Cerlienco-Mureddu Correpondence and Lazard
Structural Theorem

Maria Grazia Marinari
DIMA, Universita di Genova
marinaridima.unige.it

Teo Mora
DIMA and DISI, Universita di Genova
theomora@dima.unige.it

May 27, 2004

Abstract

This paper is devoted to characterize the shape of polynomial equa-
tion systems, viewed as polynomial ideal, with finitely many solutions
(counting their multiplicity) and the dual structure of the quotient
algebra. Our characterization links both the techniques for solving
polynomial systems (Gianni—Kalkbrener Theorem) and the inverse in-
terpolation problem (Moller Algorithm).

1 Introduction
In 1927 Macaulay [12] gave a construction which, to each monomial ideal
JCk[Xy,....X,] =P,

associates a set X of distinct points in £™ such that, using modern lingo, the
monomial ideal associated to each degree-compatible Groébner basis of the
radical ideal

[:=1(X):={f € k[Xy1,...,X,]: f(a1,...,a,) =0, for each (ay,...,qay,) € X}

is the given monomial ideal J, i.e. J = T(l); moreover Macaulay explicitly
stated a direct correspondence between the points of X and the monomials
7 ¢ J forming the “Grébner souséscalier” N(I).



In 1981 Moller [20] introduced Duality in Computer Algebra proposing
an algorithm — essentially a multivariate version of Newton Interpolation —
which, for each finite set of (distinct) points X C k", computes the Grobner
basis and the “Grobner souséscalier” of | := 1(X).

Moéller’s Algorithm was later refined and generalized [7, 15] to any finite set
of functional L C P* := Homy(P, k) such that

P(L):={feP:A(f)=0, for each A € L}

is an ideal, computing the Grébner basis and souséscalier of N(P(L)).

In 1985 Lazard [11] gave a characterization of the Grobner basis of any
ideal | C k[X7, X2] which is also a refinement of Macaulay’s result.
Lazard’s result was then subsumed by Gianni-Kalkbrener Theorem [8, 9]
describing the lexicographical reduced Groébner basis of any zero-dimensional
ideal in P.

In 1990 Cerlienco-Mureddu [5] gave an algorithm which, for each finite
set of distinct points X C k™ , computes the Grobner souséscalier N(I) of |
:= I(X) and a direct correspondence between X and N(I).

Recently, we [17] merged Lazard’s result, Cerlienco-Mureddu Algorithm
and Moller Algorithm in order to give an enhanced Lazard Structural The-
orem for a zero-dimensional radical ideal.

Finding out later that Cerlienco and Mureddu [5] had extended (in 1995)
their results to cover any zero-dimensional ideal whose primary components
are translations of monomial primary ideals at the origin (CeMu-ideal), we
[18] generalized the Enhanced Lazard Structural Theorem to CeMu-ideals,
strongly improving its factorization results.

The aim of this paper is to extend to all zero-dimensional ideals both Cer-
lienco-Mureddu Algorithm and the Enhanced Lazard Structural Theorem;
as we will see, the factorization results don’t hold in the general setting.

We are therefore able to describe the structure of the lexicographical

Grobner basis of any zero dimensional ideal | C k[X7,...,X,] in terms of
its Macaulay Representation (i.e. the set of the inverse systems at each root
of I).

In particular, denoting < the lexicographical ordering induced by X; <

... X, an easy combinatorial algorithm returns the “Grobner souséscalier”
N(I) of I, thus allowing to deduce the minimal basis
{t1,..., L ht <ta<...<t,

of its associated monomial ideal T(l) and (by interpolation) the unique re-
duced lexicographical Grébner basis

G:={f1,..., fr},T(fi) = t; for each i.



Moreover, for a CeMu-ideal, a variation of Cerlienco-Mureddu algorithm
allows to deduce a canonical “linear” factorization of each element of such
Groébner basis in the following sense: for each t; := th X1 <<,
a combinatorial algorithm and interpolation allow to deduce polynomials

Yméi = Xm - gm&'(Xla cee 7Xm—1)

for each i,m,d,1 <i<r,1 <m<n,1 <§<d, satisfying

fi= HH’ymgi (mod (fi,..., fi—1) for each 1.
m §

At least in the radical ideal case, this combinatorial description subsumes
Giani—-Kalkbrener Theorem as a corollary and gives a combinatorial justifi-
cation of their algorithm.

2 Notation

Let P := k[X1,...,Xy], m = (Xy,...,X,,) the maximal ideal at the origin,
T = {X{* - X2 : (a1,...,a,) € N"}, < the lexicographical ordering on
T induced by X7 < -+ < X,,.

