LIST =

generic ELEM: TOSET

requirement

use LIST(ELEM sort toset to elem)

var h1 h2: toset

var t1 t2 l: list(toset)

** list permutations

pr _ Permute _: list(toset) list(toset)

ax (h1 h2 t) Permute (h2 h1 t)

ax (h t1) Permute (h t2) if t1 Permute t2

ax <> Permute <>

** checks if a list is ordered

pr _ Is Ordered: list(toset)

ax h1 h2 t1 Is Ordered if h1 <= h2 and h2 t1 Is Ordered}

ax h1 <> Is Ordered

ax <> Is Ordered

** ordering operation

op Order: list(toset)}{list(toset)

ax l Permute Order(l) and Order(l) Is Ordered

end

ELEM ersion 4.2

End example

Example 2.6

30

Lists with a measure on the elements

If on the elements there is defined an op eration returning a natural numb er (the measure

of the elemen ts), we can enrich the lists with an op eration for computing the sum of such

numb ers.

NAT =

design

sort nat

var x y: nat

cn 0: nat

op Succ _: nat -> nat

pr _ <= _: nat nat

pr _ => _: nat nat

ax 0 <= x

ax x <= Succ x

ax x => y if y <= x

end

INCREASING_LIST_OF_NATURAL =

ORDERED_LIST(NAT sort toset to nat)

** we can omit ‘‘pr _ <= _: toset toset to _ <= _’’

** since it is taken by default

DECREASING_LIST_OF_NATURAL =

ORDERED_LIST(NAT sort toset to nat pr _ <= _ to _ => _)

** we can omit the arity of ‘‘_ <= _’’ since there is no overloading

MEASURE =

param

use NAT

** NAT is not of type param and thus we do not need to associate its symbols

** with symbols of the actual parameter; they must appear in the actual parameter,

** otherwise how we can have the corresponding of Measure?

sort elem

op Measure: elem -> nat

LIST_WITH_MEASURE =

generic ELEM: MEASURE

design

use LIST(ELEM)

** we can omit ‘‘sort elem to elem’’ since such mapping is assumed by default

var h: elem

var t: list(elem)

op Measure: list(elem) -> nat

•

• ersion 4.2

End example

Example 2.7

2.5 Con trolling the exp orted sym b ols ax Measure(h & t) = Measure(h) + Measure(t)

ax Measure(<>) = 0

end

L_M_NAT =

LIST_WITH_MEASURE(NAT sort elem to nat op Measure to Succ _)

LL_M_NAT =

LIST_WITH_MEASURE(L_M_NAT sort elem to list(nat))

TREE =

generic ELEM: param sort elem end

export

sort elem

sort tree(elem)}

cn <>

op Node

pr _ Is Balanced

** the arities are omitted since there is no ambiguity

from

design

use ELEM

var k: elem

sort tree(elem)

var t1 t2: tree(elem)

31

The need of hiding some of the symb ols of a sp ecification usually arose in two cases.

Sp ecifying a data typ e, we can use auxiliary op erations (or sorts or constants or

predicates), for b eing able to write the axioms, which are not meaningful from the

global p oint of view. These elemen ts of the signature have to b e hidden, so that

cannot b e visible outside.

Imp orting a sp ecification, we can have the intention of using only some of the

symb ols of the signature.

MET AL allows to put a filter for hiding the symb ols which must not b e visible outside.

The filter can b e p ositive (exp ort) or negative (hide).

Exp ort filter

Consider the following sp ecification of the parametric data typ e “binary trees” with bal-

ancing test.

n n 1 1

|

| ersion 4.2

End example

Example 2.8

??

