∗

1

∗

1

Abstract

T o the memory of David Park

Observ ational Structures and their Logics

Egidio Astesiano Alessandro Giovini Gianna Reggio

Department of Mathematics

University of Genov a - Italy

observational

structur es

exp eriments

similarity law

pr op-

agation law

observational lo gics

p attern sets

r epr esenting the simulation law

W ork partially funded by COMP

ASS–Esprit Basic Research Group No. 3264 and by CNR–PF

Sistemi Informatici e Calcolo Parallelo.

David Park, the inventor of bisimulation semantics, was to the first author not just the

pioneer who friendly intro duced him to semantics long time ago at the University of W arwick, but

esp ecially a scientist, whose research interests were ro oted in classical europ ean culture and in a

genuine concern for so cial life.

A p owerful paradigm is presented for defining semantics of data typ es which

can assign sensible semantics also to data representing pro cesses. Pro cesses

are abstractly viewed as elements of observ able sort in an algebraic structure,

indep en dentl y of the language used for their description. In order to define

pro cess semantics dep ending on the observ ations we intro duce

, essentiall y first-order structures where we sp ecify how pro cesses

are observed. Pro cesses are observ ational ly related by means of

considered similar dep ending on a and relation s over pro cesses

are propagated to relations over elements of non-observ abl e sort by a

. Thus an observ ation al equiv alenc e is defined, as union of all

observ ation al relations, which can b e seen as a very abstract generalizati on

of bisimul ati on equiv alen ces intro duced by David Park.

Though b eing general and abstract our construction allows to extend and

improve interesting classical results. F or example it is shown that for finitely

observ able structures the observ ationa l equiv alenc e is obtainab le as a limit

of a denumerabl e chain of iterations; our conditions, which apply to alge-

braic structures in general, when instantia ted in the case of lab elled tran-

sition systems, are more lib eral than the finitely branchin g condition . More

imp ortantl y

, we show how to asso ciate with an observ ationa l structure v arious

mo dal , related to sets of exp eriment schemas, that we call

. The main result of the pap er proves that for any family of pattern

sets the corresp ondi ng mo dal observ ational

logic is a Hennessy-Mil ner logic: two observ able ob jects are observ ationa ll y

equiv al ent if and only if they satisfy the same set of mo dal observ ational for-

mulas. Indeed observ ation al logics generalize to first-order structures v arious

mo dal logics for lab elled transition systems. Applicatio ns are shown to mul-

tilevel parallel i sm, higher-order concurrent calculi , distributed and branching

bisimul ati on.

•

In tro duction

CCS

CCS

CCS SCCS

observational structur e

exp eriments

The theory presented in the pap er is not at all confined to give semantics

of pro cesses. Indeed it provides a general semantic paradigm for abstract

data typ e sp ecification s, where some data are pro cesses. In order to supp ort

this claim, in the final section we briefly consider algebraic sp ecificati ons and

give small examples of sp ecificatio ns integratin g pro cesses, data typ es and

functions.

V arious formalisms and languages have b een prop osed for describing pro cesse s, each

one admitting a v ariety of interesting semantics, serving different purp oses. The

v ariety of formalisms and semantics has raised two fundamental issues: relating

them (for example, and Petri Nets) and investigating unifying viewp oints.

A considerable amount of work has b een done in the first direction, while only

recently (see [AD, FM, KLP, M ]) the second one has b een pursued (though some

early pioneering work was already in [Wi]).

An area where abstraction from the particular languages is essential is the alge-

braic sp ecification of abstract data typ es. Indeed whenever some data are pro cesses,

in order to keep a reasonable level of abstraction, pro cesses are to b e sp ecified just

as sp ecial elements in some algebraic structure and moreover their semantics has

to fit into the overall semantics of the sp ecification. Now it is rather well-known

that the classical notions of semantics for algebraic sp ecifications turn out to b e not

adequate for expressing sensible semantics for pro cesse s. Thus the usual semantic

paradigms for abstract data typ e sp ecifications have to b e extended. F or example

in [EPBRDG] it is shown how to build a go o d semantics for pro cesses, with the

use of pro jection spaces and initial continuous algebras; their work is much in the

spirit of the pro cess algebra approach (see [BK]) where semantic equiv alences for

pro cesses are (explicitly) axiomatized. In this pap er we follow an alternative way

which is more similar to the approach develop ed by Milner (see [Mi]), on the basis

of the key concept of bisimulation intro duced by D.Park in [P]. Informally

, we

assume that the axioms of the sp ecification, together with the usual axioms for

static data typ es, qualify the data which are pro cesse s as dynamic entities (see the

rules ab out transitions in ) and then from these axioms v arious semantics can

b e given dep ending on the observ ations, which however are not directly axioma-

tized. More sp ecifically our construction aims at finding classes of semantics which

enjoy the prop erty of b eing a maxim um fixp oint of a suitable transformation and

hence also the p owerful asso ciated pro of technique widely exploited by Milner in

his fundamental work on and .

Let us give an outline of the content.

Pro cesses are abstractly viewed as observ able elements of an algebraic structure,

that we use for defining a semantics emb o dying an observ ational viewp oint and

which is called (section 1.3). Essentially it consists of a

first-order structure (or algebra with predicates) equipp ed with

: (p ossibly infinitary) first-order contexts for observ able elements;

/

ω

•

• similarity law

pr op agation law

observ ational relations

observ ational equiv alence

observ ational structure s are not at all confined to a generalization of bisimulation

semantics for pro cesses a for exp eriments: a function which, given a (similarity) relation

on the elements of the algebra, generates a similarity relation on exp eriments;

a for relations: a function which propagates a (similarity)

relation on the observ able elements to a (similarity) relation on elements of

the other sorts.

With each observ ational structure a family of is asso ci-

ated, with a maxim um that we call . This equiv alence, as

exp ected, is not always a congruence; thus it is shown how to derive canonically an

approximating congruence and also how to define observ ational equiv alences which

are congruences . Whenever this equiv alence is a congruence we get an observ ational

semantics by the usual quotient op eration.

Our construction is a much abstract version of Park’s construction of maxim um

bisim ulation. Indeed, observ ational structures capture the essential ingredients

for defining over algebraic structures those semantics which share with the original

notion of bisimulation semantics the feature of b eing maxim um fixp oints of suitable

transformations. Hence the asso ciated pro of technique is effective: in order to show

that two elements are semantically equiv alent, just find an observ ational relation to

which they b elong. As a desired consequence many known bisimulation semantics

for pro cesse s (presently

, all known to us) are sp ecial cases of this construction. But

. Indeed b ecause of their abstract nature and of the flexibility

in the choice of the similarity laws for exp eriments and of the propagation laws for

relations, they can b e applied to give a wide range of semantics for abstract data

typ es. It can b e shown indeed that the full class of well-known semantics, like initial,

final and v arious b ehavioural semantics, are sp ecial cases of this paradigm. W e do

not emphasize this p oint here, where our main purp ose is to relate our approach

to concurrency

. Note in particular that observ ational structures allow to define

sensible semantics for pro cesses , whose sp ecification includes axioms for identifying

different configurations (states). This approach, fully advo cated in [AR], where

pro cesses are seen as sp ecial data typ es, is now more and more app earing in one

way or another; for example, it plays an imp ortant role, within the sp ecial setting

of multiset rewriting, in the Chemical Abstract Machine technique of Berry and

Boudol [BB] and is a central idea in the theory of “Rewriting as a unified mo del of

concurrency” of Meseguer [M].

T ogether with intro ducing the new concept of observ ational structure and se-

mantics and showing how it captures a wide range of semantics, this pap er aims

at demonstrating that the level of abstraction generalization is the right one; in

particular that it allows to state interesting fundamental results. Since here we are

mainly interested in relating our work to the treatment of concurrency

, we show

that in our setting it is p ossible to extend, with improvements, two classical results

ab out lab elled transition systems. In section 1.4 it is shown that for finitely ob-

serv able structures the observ ational equiv alence is obtainable as an -iteration; in

the particular case of lab elled transition systems our conditions are more general

that the classical “finitely branching” condition.

< a > observational formulas

r epr esente d

CCS

Then in section 2 we show how to asso ciate with an observ ational structure

v arious classes of which play the role of Hennessy-Milner

mo dal logics. Our contribution is not just a generalization but clarifies, we b elieve,

some basic issues. First it is shown how every basic mo dality (the analogous of

in the original logic) is asso ciated with a set of pattern sets, i.e. schemas

of exp eriments. Then we investigate under which conditions a family of pattern

sets determines a logic characterizing the observ ational equiv alence in the sense

of a Hennessy-Milner logic: two elements are observ ationally equiv alent iff they

satisfy the same set of such formulas. The condition found is that the similarity

law of exp eriments has to b e completely determined (we say ) by the

given family of pattern sets. Hence, our result, that we call “generalized Hennessy-

Milner theorem” is not stating that a particular logic characterizes an observ ational

equiv alence, but it is stating conditions for v arious “mo dal” logics to do so. Our

conditions show that a family of pattern sets represe nting a similarity law do es

always exist, when we use the family of observ ational equiv alence classes. However,

this do es not give an explicit characterization. The result p oints out that inter-

esting characterizing “mo dal” logics are obtained in corresp ondenc e of families of

pattern sets not only representing the simulation law but having a, p ossibly finite,

explicit simple description. The strength of our result is b etter appreciated recalling

that it may b e applied to sp ecifications with axioms ab out data structures and of

course to higher-order concurrent calculi, since pro cesses in our approach are just

sp ecial data. Higher-order calculi are discussed while intro ducing the mo dal logic

in section 2.1; then in section 2.3 mo dal logic characterizations of distributed and

branching bisimulations as applications of the generalized Hennessy-Milner theo-

rem are given. The examples show that our mo dalities are the analogous of those

intro duced by Hennessy-Milner for strong bisimulation and by other authors for

different equiv alences (e.g. in [DV]).

Throughout the pap er we use v arious versions of the well-known and gen-

eralizations to illustrate ideas, definitions and applications. But in section 3 we

briefly show how our treatment finds its application in an algebraic sp ecification

framework, in order to integrate the sp ecification of pro cesses, functions and data

typ es. This integration was the original motiv ation of our work (see [AR, AGR2 ]

for the general approach).

The problem of a sensible extension to an algebraic setting of the notion of

bisim ulation has b een first tackled in [A

W], where a lattice of simulation relations

is defined, whose greatest element can b e seen as a p ossible corresp ondent of Park

and Milner’s notion of bisimulation in an algebraic framework; in [AGR1

] a differ-

ent concept closer to the original definition is prop osed. Applications of the notion

of generalized bisimulation to concurrency can b e found in [AR] (where a family

of parametric concurrent calculi integrating pro cesses , functions and abstract data

typ es is defined and its prop erties are studied) and in [AGR2] (where several exam-

ples of pro cesses used as data typ es are given); while applications to the semantics

of abstract data typ es can b e found in [AGR1

]. Our work, together with generaliz-

ing the Hennessy-Milner work (see [Mi]) to general algebraic structure s, is clearly

much related to the work by De Nicola and Hennessy on testing equiv alences (see

[DH]), and the relationship will b e partly clarified in the pap er. W e also feel that

∗ ∗

n

n

n

n

1

1

1

1

∈ ∈ ∈

∈

∈ ∈ ∈

1

1

Σ

Σ

Σ

Σ

1

1

Σ Σ

1 Observ ational Structures

ω ,s ω S ,s S ω ω S

n s ...s ,s

n s ...s

s s S s

s s S

A

f F

A

p P s

n

A

s s s

n

A

s s s

s

U

{ } { }

• × · · · × → ∈

• × · · · × ∈

•

{ } ∈

• F O F

∈ F O F

{ } { } { } ∈

× · · · × → × · · · × →

× · · · × ⊆ × · · · × ∈ ∈

∈ ∅ ∈ F O F

|

S F

F P P

f s s s f F

p s s p P

T X S X

X t s t T X

X

X ϕ X f v ϕ

ϕ

A A , f , p s S A

f s s s f A A A

p s s p A A A s S a A

t T a t A ϕ X

A A ϕ ϕ A

CCS

many-

sorte d total algebr as with pr e dic ates

signatur e sorts op er ation symb ols

pr e dic ate symb ols

term algebr a

first-or der formulas

fr e e

variables

-algebr a

term-gener ate d in the framework of observ ational structures it is p ossible to formalize and deal

with the hierarchies of semantics for concurrent pro cesses presented by Abramsky

in [A1]; this will b e the sub ject of further work.

