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Abstract

Let I be an ideal of the polynomial ring A[x] = Alz1,...,x,] over
the commutative, noetherian ring A. Geometrically I defines a family of
affine schemes over Spec(A): For p € Spec(A), the fibre over p is the closed
subscheme of affine space over the residue field k(p), which is determined
by the extension of I under the canonical map o, : Alz] — k(p)[z]. If
I is homogeneous there is an analogous projective setting, but again the
ideal defining the fibre is (o (I)). For a chosen term order this ideal has
a unique reduced Grobner basis which is known to contain considerable
geometric information about the fibre. We study the behavior of this basis
for varying p and prove the existence of a canonical decomposition of the
base space Spec(A) into finitely many, locally closed subsets over which
the reduced Grobner bases of the fibres can be parameterized in a suitable

way.
Introduction
Let A be a commutative, noetherian ring with identity and Alz] = Alz1,...,z,]
the polynomial ring in the variables z1,...,x, over A. We denote the residue

field at p € Spec(A) by k(p). Geometrically an ideal I C Alx] defines a family
of affine schemes over Spec(A): The canonical map A — Afz]/I gives rise to a
morphism of affine schemes

¢ : Spec(A[x]/I) — Spec(A).

For p € Spec(A) the fibre =1 (p) is the closed subscheme of Al ) = Spec(k(p)[z])
determined by (o, (1)) where o, : A[z] — Ek(p)[x] denotes the trivial extension
of the canonical map A — k(p).

If T is a homogeneous ideal we analogously obtain a family of projective
schemes from

¢ : Proj(Alx]/I) — Spec(A).
The fibre p~1(p) is the closed subscheme of Pipy = Proj(k(p)[z]) again deter-
mined by (o, (1)).
For a chosen term order we wish to study — simultaneously for all p € Spec(A)
— the unique reduced Grébner basis of (o, (I)). It is well known that such a
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Grobner basis grants “easy access” to geometric information about the fibre
o (p). It also seems reasonable to compare two fibres by “comparing” the
corresponding Grobner bases. Well, of course we can compare the leading terms
but it is not quite clear what comparing the Grobner bases should mean. We
will make precise this notion by introducing parametric sets. Rather vaguely a
parametric set w.r.t. I is a locally closed subset Y of Spec(A) such that over
Y the reduced Grobner bases of the fibres can be parameterized in a suitable
way. The main result of this article is to establish existence and uniqueness of a
canonical decomposition of the base space Spec(A) into finitely many parametric
sets.

Many concrete mathematical problems can be stated in the above described
framework of families of affine or projective schemes and knowing the Grébner
basis structure of the fibres may be the first step to their solution, if not yet
the solution itself. For example if A is a polynomial ring over some field, then
we obtain the case of algebraic systems with parameters, which is important for
many “real life” applications such as robotics or electrical engineering (see e.g.
[6] chapter 6 and [16]). From a more theoretical point of view parametric sets
are a tool to explore the geometry of families of affine or projective schemes.
Related theoretical applications range from efficient Grobner basis computation
(see e.g. [2] and [17]) to cohomology (see [18]).

The naive hope that for a Grobner basis G of I the specialized Grobner
basis o, (G) is a Grobner basis of the specialized ideal (o, (I)) is in general not
fulfilled. The behavior of Grébner bases under specialization (or extension of
scalars) has actually been studied by many authors, e.g. [5], [12], [3], [4], [8].
In [3] the case of standard bases in the ring of formal power series is treated.
Relations to flatness are explored in [4] and also in [5]. Articles focusing more
on the fibres are [19], [20], [15] and [14]. These last articles were written from
a more computational point of view which led to a rather rash use of the word
“canonical”. So one main objective of the present article is to establish a proper
theoretical foundation for the underlying ideas of these articles.

The outline of the article is the following: Section 1 (Parametric sets) introduces
the fundamental notion of parametric sets and their basic properties. The main
theorem of section 2 (Lucky primes and pseudo division) is a characterization
of parametric sets in terms of lucky primes (see [9]). This theorem can also be
understood as giving the geometric meaning of luckiness. Finally in section 3
(Grébner covers) we achieve the main objective of the article by proving exis-
tence and uniqueness of a canonical finite covering of Spec(A4) with parametric
subsets.

Preliminaries and notation

A parametric subset Y of Spec(A) allows for an object which parameterizes the
reduced Grobner bases of (o, (I)) for p € Y. To assure uniqueness of this object,
which will be called the reduced Grobner basis of I over Y we have to work with
reduced schemes (Y, Oy). In particular we would like to assume that our base
ring A is reduced. This can be done without loss of generality, so to speak:
Let Nil(A) denote the nilradical of A and define A’ = A/ Nil(A) then there



is a natural homeomorphism

Spec(A) — Spec(A4")
p=p

and k(p) = k(p’). Moreover if I’ C A’[z] denotes the extension of I under the
canonical map Afz] — A’[z] then (o, (1)) = (op/(I')) for all p € Spec(A).

Throughout A denotes a commutative, noetherian, reduced ring with iden-
tity and I an ideal of the polynomial ring A[x] = A[zq,...,z,]. We only consider
reduced subschemes of Spec(A4). So by a subscheme of Spec(A) we mean a lo-
cally closed subset Y of Spec(A) with the induced reduced subscheme structure
Oy. a denotes a radical ideal of A — typically with Y = V(a). (As usual
V(a) C Spec(A) denotes the closed set of all prime ideals containing a.) We
will continuously identify Spec(A/a) with V(a) C Spec(A4). For an A-module
M the localization at p € Spec(A) is denoted by M, and k(p) = A, /p, is the
residue field at p. o, : Alz] — k(p)[z] denotes the coefficientwise extension of
the canonical map A — k(p).

The set of terms (i.e. powerproducts) is denoted by 7 = T (z1,...,2n)-
Throughout we fix a term order < on 7. For a non zero polynomial P =
> ie7 @it € Afz] we define

e the coefficient of P at t by coef(P,t) = a,

e the support of P by supp(P) ={t € T; a; # 0},

e the leading term 1t(P) of P to be the maximal element of supp(P),
e the leading coefficient of P by le(P) = coef(P,1t(P)) and

e the leading monomial of P by lm(P) = lc(P)1t(P).

For G C Alz] we set 1t(G) = {lIt(P); P € G ~ {0}} and similarly Im(G) =
{Im(P); P € G~ {0}}. A finite subset G of I is called a Grébner basis of I if
(Im(G@)) = (Im(1)). For t € T we define the ideal of leading coefficients at ¢ by

le(I,t) = {le(P); P € I with 1t(P) = t}.

Note that lc(Z,t) can conveniently be read of from a Grébner basis G of I. In
fact le(1,t) is generated by {lc(g); g € G with 1t(g) divides t}. For a general
reference for Grébner bases over rings see [1].

Before really getting started we do two warmup examples:

Example 1. Let k be a field and A = k[uy, us] the polynomial ring in the two
parameters uy,us. Consider the ideal

I={(u} —u)z, (uz — )y* + wyz) C Az, y].