End example

Syn tax

Sp e c Filter Filter Sp e c Filter Filter Sp e c

Filter Sort CnOpPrExpr cn <>: tree(elem)

op Node: elem tree(elem) tree(elem) -> tree(elem)

use NAT

op Height: tree(elem) -> nat

ax Height(<>) = 0

ax Height(Node(k,t1,t2)) = Max(Height(t1),Height(t2)) + 1

pr _ Is Balanced: tree(elem)}

ax <> Is Balanced

ax Node(k,t1,t2) Is Balanced if

t1 Is Balanced and t2 Is Balanced and

(Height(t1) = Height(t2) or

Height(t1) = Succ Height(t2) or

Succ Height(t1) = Height(t2))

end

TREE Is Balanced

Height

Height

ORDERED LIST

Order Permute <=

ORDERED_LIST’ =

hide

pr _ Permute _

pr _ <= _ -> list(elem) list(elem)

in

ORDERED_LIST

<= : list(elem) list(elem)

<= : elem elem

hide ... in export ... from

sort

32

The sp ecification defines parametric binary trees, with a predicate

checking if a tree is balanced; for defining this predicate we have to use an auxiliary

function computing the height of a tree, and which uses the naturals, and thus we

have to imp ort also the naturals, which apparently have no relationship with the trees.

But b oth the natural numb ers and the auxiliary function are not visible outside,

since the exp ort filter blo cks them.

Hide filter

Consider the sp ecification of the Ex. : for defining the prop erties of the

op eration we need to intro duce the binary predicates on lists and . W e

hide these predicates by writing

Notice that the predicate has b een denoted with

the whole arity

, otherwise it could b e confused with .

::=

::=

1 n

•

• ersion 4.2

Sp e c BasicDe c BasicDe c

2.6 Draft sp ecifications

Syn tax

2.6.1 Collision of the names of the sorts

Example 2.9 draft ... end

A1 = design sort a . . . end

A2 = design sort a . . . end ** until here Ok

B =

design

use A1, A2

** now there is a collision among distinct sorts with the same name

cn C: a

end

33

The semantics of the sp ecifications of kind draft do es not asso ciate any data typ e with

them. Sometime these sp ecifications are useful for splitting a large sp ecification in smaller

pieces, which by themselv es have not interesting mo dels. Typically they are used for

solving problems as the collision of the names of sorts, or for anticipating some declarations

useful for defining recursive data typ es in a mo dular way .

In MET

AL it is allowed to intro duce in physically distinct declarations sorts with

the same name, and constants, op erations and predicates with the same name and the

same arity

, but these symb ols cannot b e put in the same signature, since the may cause

ambiguity not solv able in any way

. The only exceptions are the ob jects declared in the

draft mo dules, which are identified with any other ob ject of the same typ e identified by

the same name, without giving problems.

::=

T o declare in different sp ecifications two sorts with the same name but with different

meanings makes confusion and makes the sp ecification unreadable. In general it is correct

to pro ceed as follows:

for denoting the same carrier in two different sp ecifications we declare once the sort

in a third sp ecification, which will b e used by the first two ones;

for denoting different carries we use sorts with different names.

MET AL allows of declaring in two different places two different sorts with the same

name, but these two sorts never have to b e shared by the same signature. The only

exceptions are the sorts declared in the draft sp ecifications, which are identified with

whichever sort having the same name.

Collision of sorts

In the following example we has a collision among sorts:

End example ersion 4.2

A = draft sort a end

A1 = design use A . . . end

A2 = design use A . . . end

B =

design

use A1, A2

cn C: a

end

a A

B

A1 = draft sort a . . . end

A2 = draft sort a . . . end ** until here Ok

B =

design

use A1, A2

** now there is not a collision since being A1 draft the sort a of A1 is

** identified with the sort a of A2

cn C: a

end

A1 = design sort a1 end

A2 = design sort a2 end

B =

design

use A1, A2

cn C: a1

cn C: a2

end

34

This problem can b e solved in several ways. If we want that the two sorts b eing the

same, i.e. corresp onding to the same carrier we can write

In this case the sort has b een declared once in the sp ecification , and thus the

sp ecification is correct. Alternatively we can write

If instead we want that the two sorts are distinct, i.e. which corresp ond to distinct

carries we must write for example:

