⋆

⋆

x:=y+1

In tro duction

1 A Motiv ating Example lo c ations

imp er ative languages

stor e

c ommands

Stores as Homomorphisms and their

T ransformations

Universit` a di Genov a – Dipartimento di Informatica e Scienze dell’Informazi one

Viale Benedetto XV,3 16132, Genov a, Italy

astes, reggio, zucca @ disi.un ige.i t

This work has b een supp orted by IS-CORE-Esprit-BRA-W.G. n. 6071 and the pro ject

MURST 40% “Meto di e sp ecifiche p er la concorrenza”.

Egidio Astesiano – Gianna Reggio – Elena Zucca

In the classical denotational mo del of imp erative languages (see e.g. [7], Chap. 7.3)

handling structured typ es, like arrays, requires an ad-ho c treatment for each data

typ e, including e.g. an ad-ho c allo cation and deallo cation mechanism. Our aim is to

give a homogeneous approach that can b e followed whichever is the data structure

of the language.

W e start from the traditional mo del for Pascal-like languages, which uses a notion

of store as a mapping from left v alues (containers for v alues, usually called ),

into right v alues; we combine this idea with the well-known algebraic approach for

mo delling data typ es. More precisely

, we consider an algebraic structure b oth for the

right and the left v alues; consequently

, the store b ecomes a homomorphic mapping

of the left into the right structure.

Seeing a store as a homom orphism has a numb er of interesting consequence s.

First of all, the transformations over a store can b e uniformly and rigorously defined

on the basis of the principle that they are minimal v ariations compatible with some

basic intended effect (e.g., some elementary substitution). Thus semantic clauses to o,

which rely on these transformations as auxiliary functions, can b e given uniformly;

for example, we can give a unique clause for assignment for any data typ e in Pascal

and Ada-like languages.

In Sect. 1 we present the problem and outline the solution, while in Sects. 2 and

3 we give the formal mo del; in the conclusion we mention some related work.

An extended presentation of the ideas of this pap er, including pro ofs, together

with many examples of application, is given in [2].

As stated in [7], Chap. 5, can b e informally defined as lan-

guages that utilize the , which is an abstraction of the computer’s memory

, and

include syntactic constructs (usually called ) whose semantics is, roughly

sp eaking, a store transformation. The most simple example is an assignment like e.g.

.

i

→

Z Z

2

fin

A B

A B fin

2

1 10

→

∉

∈

→

C → → →

C

C E LE

LE → → → E → → →

LE E

C

E l σ

l σ σ l

. . .

.

ρσ σ σ ρ /ρ

ρσ σ ρσ / ρσ

ρσ ρ ρσ σ ρ

ρσ σ z /ρ . . . z /ρ

ρσ i z i , . . . , x

y+1

x y 1 y 1 x

type a = array [1..10] of int

arr

int

arr

arr expr arr 1 arr

expr

arr

Here and in the following [ ] denotes the set of the partial functions from a finite

subset of into .

lo c ations

Stor e L o c V al

Dom

Dom

Env Id Den Den L o c

Com Env Stor e Stor e

lexpr expr expr lexpr

LExpr Env Stor e L o c Expr Env Stor e V al

id id id id

In the classical denotational mo del (here and in the sequel we follow in the essence

[7] Chap. 7) the store is formalized as a mapping from containers for v alues, usually

called , into v alues (like integers). F ormally

= [ ] .

This definition is slightly different from the traditional one for distinguishing the

case of a lo cation which is unused in the current store ( ( )) from the case

of a lo cation which is in use, but not yet initialized ( ( ), ( ) undefined).

The effect of an assignment like ab ove is, roughly sp eaking, to add to the cur-

rent store an asso ciation from the lo cation corresp onding to to the v alue obtained

ev aluating . The formalization dep ends on the overall semantics of the language.

F or example, the typical mo del based on environment and store formalizes the ef-

fect of a command as a function which, for a given environment, returns a store

transformation.