When faced with the task to describe the Grobner basis structure of the fibres I
guess most mathematicians would come up with the following pictures:



term order with y? > x:

|

term order with x > y?:

\

ug—1 2 ug—1 2
v+ 2=y v+ 2=y

>
AN

The above pictures illustrate a decomposition of the base space A? = Spec(A)
into locally closed subsets. In short the objective of this article is to find this
decomposition in general.

Example 2. Let k be an algebraically closed field and A = kluy,ug, us, uy) the
polynomial ring in the parameters uy,us,us, us. We consider the ideal

I = (ugus — uguy, urx + ug, uzx + ug) C Alz].



(Here x denotes just one variable.) Let v = (v1,ve,vs,v4) € k* and
Po = (U1 — v1, U2 — V2, U3 — V3, Ug — Vg).

If vouz — vavy is non zero then the reduced Grébner basis of (op, (1)) is 1. If
v1 and vy are zero and one of va, vy is non zero then the reduced Grébner basis
of {op, (1)) is also 1. (In particular the set of all v € k* such that the reduced
Grébner basis of (op, (I)) is 1 is not locally closed.) If v lies in the quasi-affine
variety Y = V({ugug — uqu1)) ~ V({u1,u3)) then the reduced Grébner bases of
(op, (1)) is given by x + f(v) where f denotes the regular function on'Y" defined

by
- % ifvlyéO
f(v)—{x if vg 0.

The above example illustrates the “local nature” of the problem and suggests to
work with sheaves and not just with polynomials in I, as was common practice
in [20] or [14].

1 Parametric sets

The idea of “parameterizing Grébner bases” can nicely be captured using sheaves.
For every subscheme Y of Spec(A4) we will define a quasi-coherent sheaf 7y on
Y which intuitively might be thought of as the restriction of I to Y.

Let Y be a locally closed subset of Spec(A) and a C A the radical ideal such
that Y = V(a) and let I denote the extension of I in (A/a)[x]. We define Zy to
be the restriction of the quasi-coherent sheaf associated to the A/a -module T
on Spec(A/a) = V(a) to Y. That is

Iy =1| .
Y

More explicitly for an open subset U of Y the Oy (U)-module Zy (U) consists
of all functions ¢ from U into the disjoint union HpeUTP which are locally
fractions, i.e. for every p € U there exists an open neighborhood U’ of p in U
such that for all q € U’ we have g(q) = £ € I, where P € I and s € (4/a) \ q
for all g € U'.

Since A is noetherian, Spec(A) is a noetherian topological space and thus
every open subset U of Y is quasi-compact. This implies that we can consider
Zy (U) as an ideal of the polynomial ring Oy (U)[z]. (If U was not quasi-compact
we could not be sure that an element of Zy (U) has finite support.)

Note that for p € Y the stalk Zy,, = I, is just the extension of I under
Alz] — (A/a)p[z]. Let m, denote the unique maximal ideal of Oy, = (A/a),,
then in analogy to the sequence

A — Oy(Y) — Oy_’p — Oyyp/mp = k(p)
of natural maps we obtain natural maps
I —=Iy(Y) = Iyp — (op(1)).

For g € Zy (Y) the image of g in (o, (1)) is denoted by g¥.



Now we are prepared to give precise meaning to the intuitive idea of pa-
rameterizing Grébner bases: We are looking for subschemes Y of Spec(A) with
the property that there exist global sections gi,...,g9m € Zy (Y) such that for
all p € Y their images g1°,...,gn," are the unique reduced Grobner basis of
(op(I)). We will need the following easy lemma.

Lemma 1. Let Y be a subscheme of Spec(A) and g, f € Iy (Y). Then the set
{pevig =7}

is a closed subset of Y and g° = ?p for allp €Y implies g = f.

Proof: It suffices to treat the case f = 0. We can cover Y with open sets U;
such that

P
glp) = €1y

for P €1 C (A/a)[z] and s € (A/a) \ p for all p € U;. We have
{peY; g =0}NU; ={p € U; coef(P,t) € p for all t € supp(P)}

which is a closed subset of U;. Hence {p € Y; g¥ = 0} is closed.

If we interpret g as a polynomial with coefficients ¢; in Oy (Y), then g° = 0 is
equivalent to saying that for all t € 7 the image of ¢; in the stalk Oy, = (4/a),
lies in the maximal ideal m, of Oy,,. Since this holds for all p € Y and Y is a
reduced scheme we obtain ¢; = 0 € Oy (Y'). Hence g = 0. O

Theorem 1. IfY is a connected subscheme of Spec(A) and there exists a finite
subset G of Iy (Y) such that for all p € Y the set G = {g*; g € G} is the
reduced Grébner basis of (o,(I)), then G is uniquely determined and for each
g € G the function p — 1t(g?) is constant on Y. In particular the function
p = 1t((op(I))) is constant on Y.

Proof: First we will show that for g € G and t € 7 the set
W(t) ={p eY; lt(g") = t}

is a closed subset of Y. We can cover Y with open sets U; such that
P _
g(p) = 5 €1, forallp e U,.

Here P € 1 C (A/a)[z] and s € (A/a) \ p for all p € U;.

Let p € Y and ¢ : (A/a), — (A/a)y/m, = k(p) the canonical map. We
will need that ¢(<) = 1 implies ¢ — s € p for c € A/a and s € (A/a) \ p. But
#(£) =1 is equivalent to saying that there exists ¢’ € p and s’ € (A/a) \ p such

S
that
c d s+
7:1—|——: /
s

s/
This implies the existence of an s” € (A/a) \ p such that

S

(s —s(s'"+))s" =0ep.

Hence cs’ — ss’ € p and therefore ¢ — s € p.



Using the above result we see that for p € U; we have 1t(g°) = ¢ if and only
if p contains coef(P,t’) for ¢ > t and coef(P,t) — s (Use that g¥ is monic).
Therefore W (t) NU; is a closed subset of U; and thus W (¢) C Y is closed.

Since Spec(A) is a noetherian topological space, a finite number of the U;’s
will do and therefore the function p +— 1t(g?) takes only finitely many values
on Y. Consequently Y is the disjoint union of finitely many W (t)’s. By the
connectedness assumption on Y we can conclude that the function p +— 1t(g")
is constant on Y.

Assume that for F C Zy (Y) it also holds that T’ is the reduced Grébner
basis of (o, (I)) for every p € Y. Then for f € F and a chosen p € Y there
exists a g € G such that 7= g®. Since the leading term of 7" respectively q°
is independent of p this implies lt(?p) =1t(gP) for all p € Y, but as F =G is
the reduced Grobner basis we can conclude fp =g" for all p € Y and therefore
f =g € G by lemma 1. O

The following example shows that both assertions of the above theorem may
be violated if Y is not connected.