ersion 4.2

2.6.2 Recursiv e data t yp es

Example 2.10

End example

Example 2.11

M =

design

sort m

use NAT

op _ : nat -> m

use LIST(M sort elem to m) ** error

op [ _ ]: list(m) -> m

M’ = draft sort m end

M =

\design

use M’, NAT

op _ : nat -> m

use LIST(M’ sort elem to m)

op [ _ ]: list(m) -> m

end

LABEL_NODES = ** requirements on the labels of the nodes

param

35

The situation is the same for constants, op erations and predicates. Two of these

symb ols, having exactly the same name and the same arity

, but coming from distinct

declarations, cannot stay in the same signature, except that at least one of the two is

declared in a draft sp ecification.

There exist and they are often used data typ es which are defined in terms of themselv es;

to give a sp ecification split in mo dules of these data typ es can b e a problem, due to the

imp ossibilit y of having cycles in the dep endence among the mo dules. The p oint can b e

solved predeclaring some symb ols in a draft sp ecification.

Multilists of naturals

W e want to mo del the data typ e of the lists containing elements which in turns can b e

lists, or natural numb ers. W e want to sp ecify such a data typ e as follows:

Unfortunately this cannot b e done, since it is in contrast with the rule for which the

dep endencies among mo dules cannot have lo ops and cycles. This p oint can b e solved by

using an auxiliary draft sp ecification.

T rees

W e consider the parametric trees, with lab elled no des and arcs. Each no de can have

whatever numb er of sons, which in turn are trees. A set of trees is a forest, and thus the

set of the sons of each no de can b e seen as a forest.

End example ersion 4.2 36

W e predeclare the sort tree in a draft sp ecification.

The draft sp ecification is used to predeclare the sort for

defining the forests, and thus the trees.

sort e_nodes

end

LABEL_ARCS = ** requirements on the labels of the arcs

param

sort e_arcs

end

TREE =

generic E_NODES: LABEL_NODES

E_ARCS: LABEL_ARCS

draft

use E_NODES, E_ARCS

sort tree(e_nodes,e_arcs)

end

FOREST =

generic E_NODES: LABEL_NODES

E_ARCS: LABEL_ARCS

draft

use TREE(E_NODES, E_ARCS)

sort forest

var x y z: forest

cn <>: forest

op _ : tree(e_nodes,e_arcs) -> forest

op _ + _: forest forest -> forest

ax x + (y + z) = (x + y) + z

ax x + y = y + x

ax x + <> = x

end

TREE =

generic E_NODES: LABEL_NODES

E_ARCS: LABEL_ARCS

design

use FOREST(E_NODES, E_ARCS)

** finally we can give an initial semantic to the carrier of the sort tree,

** redeclaring it in a design specification

sort tree(e_nodes,e_arcs)

op Tree: e_nodes forest -> tree(e_nodes,e_arcs)

end

TREE tree(e nodes,e arcs) ersion 4.2

Syn tax

Example 3.1

3 Dynamic sp ecifications

3.1 Dynamic signatures

3.2 Design and requiremen t dynamic sp ecifications

Signatur eDe c Sort MixfixR epr

Sort Sort

Sort MixfixR epr

Sort

MixfixR epr Sort Sort Sort

Sort

MixfixR epr dsort :

lab

dsort :

sort lab

pr : lab

lab

BUFFER =

design

use NAT ** predefined data type specification (see the appendix)

dsorts buffer: _ -- _ --> _

var b: buffer

var n: nat

cn Empty: buffer

op C: nat -> buffer

** the sort lab_buffer and the predicate _ -- _ --> _ are implicitly

** declared

cn INT: lab_buffer op SEND: nat -> lab_buffer

op REC: nat -> lab_buffer

ax Empty -- REC(n) --> C(n)

ax C(n) -- SEND(n) --> Empty

ax b -- INT --> b

end

37

A dynamic signature is a sequence of declarations of sorts, dynamic sorts, constants,

op erations and predicates.