Arnold and Dicky [AD] and F errari and Montanari [FM] work in a partly similar

direction to ours, aiming at a general framework for the semantics of concurrency

(but without considering abstract data typ e sp ecifications). Their approaches are

however different; they define classes of mo dels (Φ-algebras in [AD], the

category in [FM]) and of morphisms (quasi-saturating homom orhpisms in [AD],

abstraction homom orphisms in [FM], a notion intro duced in [C]) and get the no-

tion of maxim um observ ational equiv alence via terminality

. A deep er analysis of

the relationship b etween our and their work would probably b e of interest. Also,

it is a research topic to b e examined whether with each observ ational structure

can b e asso ciated a category such that the observ ational equiv alence (or, the maxi-

mum congruence contained in it) can b e obtained via terminality; some preliminary

investigations can b e found in [GR].

The purp ose of this section is to motiv ate the formal definitions given in section

1.3 by means of some simple examples, and also to intro duce the notation.

W e briefly summarize our formal framework, which is the usual one of

, i.e. many-sorted first-order structures . The

basic definitions and results can b e found in [GM]; here we rep eat just the essential

notions.

A Σ consists of a set of ( ), a family of ( =

) and a family of ( = ); moreover we

denote by

: the fact that ;

: the fact that ;

( ) the on Σ and the -sorted family of v ariables =

and we write : for ( ( )) ;

( ) the set of the (with p ossibly infinitary con-

junctions) on Σ and ; if ( ), then ( ) is the set of the

of .

A Σ is a triple ( ) s.t. for all is a set,

for all : : is a total function and for all

: . is iff for all ,

there exists ( ( )) s.t. is the interpretation of in . If ( ) and

is a Σ-algebra, we denote as usual = the fact that holds in .

CCS

CCS

CCS

0

0

1

1

1

¯

1

1

1

0 a

a

a a

a

a

a a

a

a a

τ

1.1 Similarit y of exp erim en ts

−

′ ′′ ′

′

′′ ′

′

′′ ′

′

′′ ′ ′′

′

′′ ′′ ′

′ ′

′ ′

Strong Bisimulation for

sig

sorts

opns

nil

preds

,

α α

τ

a a a τ τ

a b, b , b , b , b

a b b

b b

b b b b b

b b b

b b

b b b b b b

b b b b

b b b b

b b b b a τ

−

→

− · − × →

− − × →

− | − × →

{ → | ∈ }

− →

− − → − × ×

∈

− →

· − →

− →

− →

− →

− →

− →

| − → |

− →

| − → |

− → − →

| − → |

CCS

CCS

str ong bisimulation (r elation) CCS

exp eriments sim-

ilarity

CCS CCS

b e act

b e

act b e b e

b e b e b e

b e b e b e

act ACT

act act

b e act b e

ACT ACT

CCS

act

act b e

CCS

CCS initial mo del

In this section we first rephrase the well-known (finite) calculus of [Mi] (de-

noted here by 0) using the algebraic notations intro duced ab ove; we then recall

the definition of on 0 and intro duce the idea of

defining bisimulation starting from a set of and from a notion of

b etween exp eriments. By means of some other small examples we then

further motiv ate this p oint of view.

0 The signature of 0 is the following, where

we use the “ ”-notation for defining mixfix op erations:

Σ =

:

:

+ :

:

:

:

:

where is a set of symb ols for actions such that .

The “usual” op erational mo del for 0 is just the term-generated algebra

over the signature Σ such that all and only the identifications which can b e

inferred from the equalities = for all : , and = hold, and such that

the interpretation of the predicate is the one given by means of the following

inductive rules (where : and : ).

+ +

for =

In the sequel we denote this mo del simply by 0. (Note that, in the algebraic

terminology

, 0 is the of the algebraic sp ecification having as signa-

ture Σ and as axioms the equalities and the conditional axioms corresp onding

to the inductive rules given ab ove, see the example 1 in section 3.)

n 1

–

–

–

–

2

1

1

1 1 1

0

1 1 1 1

1 1

1 1 1 1

1 1

0 act b e act b e act

b e

CCS

b e

b e

b e

act

CCS

b e s s S p p P s

s

n p s s

s p

s s

A/R

n

n n

A/R

n

A

a a

a a

a

a

{ } { } ∈ ⊆

× · · · × ∈ ⊆ × · · · ×

∈ ∈

⊆ − →

∼ ∼

− → − →

− → − →

⊆ − →

∼

− →

− → − →

′ ′′

′′ ′

∈ ∈

− →

− →

′ ′′

′ ′ ′ ′′ ′′ ′′

′ ′′

′′ ′′ ′′ ′ ′ ′

′ ′′

− →

′ ′′

′ ′ ′

′′ ′′ ′′

′′ ′′ ′′

′ ′ ′ b b

b b

A A

A

A R , R s S R A

p s s P R A A

R R

A R

A A/R A /R

f a , . . . , a

f a , . . . , a a , . . . , a p a , . . . , a p A/R

R

R R , R , R R R

R

/

R

b R b

a b b b b b b

b R b

a b b b b b b

b R b

R

R

x b x

a b x b

b R b

e b e

e b e

e b e

e b e

CCS

CCS

c ongruenc e

-family

semantic mo del

CCS CCS

CCS

CCS

str ong bisimulation CCS

CCS CCS

maximum str ong bisimulation r elation

CCS str ong bisimulation r elation

act b e b e

act b e b e

maximum str ong bisimulation

exp eriment CCS

act b e

p asses similar

p asses

p asses similar

p asses

It is well-known that the ab ove mo del is not satisfactory as a semantic mo del

for 0, since it distinguishes to o much (for example, + is different from

+ ); in this sense one is lo oking for b etter semantics for 0.

In general a semantics on an algebra is given by means of a on ;

a congruence can b e seen as an -family satisfying additional constraints, where an

is a couple ( ), such that for all , and for

all : , . Being a congruence means that the

identifications in and the v alidity in are coherent b etween them and with the

algebraic structure of (see def. 1.1 for a complete definition). If is a congruence

on , then is the algebra, where the carriers are the quotients , the

op erations and the predicates are defined resp ectively by ([ ] [ ]) =

[ ( )] and ([ ] [ ]) iff ( ) ; is the mo del

corresp onding to the semantics given by (the ).

Hence, in this framework, a semantics for 0 is a couple (a 0-family)

= (( ) ), where and are binary relations on 0 and

0 resp ectively

, and .

The semantics corresp onds to the idea that two 0 b e-

haviours should b e identified if and only if they b ehave in the same way if we

can only observe the actions which lab el their transitions. As it is well known

this semantics is given taking the quotient 0 , where is the 0-family

corresp onding to the so-called .

A 0-family is a (see [P, Mi]) iff

i) implies

for all : , : , if then there exists : s.t. and

;

for all : , : , if then there exists : s.t. and

;

ii) is the identity relation;

iii) .

The do es exist and is the union of all the strong

bisim ulations.

Now let us call , where is a v ariable, an for 0, for

every : and every : ; note that is a first-order formula, since

is a predicate symb ol. Then we can rephrase the definition of strong bisimulation

replacing clause i) with the following:

i) implies

for all exp eriments if , then there exists a exp eri-

ment , such that ;

for all exp eriments if , then there exists a exp er-

iment , such that .

⋀

i

′ ′′

0 +1

′ ′

′ ′ ′ ′

′ ′′

′ ′′

′ ′′

′ ′′ ′ ′′

′ ′ ′′

′′

′ ′ ′′

′′

∈

∈ a

a a

a a

be

a a

be

τ τ a

a a τ

a

a

ω

ω ω

ω

i i i ω

i ω i a

i

i i

a

− →

− → − →

− → − →

S

S − → S − →

⇒ × ×

⇒

− → ⇒

⇒

⇒ − →

⇒

⇒

·

̸∃{ } ∧ − →

{ ⇒ | } ∪ { } e x b b e e b

e b e b /x b b b b

x b x b

b R b

R

R

R x b R x b

a a b R b

τ

b b b b b b

b b b b b b

b b

,

x b

τ

τ τ τ

τ

b , a . b x b b

b a

x b a , b

W eak Bisimulation

Divergence Sensitive W eak Bisimulation

nil

Observing Multilevel Parallelism p asses CCS

similar

similarity law

we ak bisimulation

b e act b e

CCS

Stop

Stop

b e act Stop

act b e Stop Stop

CCS

Clearly

, if = , “ ” can b e formally stated as “ [ ] holds in 0”,

where [ ] = [ ] = , since is a first-order formula. In this case

we define to b e to all and only the exp eriments of the form

with .

Notice that the similarity relation b etween exp eriments dep ends on ; hence we

intro duce a function that we call asso ciating with each a binary

relation ( ) on exp eriments, which is so defined in this case: ( )

iff = and .

If we decide that some actions, say actions, should not

b e observ able, then we need a semantic equiv alence which is less fine than strong

bisim ulation, since two b ehaviours whose activity differ only in the nonobserv able

actions p erformed should b e made equiv alent. This is achieved by defining the

well-known , which is obtained by intro ducing a new predicate

= : defined by the following inductive rules

=

=

=

=

=

and considering a different kind of exp eriments having form = . W eak bisim-

ulation is defined using the same definition schema of strong bisimulation by just

changing the set of exp eriments and by using an analogous similarity law.

Let us extend 0 to include also

some infinite b ehaviours (for example, either by means of a fixp oint combinator,

or directly by means of op erators like defined by recursive equations, as for

example = ). It is well-known that weak bisimulation do es not distinguish

prop erly b etween terminating and nonterminating b ehaviours (for example, is

weakly equiv alent to ); to get a finer semantic equiv alence we intro duce a new

exp eriment, , defined by the following infinitary first-order formula:

= ( = ) ( )

where the ’s and ’s are v ariables of sort and resp ectively

. succeed s

on all and only the terminating b ehaviours. T o b e equiv alent we require now that

not only two b ehaviours have to exhibit the same visible actions, but they also

have to agree w.r.t. termination. The definition schema of bisim ulation rephrased

using the concept of exp eriment handles already this case by taking as exp eriments

= : : (and clearly is only similar to itself ), since

clause i) is quantified on all exp eriments; the maxim um bisimulation relation exists

and identifies in this case all b ehaviours which b ehave in the same way w.r.t. all

these exp eriments.

It is useful to slightly generalize the defi-

nition schema by allowing several observed sorts. F or example, supp ose that we

extend 0 with:

–

–

1 2

1 2

′ ′′

′ ′′ b e

b e

b e b e b e

1 2

1

1

1 2

1

2

2

2

1 2 1

2

1

1

2

2

1 2

1 2 a

a

l

l l

l

l l

l l l

l

a

net l

a

net l

a a

net l

net l

net

o

s

p

A

′

′

′

′

′

′

′ ′

∗

′ ′

′

′ ′ ′

′

′ ′′ ′ ′′ ′ ′′

′ ′′ ′ ′′ ′ ′′

′ ′′ ′

′ ′ ′′ ′′ ′′

′ ′′

′ ′′ ′′ ′′ ′

′′ ′

•

||

•

∗

− →

⇒ × ×

− →

⇒

⇒

|| ⇒ ||

⇒

|| ⇒ ||

⇒ ⇒

|| ⇒ ||

⇒

⇒

− →

⇒

{ }

{ − → ⇒ | }

S

− → S − →

⇒ S ⇒

∈ ∈

∈

S

∈

S

∉

∈ ⊆

S

CCS

CCS

b e observe d sorts

Exp act b e

exp eriments

CCS multilevel bisimulation

Exp

Exp

Exp net

n n

/

l ab

net l ab net

b b

b b

n n

n n n n n n

n n n n

n n n n

n n n n n n

n/l n /l l l .

x b

x n

O , net

x b, x n a , b , l l ab, n net

R R

x b R x b a a b R b ,

x n R x n l l n R n .

o O t R t e o

e t e e t

e R e

e t e e t

e R e

s O R

p P R p a new sort whose elements mo del 0 b ehaviours seen as no des of a

network (inductively defined as a single b ehaviour or a parallel comp osition

of two networks) whose activities pro ceed in a free parallel way

, except

when restricted by the “ ” op eration;

a new sort whose elements lab el the network transitions; these lab els

include b ehaviour lab els and can b e comp osed in parallel; we assume to this

end a binary op eration “ ”.