= [ ], = +

: [ [ ]]

The semantics of the ab ove assignment is as follows:

[ [ := + ]

] = [ ( ( ))+ ( )].

Intro ducing two different semantic functions for left and right expressions, i.e. ex-

pressions which may app ear in the left-hand (resp. right-hand) side of an assignment,

the ab ove clause can b e obtained as an instance of the following general clause (+)

for assignment:

(+) [

[ := ]

] = [ [ [ ] ] [ [ ] ] ]

where

: [ [ ]], : [ [ ]];

of course in the case of an identifier we have

[ [ ] ] = ( ), [ [ ] ] = ( ( )).

Let us consider the case of comp ound data structures ([7] 7.3), for example an array

declaration like

.

A v ariable identifier of this typ e, say , has a denotation in the environment

which is, accordingly with the intuition, a partial function from indexes into integer

lo cations. However, the store remains a mapping from lo cations of basic typ es (like

) into basic v alues; no asso ciations are intro duced in the store for comp ound

typ es.

Hence, an assignment to cannot b e mo delled using the general schema (+),

but is actually expanded to ten assignments, one for each of the comp onents:

[ [ := ]

] = [ ( )[ ]] [ ( )[10]] ,

if ( [ [ ] ] )( ) = , for = 1 10.

Analogously

, allo cation and deallo cation for a v ariable identifier of an array typ e

cannot b e mo delled following a general schema; allo cation for is expanded to

ten allo cations of integer lo cations (see [7] for the details).

a

⊥

⊥

⊥

Z Z

Z Z ind

ind

ind a

a int

a

int a

L o c Dom Dom

Dom

{ }

{ }

{ }

∈ ∈ { } ∈ ∈

∈ { }

× →

→

→

∪ { | ∈ ∈ }

→

{ }

×

∈ ∈ a [1..10]

int

a

a

a

int sig

sorts

opns

Fig. 1.

ind

ind

ind

L o c L o c

L o c

L o c L o c a

L

R

L int int a R int

L a a R a R int

a int

A A

A

L

L a ind

A

R

, . . . ,

, . . . ,

Σ

A

σ σ

σ , σ

l i , . . . , l i σ l σ .

σ

σ l i σ l i i , . . . ,

σ σ

Σ

L int, R int , L a, R a,

, R int R int R int

L a L int

R a R int

A l i l , i A A

A A A A

A , . . . ,

l , i l i l A i A

=

- - - -

+ : - - -

[ ] : - -

[ ] : - -

-

= [ ] ,

-

=

-

= ,

-

= [

-

]

= 1 10

where , are two infini te denumerabl e sets

+ , are the usual sum and pro duct in

[ ] ( ) = [ ], for each

-

,

[ ] is the usual function applicati on .

Left-right algebra for the typ e

What we lo ok for in this pap er is a general and more abstract mo del, which

allows to treat assignment, allo cation and deallo cation in a uniform way for any

data structure, thus providing a basis for a systematic approach to proving semantic

prop erties.

W e start from the idea of mo delling a data typ e as a (many-sorted partial)

algebra. That means that, for example, a language op erator like the array selector

[ ], which combines an expression of typ e and an expression of typ e , giving

an expression of typ e , has two different semantic counterparts: an op eration

which takes a lo cation of typ e , an index in 1 10 and gives an integer lo cation,

and an op eration which takes a v alue of typ e , an index in 1 10 and gives

an integer. That is formalized by giving a signature in which we distinguish left

and right sorts, and a corresp onding algebra , as shown in Fig. 1.

Consider now the store . Having different sorts, is a sort-indexed family of

maps , from left to right v alues of the corresp onding sorts; moreover we

have some consistency requirements. First, whenever a lo cation of typ e is in use,

all its sub comp onents of typ e are in use, to o, and conversely . F ormally:

(*) for each , 1 10 , [ ] ( ) iff ( )

Moreover, it is easy to see that each store must satisfy the condition

(**) ( [ ]) = ( )[ ], for each 1 10 ,

where = denotes strong equality (either the two sides are defined and equal or b oth

are undefined).