::=

::=

T o a dynamic sort declaration of the form are implicitly added

the following declarations:

and

.

It is prohibited to declare twice the same dynamic sort; instead it is p ossible to rede-

clare dynamic a sort already declared as usual static sort; moreover if the sort or

the predicate have b een already declared no error is signalled and the new

ones coincide with the old ones.

Design dynamic sp ecification are just as the usual MET

AL design sp ecifications; but

now the axioms may involve the transition predicate and thus define the activity of the

dynamic elements.

Sp ecification of a buffer

W e give the sp ecifiation of a simple buffer containing natural numb ers.

ersion 4.2

1 2

1 2

1 2

1 2

1 2

1 2

1 2

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

End example

Syn tax

T ruth v alues

A Predefined data t yp e sp ecifications in each case in one case

( )

not

and

or

if then

if

iff

until

wuntil

always

now and always

eventually

now or eventually

after

[ . ]

[ ]

[ ]

< . >

< >

< >

BOOL

BOOL =

design

sort bool

var b: bool

cn True: bool

cn False: bool

Axiom T erm PathAxiom T erm PathAxiom

PathAxiom PathAxiom

PathAxiom

PathAxiom PathAxiom

PathAxiom PathAxiom

PathAxiom PathAxiom

PathAxiom PathAxiom

PathAxiom PathAxiom

PathAxiom PathAxiom

PathAxiom PathAxiom

PathAxiom

PathAxiom

PathAxiom

PathAxiom

PathAxiom

L owIdent Axiom

Axiom

T erm

L owIdent Axiom

Axiom

T erm

38

The axioms of requirement dynamic sp ecifications are extended with combinators of

the temp oral logic for expressing requirements on the activity of the dynamic elements.

::=

::=

The sp ecification of some data typ es used very frequently are predefined in MET

AL; some

of them are basic data typ es, as the natural numb ers and the integers; while others are

parametric data typ es, as lists and sets. Some of these sp ecifications are expressed by

using the standard features of MET

AL, other use particular syntactic features.

The predefined sp ecification mo dels the data typ e “truth v alues”.

ersion 4.2

Natural n um b ers

39

The predefined sp ecification mo dels the data typ e of the nat-

ural numb ers, with carrier I

N, and the op erations of sum, pro duct and the comparison

predicates.

The constants , , , . . . , , . . . of sort are predefined built-in.

op Not _ : bool -> bool

ax Not True = False

ax Not False = True

op _ And _ : bool bool -> bool

ax True And b = b

ax False And b = False

op _ Or _ : bool bool -> bool

ax True Or b = True

ax False Or b = b

end

NAT

0 1 2 1967 nat

NAT =

design

use BOOL

sort nat

var n m: nat

** built-in

** cn 0 : nat

** cn 1 : nat

** . . .

op Succ: nat -> nat

** built-in

** ax Succ(0) = 1

** ax Succ(1) = 2

** . . .

op _ + _: nat nat -> nat

ax 0 + n = n

ax Succ(n) + m = Succ(n + m)

op _ * _: nat nat -> nat

ax 0 * n = 0

ax Succ(n) * m = (n * m) + m

pr _ <= _: nat nat

ax n <= n

/ ersion 4.2

In tegers n um b ers ax if n <= m then n <= Succ(m)

pr _ < _ -> nat nat

ax n < m if Succ(n) <= m

pr _ => _: nat nat

ax n => m if m <= n

pr _ > _: nat nat

ax n > m if m < n

pr _ =/= _ : nat nat

ax 0 =/= Succ(m)

ax Succ(n) =/= 0

ax if n =/= m then Succ(n) =/= Succ(m)

end

INT

+

INT =

design

use NAT

var n: nat

sort int

var i j: int

op _ : nat -> int

op Succ: int -> int

ax Succ(int(n)) = int(Succ(n))

op Pred: int -> int

ax Succ(Pred(i)) = i

ax Pred(Succ(i)) = i

op + _ : int -> int

ax + i = i

op - _ : int -> int

40

The sp ecification mo dels the data typ e “integer numb ers”, with

carrier Z , and v arious op erations and predicates.