Clearly in this case we have two transition relations: on b ehaviours as b efore,

and = : on nets defined by:

=

=

=

=

=

= =

=

=

=

=

Call this calculus “net- ”. Both arrows can b e used to build exp eriments for

observing b ehaviours and nets, hence we have exp eriments of the form

and of the form = ; we want that the semantic identifications are made

on b ehaviours and on nets accordingly to these exp eriments. It is easy to extend

the definition of bisimulation by quantifying clause i) over all observed sorts. Let

= b e the set of ,

= = : : : :

the set of , and for all let ( ) b e the following similarity relation:

( ) iff = and

= ( ) = iff = and

A net- -family is a iff

i) for all , implies for all with free v ariable of sort

if [ ] holds, then there exists such that [ ] holds and

( ) ;

if [ ] holds, then there exists such that [ ] holds and

( ) ;

ii) for all is the identity relation;

iii) for all , .

Since is monotonic, then there exists the maxim um multilevel bisimulation, which

is also the maxim um fixed p oint of an appropriate function.

′

′

1 2

+

1

( ) ( )

1 2 s

o o

a

a

b b

a a act

b e

SEND SEND

: a Higher Order

′

′ ′

′

′ ′′ ′

′′ ′ ′′

′ ′′ ′ ′′

′ ′′

′ ′′

′ ′′

′ ′ ′

′

′

′

′ ′ ′ ′

→

P ∈ P

P ∈

P

P

P { | ∈ } ∪

{ | }

− →

− → P

− − − − − − → − − − − − − →

S

P

− → S − →

P

⊆

1.2 Propagating Iden tities

1.3 Observ ational Structures and their Seman tics l ab

b b

b b

b

b b b

b b b

s S R

R s R R o O

R b R b b R b

R

R α, α , α , α α

b , b , b , b b R b .

x b

x b a R a b R b

a b

x b x b

b R b b R b

R

x b R x b

a, a , b, b a R a b R b

A S, F , P O S

A A act

CCS CCS CCS

CCS

SEND b e act SEND

SEND

SEND SEND

pr op agation function

SEND SEND

ACT

SEND SEND SEND SEND

SEND

observational structur e (maximum) observational r elation

-

family

In the examples intro duced in the previous section, the semantics of the ob jects of

the nonobserved sorts and is fixed: the semantic identifications made on

b ehaviours (and on nets) do not intro duce new identifications on actions (and on

lab els). Clearly

, this is not always the case, and we explain this p oint by means of

an example.

W e extend 0 by allowing handshaking com-

munication with exchange of b ehaviours (see [AR, T]); formally we add to 0 an

action op eration : ; a b ehaviour can hence p erform a ( ) ac-

tion, where is another b ehaviour, and the intuitive meaning is that is b eing sent

as a v alue which can b e received by some other pro cess p erforming a corresp onding

( ) action.

In this case we want that, given and , if is semantically equiv alent to

, then also the action ( ) should b e semantically equiv alent to ( ),

where the propagation of the semantic identifications to other sorts is represente d

by means of a , for all , ( ) is the propagation of

to the elements of sort (we require ( ) = for all ). In this case we

have that given , if , then ( ) ( ) ( ), so the propagation

law is defined for all as follows:

( ) = ( ) ( )

( ( ) ( )) ( ( ) ( ))

T o complete the example, we have to define the similarity relation b etween

exp eriments: it seems reasonable to consider a generic exp eriment to b e

equiv alent to all the exp eriments of the form with ( ) and . In

particular if = ( ), then

is similar to

for all , . Hence the similarity law can b e defined in this case in

terms of as follows: for all

( )

for all such that ( ) , .

The discussions, definitions and examples of the previous sections are collected in

the notion of and of .

In this section denotes an algebra on a signature Σ = ( ), and

denotes the set of the observed sorts. A semantics on is represe nted by an

which is defined as follows.

⋃

1 n

i

i

′

′ ′

2

1

1 1

1

1

1 1

1

Σ

′ ′ ′

∈

′

∈

′ ′

∈

′

′

′ ′ ′

′

′ ′

∈ s s S

s

s

S p p P S p s s

n

S s s S

s

n n

i s

i n s

n

S

n A p i s

i n p

n p

o O o

o

o

o

o o

A

A s s

A p

A

⊆ { }

∈ ⊆

{ } ⊆ × · · · ×

× · · · × ∈

⊆ | { }

× · · · × → ∈ ∈

|

× · · · × ∈ ⊆ ∈

∈

{ ∈ F O F | ∧ ⊆ { }}

{ }

∈ ∈

|

P

P ∈

P

• P { | ∈ } ∈ −

• P ∈

S P

•

Def. 1.1

Def. 1.2 (Exp erimen ts)

Exp

Exp

Exp

Def. 1.3 (Similarity Laws)

S-law

Exp

Def. 1.4 (Propagation Laws)

P-law

Def. 1.5 (Observ ational Structures)

S S A, S S R R

s S R A

R , R R A, S R A A

p s s P A

R A S S R A, S R

R s R

A, S R

f s s s F s , . . . , s , s S

a R a i , . . . , n f a , . . . , a R f a , . . . , a .

A R R

p s s P p R a R a i , . . . , n a , . . . , a R

a , . . . , a R

, O O

, O ϕ X car d f v ϕ f v ϕ x .

f v e x e o

e , O e o a A

v v x a A e a e

A v

A, O A

, O

A, O A, O A

R R o O

R a, a a A s S O

R p p P

, A, O , , ,

S, F , P

F or , an is an -indexe d family s.t.

for al l .

A c ouple , wher e is an -family and

for al l , is c al le d .

If is an -family and , then is the -family .

A family is iff for al l is r eflexive; similarly for ,

and .

An -family is a iff it is an e quivalenc e and for al l op er a-

tions with

for implies

An -family is a iff is a c ongruenc e and for al l pr e dic ates

, and for , imply

.

The set of over and is define d by

If we write .

is the set of al l monotonic functions fr om -families into the set of

binary r elations on r esp e cting the sorts of the exp eriments.

is the set of al l monotonic functions fr om -families into -

families s.t. for al l .

An is a -uple Exp wher e

is a signatur e;

( )-family =

( ) ( )

: -family

( )

reflexive symmetric

transitive an equiv alence

( ) congruence

:

= 1 ( ) ( )

congruence

: = 1 ( )

( )

(Σ ) exp eriments Σ

(Σ ) = ( ) ( ( )) = 1 ( )

( ) = :

Given an exp eriment (Σ ) such that : , an element and a

v ariable v aluation s.t. ( ) = , we write = [ ] to denote that holds in

under the v aluation . Usually we do not insist in sp ecifying the sort of an

exp eriment whenever this is clear from the context.

( )

(Σ )

( ) ( )

( ) =

The fact that similarity and propagation laws are monotonic is needed to prove

prop. 1.8.

In section 2.3 we use the notation for the propagation law s.t.:

( ) = ( ) for all ;

( ) = for all .

observ ational structure 6 (Σ )

Σ = ( )

⋃

def

1 1 o o

s O s

p O p

o o O

s s

n p n p

OS

OS

OS

OS

OS OS OS OS

OS

OS

Exp

S-law

P-law

Def. 1.6

Def. 1.7

Prop. 1.8

Pro of.

′ ′′ ′ ′′

′ ′ ′ ′′ ′ ′′ ′′ ′′

′′ ′′ ′′ ′ ′ ′′ ′ ′

′ ′′ ′ ′′

∈

′ ′′ ′ ′′

•

• ⊆

• ⊆

• S ∈

• P ∈

S P

∀ ∈ ∀ ∈

∗ ∀ ∈ | ∃ ∈ S |

∗∗ ∀ ∈ | ∃ ∈ S |

∀ ∈ − ⊆ P |

∀ ∈ ⊆ P |

F

F P {{ | ∈ ∗ ∗∗ }}

⊆ F

F

∼ { | ⊆ F } ∼ F

F

P S

∼ ∼

∼

∈ ∼ ∈

P S

A

O S

, O

A, O

A, O

, A, O , , ,

A R

o O a , a A a R a

e A e a e e R e A e a

e A e a e e R e A e a

s S O R R

p P R R

A

A R

R a , a a , a A , .

A R R R

A

R R R

a a R a R a

a , . . . , a R a , . . . , a R

λ is a -algebr a (the structur e on which we want to define a semantics);

is a set of sorts ( , the sorts of the obje cts on which we

p erform some exp eriments);

Exp ;

;

.

OS Exp

An -family is an for OS (shortly, an )

iff

i) , implies

Exp , implies Exp s.t. and ;

Exp , implies Exp s.t. and ;

ii) , ;

iii) , .

OS

F or al l -families ,

The fol lowing facts hold:

1. an -family is an o-r elation iff ;

2. is monotonic over the c omplete lattic e of -families, or der e d by inclusion;

3. the (arbitr ary) union of o-r elations is an o-r elation;

4. is an o-r elation and .

the maximum OS

CCS

Σ

observed sorts

(Σ )

( )

( )

W e use to denote a generic observ ational structure (Σ ).

observ ational relation o-relation

= [ ] ( ) = [ ]

= [ ] ( ) = [ ]

( )

( )

As for the case of strong bisimulation, for each there is a monotonic function

on -families, which can b e used to characterize the observ ational relations

and whose maxim um fixed p oint (which do es always exist) is the maxim um obser-

v ational relation.

( ) = ( ( ) and hold )

( )

= ( ) = maxfix

The pro of is routine; note that the monotonicity of follows from the

fact that b oth and are monotonic.

Sometimes we denote simply by and call it o-relation of .

Notice that iff there exists an o-relation s.t. ; moreover

( ) iff there exists an o-relation s.t ( ) .

In general we cannot ensure the maxim um o-relation to b e either reflexive, or

transitive, or symmetric; to this end additional requirements on and can b e

made; b elow we show just an example. Note that due to this fact also preorders

defined as bisimulations (e.g. applicative bisimulations for -calculus of [A2] and

the prebisimulations for of [W a ]) could b e seen as o-relations of appropriate

observ ational structure s).

CF

OS

OS

′

′

′ ′

′ ′

′

∗

∗

∗

′

′

′ ′ ′

′ ′

′ ′ ′

O

o

o

o o

C F

C F C F

C F

C F

o o

o

S S

P ∼

∼ | S P

∼

S P S

P

S P

S P

∼

∼

∼ ∼

∼ ∼

P

∼

∼ ∼

∈

∈ ∈

∈

S P

S ∈

S

P

P

A R R R

R R R

R

A/

e o e c x

c x o o O

e , O e o e , O e

e e c x o O c x o o

, A, , ,

e R e e, e c x e e c x

e e c x e R e

A, O R R R

Prop. 1.9

Pro of.

Imp ortant note.

Observ ational mo dels

Def. 1.10 Exp Exp

Def. 1.11

If for al l -families we have that and if for al l e quiv-

alenc es we have that is an e quivalenc e, then is an e quivalenc e, wher e

is the smal lest e quivalenc e c ontaining .

r efle cts e quivalenc es

pr op agates e quivalenc es

we ar e only

inter este d in maximum o-r elations which ar e e quivalenc es and so fr om now on we

assume that is an e quivalenc e and we c al l it observational e quivalenc e.

OS

CCS

OS

Assume , , is a of

iff with and c ontext of sort with a hole of sort .

OS ( for c ontext fil ling) denotes the observational structur e

Exp wher e:

– Exp is the set of the c ontext fil lings of the exp eriments in Exp and

– iff ther e exist Exp and a c ontext s.t. ,

and .

pr op agates c ongruenc es

( ) = ( )

( )

is an equiv alence (due to the hyp othesis on ); the hyp othesis on

ensures then that itself is an equiv alence.

If and are as in prop osition 1.9, then we say that

and .