Example 3. Let Y = {p1,p2} where p1 and pa are two distinct, closed points
of Spec(A). Note that Oy (Y) is just k(p1) x k(p2). For j = 1,2 let G; denote
the reduced Grébner bases of (op,(I)). Then for any subset G of

G1 % Ga C (o5, (1)) x (o5, (1)) = Ty ()

with the property that the projections G — G; are surjective we have that G is
the reduced Grébner basis of (o, (1)) for everyp € Y.

As we wish to have a definition suitable for all (not necessarily connected)
subschemes of Spec(A4) we simply demand what we want.

Definition 1. A locally closed subset Y of Spec(A) is called parametric for
Grobner bases w.r.t. I (and <) if there exist a finite subset G of Iy (Y') with
the following properties:

(1) G' is the reduced Grébner bases of (op(I)) for everyp €Y.
(2) For each g € G the function p — 1t(g¥) is constant on Y.

Since I is clear from the context we usually omit the reference to I and
simply talk about parametric subschemes.

Theorem 2. Let Y C Spec(A) be parametric and G a finite subset of Iy (Y)
satisfying the two conditions of the above definition, then G is uniquely deter-
mined and the function p — 1t({o,(I))) is constant on Y. Furthermore every
g € G is monic with 1t(g) = 1t(g?) for everyp € Y.

Proof: Because of condition (2) we can repeat the uniqueness prove as in the
last paragraph of the proof of theorem 1.

To show that every g € G is monic with lt(g) = 1t(g”) observe that the
coefficients of g are just elements of Oy (Y). Since (Y, Oy) is a reduced scheme
every element of Oy (Y) is uniquely determined by its images in k(p) where p
ranges over all of Y. O



Definition 2. Let Y C Spec(A) be parametric, then the uniquely determined
subset G = Gy of Iy (Y) of the above theorem is called the reduced Grobner
bases of I over Y.

To give the reader some idea where the journey is going we give the following
definition at this early stage although we won’t need it before section 3.

Definition 3. A Grobner cover of Spec(A) w.r.t. I (and <) is a finite set G
consisting of pairs (Y,Gy) with Y C Spec(A) parametric and Gy the reduced
Grébner basis of I over Y such that

U Y = Spec(4).
(Y,Gy)eg

Parametric sets are well behaved with respect to inclusion:

Theorem 3. Let Y C Spec(A) be parametric, then every locally closed subset Y’
of Y is parametric and the canonical map Iy (Y) — Zy(Y') maps the reduced
Grébner bases of I over'Y to the reduced Grobner bases of I over Y.

Proof: First of all let us construct the canonical map of the theorem: Assume
Y = V(a) and Y’ = V(a') for radical ideals a and o’ of A. Let I C (A/a)[z] and
T c (A/d")[z] denote the corresponding extensions of I. As Y’ C Y we have

a C o/ and a canonical map A/a — A/a’ which extends to ¢ : I — T'. Then for
p €Y' CY we have a canonical map

- —/
wp Ly — 1.
Now an element g € Zy (Y) gives rise to a function
qg:Y — H T;
pey’

by ¢'(p) = ©p(9(p)). One easily verifies that Zy (Y) — Zy/(Y’), g — ¢ is well
defined and a morphism. For p € Y/ the commutative diagram

I, -1,
{op (1))
gives rise to a commutative diagram
Iy (Y) = Ty (Y")



From this the claim of the theorem follows. O

Next we will give a characterization of parametric sets in terms of monic

ideals (see [17]).

Definition 4. An ideal I C Alx] is called monic if lc(I,t) € {{0),(1)} for all
teT.

There are quite a few definitions of reduced Grébner bases in the literature.
We will use the one strictly paralleling the field case.

Definition 5. A Grobner basis G = {g1,...,9m} of I is called reduced if for
j=1...,m

e g; is monic and

e supp(g;) N1t(I) = {lt(g;)}.

With this definition not every ideal has a reduced Grobner basis, but as in the
field case one easily shows that if it exists, it is unique. Concerning existence
we have the following (cf. [17] and [3] theorem 2.11).

Theorem 4. Let I C Alz] be an ideal, then there exists a reduced Grébner basis
of I if and only if I is monic.

Proof: If there exists a reduced Grobner basis of I then clearly I is monic.
Conversely if I is monic then we can choose monic polynomials g1,...,g, €
such that 1t(g1), . ..,1t(gm) is the unique minimal generating set of 1t(I). Now if
we mutually reduce the g;’s we end up with the desired reduced Grébner basis
of I. O

The connection to parametric subschemes is the following:

Theorem 5. A subscheme Y of Spec(A) is parametric if and only if Ty (Y') is
monic, and in this case the reduced Grobner bases of I over Y is the reduced
Grébner bases of Iy (Y) C Oy (Y)[z]. In particular 1t(Zy (Y)) = t({(ox(1))) for
everypeyY.

Proof: Suppose that Y is parametric and let G C Zy (Y) denote the reduced
Grébner basis of I over Y. We will show that the leading term of every f €
Iy (Y) is divisible by lt(g) for some g € G. Since (Y, Oy) is a reduced scheme
there exists a p € Y such that the image of lc(f) € Oy (Y) in k(p) is non zero.
For such a p we know that 1t(f) = lt(fp) is divisible by 1t(gP) = lt(g) for some
g € G. Since the elements of G are monic this shows that Zy (Y") is monic.

Now suppose that Zy (V) is monic and let G = {¢1, ..., gm} denote the re-
duced Grébner basis of Zy (Y'). For f € Ty (Y') the usual division (or reduction)
algorithm shows that there exists a representation

f=ho+-+ fmgm
such that for i = 1,...,m we have 1t(f;) 1t(g;) < lt(f) and

coef(f;,t) € (coef(f,t'); t' > tlt(g;)) for all t € 7.

This last condition implies that for p € Y we have lt(ﬁp)lt(ﬁp) < lt(fp).
Because ?p = ﬁpﬁ" + - -—i—fT,Lpngp this shows that lt(?p) is divisible by 1t(g;?)



for some ¢ € {1,...,m}. Since every element of (o,(I)) is of the form A for

A € k(p) and f € Zy (Y) we can conclude that G’ is a Grébner basis of (op (1))
for every p € Y. As g € G is monic the function p — 1t(g”) is clearly constant

and since G is reduced also G' is reduced. Thus we have shown that Y is
parametric and that G is the reduced Grobner basis of I over Y. O

So the reduced Grobner basis G of I over Y is indeed a Gobner basis. In fact
by theorem 3 G|y = {g|lu; g € G} is the reduced Grobner basis of Zy (U) C
Oy (U)|x] for every open subset U of Y.

Corollary 1. Spec(A) is parametric w.r.t I if and only if I is monic and in
this case the reduced Grébner basis of I over Spec(A) is the reduced Grobner
basis of 1.

Proof: This follows directly from the theorem because Zgpec(a)(Spec(A)) = I
(see [11], chapter II, proposition 5.1). O

2 Lucky primes and pseudo division

To proceed we will need the concept of pseudo division (cf. [6] and [15]). This
is basically just the usual division without fractions. The idea behind pseudo
division already appeared in the proof of theorem 5.