The algebraic closure of k is denoted k and for each zero-dimensional ideal
lcP,Z(I):={aek: f(a) =0,Vf €I} C k" for any o = (b1,...,bq) €
k, ®, is the projection ®, : P+ k[Xgy1,...,X,] defined by

(I)a(f) = f(bl, ce ,bd,Xd+1, ce ,Xn]Vf € k‘[Xl, ce ,Xn].
Each element f € P can be uniquely expressed either as

deg(f)

f= > gX,e€kX, ..., X0 ][Xal,
=0

gi € k[ X1,..., Xp-1], Jdeg(f) 7 0, or as a linear combination

s

f = Z C(f’ t)t = Zc(fa tz)tz’

teT i=1

c(f,t;)) #0,t; € Tyty > -+ > ts of terms ¢t € T with coefficients ¢(f,t) in k;
and we will denote Lp(f) := gaeg(f) the leading polynomial of f, T(f) =t
its mazimal term, lc(f) := c(f,t1) its leading cofficient.



For each subset G C P, T{G} :={T(9) : g € G} and T(G) := {7 T(g9): 7 €
T,9 € G} is the monomial ideal it generates. For each ideal | C P, G(I) is
the minimal basis of the monomial ideal T(l) = T{l}, N(l) := 7 \ T(l) and

B(l) = {Xupt:1<h<mnteN®O}\N(I
= THN{LU{Xpt:1<h<nteND})

we set k[N(I)] := Span;, (IN(I)).
For each f € P, there is [2, 3, 4] a unique canonical form

g = Can(f,|) = Z v(f,t, <)t € EIN()]

tEN(I)

such that f — g € l. A Grébner basis [2, 3] of | is any set G C | such that
T(G) = T{l}, i.e. T{G} generates the monomial ideal T(I) = T{l}; the
reduced Grobner basis [2, 3] of | is the set G(I) := {7 — Can(7,l) : 7 € G() };
the border basis [15] of | is the set B(l) := {r — Can(7,Il) : 7 € B(I)}.

Two sets L := {¢1,...,¢s} C P* := Homg (P, k), and q = {q1,...,qs} C
P are triangular if £;(q;) = 0, for each i < j.
Denoting, for each k-vector subspace L C P*,

P(L):={g€P:4(g) =0, for each £ € L}
and, for each k-vector subspace P C P,
L(P):={¢eP":4(g) =0, for each g € P},

we recall [13, 14, 16, 1, 21] that the mutually inverse maps L(-) and P(-)
give a biunivocal, inclusion reversing, correspondence between the set of the

zero-dimensional ideals P C P and the set of ’certain’ finite k-dimensional
P-modules L C P*.

3 Macaulay framework

For each 7 € T, letting
M(7) :=c(f,7), for each f= Z c(f,t)yteP
teT

one has a morphism M(r) : P — k; letting M = {M(r) : 7 € T},
Spany, (M) C P* is the set of the Noetherian equations [13, 14, 21] of P.



For each element

E::ZCiM(n) € Span,(M) : ¢; € k\ {0}, €T, <1< - <1<+

T (¢) := 7 is the leading term of ¢, ord(¢) := min;(deg(7;)) is the order (or
under-degree) of £, deg(¢) := max;(deg(;)) is the degree of ¢.
For a subset A C Spanj, (M), we set

T AA} ={T-({),0 € A}, N(A):=T\TA{A}

For each j = 1,...,n, 0; := ox, : Span, (M) — Span, (M) is the linear
map such that

Mw) ifr=X,w
O’Xj(M(T)) = {O if X, \/T] VreT;
since, for each i,j, ox,;0x, = 0x,0x;, a linear map oy : Span;(M)

Spany (M) is inductively defined for each t € M by ox s := ox,0¢ so that
for each 7,w € T we have

a1y ={ " e

for each f:=3 crc(f,7)7 € P of : Span, (M) — Span, (M) is defined as

or(l) = Z c(f, 7)o (¢) for each ¢ € Span;(M).
TeT

A vector subspace A C Spany (M) is called stable if for each ¢ € A and each
feP,or(l) €A