W e do not require that reflects equiv alences and propagates

equiv alences in the definition of observ ational structure since these conditions are

only sufficient; moreover in significant cases and do not satisfy these require-

ments and still is an equiv alence (even a congruence). This seems p eculiar

to the bisimulation-like approach, where also the observ ational relations are not

in general equiv alences, even when the maxim um is so. Of course,

W e are now going to show how we can approximate observ ational equiv alence

by an asso ciated congruence, which is the observ ational equiv alence of a suitable

observ ational structure , following a classical approach often used in concurrenc y .

If is congruence, then the quotient algebra is

the observ ational mo del asso ciated with .

However, even when is an equiv alence, it may b e that is not a congruence

(for example, in the case of weak bisimulation for ). This happ ens either when

the observ ations made by the exp eriments are not coherent with the algebraic

structure or when do es not generate congruences on the non-observed sorts.

Sufficient conditions ensuring to b e a congruence can b e found for the case of

transition systems in [GV] and for the algebraic case in [GR].

When is not a congruence, we can try to approximate by means of the

greatest congruence resp ecting the observ ational requirements. This approximation

is the maxim um o-relation asso ciated with an observ ational structure obtained by

replacing each exp eriment : of by the set of exp eriments [ [ ]] for all

contexts [ ]: with , as it is formally shown b elow.

(Σ ) : (Σ ) context filling

= [ [ ]] [ ]

(Σ )

( ) [ ] = [ [ ]]

= [ [ ]] ( )

In the following we say that a propagation relation iff

for all ( )-family , if is a congruence, then ( ) is a congruence.

⋃

C F

C F

′ ′ ′

′

′

′ ′

OS

OS OS

OS

OS

′ ′ ′

′ ′

′ ′

′ ′

′ ′

′ ′′ ′ ′′ o o o

o

C F

o

C F

o

C F

o

C F

C F

C F

P

∈

∼ { | }

∼ ∼

∈

S

× S S

×

∼

∼

I D P

I D

I D { | ∈ }

I D P

T esting Structures

testing structure

Prop. 1.12

Pro of.

Classes of observ ational structures

Def. 1.13

A

e, e e e c x c x e c x

e c x

R R

e

e c x

e c x R e e e c x e R e .

R

R R

, A, O , , ,

R e , e e , e ,

R

A

Assume that is term-gener ate d, pr op agates c ongruenc es and ther e

do not exist Exp , , and two c ontexts , s.t.

. Then

OS

(thus is a c ongruenc e and is c ontaine d in ).

Exp

OS OS

OS OS

OS OS OS

observational c ongruenc es

A is an observational structur e Exp ,

wher e is the similarity law define d by

Exp

for al l .

Exp

= [ ] [ ] [ [ ]] =

[ [ ]]

= is an o-relation for and is a congruence

Notice that under the prop osition hyp otheses we have that

can b e decomp osed as [ [ ]] in a unique way; thus by the definition of ,

( ) [ [ ]] ( ) implies = [ [ ]] with ( )

Then for ( ) and the definitions it is routine to check that if is an o-relation

for , then is an o-relation for ) and that conversely if is an o-relation

for which is a congruence, then it is also an o-relation for .

Notice that prop. 1.12 offers also sufficient conditions for to b e a con-

gruence: if = ( ) for some observ ational structure satisfying the

hyp otheses of prop. 1.12, then is a congruence. Moreover prop. 1.12 suggests

also another way of handling the cases where observ ations and algebraic structure

are not coherent: just by defining instead of observ ational

relations and taking the maximal one.

Observ ational structures can b e group ed

into classes having particular features. On this ground we can define and study

hierarchies of observ ational structures on the same algebraic structure and their

relationship. A detailed investigation is out of the scop e of the pap er. W e single

out two classes which will b e used here.

T esting structures are a very simple but imp ortant class of

observ ational structures used in section 2 to state and prove the generalized version

of Hennessy-Milner theorem. They generalize the framework of testing semantics

for pro cesse s intro duced in [DH] and are essentially observ ational structures where

two exp eriments are similar iff they are the same exp eriment.

(Σ )

( ) = ( ) logically equiv alent

Clearly reflects equiv alences, so if propagates equiv alences the maxim um

o-relation asso ciated with a testing structure is an equiv alence; moreover if is

term-generated and is closed by context filling, then the maxim um o-relation

is a congruence.

′ ′

0

2

+1

0

∈O

∈O

∈

∈O

OS

OS OS

OS OS

OS

Def. 1.14

Prop. 1.15

Pro of.

λ λ

λ λ

o o O

λ λ

λ λ <λ λ

λ λ

λ μ

λ

λ

s λ

ω

ω

ω

k

ω

1.4 A Hierarc h y of Appro ximations

Initial Observ ational Structures

, A, O , , ,

A

A

λ

λ, μ

μ < λ

car d λ > car d A s S

ω

ω

k

S P

∼

O

∼ S

P

∼

•

∼

P { }

•

∼

F

∼

F

•

∼

∩

∼

∼

∩

∼

∈ O

∼

⊆

∼

∼

∼ ⊆

∼

∈

∼ ∼

∼

∼

F F

∼

F

∼

∼

∼

S

∼

S

∼

≥

S

∼

OS Exp

The class is define d as fol lows:

;

( is given in def. 1.7);

if is a limit or dinal, then .

Final ly, .

F or al l or dinal numb ers :

1. implies ;

2. is an e quivalenc e;

3. ;

4. if for al l , then ;

5. .

not

finitely br anching

These are the observ ational structures asso-

ciated with an algebraic sp ecification, by taking the initial mo del as the algebra

of data and deriving canonically the propagation and the similarity law, on the

bases of the asso ciated equational deduction system (it can b e shown that the con-

struction corresp onds to a free (initial) construction in the usual algebraic sense).

They are those intro duced in [AGR1], where also conditions for the observ ational

equiv alence to give a mo del are stated. Initial observ ational structures are formally

defined in section 3, where examples are also shown.

Recall that denotes a generic observ ational structure (Σ ).

W e build a class of -families ( = ) (where is the class of the ordinals)

approximating the maxim um o-relation . W e assume in this section that

reflects equiv alences and propagates equiv alences.

( = )

= = ( )

= = ( = )

= = =

= = =

= =

=

=

( ) ( ) = = =

= =

Standard results.

This prop osition implies that in case of carriers of denumerable cardinality the

maxim um fixed p oint of can b e obtained by iterating up to the first

ordinal whose cardinality is greater than that of . In general, as it is well-known,

= is a fixed p oint for . In particular cases however it is sufficient to

stop to (for transition systems, this class extends the class of

transition systems for which = = has b een proved, see [Mi]). The rest of this

section is devoted to prove this claim.

The basic idea is that we can stop at = whenever each element of observ able

sort passes only “few” “equiv alent” exp eriments. In the case of finitely branching

transition systems “equiv alent” means ( = ) and “few” means finite; in our general

definition “equiv alent” means ( = ) for some 0 and “few” means finite mo dulo

( = ).

OS

OS

0

+1

0 0 0

⋂ ⋂

⋂ ⋂

⋂

⋂ ⋂ ⋂

′

′ ′

′

′

′ ′

′

′

′ ′ ′

Def. 1.16

Theorem 1.17

–

N N

N

–

N N

N

Lemma 1.18

Pro of.

–

–

′ ′ ′ ′

∈ ∈

∈

∈ ∈

∈

′ ′′ ′ ′ ′′ ′ ′

′′ ′ ′′ ′′ ′′

≥

′′ ′ ′′ ′′ ′′

′′

′′ ′′

′′ ′′ ′′

′ ′′ ′′

′ ′′ ′′ ′′

′ ′′

′ ′′ ′ ′′

′ ′′ ′′ ′′ ′′

′′ ′ ′ ′′

′ ′′

≥ ≥ ≥ o

e,k k

ω

i i

i i i i i

i i

i i i i i

ω

ω

ω

o ω

ω

ω

k k k

k k

k k

e ,p

ω

e ,p e ,p

k e ,k

k ω

h ω

q

ω

q q

h

q

q

q h

q

q h

h ω

q h h

q

h h h h

q

h

q

ω s

k k s

k k O s

k k O s ω O s

∈

∈ ∈ ≥

{ | ∈ S

∼

| }

S

∼

S S { }

P P { }

∼

∼

∼

⊆∼

∼

∈ ∈ ∈

∼

|

∈ S

∼

|

∼ ∼ ∼

≥

∈ S

∼

|

≥

S

∼

⊇ ⊇

∈ ≥ { | ≥ } S

∼

≥

∀ ≥ ∃ ≥ S

∼

S

∼

| S

≥

S

∼

≤ ≤ S

∼

S

∼

≤

∼

⊆

∼

≥ ≥ S

∼

S

∼

S

∼

S

∼

S

∼

S

∼

∈ −

∼ ∼

P

∼

| P

∼

| P

∼

| o O

a A e k

D a e e , e e , A e a

R R R R A

Q Q Q Q A, O

o O a , a A e a a A e a

e e e A e a

k

e e e A e a

p D a

D a D a . . .

e D a k e k

q

h h h e e .

e e A e a

A h

e e

h q e e e e

h q

h q q h h e e e e

e e e e

e e

s S O

.

The observational structur e OS is iff for al l ,

and Exp ther e exists s.t. the set

Exp

is finite mo dulo .

If OS is finitely observable and

for al l , wher e e ach is an -family,

for al l , wher e e ach is an -family,

then .

Under the c onditions of the or em 1.17, .

OS

Exp

Exp

Exp

OS finitely observ able

0

( ) = ( = ) = [ ]

( = )

( ) = ( )

( ) = ( ) ( )

= =

This theorem is an imm ediate consequence of the following lemma.

=

It is sufficient to prove that = is an o-relation for .

Assume , , s.t. = and = [ ], we show that

there exists s.t. ( = ) and = [ ].

Since = = = , by definition of = we have that for all 0 there exists

s.t. ( = ) and = [ ].

Because is finitely observ able, there exists 0 s.t. ( ) is finite

mo dulo ( = ).

Moreover,

( ) ( )

and ( ) for all 0. Thus 0 is finite mo dulo ( = ).

So there exists 0 s.t.

0 s.t. ( = )

W e claim that ( = ) and since = [ ] we have the thesis. Since

preserves intersections of -families, it is sufficient to show that for all 0

( = ) .

0 ; by definition ( = ) , which implies ( = ) , since b ecause of

, from prop. 1.15 we have = = ;

; by definition of there exists s.t. ( = ) and thus ( = ) ;

moreover ( = ) and, ( = ) b eing an equiv alence, ( = ) ; thus

from prop. 1.15 we get ( = ) .

Conditions on nonobserved sorts are satisfied since for all we have

that

( = ) = ( = ) = ( ( = )) = ( ( = )) = ( ( = ))

1

1 a

a

OS

OS

′ ′ ′

′ ′ ′

1

1

1 1

0

0 1

− →

′ ′ ′

′ ′ ′

−

′ ′

− →

′ ′ ′ a

x s ,k a a

k a a

ω ω

a

k

a

x s , a a a a

2 Observ ational Logic and its Prop erties s x s

k

D s x s x s x s A s s

s s s , s s

a s A s s

D s x s x s x s A s s

− →

≥

{ − → | − → S

∼

− → | − → }

S

∼ ∼

{ | − →

∼

}

{ | | − → }

{ − → | − → S

∼

− → | − → }

S ∼

S ∼ p atterns

CCS

r epr esentability of a similarity law by a family of p attern sets

any family

OS

Analogously for the conditions on the predicates.

In the case of strong bisimulation for lab elled transition systems with atomic

v alues as lab els our theorem requires that for all states , for all exp eriments

there exists 0 s.t. the set

( ) = ( = ) and =

is finite mo dulo ( = ); i.e. that is finite the set of = -equiv alence classes of

elements of = . While finitely branching condition requires

that for all lab els the set = is finite; i.e. with the ab ove notation,

that the set

( ) = ( = ) and =

is finite. Thus our conditions are less restrictive.

In this section we lo ok for logics characterizing the observ ational equiv alence (we

will say HM logics).

W e intro duce the basic ideas in section 2.1 starting with the original HM logic,

in order to help the reader. By lo oking at the first-order form of their mo dal

formulas we illustrate how the basic mo dalities are determined by (sets of ) schemas

of exp eriments, that we call ; this gives us a way to define mo dalities in

connection with pattern sets for general observ ational structures . This connection

gives, in our opinion, a rather interesting and general characterization of mo dalities.