The prop erties (*) and (**) can b e expressed in a general way for any data typ e,

by structuring the domain of the store ( ) as an algebra, and seeing as a

structure preserving mapping, i.e. a homomorphism.

a

C E LE

Definition 1.

2 Stores as Homomorphism s σ

A

σ A

l

l

l l

l

ρσ σ ρσ / / ρσ

/ /

Σ

, , , ,

Dom

Dom

lexpr expr expr lexpr

left-right algebr a

left-right static signatur e

left-right typ es

right typ es

(left-right) static signatur e ST

T R T OP LOP ROP

In this way

, the prop erty (*) ab ove can b e generalized requiring that ( ) is a

strong subalgebra of ; the prop erty (**) corresp onds to requiring that by extending

the store by the identity over right v alues, we get a partial homomorphism from

( ) into the restriction of to only right sorts and op erations (refer to Sect. 2

for the detailed definitions).

A ma jor consequence of seeing the store as homomorphism is the p ossibility of

qualifying the store transformations that can o ccur in a program execution in a

way that it is indep endent of the particular data structure. Considering for example

substitution: the basic intended effect is that a new asso ciation is added from a used

lo cation, say of typ e , into a right v alue, removing any preceding asso ciation with

. As a consequence , in order to keep the homomorphic structure of the store, a new

asso ciation is added also for each lo cation which is a sub comp onent of , say [1],

. . . , [10]. Now we can define substitution essentially as the minimal v ariation of the

store which has the ab ove intended effect and is compatible with its homomorphic

structure , i.e. gives a new store which is still a homomorphism. Analogously for

allo cation, deallo cation and alike (the definitions are in Sect. 3).

Then we get immediately two imp ortant applications.

– W e can provide uniform semantic clauses, indep endently of the data typ e, since

we can use the global definition of the store transformations as auxiliary func-

tions. F or example the assignment clause takes the general form

[ [ := ]

] = [ [ [ ] ] [ [ ] ] ]

where now [ ] denotes substitution (in the sense describ ed b efore and formally

given in Sect. 3).

– F or every data typ e we can check whether the explicit definition of the store

transformations is correct, in the sense that the resulting transformations, usu-

ally given by a series of detailed clauses, are the same as that given by general

definition.

Before formally intro ducing stores, we have to define the overall algebraic structure

for left and right v alues, that we call a . That is an algebra over a

particular kind of signature, that we call , which, informally ,

provides two different kinds of v alue typ es: the typ es of the v alues which can b e

stored, called (mo delled by two sorts, one for the actual v alues, called

right, and one for the corresp onding lo cations, called left), and the typ es of the v alues

which cannot b e stored, called (mo delled by only the right sort).

Corresp ondingly

, there are three different kinds of op erations: pairs of op erations

returning a left v alue and a right v alue in a “corresp onding” way (e.g. array selec-

tors); op erations returning left v alues for which there is no right analogous (e.g. an

op eration which, given a lo cation, returns the next lo cation in the store); op erations

returning right v alues for which there is no left analogous (e.g. integer sum, pro duct

and so on).

A is a 5-tuple =

( ) where:

1

1

1

∈ ∈

∈ ∈

∈ ∈

⋆

⋆

⋆

n

n

n

( )

( )

( ) ( )

1

1

1 1 1

–

–

–

–

Definition 2.

{ | ∈ }

∪ { | ∈ }

∪

{ }

{ }

{ }

{ → | ∈ }

{ → | ∈ }

∈

∪ ∪ ∪

→ ∈ ∈

Sorts ST T

Sorts ST T

RSorts ST RSorts ST

ST w ,L t w Σ ,t

w ,L t w Σ ,t

w ,r s w Σ ,r s Σ

L

L n s ...s ,L t

R

R n s ...s ,L t

i i i i i i

L

R

L R

L

R

Σ

L R

L t

L n s n s

L

A

n

A

t

L t

Σ L t t

Σ R t t

Σ Σ Σ

Σ

Σ , , , ,

s . . . s L t

r s . . . r s R t

r s s s Σ R t s L t

Σ

Σ

< Σ , > .