Definition 6. Let f,¢1,...,9m € Alz]. A representation

cf =figi 4+ fmgm +

is called a pseudo division of f modulo ¢1,...,gm (Wr.t. <) if the following
assertions are satisfied:

o fi,..., fm,7 € Alx] and ¢ € A is a product of leading coefficients of the
g;’s.

o 1t(f;)1t(g;) <W(f) forj=1,...,m.
e No term in supp(r) is divisible by a leading term of the g;’s.
o coef(f;,t) € (coef(f,t'); ' >1t(g;)t) for all j € {1,...,m} andt € T.

r is called a remainder of f after pseudo division modulo g1, ..., gmn. A pseudo
division of f modulo g1, ..., g» can be obtained by successively applying pseudo
reduction steps:

If there exists a ¢ € supp(f) which is divisible by a leading term of any of
the g;’s then choose ¢t € supp(f) which is maximal with this property. Then
t = t'1t(g;) holds for some j € {1,...,m} and t’ € 7. Now substitute f by

le(g;) f — coef (f,t)t'g;.

Iterating this process and keeping track of the monomials used, we obtain the
desired representation.

The nice thing about pseudo reductions is that they are stable under spe-
cialization in the sense that

16(f5) 16(g5) < 1t(f)

10



for j = 1,...,m. Here g denotes the coefficient wise reduction of g € Alx]
modulo some ideal of A. (This follows directly from the last assertion of the
definition.)

Definition 7. A prime ideal of A is called lucky for I if for every t € 1t(I) it
does not contain le(1,t).

To my knowledge the expression lucky was coined by mathematicians work-
ing on modular algorithms to compute Grébner bases over Q (see [2], [17], [9]).
Mod - p arithmetic avoids the phenomenon of coefficient growth but it is not
a priori clear which prime numbers p can be used for lifting a Grobner basis
over Z/Zp to a Grobner basis over Q. So mathematicians must have considered
themselves lucky if they picked a prime doing the job.

Let T be the unique minimal generating set of 1t(I). Because le(1,t) C
le(Z,t') if t divides ¢ a prime p € Spec(A) is lucky for I if and only if p does
not contain [[,.,1c(Z,t). In particular luckiness is an open condition.

Definition 8. The ideal

J=JI) = [[[i,t)cA
teT

is called the singular ideal of I (w.r.t. <).

So a prime p € Spec(A) is unlucky (i.e. not lucky) for I if and only if it is
an element of the singular variety V(J).

In [20] Weispfenning introduced another discriminant ideal which however
can only be constructed if A is an integral domain. So for the time being assume
that A is an integral domain. In this case we can consider the reduced Grébner
basis G of I over the quotient field of A. For g € G the set

Jg={a€A; agel}

clearly is an ideal of A and we can define Weispfenning’s discriminant ideal by

= 1] 7
geG

Clearly J, C lc({,1t(g)) always holds but the inclusion may be strict as
illustrated by the following example.

Example 4. Let k be a field and A = k[uy,us] the polynomial ring in the
parameters uy,us. We consider the ideal

I = (uz+uz, wy® —1) C Az, y].

With respect to any term order the reduced Grobner basis of I over the quotient

field of A is
G:{x—i—uz, y2—1}.
U1 U1

But as ugy? +x = y*(ur1r +ug) —x(u1y? — 1) € I we have w.r.t. any term order
with y?> > x
Jy2_i = <’LL1> ; <U1,U2> C IC(I,yz).

Ul

11



However our discriminant ideal is not larger than Weispfenning’s, in fact
they are the same.

Theorem 6. In the above described situation we have J = J'.

Proof: Let I’ denote the extension of I in the polynomial ring over the quotient
field of A. First of all observe that 1t(1) = 1t(I’): As I C I’ the inclusion
1t(I) C (1) is clear. For the other inclusion it suffices to notice that every
P e I'is of the form P = ¥ with Q € I and a € A.

Let G = {g1,...,9m} denote the unique reduced Grobner basis of I’ over
the quotient field of A. Then as 1t(I) = It(I') the unique minimal generating
set T' of 1t(1) equals {It(g1), ..., 1t(gm)}. With the abbreviations ¢; = 1t(g;) and
Jj=Jy, for j=1,...,m we may assume t; < --- < ,,. We have to show

V (le(1,t1) - -1e(1, b)) = V(J1 -+ - Jm)-

As J; C le(1,ty) for j = 1,...,m the inclusion “ C ” is clear. For the other
inclusion it will suffice to show that for j € {1,...,m} and p € Spec(A)

JiCp = le(I,t1)---le(1,t;) Cp.

We will prove this by contradiction. So assume le(7,¢) - g Then
we can find fi,...,f; € I with It(f;) = t; and le(f;) ¢ p fo = .
Pseudo reduction of f; modulo fi,..., fj—1 yields a polynomlal g € [ with
It(g) = t;, le(g) ¢ p and no term in supp(g) divisible by any ¢i,...,¢_1.
So no term in the support of g —lc(g)g; € I’ is divisible by any t1,...,tp,.
Hence lc(g)g; = g € I and we conclude lc(g) € J; C p (in contradiction to

le(g) ¢ ). O

The above theorem asserts that the concept of (in)essential specializations as
introduced by Weispfenning in [20] is equivalent to the older concept of (un)lucky
prime ideals. The advantage of the idea of luckiness is of course that it works
for more general rings, i.e. not only for integral domains. Observe that it is
quite natural to work with rings which are not integral domains, because even
if you start with an integral domain (e.g. the polynomial ring over a field in
some parameters), the singular ideal J will typically not be prime and so A/J
will not be an integral domain. The relevance of this will become clear in due
time (We will see that the set of all lucky primes of A is parametric).

We will need the following two rather technical lemmas to proof the main
theorem of this section, which gives a characterization of parametric subsets in
terms of luckiness.

Lemma 2. Let Y C Spec(A) be parametric, a C A the radical ideal such that
Y = V(a) and I the extension of I in (A/a)[z]. Furthermore let p € Y and
g € Iy (Y) an element of the reduced Grébner basis of I over Y. Then there
exists an open neighborhood U C'Y of p, P € I with 1t(P) =1t(g) and s € A/a
such that s ¢ q and

P _
g(q):ZEIq for allqe U.

Proof: By definition of Zy there exists an open neighborhood U "CY of p,
P’ eI and s € A/asuch that s’ ¢ q and g(q) = % € I, forall g € U'. Now let
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t € supp(P’) be maximal with the property that coef(P’,t) ¢ p. (coef(P’,t) € p
for all ¢t would yield g° = 0, which can not be an element of a reduced Grobner
basis.) Then t = 1t(g°) = 1t(g). Since g — 1t(g?) is constant on U’ we have

U C V({coef(P',t'); t' > t)).

As a is assumed to be radical the zero ideal of A/a is radical and thus has a
unique primary decomposition

0)=p1N--Npm.