It is shown as a further example how this connection works in the case of higher-

order .

In section 2.2 after giving the formal definitions we state what we call a gen-

eralized Hennessy-Milner theorem (pro of in section 2.4). The central notion there

is the ; essentially a

similarity law is representable by a family of pattern sets whenever it is generated

by it in a standard way

. The main theorem asserts that of pattern sets

representing a similarity law has an asso ciated HM logic. Thus we have conditions

for discovering different HM logics. In particular for any observ ational structure

s.t. ( ) is an equiv alence a trivial HM logic exists, the one asso ciated with

the family of pattern sets consisting of the ( ) equiv alence classes. Clearly this

logic is of no use at all. In order to have significant HM logics a suitable, as finitary

as p ossible, family of pattern sets has to b e discovered, what makes the v alidity of

an interesting logic characterization not at all trivial.

T o show the interest and the applicability of the result, having already consid-

ered in the intro ductory examples a higher-order calculus, we give further appli-

cations in section 2.3 to get HM logics for distributed and branching bisimulation.

The examples demonstrate that our observ ational logic exactly extends those used

by v arious authors for single semantic equiv alences; in particular in analogy with b e

⋀

⋀

⋀ ⋀

⋀ ϕ

a

a

a

a

a a

a

a

∈

′ ′ ′

′ ′′

′ ′′

∗

∗

∗ ∗

∗ ∗

Φ

1 2

1 2 1

1

1 2

2

2 1 2

1

1

2

2

Σ

2.1 F rom Exp erimen ts to Observ ational Logics

HM

• ∈ HM ∈ HM

• ¬ ∈ HM ∈ HM

• ∈ HM ⊆ HM

∅

| ⊆ × HM

• | − → |

• | ¬ |̸

• | | ∈

∼

∈ HM | | ∼

HM

∃ − → ∧

− →

− →

− → − →

∃ ∧

S

∈ F O F

{ − → | }

S S { − → | }

S H

H

< a > ϕ a ϕ

ϕ ϕ

ϕ

b < a > ϕ b b b b ϕ

b ϕ b ϕ

b b ϕ ϕ

b b

ϕ b ϕ b ϕ

< a > ϕ

y .x y ϕ y ϕ ϕ

x y

b x b

e x b e x, y x y

< a > ϕ y .e x, y ϕ y

e x e x

e x R e x e x e x, b e x e x, b b R b

e x, b e x, b

ϕ, ψ X ϕ ψ ϕ ψ

x y a

R x y a

CCS

CCS

CCS

CCS act CCS

CCS CCS

CCS CCS

true

CCS CCS

CCS

CCS

p attern

CCS

CCS

CCS act

r epr esente d act

whenever in an observational structur e is r epr esente d by a family of p atterns ,

a Hennessy-Milner the or em holds for a gener alize d lo gic gener ate d by what happ ens for finite (see [Mi]), we do not need infinite conjunctions of

observ ational formulas whenever there is only a finite set of exp eriments passed by

an observ able element (say a pro cess).

W e recall the definition of the HM logic for (see [HM] and also [Mi]). The set

of formulas of the logic ( ) is inductively defined as follows:

( ) for all : , ( );

( ) for all ( );

Φ ( ) for all Φ ( );

where, if Φ is a set of formulas, Φ is the infinitary conjunction of all the formulas

in Φ, i.e., . Notice that corresp onds to . The satisfaction relation

= ( ) is so defined:

= iff there exists such that and = ;

= iff = ;

= Φ iff = for all Φ.

A theorem due to Hennessy and Milner states that iff for all formu-

las ( ), = iff = (recall that is the maxim um strong

bisim ulation).

It is easy to translate all mo dal formulas of ( ) into (semantically)

equiv alent first-order formulas; for example, the formula b ecomes the first-

order formula ( ) (where is the translation of ). This translation

enlightens the relationship b etween formulas and exp eriments: the formula

app earing in the translation can b e thought as a for generating exp eriments,

since for all b ehaviours we have that is an exp eriment. F or an exp eriment

= let us denote by [ ] = the corresp onding pattern; the

formula is then equiv alent to [ ] ( ). Patterns arise naturally in

the definition of the similarity relation b etween exp eriments for 0, where given

two exp eriments [ ] and [ ] we have that

[ ] ( ) [ ] iff [ ] = [ ], [ ] = [ ], and

[ ] is logically equiv alent to [ ] in 0.

In what follows, for ( ), we write = meaning ‘ and are

logically equiv alent’.

In the case of 0 the family of patterns : completely deter-

mines the v alue of on all ; we say that is by :

whenever this happ ens. In order to fully appreciate immediately the central role

of represe ntability

, it is convenient to anticipate the main result of this section:

.

e

∗

1

1 2

1 1 n

b

y

b b

n

n n n n

a

y y

n

n

n n

i i

n n

SEND

SEND

SEND SEND

SEND SEND

∗ ∗

′

∗

′ ′ ∗ ′

∗ ′ ∗ ∗ ′ ′

∗

∗

∗ ′ ′

∗ ′′ ′′

∗ ∗

′ ′′

∗

∗ ∗

CCS

CCS

CCS

CCS

ACT ACT

OS

OS

is r epr esente d by

1

+

+

( )

1 2

( )

2

1

1

( )

1

2

( )

2

1

1

1

1

2

2

2

2 1

1 2

2

1 2 1 2

1 2

1

1 1 1 1

+

1

( )

2

( )

2

1 2 1 2

1 2 1

1 1

2

2 1

1

1

2

1

1 2

1

1

2

1

H

· · · ∈ H

− − − − − − →

− − − − − − →

S

− − − − − − → − − − − − − →

· · ·

∃ ∧ ∧ · · · ∧

− → ∈ ∈

− − − − − − → − − − − − − →

S

H

S

S

S

H ∈ H

S H S

∈ H ∈

< e > ϕ ϕ e

e x x b

e x, y , y x y

y

e x

x b e x x b e x e x, b , b

e x e x, b , b e x, y , y e x, y , y b R b b R b

< e > ϕ ϕ

y , . . . , y .e x, y , . . . , y ϕ y ϕ y .

x y a a a ,

x y , x y ,

< a > ϕ < S > ϕ ϕ < S > ϕ ϕ

e x R e x e x e x, t , . . . , t

e x e x, t , . . . , t

e x, y , . . . , y e x, y , . . . , y

i , . . . , n t R t

e

R

e R

R

H

e x R e x

H e x, y , . . . , y e x, y , . . . , y H

In this case, b esides negation and conjunction, a family of patterns intro duces

the set of mo dal combinators for all .

A further example may clarify this p oint. Consider the calculus (the

0 calculus where b ehaviours can b e exchanged as v alues via handshaking com-

munication, see sec. 1.2). In an exp eriment of the form [ ] =

should b e seen as instantiation of the pattern [ ] = : the

intro duction of the extra v ariable is needed if we want to b e represented by

a family of patterns in the sense now discussed; indeed two exp eriments [ ] =

and [ ] = are similar iff [ ] = [ ],

[ ] = [ ], [ ] = [ ] and , .

W e extend now the logic to include exp eriments like these ones; starting from

patterns we build mo dal formulas of the form

semantically equiv alent to the first-order formulas

[ ] ( ) ( )

In the case of the patterns for exp eriments are the following:

for all s.t. or

which generate the mo dal formulas , and

¯

resp ec-

tively . F or a similar use of mo dalities and similar formulas see the first logic in

[DV].

The general notion which comes out from these examples is the following: for an

observ ational structure , is represented by a family of patterns of exp eriments

iff the following condition holds:

[ ] ( ) [ ] iff [ ] = [ ],

[ ] = [ ],

[ ] = [ ] in and

for all = 1 we have that .

This notion of representability of can b e extended, in order to greatly relax

the constraints in the main theorem. As it is defined ab ove, an exp eriment is

similar mo dulo to all and only the exp eriments obtained by instantiating its

pattern on -equiv alent observed ob jects. In general, it can b e that puts

in relation exp eriments which do not corresp ond to -equiv alent instances of the

same “pattern”; we can generalize the definition of represe ntability to “families of

pattern sets” as follows: if is a family of pattern sets (i.e., each is a set

of patterns) we say that essentially if [ ] ( ) [ ] iff

for some there are two patterns [ ], [ ] , such j

∗

∗

⋀

⋁ ⋀

⋁

Def. 2.1

Def. 2.2

∗ ′ ′ ∗ ′′ ′′

′ ′′

∗

∗

∗

∗

∈

∗

∈

∗

∗

∈

∗

∗

1

1 1

2

2 1

1 2

1

1 1

=1

1

1 1

=1

Σ

1 1 1

1

1

1

2.2 A Generalized Hennessy-Milner Theorem n n

i i

n

n n n

i i i

n

n

e H n n

i i i

e H

O O

n n n

i i n

o o O

n

o

n j

o

∈ H H

· · ·

∃ ∧

· · ·

∃ ∧

H ∈ H

⊆ F O F ∈ ⊆

{ } ∈ ∈

× · · · × →

H H

{H } H

• · · · ∈ H

∈ H × × → ∈ H e x e x, t , . . . , t e x e x, t , . . . , t i , . . . , n

t R t e e R

H

e H

H R

H

e

< e > ϕ ϕ

y , . . . , y .e x, y , . . . , y ϕ y ,

H

< H > ϕ ϕ

y , . . . , y . e x, y , . . . , y ϕ y .

R

H

H

H X X ϕ H f v ϕ

x, y , . . . , y ϕ x, a , . . . , a a , . . . , a A

x o x o H o o o

< H > ϕ ϕ

H o . . . o o ϕ j , . . . , n

A is a family such that implies that

with variables of observe d sorts, for al l ,

and Exp for al l of appr opriate sort.

If , and then we say that has .

F or any family of p attern sets we define inductively the family

of as fol lows:

for al l with typ e and al l , ;

that [ ] = [ ], [ ] = [ ] and for = 1 we have

that (i.e., and are -equiv alent instances of two patterns b elonging

to the same ). While in the previous cases a represe ntation was just a

family of patterns, now we replace each pattern with a set of patterns such

that two patterns in are similar whenever instantiated on -equiv alent ob jects.

The simpler cases corresp ond thus to the case where each is a singleton.

In the following section we develop the technical details of this idea. Here we

p oint out that the effect on formulas of using a family of pattern sets (instead of a

family of patterns) is the replacement of formulas of the form, where is a pattern,

semantically equiv alent to

[ ] [ ]

with formulas of the form, where is a set of patterns,

semantically equiv alent to

[ ] [ ]

The disjunction mo dels the fact that since all -equiv alent instances of the

patterns in are similar, we allow an instance of any of them to succee d.

The use of mo dalities corresp onds to the semantics given in the cases when pro-

cesses are mo delled by lab elled transition systems; whenever the data are lab elled

transition systems there is a corresp onding Kripke structure (see [S] for a general

discussion). But our formalism p ermits to extend the approach to generic sp ec-

ifications of data typ es and also to treat higher-order cases, without any ad ho c

construction.

family of pattern sets

( ) ( )

[ ]

: : typ e

=

observ ational formulas w.r.t.

= 1

∗

∗

⋀

⋀

⋂ ⋂ λ

λ

λ λ

λ

1 1

1

1

1 1

1

1

1

1

1

=1

Def. 2.3

Def. 2.4 o o

o o

o

o

n n

n k k

n

n n

n

n n

n

i

i

λ

λ

λ λ

λ λ λ

n

i ,...,n i

∗ ∗

∗ ∗

∗

∗

∗

′ ′ ′

′ ′ ′ ′ ′ ′

′ ′ ′

′

H

∗

H

∗

H

H H

∗

∈O

H

∈O

H

∈O

∗

∗

• ¬ ∈ H ∈ ∈ H

• ∈ H ∈ ⊆ H

| ∈ ∈ ∈ H

• | · · · ∈

| |

• | ¬ |̸

• | | ∈

S

H S H

• ∈ ∈ H ∈

• ∈ S

∃

H S

H

H H

∼

∈ O

∼

∼

H ∪ H

∼ ∼

∼

∼

H

H

• · · ·

• ¬ ϕ o O ϕ

o O

o O a A ϕ

a < H > ϕ ϕ e H a , . . . , a

A e a, a , . . . , a a ϕ k , . . . , n

a ϕ a ϕ

a a ϕ ϕ

e H e e x, y , . . . , y

H e e e x, v , . . . , v v , . . . , v

e, e A R e R e H e H e

v , . . . , v , v , . . . , v e e x, v , . . . , v e e x, v , . . . , v

v R v i , . . . , n H e H e e e

e e

λ

O S

λ

O S λ

.