Σ

Σ

Σ < Σ , > Σ

Σ < Σ , > Σ

ϕ Σ Σ

Σ A Σ

A Σ A

A A A Σ Σ

l A

s . . . s L t a A a A l a , . . . , a

t

A

T R T

LSorts ST T

RSorts ST R T T

Sorts ST LSorts ST RSorts ST

left sorts right sorts sorts ST

OP OP

LOP LOP

ROP ROP

ST T R

T OP LOP ROP

OP op op OP

OP op op OP

RSorts ST

LOP OP

ROP OP

ST

WholeSig ST

Sorts ST LOP OP OP ROP

ST

ST

LSig ST Sorts ST OP left p art ST

RSig ST RSorts ST OP right p art ST

LSig ST RSig ST

left-right ST -algebr a WholeSig ST

ST left right

LSig ST RSig ST

princip al left value

op OP op

L o c

stor es

(left-right typ es), (right typ es) are two sets of symb ols; let

( ) = - ,

( ) = - ,

( ) = ( ) ( )

b e the sets of the , and of , resp ectively;

=

-

;

=

-

;

= .

Let in what follows = ( ) b e a (left-right) static sig-

nature; then

= : -

-

,

= : -

-

,

where = if ( ), - if = - .

Note that mo dels left op erations with no right analogous, while mo dels

the left version of op erations having also the right one; the same difference holds

b etween and .

It is easy to see that uniquely determines a usual many-sorted signature,

denoted by ( ), defined as the pair

( )

Moreover, we asso ciate with other two signatures (which are subsignatures of

) keeping only the op erations which must b e preserved by the homom orphic

structure of the stores, in the left and right version resp ectively:

( ) = ( ) , the of ,

( ) = ( ) , the of .

Finally

, we denote by the signature morphism from ( ) into ( )

which maps right sorts into themselves, left sorts and op erations into corresp onding

right sorts and op erations.

A is a partial algebra over ( ).

If is a left-right -algebra, then the (resp. ) part of , denoted by

(resp. ), is the restriction of to ( ) (resp. ( )).

An element b elonging to

- is called a iff there exist

no : - in , ,. . . , s.t. = ( ).

Intuitively

, principal left v alues are left v alues which are not sub comp onents of other

left v alues. F or each left-right typ e , let denote the set of the principal left

v alues in

-

.

W e define now . Roughly sp eaking a store is a mapping from (currently

existing) lo cations into right v alues, satisfying some consistency requirements. More

precisely: existing lo cations consist in a finite family of principal lo cations together

with all their sub comp onents (compare Sect. 1 (*)); the asso ciations from left into

right v alues resp ect the op erations (compare Sect. 1 (**)). These requirements can

b e formally expressed as b elow.

1

1

∈

∈

∈

ST

ST

Σ

r s

Σ

n

n

3 Store T ransformations

RSorts ST

ST

T

LRS

dop DOP

LRS

→ |

∩ ∈

∈

∪ { }

∈

|

{ } ∈ ∈ →

→

×

∈ ⇒

{ }

⇒

× × × → ×

( )

store

fin

kernel

kernel store

1

1

store store

R

ϕ

D

t L t

A

t

D

t

L D

r s r s Σ

r s A r s

R

ϕ

R

Σ

t t t

A

t R t

⋆

s ...s ,s n

n

s s s

Definition 3.

Definition 4.

Prop osition 5.

Definition 6.

Definition 7.