The integers use the naturals, taking adv antage of the built-in representation due to an

op eration of implicit emb edding. This implicit op eration is not understo o d by the parser

if it is applied to the outer level of one of the two terms of an equality . F or this reason it

is advisable to use the unary op eration when writing p ositive integers constants.

Iden tifiers ersion 4.2 41

The sp ecification gives a convenient wayfor handling identifiers, as

atomic unit.

An infinite numb er of constants are built-in, that we write putting b etween single

primes whatever non empty sequence of alphab etic lower case and upp er case letters.

ax -0 = + 0

ax - Succ(i) = Pred(- i)

ax - Pred(i) = Succ(- i)

op _ + _ : int int -> int

ax 0 + i = i

ax Succ(i) + j = Succ(i + j)

ax Pred(i) + j = Pred(i + j)

op _ - _ : int int -> int

ax i - j = i + (- j)

op _ * _ : int int -> int

ax 0 * i = + 0

ax Succ(i) * j = (i * j) + j

ax Pred(i) * j = (i * j)- j

pr _ <= _ : int int

ax i <= i

ax if i <= j then i <= Succ(j)

pr _ < _ : int int

ax i < j if Succ(i) <= j

pr _ => _ : int int

ax i => j if j <= i

pr _ > _ : int int

ax i > j if j < i

pr _ =/= _ : int int

ax if i > j then i =/= j

ax if i < j then i =/= j

end

IDENT

IDENT =

design

sort ident

** cn ’*’: ident

** where * is a nonempty sequence of upper case or lower case letters ersion 4.2

P arameters requiremen ts

Lists

42

Some common requiremen ts for the sp ecification parame-

ters are predefined.

The following parametric sp ecification is predefined. It can b e instantiated

for mo delling the set of the finite sequences of elements of any data typ e. W e require that

such data typ e should have a sp ecial v alue, to b e returned by the op eration when

applied to the empty list.

end

ELEMENT = param sort elem end

ERROR_ELEMENT =

param

use ELEMENT

cn ErrorElement -> elem

end

DIFFERENT_ELEMENT =

param

use ELEMENT

pr _ =/= _: elem elem

var e1 e2: elem

ax e1 =/= e2 iff not e1 = e2

end

POSET =

param

use ELEMENT

pr _ <= _: elem elem

var x y z: elem

%

ax x <= x

ax if x <= y and y <= x then x = y

ax if x <= y and y <= z then x <= z

end

TOSET =

param

use POSET

var x y: elem

ax x <= y or y <= x

end

LIST

Head

LIST =

Finite sets ersion 4.2 43

The following parametric sp ecification is predefined. It can b e instan-

tiated for mo delling the data typ e finite sets of elements of another data typ e.

The op erations and are useful for simply expressing sets with 2 or

3 elemen ts.

generic ELEM: ERROR_ELEMENT

draft

use NAT, ELEM

var h: elem

sort list(elem)

var t l: list(elem)

cn Empty: list(elem)

op _ ^ _ : elem list(elem) -> list(elem)

op _ : elem -> list(elem)

ax h = h ^ Empty

op _ & _ : list(elem) list(elem) -> list(elem)

ax Empty & l = l

ax (h ^ t) & l = h ^ (t & l)

op Head: list(elem) -> elem

ax Head(Empty) = ErrorElement

ax Head(h ^ t) = h

op Tail: list(elem) -> elem

ax Tail(Empty) = Empty

ax Tail(h ^ t) = t

pr _ Is Empty: list(elem)

ax Empty Is Empty

pr _ Is Not Empty: list(elem)

ax h ^ t Is Not Empty

op Length: list(elem) -> nat

ax Length(Empty) = 0

ax Length(h ^ t) = Succ(Length(t))

end

SET

; ; ;