< H > ϕ ϕ ϕ

ϕ ϕ

, for al l , for al l ;

, for al l , for al l .

The is define d as fol lows: for al l , and

iff ther e exist , of appr opriate sort

such that and for ;

iff ;

iff for al l .

Given an observational structur e OS with similarity law and a family

of p attern sets , is by if:

for al l Exp ther e exist a unique and a unique

such that for some ;

for al l Exp , for al l -families , iff and

such that , with

for , wher e , , and ar e the p attern sets and

the p atterns asso ciate d r esp e ctively with and by the ab ove pr op erty.

for any given r epr esentation

of OS

OS

OS

The of the observational formulas is inductively define d by

;

;

Φ Φ

satisfaction relation =

=

= [ ] = = 1

= =

= Φ = Φ

F rom now on, we shall always omit the typ e information on the observ ational

formulas.

represe nted

( ) [ ]

( ) = [ ]

( ) ( ) = ( )

= [ ] = [ ]

= 1 ( ) ( )

W e can now state the main result, i.e. informally ,

, the testing structure (see definition 1.13) having as exp eriments

originates the same maxim um o-relation as do es. F or this we use the

characterization of the maxim um observ ational relation as a limit of a (transfinite)

sequence of approximations intro duced in section 1.4. W e define for each ordinal a

testing structure having as exp eriments the set of formulas in having

“depth” smaller than ; indicating by the maxim um observ ational relation for

, we show that for all , = = .

Since = we have clearly

= = = =

Because two exp eriments are similar in a testing structure iff they are logically

equiv alent, is an observ ational logic characterizing the maxim um o-relation of

: two ob jects are equiv alent iff they satisfy the same set (mo dulo logical

equiv alence) of formulas in . The formal statements follow.

Depth

Depth ( ) = 1 + sup Depth ( )

Depth ( ) = Depth( )

⋀

OS λ

λ

λ

∗ ∗

∗ λ

λ

λ

o o

o

O S

a

2.3 Applications

H

∗

H

H

∗

H

H

H

′ ′′ ′ ′′ ∗

′ ′′

∗

− ϕ ϕ

λ O S

, A, O , , , ,

ϕ ϕ ϕ λ

, A, O , , ,

λ

o O a , a A a a ϕ

ϕ a ϕ a

o O a A e e , A e a

H

d

,

a b b, b

• { | ∈ }

H I D P

H { | ∈ H ∧ ≤ } ∼

H I D P ∼

S H

S H

∼

∼

∼ ∼ ∈ ∈ ∼ ∈ H

∈ ∈ { | ∈ | }

H

S S ∼ S

S ∼ S

H

∈ H H ∼

− →

− − → − − × × ×

· − →

Def. 2.5

Theorem 2.6 (Generalized Hennessy-Milner Theorem)

Pro of.

Distributed Bisimulation for

.

F or al l or dinal numb ers , denotes the testing structur e

wher e and its maximum o-r elation.

Mor e over OS denotes the testing structur e , and its

maximum o-r elation.

L et OS b e an observational structur e with similarity law and a family of p attern

sets s.t. is r epr esente d by . Then the fol lowing facts hold:

i) for al l or dinal numb ers , ;

ii) , i.e., for al l and al l iff for al l

( holds iff holds);

iii) if for al l , the set Exp is finite, then i) and

ii) hold for the subset of with finitary c onjunctions.

Exp

CCS distribute d bisim-

ulation CCS

CCS CCS

b e act b e b e

Depth ( Φ) = sup Depth ( ) Φ

(Σ )

= Depth( )

(Σ )

= =

=

[ ] [ ]

= [ ]

See section 2.4.

W e stress that the theorem do es not assert that the Hennessy-Milner charac-

terization holds for one particular class of observ ational formulas; it gives instead

conditions for such a result to hold. Many observ ational structures have a repre-

sentable ; indeed, if ( ) is an equiv alence relation, then is represented by

the family of the equiv alence classes of w.r.t. ( ). Moreover may b e

represented by many different . Clearly

, we are interested in the cases in which

each is finite and the definition of itself “do es not dep end on ”; notice

that this is the case of all the examples given in the pap er.

W e show the treatment of

for a -like language (see [CH]) using observ ational structures. W e show

that not only the basic definition is an instance of our schema, but also that we have

a characterization of the maxim um distributed bisimulation by a corresp onding HM

logic.

W e consider, as in [CH], a v ariation of 0 obtained by replacing the

predicate by

( ):

defined by the following inductive rules:

( )

′

⋀

CCS CCS

CCS

1 1

1 1 1 1

1 2 1 2

1 2

1 2 1 2

1 2 a

a a

a

a

a a

a

a

d d

d

a

a a

a a a

a

a

τ

a a nil nil nil nil

Branching Bisim ulation

′ ′′

′ ′′

′ ′′

′ ′′

′ ′′

′ ′′

′ ′′

′ ′′

′ ′′

′

′′

′ ′′ ′ ′′

′ ′′ ′ ′ ′ ′ ′ ′′ ′

′ ′′

′ ′′ ′ ′′

′ ′′ ′ ′′ ′′ ′

′ ′′ ′′

′ ′ ′′

′′

′ ′′ ′ ′ ′′ the lo c al r esidual the

c oncurr ent r esidual

CCS

CCS Exp

CCS

Exp act b e

act

CCS

TS

b e act b e act b e

b e b e act

TS

− →

− →

− →

− →

− →

| − → |

− →

| − → |

− →

D C C S { } S P

P

{ − → | }

− → S − →

S H { | } { − → }

¬

|

| − → | |

· | · ≁ · · · ·

− → × ×

⇒ × →

⇒

⇒

− → ⇒

⇒

⇒ − → ⇒ ∧ − → b b , b

b b b , b b b , b

b b b , b

b b , b

b b b , b b b b , b

b b b , b b

.

b b , b b

a b

b

d

, d , be , , , ,

d

x b , b a , b , b R

x b , b R x b , b a a , b R b , b R b .

H a H x y , y

H

< a > ϕ ϕ b < a > ϕ ϕ b , b

d x b , b b ϕ b ϕ

a a a a a a

< a > < a > tr ue tr ue < a > tr ue tr ue

τ

b b b b b b

b b

.

b b b b b b b

( )

+ ( )

( )

+ ( )

( )

( )

( )

( )

W e refer to [CH] for a detailed discussion of how this predicate can b e used to

mo del distribution; here we just recall that ( ) mo dels the fact that

can p erform the action and pro duce what are called and

.

Notice that do es not mo del handshaking comm unication (it is p ossible

to extend the definition of distributed bisimulation to handle comm unication but

here for simplicity we omit its treatment; all the results shown in this section apply

also in such cases).

The observ ational structure for distributed bisimulation is:

= (Σ )

where is the propagation law asso ciated with the algebra (see sec.

1.3), = ( ) : : , and for all

( ) ( ) ( ) iff =

is represente d by = : , where = ( ) . The obser-

v ational formulas intro duced by are generated by , and the mo dal com-

binators , where = iff for some we have that

= ( ) and = , = . F or example,

+

since they are distinguished by the formula

( )( )

which the second b ehaviour satisfies, while the first do es not.

Let b e an algebraic transition system, i.e., an alge-

bra on a signature Σ containing sorts , and predicates : and

= : . W e assume that Σ includes an op eration : . The interpretation

of = in is defined by the following inductive rules

=

=

=

W e simply write = for = .

The following definition is just the rephrasing in our notation of the original

definition of branching bisimulation as given in [GW, DV].

⋀ a

a

a a

τ

a a

τ

a

τ τ τ

a a a

τ

Def. 2.7

F act 2.8

Pro of.

–

– b e b e

b e b e

act act

TS

TS

TS

TS

′ ′ ′

′ ′ ′

− →

⇒

′ ′ ′ ′

′ ′ ′ ′

′ ′ ′ ′

′ ′ ′ ′ ′ ′

′ ′ ′

1

1 1

=

1

1 2 1 2

1

1

2

2

1 2

1 2

1

1 2

2

2

1

2 1 2

1 1 2 2 1 2 1 1 2

1 1 2 1 2

1 2 1 2

1 2

1 2

2

• − → ∃

⇒ − →

•

• ⊆ − →

• ⊆ ⇒

B R { } S P

• P

• { ∧ − → ⇒ − → ⇒ ∧ | }

• S

∧ − → S

∧ − → S ⇒ − →

⇒ − → S ⇒ ∧

B R

S H { | }

{ ∧ − → ⇒ − → ⇒ ∧ }

{ ∧ − → ⇒ − → }

H ¬

• |

| − → |

|

R

r R s r r a τ r R s s , s

s s s r R s r R s

R

R

R

, , , , , ,

x b, x b x b , x b b , x b b b a , b, b

R R

x b x b R x b b R b

x b x b R x b b b R b b R b

x b b R x b b b b R b b R b .

R

H a

H x y y y , x y , x y y , x y y y ,

H x y y y , x y y a τ .

< τ > ϕ ϕ < a > ϕ ϕ a τ

b < τ > ϕ ϕ

b ϕ b b b b ϕ

b ϕ

A TS -family is a if it is symmetric and satisfies

the fol lowing pr op erty (c al le d ):

if and , then either and , or such that

, and .

is the identity on TS .

;

.

TS b e Exp

TS

Exp act b e

is a br anching bisimulation iff it is an o-r elation for .

act branching bisimulation

transfer prop erty

=

=

=

Exactly the same notion can b e obtained by using the observ ational structure

= (Σ )

where

is the propagation law asso ciated with the algebra (see sec. 1.3);

= = = = = = : : ;

for all , ( ) is the equiv alence closure of the relation defined by:

= ( ) = for

= ( ) = for ,

= ( ) = = for ,

Notice that this structure is represented by a family of pattern sets, while there

exist simpler observ ational structures, whose maxim um o-relation is the maxim um

branching bisimulation, but they cannot b e represented by any reasonable family

of pattern sets (and hence cannot b e used to generate a corresp onding logic from

our result).

The pro of requires some details but consists of routine checks.

It is easily seen that a represe ntation of is = : defined as follows:

= = = = = =

= = = for all =

The observ ational formulas intro duced by are hence generated by , and the

mo dal combinators and , for = , where:

= iff either of the following holds:

= and there exists such that and = ;

= ;

⋀ λ λ

λ

Exp

1 2

1 2

1 2

1 2

1 2

0

2 0

0

0 2

1

1

1

1

1

1

–

–

–

–

Pro of of Theorem 2.6

Pro of of i)

–

–

–

2.4 Pro of of the Generalized Hennessy-Milner Theorem τ

a

a

λ

λ

o o O

o o O

λ λ

λ

λ o λ

γ

λ γ γ γ

γ γ

n

k γ

n

n k k

λ

n γ

n i γ

i n γ γ

i γ

i γ

k γ

k k k

k

′ ′′ ′ ′′ ′ ′′

′ ′ ′

′ ′ ′

′ ′′ ′ ′′ ′ ′′

H H

∈

∈

H

′ ′′ ′ ′′ ′

′′

′ ′′ ′′

′

′

′ ′′ ′ ′ ′′

′

′ ′

′ ′ ′ ′

′

′ ′′

⇒ − → | |

⇒ | ∧

• |

| − → |

⇒ − → | |

∼

∼ ∼

∼

∼

P { } H ¬

∈ H | |̸

∼ P { }

∼

⊆ ∼

∼

•

∼

∈ ∈ | ∈ H

|

∈ H

∼

⊆

∼ ∼

∼

∼ ∼ |

· · ·

∈ H

| ∈

| |

∼

∈ |

S

∼

H S ∈

∼

∼

∼

∼ ∼ ∈ H

| | | b , b b b b b ϕ b ϕ

b b b b ϕ ϕ

b < a > ϕ ϕ a τ

b ϕ b b b b ϕ

b , b b b b b ϕ b ϕ

λ

λ A

tr ue ϕ a A ϕ a a A ϕ a

A

λ γ

O S

a a a , a A o O A ϕ a ϕ

ϕ A ϕ a

ϕ

a a A ϕ a

ϕ < H > ϕ ϕ ,

ϕ k , . . . , n

A ϕ a e H v , . . . , v

A e a , v , . . . , v A ϕ v k , . . . , n

a a e A e a

e x, v , . . . , v e

e H v , . . . v v

v e e x, v , . . . , v

v v ϕ

A ϕ v A ϕ v A ϕ a

ϕ there exists such that = and = , = ;

there exists such that = and = ;

= for = iff either of the following holds:

= and there exists such that and = ;

there exists such that = and = , = .