A Σ Σ Σ

A Σ σ D A

D t

t

D A A

σ I d A r s Σ

A A

A A

ϕ

A Σ A

κ κ t κ A

A A

A A

κ κ κ

Σ Σ ,

Σ

Σ s . . . s s

Σ Σ ,

Σ A,

A Σ

s . . . s s

A A . . . A A A

ST WholeSig ST stor e

L o c L o c T

L o c T

L o c

RSorts ST

stor e

kernel

ST (stor e) kernel of T

T L o c

Ther e exists a bije ctive c orr esp ondenc e which

asso ciates with e ach kernel the stor e gener ate d by .

dynamic op er ations

left-right signatur e ST DOP

ST

DOP S S dynamic op er ation symb ols

S Sorts ST dop DOP dop

ST DOP

left-right structur e LRS dop

ST

dop

dop

If is a left-right -algebra, = ( ), then a of

is a -homomorphism : which satisfies the following assumptions.

Set =

-

, for all .

1. is finite, for all ;

2. is the subalgebra of generated by ;

3. = (the identity of ), for all ( ).

W e denote by the set of the stores of .

Here ab ove denotes the reduct of w.r.t. the signature morphism

.

Due to the requirements that a store must satisfy

, it turns out that it is uniquely

determined by fixing which are the currently existing principal lo cations and their

asso ciated right v alues. Hence it is more convenient to intro duce a notion of

which consists in a mapping from a finite set of principal lo cations into right

v alues. In this way a store can b e defined as the minimal mapping which extends a

store kernel and moreover satisfies the consistency requirements, i.e. conditions 1, 2,

3 ab ove.

If is a left-right -algebra, then a is a -

family of partial functions = s.t., for all , [

-

] .

W e denote by the set of the kernels of .

:

The purp ose of a left-right algebra is to give the algebraic structure of all interme-

diate configurations in the execution of an imp erative program; each store mo dels

one configuration. In order to have a complete mo del of the execution, we must add

, i.e. op erations which mo del store transformations.

A is a pair = ( ) where:

– is a left-right static signature;

– is an -family of symb ols called , where

= ( ); if , then we write : .

Let in what follows = ( ) b e a left-right signature.

A over is a pair = ( )

where:

– is a left-right -algebra;

– for each : ,

: .

n

n

m

1

1

1

LRS

dop DOP ∈

′

′ ′

′

′ ′ ′

⊥

′ ′ ′

′

′

′ ′

′

′ n

s s s

s s s

t

A

t

t

t

A

t

t t

t

A

t

t

n i

m r s m r s

m

⇒

× × × → ×

× × × → ×

{ }

∅

∅

∈ ×

∈

∈

× →

∪ { }

∈

\ × →

\

− { } ∈

→ ∈ ∈

→ ∈ ∈ ∈

1

kernel kernel

store store

kernel

kernel kernel

kernel kernel

1

1 1

1

Definition 8.

F act 9.

Definition 10.

Definition 11.

Definition 12.

Assumption Up d1.

Definition 13.

s . . . s

f A A . . . A A A

f A A . . . A A A f κ f κ

A,

t A

κ, l l / κ

t t

A A

κ l κ κ, l

κ κ l κ κ

t

t

A A

κ l κ

κ κ l κ l κ l l κ

l l

l

l

l

L t r s . . . r s L t , t, t , r s Σ i , . . . , n

A Σ

L t r s . . . r s L t r A , . . . , r A

r , . . . , r t t dop

LRS dop

empty kernel

The stor e gener ate d by is the stor e with empty domain.

T L o c

Dom

T extension al lo c ation

L o c

Dom Dom Gr aph Gr aph

T r estriction de al lo c ation

L o c

Dom Dom Dom

OP

OP

OP

op T RSorts ST

ST

op OP

sel op sele ctor

Dynamic op erations returning just a store can b e obtained by adding a dummy

sort whose carrier is a singleton and are denoted by : .

Note that, due to Prop. 5 ab ove, in order to define a dynamic op eration, it is

sufficient to define a corresp onding op eration which acts on kernels. F ormally

, let

: b e an op eration which acts on kernels;

then we define : by ( ) = ( ) .