We may assume that the prime ideals p; € Spec(A/a) are numbered in such a
way that p1,...,p, € U and pyy1,...,pm ¢ U’. This means that

V(piN---Npy)=V(p1)U---UV(p,) C U C V((coef(P',t'); t' >t)).

Hence coef(P’,t') € pyN---Np, for ¢ > t. Note that p; ¢ U’ is equivalent to
V(pi)NU =0,s0p; € pfori=r+1,...,m. This implies that we can find an
s"€prp1 N NPy ~p. DefineU={qeU’; s ¢ q}, P=5"P and s =s"¢,
then U is an open neighborhood of p in Y and for ¢’ > ¢ we have

coef(P,t') = s" coef(P',t') € p1N...Npm = (0),

but coef(P,t) = s” coef(P’,t) ¢ p. Hence 1t(P) =t = lt(g) and for all ¢ € U we
have g(q) = & = L e T,. O

s’ T

Lemma 3. LetY C Spec(A) be parametric and a C A the radical ideal such that
Y =V(a). If I denotes the extension of I in (A/a)[x] then It(Zy (Y)) = It(1).

Proof: From the above lemma 2 and theorem 5 we know 1t(Zy (Y')) C 1t(1). For
the reverse inclusion it suffices to show that for P € T the image of P in Zy (V)
has the same leading term as P. This is equivalent to saying that the image of
le(P) in Oy (Y') is non zero. So suppose the image of le(P) in Oy (Y) is zero.
Then le(P) e pforallp € Y and Y C {p € V(a); Ic(P) € p}. As the latter set
is closed we see that 1c(P) € p for all p € V(a). Since a is radical this yields the
contradiction lc(P) = 0. O

Now we are prepared to prove the main theorem of this section. This theorem
can also be interpreted as giving the “geometric meaning” of luckiness.

Theorem 7. LetY be a locally closed subset of Spec(A) and a C A the radical
ideal such that Y = V(a). Denote by I the image of I in (A/a)[z]. Then'Y is
parametric for Grébner bases w.r.t. I if and only if

Y NV(J(I))=0.
In other words: Y is parametric if and only if every p € Y is lucky for I.

Proof: Assume Y is parametric and {g1,...,9m} C Zy(Y) is the reduced
Grobner basis of I over Y. Then by lemma 3 and theorem 5 the minimal
generating set T of 1t(I) equals {1t(g1),...,1t(gm)}. Let p € Y, then by lemma

2 for i = 1,...,m there exists P; € I with 1t(P;) = lt(g;) and s; € (A/a) \p
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such that g;(p) = lsi € I,,. Because 1t(P;) = 1t(g;) = 1t(g;") we have lc(P;) ¢ p,
ie. le(I,16(P;)) € p. Hence

J(I) =[] le@.t) & p.

teT

For the converse direction first fix a p € Y and let 7' = {t1,...,tn} denote the
minimal generating set of 1t(7). By assumption

ch(f,ti) Z p.

Hence there exist polynomials P, ..., P, € I with It(P;) = t; and 1c(P;) ¢ p.
For i = 1,...,m let Q; € I denote a remainder of P; after pseudo division
modulo {P1,...,Ppn} ~ {P;}. Note that 1t(Q;) = It(FP;) = t; and 1c(Q;) is a
product of leading coefficients of the P;’s. Define

U={qeY; lc(P)--1c(Py) € q},

then U is an open neighborhood of p € Y and 1c(QT) defines an element of Zy (U)

which by abuse of notation we again denote by IC?—Q)

We can repeat the above construction for any p’ € Y to obtain U’ and Q)
(analogously defined). To obtain global sections g; € Zy (Y) we have to show

that
Q: @
1(Qi) lyneyr 1e(@))

Unu’
The leading term of

1e(Q)Qi —1c(Qi)Q; € T
is strictly smaller than ¢; and by construction no term in the support of 1¢(Q})Q;—
le(Q;)Q); is divisible by an element of {t1,...,tn} ~ {#;}. Thus 1c(Q))Q; —
le(Q;)Q} = 0 and we can glue together the sections IC(Q—QZ) € Iy (U) to obtain
global sections g; € Zy (Y).

To show that Y is parametric we will prove that G = {g1,..., gm} satisfies
the conditions of definition 1. Clearly 1t(g;?) = ¢; for every p € Y. So it remains
to show that G' is the reduced Grobner basis of (op(I)) for every p € Y. Let
p €Y and P € I. For a pseudo division (see definition 6)

CP:P1Q1++PQO+T

of P modulo Qy,...,Q,, we have r € I, but no term in the support of r is
divisible by an element of {lt(Q1),...,1t(@Qm)} =T. Thus r = 0 and

cP=PQ1+ -+ FPnQn.
Let ¢ : (A/a)[x] — k(p)[x] denote the natural map then

P(c)p(P) = (P1)p(Q1) + - + (P ) (@)

and 1t(¢(P;)) 1t((Q:)) < lt(p(P)). Since lc(Q;) ¢ p and ¢ is a product of
leading coefficients of the Q;’s we know that ¢(c), p(1c(Q1)), ..., ¢(1c(Qr)) are
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all non zero. Consequently 1t(¢(P)) is divisible by lt(¢(Q;)) = t; for some
i € {1,...,m}. Since every element of (o, (I)) is of the form A\f for X\ € k(p)
and f € ¢(I) = o, (I) this shows that 1t({o},(1))) is generated by 7" and so indeed
G" is a Grébner basis of (op(I)). gi* is clearly monic and by construction of the
Q:’s no term in the support of g;* is divisible by an element of T\ {¢;}. Thus

G" is the reduced Grébner basis of (op(I)) and we are done. O

Definition 9. Let Z be a closed subset of Spec(A) and a C A the radical ideal
such that Z = V(a). Let furthermore I denote the extension of I in (A/a)[x],
then we define

Zyen = Z~V(J()).

Theorem 8. Let Z C Spec(A) be closed, a C A the radical ideal such that
Z =V(a) and I the extension of I in (A/a)[x]. Then Zgen is parametric with
16(Zz,., (Zgen)) = W6(I). Furthermore if Y is an open subset of Z such thatY is
parametric with 1t(Zy (Y)) = t(I) then Y C Zyen.

In other words: Zgen is the largest open parametric subset of Z with the

same leading terms as I.

Proof: To show that Z,e, is parametric with the same leading terms as I, just
repeat the second part of the proof of theorem 7 (with Zg., instead of ¥) and
use that Zz(Zgen) is canonically isomorphic to Zz,, (Zgen ).

Now let Y be an open and parametric subset of Z with 1t(Zy (Y)) = 1t(1)
and assume Y SZ Zgen- Then there exist a p € ¥ \ Zgen. Let T' denote the
minimal generating set of 1t(I). Since p & Zyen, = Z ~ V(J(I)) there exists a
t € T such that lc(1,t) C p.