This observ ational logic provided by our general approach is similar but quite less

intuitive than the one originally given in [DV]; we think that the one of [DV] can

b e seen as an optimization of ours as it should b e, since our logic is generated in a

canonical way

. The relationship b etween the two sets of formulas can b e the sub ject

of some interesting investigations.

However it is interesting to note that the mo dalities are similar to those in [DV],

again supp orting the feeling that our approach captures correctly the intuition

b ehind.

W e prove that = = by induction on . In the following is

simply written .

= 0 Now = = ( ); since all formulas in are combinations of ,

and , then for all , either for all = [ ] or for all = [ ],

hence = ( ).

= + 1 W e prove b oth inclusions.

= W e show that = is an o-relation for .

Supp ose = , for , . If = [ ], with ,

then by cases on we show that = [ ].

If , since = = and by inductive hyp othesis = = ,

then ; hence, by definition of , = [ ].

Supp ose

=

with , for = 1 .

Since = [ ], then there exist , such that

= [ ] and = [ ] for = 1 . But

since = , there exists such that = [ ] and

[ ] ( = ) .

Then since represents , there exist , s.t. =

and = [ ]. By inductive hyp othesis = = ,

hence and, by definition of , since and

= [ ], = [ ]. Hence = [ ].

The other two cases for are routine.

=

⋀

1 1

1

1

1 1

1

1

1

1 1

1

1

1 v v

v v v v

v

v

i

v i v

v

v

′

′

′ ′

′ ′ ′ ′

′

′

∈V

′

′

′

′

Exp Exp

true true

Exp

3 Observ ational Sp ecifications limit ordinal

Pro of of ii) Pro of of iii)

′ ′′

′ ′ ′ ′′ ′ ′′

′′ ′′

′

′ ′′ ′′

′ ′

′′ ′ ′

′ ′ ′′ ′ ′

′ ′ ′ ′

′

′ ′′

′ ′ ′ ′ ′′

′ ′ ′′ ′ ′

′ ′′ ′ ′

′ ′ λ O λ

O λ O λ

O

λ λ

λ o λ

o

λ γ λ

γ

n n

λ λ

n

n

n n

n i γ i

v v

i γ

i i i

i

i i

i γ

n λ

i i

n i

i λ

n n

i γ

i n

n γ

n

o

i

•

∼

| ⊆∼ | P P

∼

| ⊆ P ∼ |

•

∼

⊇ ∼ ∈

∼

⊇ ∼

∼

F

∼

∼

| ∈ ∈ S

∼

| H S ∈ H

∈

· · ·

∈ H ∼ | ∈

|

V { | | ∈ }

V ̸∅

∈ V

∼

≤ ≤

∈ H | |̸

∈ H · · · H

| |̸

∈ V |̸ ≁

∈ V |

∈

∼

∈ |

H S S

∼

∈ ∈

{ | ∈ | } V o O

a a

A e a e e e e

A e a H

e H v , . . . , v e e x, v , . . . , v

ϕ < H > ,

ϕ a a A ϕ a e H

v , . . . , v

A e a , v , . . . , v .

v , . . . , v A e a , v , . . . , v e H .

v v , . . . , v v v

i , i n

ϕ A ϕ v A ϕ v

ψ ϕ ,

ψ ψ < H > ψ ψ

A ψ a v y A ψ a

v , . . . , v A ϕ v a a

v , . . . , v A e a , v , . . . , v

e H v v e H A e a , v , . . . , v

e x, v , . . . , v e x, v , . . . , v

λ

o O a A

e e , A e a

ψ

Since = and is monotonic, we get ( = ) ( ).

The condition on predicates is verified similarly to the previous one.

= W e show that for all we have ( = ) ( ) .

Recall that = = ( = ), and let . W e have to show that if

= [ ] with , then there exists such that ( = )

and = [ ]. Since is a represe ntation of , there exist ,

, such that = [ ]. Let

=

since and , we have that = [ ], i.e. for some

there exist s.t.

= [ ]

Assume

= ( ) = [ ] for some

W e know that = .

Supp ose by contradiction that for all = ( ) , =

for some 1 , then by the inductive hyp othesis there exists

s.t. = [ ] and = [ ]. Let

=

now , so = is in .

Moreover = [ ] (substitute for ) and = [ ], since for all

( ) = [ ]. This implies , contradiction.

So for some ( ) we have that = [ ] for some

with = . Hence, there exists s.t. = [ ]

and since represents , [ ] ( = ) [ ], which

concludes the pro of.

This case is routine.

Immediate consequence of i). If for all ,

the set = [ ] is finite, then also the set used in the pro of of i) is

finite and so each is a finite conjunction; and this is the only p oint of the pro of

of i) where infinite conjunctions are needed.

Here we briefly illustrate the use of our formalism for algebraic sp ecifications inte-

grating the sp ecifications of pro cesse s, data typ es and functions.

∈

SP

SP

SP

SP

SP

SP

SP

1 2

1

Σ

1 2 1 2

1 1

1 2 1 2

1 2 1 2 i I i i

n i

s

O

n p

O

n

O

O

R o

O

O R observ ational sp ecification

∧ ⊃

| ⊢

⊢

∈

S P

S P

⊆ F P

• F P ⊢ ∈

• ∈ F P ⊢ ∈

⊢

− { ∈ | ⊃ ∈ }

{ | ∈ ∈ }

⊢

∪ ⊢

Def. 3.1

Def. 3.2 (F ree Axiomatic Propagation Law)

, Ax

Ax

α α α , α t t

p t , . . . , t t p

Ax

I

I α α,

t T t

t I

, O , , ,

, Ax , I , O , , ,

, Ax

S, F , P O S

t R t R t t s S

t , . . . , t R R p t , . . . , t p P

R

Ax Ax ϕ Ax ϕ cond t t , t , t o, o O

E q t t t , t R , o O

R R

Ax E q observational sp e cific ation

SP

SP

algebr aic sp e cific ation SP

p ositive c onditional axioms

atoms

mo del SP

initial mo del

SP

An is a -uple SP Exp , wher e SP

is a sp e cific ation and Exp is an observational structur e.

L et SP b e a sp e cifi-

c ation, and . The is

define d as fol lows:

iff SP , for al l ,

iff SP , for al l ,

wher e SP is a p articular de ductive system which we now define.

Assume

(the axioms of SP which do not imply e qualities b etwe en terms of observe d sort),

(e qualities b etwe en terms of observe d sorts pr esent in ), and let SP b e the

de ductive system with pr op er axioms obtaine d by deleting fr om al l

infer enc e rules by which we c ould pr ove e qualities b etwe en terms of observe d sort,

ie, the system c onsisting of the fol lowing infer enc e rules:

An is a particular case of observ ational structure in

which we make explicit use of an algebraic sp ecification ; moreover the algebra

comp onent of the structure is the initial mo del of .

An is a couple (Σ ) where Σ is a signature and

a set of . Positive conditional axioms are formulas

of the form , where are , and atoms have form either =

or ( ), with the ’s terms of appropriate sort and predicate symb ol. A

Σ-algebra which satisfies all the axioms in is said a of . Due to the

restriction on the form of the axioms of the sp ecifications there exists always an

which is term-generated and characterized by:

= iff

where denotes the sound and complete system for many-sorted conditional de-

duction (see e.g., [GM]). In the following, given we simply write for the

interpretation of in .

5 ( ) =

(Σ ) (Σ )

In the case of observ ational sp ecifications we define particular propagation and

similarity laws derived by the axioms and intro duce a canonical, we call initial,

asso ciated observ ational structure, with examples.

The free axiomatic propagation law provides the minimal propagation of the

identifications on the observed elements to the whole structure (i.e., to all nonob-

served sorts and all predicates) which preserves the algebraic structure and the

v alidity of the sp ecification axioms ab out non observed elements and predicates.

= (Σ )

Σ = ( ) free axiomatic propagation law

( ) + =

( ) ( ) + ( )

+

= = ( ) = :

= = ( )

+

⋀

⋀

SP

SP

SP

SP SP

1

1

1

1

1

1 1

1

1

1

Σ

1 1

1

1

1

1 n

n

n

n n

n n

n

n n

i I i j

i I J i

O

o

o o

n n

n n

n n

i i

′ ′

′ ′

′ ′

′ ′

∈

∈ −

′ ′′ ′ ′′ ′ ′′

′

′ ′′ ′ ′ ′′ ′′

′ ′ ′ ′′

′′ ′′

′ ′′

∉

× · · · × → ∈ ∉

× · · · × ∈

⊃ { | ∈ }

⊃

F P

∈ ⊢ ∈

F P

P S P

P

⊆ P ∈ S P

∈

S P ∈ F O F

P

S P

F P P P

S P

F P S F P

F C C S

Def. 3.3 (Similarity Law generated by a Propagation Law)

P-law

Exp

F act 3.4

Def. 3.5

Example 1 : with functions t t t u

u t t u u v

t v t, u, v s O

t t . . . t t

f t , . . . , t f t , . . . , t f s s s F , s O

p t , . . . , t t t . . . t t

p t , . . . , t p s s P

ϕ

σ ϕ σ

ϕ ψ ϕ j J

ϕ ψ

.

t , t o o O R t t t R t o O

R R

R

R

A O S A, O

e e , O A R

e R e e e X t , . . . , t t , . . . , t

e e t /x , . . . , t /x e

e t /x , . . . , t /x e e i , . . . , n

t R t

, O , , , , O , substitution

SP

SP

Given a -algebr a , and , is define d as fol lows:

for al l , and al l -families ,

iff ther e exist , , ,

gr ound terms of appr opriate sorts s.t. ,

, is e quivalent to , and for we have

that .

pr op agates e quivalenc es; for al l pr op agation laws , if pr op a-

gates e quivalenc es, then r efle cts e quivalenc es.

An is an observational sp e cific ation of the

form SP Exp , shortly denote d by SP Exp .

FCCS CCS CCS

CCS

CCS SP CCS

=

=

=

= =

=

:

= =

( ) = ( )

:

( ) = =

( )

:

Since has only p ositive conditional axioms is monotonic; moreover for

all : , , + = iff , so that for we have that

( ) = ; thus def. 3.2 truly defines a propagation law.

Given an propagation law , we can canonically define a similarity law ( )

s.t. for all we consider equiv alent two exp eriments if and only if they at most

differ for sub comp onents which are related by ( ).

Σ ( ) ( )

(Σ )

( )( ) ( )

= [ ] =

[ ] = 1

( )

It is easy to see that ( ) is truly a similarity law.

( )

initial observ ational structure

( ( )) ( )

0 Here we define an extension of 0

including functions having arguments and/or results of sort b ehaviour by means of

the initial observ ational structure ; for simplicity we consider functions having

only one argument of sort b ehaviour and returning a b ehaviour.

The purp ose of this example is to show that our framework allows to treat rather

uniformly v arieties of concurrent calculi (always in the spirit of , i.e., defining

transitions).

W e first give the sp ecification 0- corresp onding to 0.