W e define now a family of dynamic op erations sufficient for mo delling store trans-

formations in Pascal-like languages, by giving the corresp onding ones on the kernels.

Let in what follows = ( ) b e a left-right structure .

The , denoted by , is the kernel with empty domain.

F or each , let new denote the predicate over

defined by: new ( ) holds iff ( ).

F or each , the (or ) op eration of typ e is

the function

+ :

defined as follows:

+ = if new ( ) holds, undefined otherwise where:

( ) = ( ) ; ( ) = ( ).

F or each , the (or ) op eration (of typ e

) is the function

:

defined as follows:

= , where

( ) = ( ) ; ( ) = ( ), for each ( ).

F or defining in a general way the substitution op eration, we need to assume

that, for each non principal lo cation, say , can b e obtained in a unique way as a

sub comp onent of a unique principal lo cation, say (that implies in particular that

each op eration in has only an argument of left sort); moreover, changing the

right v alue asso ciated with uniquely determines a corresp onding change of the right

v alue asso ciated with .

These assumptions allow to uniquely define the store transformation induced by

up dating whatever lo cation; actually less restrictive assumptions would b e sufficient

(allowing more arguments of left sorts in op erations in ), but the ab ove version

allows a simpler formalization, and is satisfied by all usual imp erative languages, as

Pascal, Algol, Ada, Common Lisp and so on.

The op erations in are all of the form

: - - with ( ) for = 1 .

F or formally expressing the second assumption, we need some technical defini-

tions.

Let b e a left-right -algebra.

F or each op eration : - - , ,

we say that = [ ] is a from into and define:

1

1 1

1 n

n n

n

′

′

−

′

′ ′

1

1

1 1 2 1

1

kernel kernel

store sel

sel sel

sel sel sel

sel sel

sel

sel

′ ′

· ·

′

− −

′

′ ′

′

· ·

′

⊥

′ ′

⊥ ′ ′

′ ′′

′

′ ′

⊥

′ ′ ⊥ ′

′

⊥ ′

′ ′ ′

′

′ ′ ′ ′

′ ′

⊥ ′

′ ′′ ′′ ′′ ′

′

′ ′

′

′

′ ′ ′ ′

L L t L t L L m

R R t R t R R m

L

...

n n n n

L t

A

t n

...

R t R t R t R t R t

R R

R R R

t R t L t

t list

list

A

t t

t

–

–

–

–

Assumption Up d2.

Assumption Up d3.

–

–

Definition 14.

Up d2

Up d1 Up d2 Up d3

F act 15.

→

→

− − →

− − − − − − − − − →

− − → → → − − − − → − − → ≥

∈ ∈ ∈ ∈

· · − − − − − − − − − →

× → →

∅

∈

× × →

∈ − − − − →

→ ↛

− − − − →

∈ ∈ ∈

∪ { | → }

A A l l , r , . . . , r

A A r op r, r , . . . , r .

l l l l

l l

l l l l . . . l l l l n

t l A t l

. . . l l

t t

A A A A A

r, r r r r

t t

r, r r r

t t

t /

t t /

t t

/ / A A A A

κ r / /l κ l κ l ist l l

κ κ

κ l l ist κ l , r κ l

κ l l ist r κ l

κ l κ l l l

l l ist

l l l l

l ist l l

t σ A l k er σ , l

k er σ l σ

σ σ l l l σ σ sel sel op

sel sel

sel

T T

L o c sel sel

sel

sel sel

sel sel sel sel

sel sel sel

sel sel sel sel sel

sel

sel sel

sel

T substitution op er ation

Dom sel

Dom Dom

sel

sel

sel

sel

F or e ach T , and L o c s.t. holds,

, wher e:

Dom Dom ; Gr aph Gr aph .

:

- -

, ( ) = ( );

:

- -

, ( ) = ( )

iff = ( );

iff there exist

, . . . , s.t. = , ( 0).

F or each ,

-

, there exist unique ,

, selector list s.t. .