Let o’ C A be the radical ideal such that Y = V(a’) then a C a’ and we have
a canonical map ¢ : (A/a)[x] — (A/a’)[z]. Let T’ denote the extension of I in
(A/a’)[z] then ¢(I) = T. Since 1t(Zy (Y)) = 1t(I) there exist a ¢ € Gy with
It(g) = t. By lemma 2 there exist a Q) € T’ with 1t(Q) =tand s € A/a’ \p such
that

g(p) = g eT,.
Let a = p; N---Np,, be the unique minimal primary decomposition of a and
P € I such that ¢(P) = Q. Since lc(Q) ¢ p we know that coef(P,t) ¢ p and
that coef(P,t') lies in the extension of a’ in A/a for ¢ > t. We may assume that
the p;’s are numbered in such a way that py,...,p, €Y and pry1,...,pm ¢ Y.
Note that p; ¢ Y implies V(p;) N Y = ) because Y is an open subset of Z.
So in particular p; € p for ¢ = r + 1,...,m. This implies that there exists
an 8’ € pryr N---Npy N p. For 1 <i <7 we have V(p;) C Y = V(a') and
thus a’ C p;. Let s” denote the image of s’ in A/a, then for ¢ > ¢ we have

coef(s” P,t') = 0 since coef(s” P, ') is contained in every p; fori =1,...,m. On
the other side coef(s” P, t) ¢ p, thus It(s” P) = ¢ and lc(s” P) ¢ p in contradiction
to le(1,t) C p. O

If we take Z = Spec(A) in the above theorem, then we see that the set of all
lucky primes of A (= Spec(A) \ V(J(I))) is the largest open parametric subset
of Spec(A) with the same leading terms as I. This more or less comes down to
saying that J is the optimal discriminant ideal.
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Caution: It is not true that p € Spec(A) is lucky for I if and only if It(I) =
1t((op(1))). We have seen above that the “only if” direction is correct but
the following example illustrates the failure of the “if” direction. In fact this
example illustrates that knowing 1t((o,(I))) for every p € Spec(A) is completely
insufficient to understand the Grébner basis structure of the fibres.

Example 5. Let k be a field and A = k[uy, us] the polynomial ring in the two
parameters uy,us. Consider the ideal

I = (ui(wz +1), (wyz + 1)z) C Alz].

(In this example x denotes just one variable.) 1t({o,(I))) is generated by x for
every p € Spec(A) but clearly Spec(A) is not parametric. The corresponding
picture picture would be:

z +

£}
8
+
|~

w-l—i $+L

uq uq

The following simple example illustrates that Z,., may well be the empty set.

Example 6. Assume that A is not an integral domain, then there exist a,b €
A~ {0} such that ab = 0. If we take I to be the ideal of A[x1,x2] generated by
azy and bxy then (w.r.t. any term order) J(I) = (0) and so Spec(A)gen = 0.

However this can not happen if Z is irreducible, because then Z = V(a) for
some prime ideal a of A and since A/a is an integral domain J(I) is not the zero
ideal and thus Zge,, is non empty. In particular Zg., is dense in Z and contains
the generic point of Z.

The following examples have been included to convince the reader that the
singular ideal J is quite a reasonable object.

Example 7. Let I C Alx] be the ideal generated by a square linear system

Py =b11@1 4 bioxo + - +b1pTn, — 1

Pn = bnlxl + bn2x2+ T +bnnxn —Cn

and let

B= € A™n

(bij)1gi,jgn
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denote the matriz of the system. Suppose det = det(B) € A is not a zero divisor,
then the singular ideal J of I is independent of the chosen term order and V(J)
equals V(det). In other words J = \/(det).

Proof: Let B’ € A™*™ denote the adjoint matrix of B. A classical linear algebra
theorem (see e.g. [13], chapter 8, § 4, proposition 8) asserts that

B'B = BB’ =det I, (1)

where I denotes the n x n identity matrix.

First we show that 1 ¢ 1t(I). Suppose the contrary. Let A’ denote the total
ring of fractions of A, i.e. the localization at the multiplicative subset of all non
zero divisors, then we may regard A as a subring of A’. With the abbreviations

C1 1
= : de=—.pB
c : and & qot c

Cn

identity (1) shows that £ is a solution to our linear system. Now 1 € 1t(I) simply
means that there exist an a € A\ {0} and Q1,...,Q, € A[z] such that

P+ +QnPy =a.

Evaluation at ¢ yields the contradiction a = 0.

Identity (1) also shows that det lies in le(I,x;) for ¢ = 1,...,m. Therefore
det € J and V(J) C V(det). Now for the reverse inclusion assume p € V(det),
i.e. det € p. From theorem 8 we know that for every q € Spec(A4) \ V(J) the
leading terms of (o4(I)) are generated by x1,...,z,. But det € p implies that
1t((op(1))) is not generated by z1,...,z, and consequently p € V(J). O

Example 8. Let k be a field and I' C k[z] = k[z1,...,2z,] a (homogeneous)
ideal. For 1 <1i,5 <n let u;; be additional indeterminates and abbreviate

ur = (U111 4+ F Un1 Ty e e v e L ULRTT F - F U X))
Let A be the polynomial ring over k in the u;;’s and define
I=(P(ux); Pel) cC Alzx].

Then for p € Spec(A)gen the ideal of k[z] generated by 1t({oy(I))) is the generic
initial ideal of I' usually denoted by Gin(I') (see e.g. [7] or [10]).

Example 9. Suppose that < is a graded order and A is an integral domain, i.e.
Spec(A) is irreducible, then Spec(A)gen s a non empty, open (and thus dense)
subset of Spec(A) such that the function

p — affine Hilbert function of (op(I))
is constant on Spec(A)gen. This is clear because the affine Hilbert function of

(op(I)) is determined by 1t({oy(1))) (see [6], chapter 9, § 3, proposition 4). Of
course there is an analogous “projective” statement.
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3 Grobner covers

Now that we have (at least to some extend) explored the nature of parametric
sets, it is time to see the complete picture.

Definition 10. Let L be a locally closed subset of Spec(A). A finite set G
consisting of pairs (Y,Gy) with Y C Spec(A) parametric and Gy the reduced
Grébner bases of I overY s called a Grobner cover of L w.r.t. I (and <) if

L= ]V

Yeg

A Grébner cover G is called irreducible if every Y € G is irreducible.

A Grébner cover G of L is called locally maximal if for every Y € G the
following holds: If Y' C Spec(A) is parametric with Y’ C L andY CY' CY
thenY =Y.

A Grébner cover G is called small if for every Y € G we have

Y U Y =Y.
Y'eg~{Y}

As already in the above definition we write Y € G instead of unhandy (Y, Gy) € G
and refer to Y as an element of G. To say that a Grobner cover is small basically
means that its elements are not unnecessarily large. Our main interest of course
is in Grébner covers of Spec(A) but (with a view towards applications) it seems
reasonable to also treat the relative case.

Definition 11. Let L be a locally closed subset of Spec(A) and G a finite
subset of I. G is called a comprehensive Grobner basis of I w.r.t. L (and <) if
op(G) ={0op(9); g € G} is a Grébner basis of (o,(I)) for everyp € L.