⋀

be a

τ

tb

a a

x

0

1

¯

1

1

1

0

:

0

CCS

a

a

a a

a a

CCS

b e

CCS

′ ′

′ ′′ ′ ′′

′ ′

′ ′′ ′ ′′

′

′ ′′ ′

′ ′′ ′ ′′

′ ′ ′ ′

′ ′

′ ′′ ′′

∈

{ | ∈ − { }}

| |

| | | |

− →

− → ⊃ − →

− → ⊃ | − → |

− → ∧ − → ∧ ⊃ | − → |

− − × →

− →

→

{ → | ∈ }

⊃

− → ⊃ − →

− − ∈ sp ec

enrich by

preds

axioms

sp ec

enrich by

sorts

opns

fix

axioms

fix fix

fix

fix

fix

CCS -SP

a a

a

CCS SP CCS

FCCS

CCS SP

fun

fun b e b e

fun b e

fun b e

fun FUN

APP

FUN

FUN APP

FUN

CCS

I sAct act

I sAct α α AC T τ

τ τ

b b b b

b b b b b b

b b b b

b b b b b b

b b

b b b b b

b b b b b b

b b b b I sAct b b b b

F F

f tb f tb f f

f f f

f b b f b

λ

F

λx.b x λx.b x

x.b x b x

0 =

Σ

:

– prop erties of the lab els

( )

= =

– static prop erties

+ = +

( + ) + = + ( + )

=

( ) = ( )

– definition of the transition relation

+

( )

The initial mo del of 0- restricited to Σ is just the algebra 0

given in section 1.1. Notice that here the static prop erties allow us to simply define

the transition relation (we need less rules than in 1.1).

=

0-

( ):

:

Σ:

:

(1) ( ( ) = ( )) =

(2) =

(3) ( ) Σ

where is a set of function symb ols used to represent b ehaviour functions (for

example, in the following we take as a set of -expressions) and is a set

of axioms defining the application op eration ( ) for all .

“ ” is the fixp oint op erator, and Σ is the usual nondeterministic choice indexed

on b ehaviours; so ( ) and Σ ( ) are written in the usual notation

as ( ) and Σ ( ) resp ectively

. Notice that the intro duction of a

functional sort allows the definition of these two op erators as algebraic op erations

of a signature.

⋀ a

tb

UNIX

0

1

2

1 2

1 2

:

1 2

1 2

FCCS

CCS

FCCS

b e

FCCS

F C C S

F C C S

′ ′

F C C S

F C C S

′ ′

F C C S

F C C S { }

{ − → | }

∼

∼

· | · ·

· | ·

∼

∼ ∪ F P { } | } F C C S

⊃ F P

∼

MC C S

→

− − × →

− − − × × →

CCS

CCS FCCS

CCS

fun op en b ehaviours

pr o c esses CCS

FCCS Exp

Exp act b e

CCS

CCS

b e

MCCS

CCS SP ID

b e

b e fix

fix nil nil

fix nil

Example 2: Maps from identifiers into b ehaviours

sp ec

enrich by

sorts

opns

axioms

nil f

be

, , be ,

x b a , b

I /

b b b b

f λx. λy .α x y β β

f λx. λy .α y x β

f f

R f b , f b b

f tb f tb f f f R f

f f

map

map

map id

/ map id map

id

m b/id id b

Axiom (1) requires term-extensionality on functions, axioms (3) defines the

transitions of Σ b ehaviours exactly as in , while axiom (2) directly defines

the fixp oint op erator instead of giving the transitions of the b ehaviours built

with it, as is usually done when defining . Notice finally that differs

from just for the restriction and the relab elling op erations; notice also that the

elements of sort are , while the elements of sort corresp ond

to , in the usual terminology .

= ( )

where = : : is the set of exp eriments used in sec. 1.1 to

define strong bisimulation.

Since is a congruence, we can define the semantic mo del FCCS =

. Two functions are equiv alent in FCCS iff when applied to strongly

bisimilar b ehaviours they return strongly bisimilar b ehaviours.

FCCS restricte d to Σ coincides with the algebra 0 defined in 1.1; but

note that here, for example, we have stright that + = + holds in 0;

while using the definition of section 1.1 we have to prove it.

Consider, for example, the two functions

= ( ( ) + ) +

= ( ) +

they are equiv alent in FCCS, and indeed . T o prove it, we can show that

= ( ( ( ) ( )) : ) is an o-relation for , and then

by applying the axiom ( ( ) = ( )) = we get ( ) ,

and so .

The purp ose of this

example is to show that our theory allows to integrate the sp ecification of abstract

data typ es and of dynamic ob jects and in particular to consider pro cesse s as data

typ es and to use them for building new comp ound typ es (see [AGR2] for a more

extensive treatment of this asp ect).

W e define maps from identifiers into b ehaviours by means of an initial observ a-

tional structure . One can think of using a map of that kind, for example,

for storing pro cesses mo delling the execution of some -like commands.

=

0- +

[]:

( ):

[ ]:

[]( ) =

[ ]( ) = a

I

References

MCCS

MCCS b e

b e

′ ′ ′

′ ′ ′ ′ ′

{ }

MC C S

1 2 2

1 1 2

2 2 1 2

1 2

1 2 1 2

⊃

⊃

MC C S { }

{ − → | }

→ · → |

→ · → · →

⊢

F P { | } ∪

⊢ ∼ nil nil nil

nil nil nil

nil nil nil

Acknowledgement.

Re-

search T opics in F unctional Programming

ST ACS ’88

Pro c. of Concurrency ’88 false

false

ID

MCCS Exp

Exp act b e

ID false

MCCS

J TCS

V ol. 53

Information and Computation

Pr o c.

T APSOFT ‘87, V ol. I eq id, id m b/id id m id

m b /id b /id m b /id

eq id, id m b/id b /id m b /id b/id

eq

, be , ,

x b a , b

m id a id

m id a id a id

eq id , id

R , I d

R m m m m

( ) = [ ]( ) = ( )

[ ][ ] = [ ]

( ) = [ ][ ] = [ ][ ]

where is some sp ecification for identifiers including an equality op eration .

= ( )

where = : : is the set of the exp eriments corresp onding to

strong bisimulation.

Consider for example the two maps

= [][ ][ ]

= [][ ][ ][ ]

where ( ) = ; it is easy to see that

= ( ( ) ( ) )

is an o-relation, and hence that + = , ie, .

Comments and suggestions by comp etents and careful ref-

erees have help ed us to amend and improve the presentation.

[A1] Abramsky S. “Observ ation Equiv alence as a T esting Equiv alence”,

, North Holland, 1987.

[A2] Abramsky S. “The Lazy Lamb da Calculus”, (T urner D. A. editor)

, Addison-W esley 1990.

[AD] Arnold A.; Dicky A. “An Algebraic Characterization of T ransition Systems

Equiv alences”, , V ol. 82, No. 2, August 1989,

Academic Press.

[AGR1] Astesiano E.; Giovini A.; Reggio G. “Generalized Bisimulation in Re-

lational Sp ecifications”, (Cori R.; Wirsing M. eds.), Berlin,

Springer-V erlag, 1988, (Lecture Notes in Computer Science n. 294).

[AGR2] Astesiano E.; Giovini A.; Reggio G. “Data in a Concurrent Environment”,

(V ogt F. ed.), Berlin, Springer-V erlag, 1988, (Lec-

ture Notes in Computer Science n. 335).

[AR] Astesiano E.; Reggio G. “SMoLCS Driven Concurrent Calculi”,

, (Ehrig H., Kowalsky R., Levi G., Montanari U.

eds.), Berlin, Springer-V erlag, 1987, (Lecture Notes in Computer Science

n. 249).

Pro c. ICALP ’89

Pr o c.

of the Col lo quium on R esolution of Equations in Algebr aic Structur es

Pr o c. POPL ‘90

Pr o c.

CWI Symp. Math and Comp. Sci

J. Comp.

System Sci.

Journal of the

ACM

J TCS

Pr o c. of 5th Symp osium on L o gics in Computer Scienc e (LICS ‘90)

R e c ent T r ends in Data T yp e Sp e cific ations

Pr o c. CAAP’90

Pr o c. of T

APSOFT ’87, V ol. II

Pr o c. of the Thir d Italian Confer enc e on The or etic al Computer Scienc e

Information Pr o c essing’89

[A W] Astesiano E.; Wirsing M. “Bisimulation in Algebraic Sp ecifications”,

(Ni-

v at M.; Ait-Kaci H. eds.), San Diego, Academic Press, 1989.

[BB] Berry G.; Boudol G. “The Chemical Abstract Machine”, ,

ACM Press, 1990.

[BK] Bergstra J.A.; Klop J.W. “Algebra of Comm unicating Pro cesse s”,

, Amsterdam, North-Holland, 1986.

[C] Castellani I. “Bisimulation and Abstraction Homomorphisms”,

34, 1987.

[CH] Castellani I.; Hennessy M. “Distributed Bisimulations”,

, Octob er 1989, V ol. 36, n. 4, New Y ork, ACM Press.

[DH] De Nicola R.; Hennessy M. “T esting Equiv alence for Pro cesse s”,

V ol. 34, North Holland, 1984.

[DV] De Nicola R.; V aandrager F. “Three logics for Branching Bisimulation”,

, IEEE

Computer So ciety Press, 1990.

[EPBRDG] Ehrig H., Parisi-Presicce F.; Bo ehm P

.; Rieckoff C.; Dimitrovici C.;

Grosse-Rho de M. “Algebraic Data Typ e and Pro cess Sp ecifications Based

on Pro jection Spaces”, , (San-

nella D.; T arlecki A. eds.), Berlin, Springer V erlag 1988, (Lecture Notes in

Computer Science n. 332).

[FM] F errari G. L.; Montanari U. “T owards the Unification of Mo dels for Con-

currency”, , Berlin, Springer-V erlag, 1990, (Lecture Notes

in Computer Science n. 431).

[GM] Goguen J.; Meseguer J. “Mo dels and Equality for Logical Programming”,

, (Ehrig H., Kowalsky R., Levi G., Mon-

tanari U. eds.), Berlin, Springer V erlag 1987, (Lecture Notes in Computer

Science n. 250).

[GR] Giovini A.; Reggio G. “Bisimulation Mo dels in Algebraic Sp ecifications”,

,

(Bertoni A.; B¨ ohm C.; Miglioli P

. eds.), W orld Scientific, 1989.

[GV] Gro ote J. F.; V aandrager F. “Structured Op erational Semantics and Bisim-

ulation as a Congruence” , Berlin, Springer V erlag, 1989

(Lecture Notes in Computer Science n. 372).

[GW] v an Glabb eek R. J. ; W eijland W. P

. “Branching Time and Abstraction

in Bisimulation Semantics”, (G. X. Ritter ed.),

North Holland, pp 613-618, 1989.

Journal of the ACM

R ewriting as a Unifie d Mo del of Concurr ency

Handb o ok of The or etic al Computer Scienc e, V ol. B: F ormal Mo dels and

Semantics

Pr o c. POPL Confer enc e

J TCS

Semantics of Sys-

tems of Concurrent Pro cesses , Pro c. of LIPT Spring Scho ol on Theoretical

Computer Science

Pro c. 5th

GI Conference

Comparing Linear and Branching Time T emp oral Logics

Bisimulation equiv alence and divergence in CCS

[HM] Hennessy M.; Milner R. “Algebraic Laws for Nondeterminism and Con-

currency”, , V ol. 26, n. 1, New Y ork, ACM Press,

1985

[KLP] Kasanjan S.; Lab ella A.; Pettorossi A. “Observers, Exp eriments and

Agents: a Comprehensive Approach to Parallelism”,

(Guessarian I. ed.), Berlin, Springer V erlag, 1990 (Lec-

ture Notes in Computer Science n. 469).

[M] Meseguer J. , SRI T echnical

Rep ort, 1990.

[Mi] Milner R. “Op erational and Algebraic Semantics of Concurrent Pro cesses ”,

, Elsevier and MIT Press, 1990.

[P] Park D. “Concurrency and Automata on Infinite Sequences”,

, Berlin, Springer V erlag, 1981 (Lecture Notes in Computer

Science n. 104).

[S] Stirling C. , LFCS

Rep ort, Univ. of Edinburgh, 1987.

[T] Thomsen B., “A Calculus of Higher-Order Comm unicating Systems”,

, 1989.

[W a] W alker D. , LFCS Rep ort,

Univ. of Edinburgh, 1987.

[Wi] Winskel G. “Synchronization T rees”, , May 1985.