SET =

generic ELEM: ELEMENT

draft

Record ersion 4.2

use ELEM

sort set(elem)

var x y z: elem

var s s’ s’’: set(elem)

cn {}: set(elem)

op { _ }: elem -> set(elem)

op _ U _: set(elem) set(elem) -> set(elem)

ax s U {} = s

ax s U (s’ U s’’) = (s U s’) U s’’

ax s U s’ = s’ U s

ax s U s = s

pr _ In _: elem set(elem)

ax x In { x } U s

op {_ ; _}: elem elem -> set(elem)

ax {x;y} = {x} U {y}

op {_ ; _ ; _}: elem elem elem -> set(elem)

ax {x;y;z} = {x} U {y;z}

end

record rec ** sort of the record

F1: s1 of S1

. . .

Fn: sn of Sn

** fields, with name, sort and specification of the relative values

end

44

The data typ e record (or cartesian pro duct of v arious comp onents enriched by

op erations for selecting and mo difying the comp onents) are very common and frequently

used; thus in MET

AL there is a sp ecial construct, with ad ho c syntax, for sp ecifying

record typ es, putting in evidence:

– the sort of the record typ e;

– the fields (the comp onents of the pro duct), each one with the relative name, and

the sp ecification defining the relative v alues; clearly

, since in general a sp ecification

has different sorts we have to indicate also which sort of such sp ecification defines

the v alues of the comp onent.

This construct declares automatically the constructor of the record as tuple of el-

emen ts, and the op erations of access and mo dification of the fields. The sp ecification

expression n 1 ersion 4.2

Syn tax

En umeration t yp es

Sp e c Sort Field Field

Field UpIdent Sort Sp e c

45

is equiv alent to

::=

::=

Given the field the sort must b e in the signature of the sp ecification .

F requently we have to sp ecify a data typ e with only one carrier, a

finite numb er of constants and nothing other; these are the enumeration typ es. MET AL

gives a built-in construct for rapidly defining the enumeration typ es. The sp ecification

expression

is equiv alent to design

use S1, S2, . . . , Sn

sort rec

var v1 v1’: s1

. . .

var vn vn’: sn

op < _ ; _ ; . . . ; _ >: s1 . . . sn -> rec

** constructor of the record

** operations for field access

op F1: rec -> s1

ax F1(< v1 ; . . . ; vn >) = v1

. . .

** operations for field modification

op _ [_ / F1 ]: rec s1 -> rec

ax < v1 ; . . . ; vn > [v1’/ F1] = < v1’ ; . . . ; vn >

. . .

end

record ... end

: of

F: s of S s S

enum s : Id1 Id2 . . . Idn end

design

sort s

cn Id1: s

                                          . . .

cn Idn : s

pr _ =/= _ : s s

ax Idi =/= Idj for i, j =1, . . . , n, i =/= j

end

end

∗

1 n ersion 4.2

B.1 Lessical lev el

B The syn tax of MET AL

Sp e c L owIdent UpIdent UpIdent

Char acter

T erminal Char acter

UpCase

L owCase

Digit

Syn tax

Basic c haracters:

Separators.

T erminal sym b ols:

Upp er case letters:

Lo w er case letters:

Digit:

enum : ... end

1 2 3 4 5 6 7 8 9 0

a b c d e f g h i j k l m n o p q r s t u v w x y z

A B C D E F G H I J K L M N O P Q R S T U V W X Y Z

~ ‘ ! @ # $ % ^ & * ( ) - _ + = | / \ { }

[ ] : ;

’ " < > . ?

**

A B C D E F G H I J K L M N O P Q R S T U V W X Y Z

a b c d e f g h i j k l m n o p q r s t u v w x y z

1 2 3 4 5 6 7 8 9 0

46

::=

In this section we defines the set of the terminal symb ols used in the pattern rules, which

are particular sequences of basic characters.

the set includes all the characters used in MET AL:

There are also the space, the tab character and the end of line.