Comprehensive Grobner bases were introduced by Weispfenning in [19] and
advanced in [20]. There is a rather obvious connection between Grobner covers
of L and comprehensive Grobner bases of I w.r.t. L which we will now describe.

Let G be a Grobner cover of L. Choose a Y € G and let a C A be the radical
ideal such that Y = V(a), furthermore let I denote the image of I in (A/a)[z].
Since Spec(A) is a noetherian topological space Y is quasi-compact and so for
every g € Gy we can find finitely many open subsets U; of Y which cover Y
and have the following property: There exists a P € I and s € A/a such that

P _
g(p) = S € I, for every p € U;.

Here P denotes the image of P in I C (A/a)[xz]. Now taking together all such
P’s (for all Uy’s, all g € Gy and all Y € G) we end up with a finite subset of I
which clearly is a comprehensive Grobner basis of I w.r.t. L.

The main theorem of this section asserts that for every locally closed subset L
of Spec(A), there exists a unique irreducible, small and locally maximal Grébner
cover of L. For the proof we will need a few basic facts about constructible sets
(cf. [11]).
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Definition 12. Let X be a topological space. A constructible subset of X is a
subset which belongs to the smallest family § of subsets such that

(1) every open subset is in §,
(2) a finite intersection of elements in § is in §, and
(3) the complement of an element in § is in §.

One easily shows that the constructible sets of a topological space are exactly
the finite unions of locally closed sets.

Lemma 4. Let C be a constructible subset of Spec(A) and
C=7Z1U--UZy,

the unique minimal decomposition of C into irreducible and closed sets. Then
forj=1,...,m there exists a non empty open subset of Z; contained in C'.

Proof: A constructible set C' can be written as a finite union
C=Li1U---ULy,y
of non empty, locally closed and irreducible sets L;.
21U UZy=C=L1U---ULy

Fix aj € {1,...,m}. As Z; is irreducible there exists an ¢ € {1,...,m} such
that Z; C L;. Similarly, as L; is irreducible there exist a j* € {1,...,m} such
that L; C Z;. Hence

Zj C E - Zj/.

This yields j = j’ and Z; = L;. So L; is a non empty open subset of Z;
contained in C. O

Lemma 5. Let L be a locally closed and irreducible subset of Spg(A); For a
constructible subset C' of Spec(A) which is contained in L we have C' = L if and
only if C' contains the generic point of L.

Proof: If C' contains the generic point p of L we have L = {p} C C. Hence by
assumption L = C.

Conversely if C = L by Lemma 4 we know that there exists a nonempty
open subset U of L contained in C. As U N L is a non empty open subset of L
we have

peUNLcC.
O

Theorem 9. Let L C Spec(A) be a locally closed set and G an irreducible
Gréobner cover of L. The following are equivalent:

(1) G is small.
(2) EveryY € G is the only element of G containing the generic point of Y.
(3) ForY,Y' € GuwithY #Y' andY C Y’ we have Y NY' = ().
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Proof: The equivalence of (1) and (2) follows from lemma 5.

For two distinct, locally closed and irreducible subsets Y and Y’ of Spec(A)
the generic point of Y is contained in Y’ if and only if Y C Y’ and Y NY” # ().
Therefore (3) is equivalent to (2). O

Now we are prepared to prove the main theorem.

Theorem 10. Let L be a locally closed subset of Spec(A). Then there exists
exactly one irreducible, small and locally mazimal Grébner cover of L.

Proof: First we will construct a Grobner cover G of L and prove that it has the
desired properties. Then we will prove uniqueness. We construct G recursively:

Set 1 =L and 7 = 1.
(%) Let o
Ci=2ZiU---UZyy,

be the unique minimal decomposition of C; into irreducible and
closed sets. For j =1,...,m; define

Yij = Zijgen N (union of all open subsets of Z;; contained in L)

and
Ciy1=Ci~ Y U---UYip,).

If C;y1 # 0 substitute ¢ by ¢ + 1 and go to ().

This yields a sequence of constructible sets C; with
L=CiD>CyD---.
To prove termination we will show that the sequence
CiDCyD---

is strictly decreasing. For ¢ > 1 and j = 1,...,m; by lemma 4 there exists a
non empty open subset of Z;; contained in C; C L. Hence Yj; is a non empty
open subset of Z;; contained in L.

Cit1=Ci~(YirU---UYin,) CZin U+ U Zj, N Y  U---UYipy,
C(ZaNYi)U--U(Zim, N Yim,) = (Zan N Y1) U~ U (Zim; N Yim,)
CZuU-UZim, =C;

This shows that there exists a (minimal) r € N such that C,1 = 0. Hence

@ZCT+1:CT\(YT1U"’UEmT)
=CroaN (Yo U UY g,  UY Ue - UYy,) =
=Ci~(YnU---UY,U---UY U UY ).

So we obtain

chl:YHU'-'UYlmU'-'U}/TlU-“UYrmr.
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As the Y;;’s are parametric by construction this shows that
G={(Y;,Gy;;) s 1<i<r 1<j<m}

is a Grobner cover of L. It is clearly irreducible. Next we will show that G is
locally maximal. So let Y C L be parametric with

Then Y is an open parametric subset of Z;; and so by theorem 8 we have
Y C Z;j gen. From the definition of Y;; we obtain Y C Yj; and thus Y = Yj;.

Now we will show that G is small. Let Y;;,Y; ;s € G with (¢,7) # (¢, j').

We want to show that for i < ¢’ we have Y;; Q Yjj. Assume the contrary.
Then -
)/i’j/ = Zi/j/ cCypcCcCi=ZnuU---u Zimi-

Consequently there exists an [ € {1,...,m;} such that Z; ;; C Z;. This yields
Zi; =Yy C Yy =Zyj C Zy.

Therefore j =1 and Z;; = Z;j,. For i =i’ this directly gives the contradiction
j=j4". For i <i we have

Zij = Zi/j/ C Cil/ C Ci+1 C (Zﬂ AN Y;l) Ju---u (szl AN Y;ml)
Consequently Z;; C Z;; \Y;; and we obtain the contradiction Y;; = (.

Now to prove that G is small by theorem 9 it suffices to show that for ¢ > ¢/
and Y;; C Yy we have Y;; N Yy, = (0. Note that Y;; C Y, implies that
Z;; \ Yy is a closed subset of Spec(A4). By construction we have

Ci=Ci~(Yir U - UYip, U UY, 1 U - UY g ). (2)

For subsets B, C, D of an arbitrary topological space with D C C there is the
trivial identity
B~NC~D=B~C.

Together with (2) this yields

@:@\n/]‘/:ZﬂU-”UZimi\}/i/j/CZﬂU"'U(Zi]‘\}/i/j/)U"'UZimi
= ilU"'U(Zij\Yvi’j’)u"'UZimiCZiIU"'UZimi:ﬁzﬁ

Therefore
Zn U UZyn, = Zp U+ U(Zig \NYij ) U U Zjm,
and Zij C Zij AN Y;‘/J‘/. Thus Y;'j N Y;‘Ij/ = (.