F or each selector from into , we assume that there exist

two functions:

up d( ):

- - - up d ( ):

- - such that:

– (up d ( )( )) = ; (up d ( )( )) = ;

– for each selector from into , = ,

(up d ( )( )) = ( ) (up d ( )( )) undefined.

The assumption ab ove informally means that for each selector from into

(e.g. [1] which takes the first element of an array), there exist two corresp onding

op erations:

up d( ) which mo dels the effect of changing the -comp onent of a v alue of

typ e (e.g. [ 1] which returns the array obtained up dating the first element);

up d ( ) which constructs a v alue of typ e from a v alue of typ e (e.g. [ 1]

which returns an array having only the first element).

These two functions can b e naturally extended to lists of selectors (we omit the

formal definition).

F or each , the (of typ e ) is the function

[ ] :

- -

defined as follows:

[ ] = if there exist ( ), - list of selectors s.t.

-

,

undefined otherwise, where

( ) = ( );

( ) = up d( - )( ( ) ), if ( ) is defined;

( ) = up d ( - )( ), if ( ) is undefined;

( ) = ( ), for each = .

Note that if there exists and - , then they are unique by assumption

.

Below we give an explicit definition of the three basic dynamic op erations as

acting on the stores, in the case that assumptions , and hold.

In the following we write ( ) iff there exists (resp. there do es not

exist) a list of selectors - s.t.

-

.

new ( ( ) )

( ) + =

( ) = ( ) ( ) = ( ) sel

sel

4 Conclusion

A

t

t

R t L t

t

R

L t R t

∈ ∈ ∈

\

− { | → } ∈

∈ ∈ ∈ ∈ ∈

∈ ↛ ↛

→ − − →

− − → →

∅ ∈

∈ ∈

∈ ∈ ∈ ∈ ∈ store

store

store

store

store store

store store

F act 16.

Prop osition 17.

Prop osition 18. Up d1 Up d2 Up d3

′

′ ′ ′ ′ ′

⊥

′ ′ ′

′ ′

′

′

′ ′ ′ ′ ′

⊥

′

′ ′′ ′ ′ ′′ ′′ ′ ′

⊥

′′

′ ′ ′′

′ ′′ ′′ ′ ′ ′ ′ ′ ′′

′ ′′ ′′ ′ ′ ′ ⊥ ′′ t σ A l

k er σ l σ

σ σ l l l σ l σ l l σ

t σ A r A l A l σ

k er σ r / /l σ σ

σ σ

σ l r

l σ l l l l σ l σ l

l l l l σ l r σ l r

l l l l

σ l r σ l r σ l r , r

σ l r σ l σ l r

A

A

σ A σ l A l σ, l

σ A σ r / /l A l A r A l σ

F or e ach T , , L o c ,

= , wher e

Dom Dom ; , for e ach Dom .

F or e ach T , ,

-

,

- s.t. Dom ,

= , wher e is inductively define d by

Dom Dom ;

;

for e ach Dom s.t. , , ;

for e ach s.t. , if , then sel ;

for e ach s.t. ;

if , , then sel ;

if , is undefine d, then sel .

Assume that LRS satisfies assumptions , and .

Then the op er ations empty stor e, extension and substitution ar e a gener ating family

for , in the sense that the stor es ar e the family inductively define d by:

(1) ;

(2) if , then , for e ach princip al left value s.t.

holds;

(3) if , then , for e ach

-

,

-

, s.t. Dom .

In other words, the store obtained by an allo cation includes the new lo cation

with all its sub comp onents and is unchanged elsewhere.

( )

( ) = ( ) ( ) = ( ) ( )

In other words, the store obtained by a deallo cation keeps only the lo cations

which are not sub comp onents of the deleted lo cation with their asso ciated right

v alues.