The space character, the tab character and the new line character, are

considered separators. The separators are not part of the terminals; they are used to

separate the terminal symb ols among them, when they are needed, and for giving a

b etter form to the co de.

Another separator is the comment. The commen t starts with in each context and

ends with the end of line character.

the set is a subset of .

the set consists of the characters

the set consists of the characters

the set consists of the characters

∗

∗

∗ ersion 4.2

∪ ∪ ∪ { }

{ | ∈ ∈ } −

{ | ∈ ∈ } ∪

{ ∈ | }

\

∪ ∪ ∪ ∪

, , ,

l t l t

ut u t

u u

K ey S y mbol

K ey S y mbol

Sp ecial c haracters:

Iden tifier tails:

Lo w er case iden tifiers:

Upp er case iden tifiers:

Completely upp er case iden tifiers:

Sym b ols:

Reserv ed sym b ols:

Reserv ed w ords:

T erminal:

~ ‘ ! @ # $ % ^ & * - + = \ /

| { } [ ] : ; " ’ < > . ?

( ) ,

‘ ’ "

( ) : , -> **

and ax cn

design draft enum end exists export forall

from generic hide if iff in not of op or

param pr record rename requirement sort then to use var

Sp e cialChar acter

IdentT ail UpCase L owCase Digit

IdentT ail KeyWor d

L owIdent L owCase IdentT ail KeyWor d

IdentT ail

UpIdent UpCase IdentT ail Digit

UpUpIdent UpIdent

Sp e cialChar acter

KeySymb ol

Symb ol Sp e cialChar acter

KeySymb ol

KeyWor d

T erminal UpIdent L owIdent KeyWor d Symb ol

47

the set consists of the characters

notice that the characters “ ”, “ ”, “ ” and “ ” have b een excluded.

whatever sequences (also empty) of upp er and lower case letters,

digits, primes and underscores can b e the tail of an identifier.

= ( ) .

they either start with a lower case letter, followed by an

. The key words are excluded.

= ( and )

they either starts with a upp er case letter, followed by an

, or are sequences of decimal digits.

= and

they are the subset of upp er case identifiers

which do not include lower case letters.

= do es not include lower case letters

they are sequences of the sp ecial characters ; the reserved

symb ols are excluded.

= .

the set includes the terminal symb ols

“ ”, “ ”, “ ”, “ = ”, “ ”, “ ” and “ ”.

the set includes the terminal symb ols

= ersion 4.2

1

1

1

1

1 1 +1

1

1

1

1

1

1

1 n

n

n

n

n n n

n

n n

n

n

n

n

n

n

|

|

|

|

|

|

|

|

|

|

|

|

| |

| |

B.2 Concrete syn tax

Note.

??

The initial sym b ol

Sp ecification expressions.

( ) ,

+

+ F(x,y) F ( x , y ) AA BB

AA BB

...

=

design ... end

requirement ... end

rename ... in

generic : ... :

param ... end

( , ..., )

hide ... in

export ... from

draft ... end

record ... end

enum : ... end

sort to to

cn cn :

op op : ... ->

UpIdent UpUpIdent L owIdent Symb ol

BindSe quenc e

BindSe quenc e Bind Bind

Bind UpUpIdent Sp e c

Sp e c BasicDe c BasicDe c

BasicDe c BasicDe c

UpUpIdent

Map Map Sp e c

UpUpIdent Sp e c UpUpIdent Sp e c Sp e c

BasicDe c BasicDe c

UpUpIdent Instant Instant

Filter Filter Sp e c

Filter Filter Sp e c

BasicDe c BasicDe c

Sort Field Field

L owIdent UpIdent UpIdent

Map Sort Sort CnOpPrExpr MixfixR epr

CnOpPrExpr MixfixR epr MixfixR epr Sort

MixfixR epr MixfixR epr Sort Sort Sort

48

– The identifiers av ailable to the users are distinguished in three categories: upp er

case, lower case and symb ols. The upp er case identifiers have in turn a sub class,

that of the completely upp er case identifiers.