So far we have shown that G is an irreducible, small and locally maxi-
mal Grobner cover of L. It remains to prove uniqueness. Assume G’ is an-
other irreducible, small and locally maximal Grobner cover of L. First we will
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show G C G’. More precisely by induction on ¢ = 1,...,r we will show that
Yit,...,Yim, € G'. We denote the generic point of Y;; by p;;.

First assume ¢ = 1. Let j € {1,...,m1}. As

Uy=r= (JV

Yeg Y’eg’
there exists a Y{; € G’ such that p;; € Y{;. We want to show Yi; = Y{;. As
Yl’j is irreduicible and YT’J cL=2Z,U---U Z1m, there exist a j' € {1,...,m1}
such that Y/, C Z1;,. Together with py; € Y; this gives

ZU C Yillj C le/.

Therefore 7 = j' and Yil’] = Zyj. Thus Yl’j is an open subset of Z;; contained in
L and by theorem 8 Yl'j C Zij,gen- So by definition of Y;; we have Yl’j C Y.
Since G’ is locally maximal we obtain Y7; = Yl’j cg.

Now we do the induction step. Suppose

!
}/117~-~7Y1m1)"-7}/7;—1,1?"%}/7;—17177,,-,1 eg

We have to show Y;1,...,Y;n, € G'. For j € {1,...,m;} there exists a Y;’] eg
such that p;; € Yz’j Using that G’ is small and the induction hypothesis we
obtain

Y=Y/~ U Y'C L~ Yij=Ci=Zip U U Zipy,.

Y'eG/ \{Y/; 1</ <i—1
i} 1</ <my

Hence there exists a j° € {1,...,m;} such that YT’J C Z;j. Together with
pi; € Y} this gives
Zij C Y;/J C Zl'j/.

Therefore j = j' and YT’] = Z;;. Now using that G’ is locally maximal, a similar
argument as for the case i = 1 above, proves Y;; = YZ’J € G’. Thus we have
shown G C G'.

Assume this is a proper inclusion. Then there exist a Y/ € G’ such that
Y’ ¢ G and therefore

Y =Y’ U Y CY'~ U Y=Y < L=0.
Yeg'~{Y’} Yeg

This is a contradiction as by definition the empty set is not irreducible. O

Definition 13. Let L be a locally closed subset of Spec(A). The uniquely de-
termined irreducible, small and locally maximal Grébner cover of L is called the
canonical irreducible Grébner cover of L (w.r.t. I and <).

In [20] Weispfenning gave a rather ad hoc kind of construction for what he
called canonical Grobner systems. This construction bears some analogy with
the existence proof of the above theorem, however there are some differences
between the concept of canonical Grébner systems and the concept of canonical
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irreducible Grobner covers. For example the canonical Grobner system may
contain redundant elements. The persistent reader is invited to verify this with
the example A = k[u1,uz] and I = (ujug,u1z? + ). (The point is simply that
if Spec(A) = Z; U ---U Z,, is the decomposition of Spec(A) into irreducible
closed sets, then it may happen that the singular part of Z; (= Z; \ Z; gen) is
contained in some Zj gen-)

Note that theorem 10 implies that the equivalence relation on Spec(A), given
by comparing the leading terms of (o, (7)), has only finitely many equivalence
classes and that every equivalence class is a constructible set. Indeed the next
example shows that these equivalence classes are only constructible and not
locally closed. The following example also illustrates that the canonical irre-
ducible Grébner cover may not be of minimal cardinality compared to all other
irreducible Grébner covers.

Example 10. Let k be a field and A = k[uy,us] the polynomial ring in the two
parameters uy, us. We consider the ideal

I = (uyz, (u3 — 1)a? + ) C Az].

(Here x denotes just one variable.) Obviously J = J(I) = (u1) and the affine
plane without the us-azxis has generic Grébner basis x, ie. Y] = Agen =
Spec(A) \ V(u1) and = € Ty, (Y1) = L., (= localization of I at {1,u1,u?,...})
is the reduced Grébner basis of I over Yi. By factoring mod J = (u1) and
identifying A/J with k[us] we obtain

I = {((u3—1)2*+z) C klug][x].

1
uZ—1

On the ug-axis the generic Grébner basis is 22 + x, i.e.

J(I) = (u3 — 1) = (uz + 1) N {uz — 1),
5/2 = V(ul)gen = V(ul) ~ V(’U/% - 1) and .’172 + u21,1x € IYQ(YQ) = Tug—l is
the reduced Grobner bases of I over Y. Finally over the two closed points
Ys = (u1,us — 1) and Yy = {uj,us + 1) we have the reduced Grébner basis x
again. To summarize

g = {(Y17 {1‘}), (YQ’ {12 + ugtlx})’ (}/37 {JZ}), (Y47 {3}})}

is the canonical irreducible Grobner cover of A% = Spec(A).

Let f € k[uy,uz] be an irreducible polynomial such that f(0,u2) = u3—1 (e.g.
f=wu1+ud—1). Then there exist h € A = k[uy,us] such that f = huy +u3 —1,
thus f2? + 2 = (hz)(u1x) + (ud — 1)2? + 2 € I. Therefore the extension of I
in (A/{f))[x] is just (x) and V(f) is parametric with reduced Grébner basis x.
Consequently

G ={(V1,{a}), (¥a, {2* + z52}). (V(f), 2)}

is an irreducible Grébner cover of A% with smaller cardinality then the canonical
irreducible Grobner cover. However choosing an irreducible Grébner cover of
Spec(A) with minimal cardinality in a canonical way, is as impossible as choos-
ing a curve which meets the uz-azes only in (0,—1) and (0,1) in a canonical
way.
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The above example also can be used to show that a parametric subset of Spec(A)
need not be contained in a maximal parametric subset.

Conclusion and open questions

We have introduced two concepts for studying the geometry of fibres: parametric
sets and Grobner covers. It seems possible to generalize these notions to more
general (i.e. not necessarily affine) bases schemes.

One of the main reasons for the success of Grobner bases in the last decade
clearly was the fact, that in many cases they actually could be computed. The
focus of this article was not on algorithms but of course an efficient implemen-
tation of an algorithm to compute Grobner covers is desirable. The existence
proof for the canonical irreducible Grébner cover is in principle constructive,
but an algorithm for the computation of the canonical irreducible Grobner cover
would necessarily involve successive primary decompositions and thus would be
of modest practical value. The obvious solution is to skip irreducibility.

The problem of determining the Grobner basis structure of the fibres has
already been considered from an algorithmic point of view (see [14], [15], [20],
[19]). Most notably Antonio Montes released an implementation in Maple (see
http://www-ma2.upc.edu/~montes) for the important case where A is the
polynomial ring over Q. In fact the output of his algorithm BUILDTREE can
be interpreted as a Grobner cover, but the problem is that you can not say a
priori which Grébner cover the algorithm will compute, furthermore the result
depends on a term order on the parameters. The most desirable thing of course
would be to establish a canonical (not necessarily irreducible) Grdbner cover
and then to compute it.
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