( )

( )[ ]

( ) = ( )

( ) =

( ) ( ) = ( )

( ) = ( ) = ( )

( ) = ( ) = ( ) = up d( )( )

( ) = ( ) ( ) = up d( ) ( )

In other words, the store obtained by a substitution is the minimal store which

contains the new asso ciation and leaves unchanged all the unrelated lo cations (i.e.,

which are neither sub comp onents of the up dated lo cation, nor conversely).

Allo cation, deallo cation and substitution can b e considered the basic store trans-

formations in usual imp erative languages, in the sense that the final store obtained

as the result of a program can b e always obtained starting from the initial store

(empty) by applying a finite sequence of these op erations. That prop erty is formally

expressed here b elow.

+ new ( )

[ ] ( )

W e have defined a mathematical structure, the left-right structure, which extends to

the imp erative case the usual algebraic framework for data typ es. That means fixing

a structure for right v alues and for lo cations (left v alues); moreover the asso ciation

from lo cations into v alues must resp ec t this structure, i.e. the store is a homomor-

phism. F or what concerns dynamics, the underlying data structure determines also

References

A cknow le dgment

F ormal Descriptions of Pr o gr amming Conc epts

F ourth International Workshop on F oundations of Mo dels and

L anguages for Data and Obje cts – Mo del ling Datab ase Dynamics

Bul letin of the EA TCS

Intl. Symp. on Algorithmic L anguages

Denotational Semantics: a metho dolo gy for language development

1. E. Astesiano. Inductive semantics. In ,

Berlin, 1991. Springer V erlag.

2. E. Astesiano, G. Reggio, and E. Zucca. Stores as homomorphisms and their trans-

formations – A uniform approach to structured data typ es in denotational semantics.

T echnical rep ort, 1993. Submitted.

3. E. Astesiano and E. Zucca. A semantic mo del for dynamic systems. In U.W. Lip eck

and B. Thalheim, editors,

, V olkse (Germany),

Octob er 1992.

4. Y. Gurevich. Evolving algebra, a tutorial intro duction . ,

(43):264–284, 1991.

5. G.T. Leavens and K.K. Dhara. A foundation for the mo del theory of abstract data

typ es with mutation and aliasin g. T echnical Rep ort 92-35, Department of Computer

Science, Iowa State University

, Amsterdam, Novemb er 1992.

6. J.C. Reynold s. The essence of Algol. In , Ams-

terdam, 1981. North-Holland .

7. D.A. Schmidt. . Wm.

C. Brown Publi shers, Dub o que, Iowa, 1986.

which are the p ossible basic transformations of the store: these are mo delled in turn

as op erations which involve the store and (either left or right) v alues, called dynamic

op erations.

The main result of the pap er is to provide an abstract uniform setting for the

semantics of programming languages, which in a sense rounds up and completes the

well-known denotational approach. Our framework can b e used also in the context

of the wider approach of inductive semantics, advo cated by the first of the authors;

actually the first application of left-right structures has b een shown in that context

(see [1]).

There is an interesting issue that we have not treated here and will b e exp osed

in some further pap er, namely the relationship to the approaches whose early rep-

resentative is the “evolving algebra” framework (see [4]). The distinguishing feature

in our approach is the concept of store as homomorphism; however it should b e

p ossible to pass from one formalism to the other in some canonical way .

An imp ortant pap er also dealing with L-v alues and R-v alues is [6], where however

the main aim is the (functorial) treatment of the lo cality of v ariables and the issue

of structured data typ es is not tackled.

W e mention also a very recent pap er on “mutation algebras” (see [5]), which has

some similarity in the aims, but a completely different technique, without reference

to the concept of a homom orphic store.

Finally

, it is p ossible to describ e also ob ject based languages using left/right

structure s mo delling ob jects in the same way of v alues of p ointer typ es; nevertheless ,

this kind of mo del lo oks a to o low level for ob jects. A b etter mo del which is a

generalization of left/right structures is prop osed in [3].

W e thanks the referee for v arious helpful comments and for re-

minding us the work in [6].

A

This article was pro cessed using the L T

E

X macro pack age with LLNCS style