– The upp er case identifiers include the numb ers.

– The characters , , and are not part of the symb ols, and do not need to b e

preceded and followed by an explicit separator. Thus for example is equiv alent

to and is equiv alent to . Instead is different from

since the underscore can b e part of the identifiers.

In this section we gives the grammar by means of pattern rules. The pattern rules are

a v ariant of the well-known formalism BNF commonly used for defining context free

grammars.

The nonterminal symb ols , , and are defined in

the section .

of the grammar is , which derives in sequences of

asso ciations name-sp ecification.

::=

::=

They include the base sp ecifications, the instantiations of

the generic sp ecifications, the exp ort/hide filters and the rename of sp ecifications, and

further derived constructs.

::=

::=

::= ersion 4.2

n

n

n

n

n

n

n

n

n L R

n

n

1

1

1

1

1

1

1

1

1 2 1 2

1 2 1 2

1 2

1

1

1

|

|

|

| |

|

|

|

|

| |

| |

|

| |

| |

| |

| | |

|

|

|

|

Basic declarations.

Signature declarations.

Axioms:

T erms pr pr : ...

...

sort

: of

                                                            var ... :

sort ...

cn :

op : ... ->

pr : ...

( , ..., )

...

ax

( )

                              not

and or

                                                                        if then if

iff

( , ..., ) =

...

( )

( , ..., )

( )

49

::=

::=

::=

::=

::=

::=

::=

::=

::=

they are obtained by the atoms (equalities or built by predicates) by applying

the logic combinators and quantifiers.

F or giving a more readable grammar, the precedences among the combinators are

given a part, as contextual constraints.

::=

::=

::=

::=

::=

::=

MixfixR epr MixfixR epr Sort Sort

Instant Sp e c Map Map Sp e c

Filter Sort CnOpPrExpr

Field UpIdent Sort Sp e c

BasicDe c Signatur eDe c V arDe c AxiomDe c

V arDe c L owIdent L owIdent Sort

Signatur eDe c Sort Sort

MixfixR epr Sort

MixfixR epr Sort Sort Sort

MixfixR epr Sort Sort

Sort L owIdent L owIdent Sort Sort

MixfixR epr MixfixR eprElem MixfixR eprElem

MixfixR eprElem Symb ol UpIdent

AxiomDe c Axiom

Axiom Atom Axiom

Axiom

Axiom Axiom Axiom Axiom

Axiom Axiom Axiom Axiom

Axiom Axiom

Atom UpIdent T erm T erm T erm T erm Mixfix

Mixfix MixfixElem MixfixElem

MixfixElem UpIdent Symb ol T erm Mixfix

T erm UpIdent

UpIdent T erm T erm

L owIdent

Mixfix

Sort T erm

1

n

n

|

≥

L R

L R

n ersion 4.2

B.3 P attern rule

design : ->

=

design ... end

Bind BasicDe c Sort

NonT erm RightBb RightA a

NonT erm RightBb RightA a

Atom T erm T erm

T erm T erm

Sp e c BasicDe c BasicDe c

Sp e c BasicDe c

50

Here we intro duce the pattern rules, which are a v ariant of the well-known formalism

B.N.F. commonly used for defining the syntax of programming languages.

The pattern rule are more concise, and allow to easily express context constraints.

The terminal symb ols are identifiers written in typ ewritten font or sequences of sp ecial

characters.

F or example , and are terminal symb ols.

The nonterminal symb ols are written with the italic style and starts with upp er case

letters.

F or example , , are nonterminals.

W ritings as

::=

denote that from the nonterminal we can derive or .

Subscripts and sup erscripts on the nonterminal are used for enumerating distinct o c-

currences of the same nonterminal within the same rule.

F or example, consider

::=

here the sequences derived from and can b e different.

Lists and sequences are conveniently expressed with susp ensive dots.

F or example

::=

means that from we can derive a sequence of a certain numb er 1 of ,

when is not sp ecified.

51

Con ten ts

V ersion 4.2