Proposition 3.1 For any f,g € P and w € T it holds

M(w)(fg) = Y M(v)(f)M(r)(g)

veT

VT=w

Proof: For

f = ZUET C(f,’U)U = ZUETM(U)(f)U,
= ZTGT 0(97 T)T = )
fg = ZweT c(fg,w)w

|
(]
N
m
\]
=

N
S

3

N
|
I
Ng!
€
m
\]
=
E
=
L
&



and, for each w € T, we have

M(w)(fg) =c(fg,w) = Y. c(fv)elg,T)

veT

VT=w

= D M@)(f)M(r)(9)-0

VT=w

Denoting, for each k-vector subspace A C Span (M),
I(A) :={feP:4f)=0, for each £ € A}
and, for each k-vector subspace P C P,
M(P) := {¢ € Span, (M) : £(f) =0, for each f € P},

we recall [13, 14, 16, 21] that the mutually inverse maps I(-) and M()
give a biunivocal, inclusion reversing, correspondence between the set of
the m-closed ideals | C P and the set of the stable k-vector subspaces
A C Spang (M), m-primary ideals being dual to finite-dimensional stable
spaces and we remark that, for each m-closed ideal | C P, M(l) consists of
all the Noetherian equations of I.

A basis {¢1,02,...,4;,...} of a stable vector subspace A C Spany(M) is
called the Macaulay basis [14, 21] of A w.r.t. < if

e T_{A}:={T-(4;)} C T is an order ideal!;

o Ui =M(T<(l;)+>Xpen- (a)§(v; T<(4;)) M (v), for suitable £ (v, T« (¢;))

k and for each 1.

If we set £(7) := M(7) + Xserqy v(t, 7, N(1)) M (t) € Span;, (M), for each
m-closed ideal | C P and each 7 € N(I), then | can be characterized [13, 14,
16, 21] by the unique Macaulay basis {¢(7) : 7 € N(I)} of M(I).

Therefore, each zero-dimensional ideal | C P can be considered as given
if we know the set Z := Z(l) and, for each a € Z, the Macaulay basis of the
corresponding primary component of I.

For each a € Z:= Z(l), a := (a1, ..., a,), denote:

e )\, : P — P the translation \,(X;) = X; + a;, for each i,

[ ] ma:(Xl—al,...,Xn—an),

LA subset N C 7 is called an order ideal if it satisfies st € N = t € N, for each
s, teT.



ga the m,-primary component of |,

As == M(A;(ga)) C Spang (M),

lya, VU € No(Aa(qga)), the Macaulay equation £, := £(v) so that

{lya : v € Nc(Aa(ga))} is the Macaulay basis of A,.
Setting s := Y .7 deg(qa) and
L:={A\, ..., s} :={lvara : v € Nc(A\a(qa)),a € Z},

we know that Spany (L) = L(I) and | = P(Spanj(L)); moreover, wlog we can
assume L to be ordered so that, for each o,

lo = P(Spang{\1,...,\s})

is an ideal [13, 14, 19, 21].
We also set

X = {x1,. %} == {(@0) v € No(ga),a € 2}
enumerated so that x; = (a,v) <= A\j = fas and V35,1 < j <'s, we set
M(Xj) :== M(v)A\; where A\j = £,0),.
Under the following equivalent assumptions:
e A= M(\) for each A € L,
o lya = M(v), for each A\ = {3\, € L,
e cach \;(qa) is a monomial ideal,

Cerlienco-Mureddu Algorithm [5, 6] associates to each couple of sets L and
X as above, an order ideal N := N(L) and a bijection ® := ®(L) : L — N,
which, as we will proof later, satisfies

N (L) = N(P(Spany,(L)))
for the lexicographical ordering induced by X7 < --- < X,.

Definition 3.2 The ordered sets L(l) := L and X(I) := X are called, re-
spectively, a Macaulay representation and a CeMu-skeleton of | := P(L);
each A = lyaAa € L is called a CeMu-functional and each x = (a,v) € X a

CeMu-card.
Moreover, if VX = lyada € L, A = M(X) = M(v)A,, then | is called a
CeMu-ideal, X its CeMu-scheme, and each x = (a,v) € X a CeMu-condition.
O



We need also to consider, for each m < n, the sets

T,m] = TNk[Xy,...,X]
= {X{'---Xpm o (ar,...,am) € N}
M[1,m] = {M(r):7€T[l,m]}

and the projection
m K= KT (T, ) = (21, T,
which we freely use to denote also the projections
m: T ~N"— N" ~T[1,m|, m, (X7 X)) = X7 Xom,
T+ M= ML, m], 7, (M(7)) = M (7,,(7)),

and mp, 1 k" X T = k™ x T[1,m], mp(a,7) = (mm(a), T (7)).
Recalling Macaulay’s notation [13, 14] for Noether equations as members

of k(X7 1,..., X *1], we remark that for each Noetherian equation
0(r) )+ > At T, N()M(t DT At N
teT(l) teT(l)

T=X fll .- X% there are unique polynomials

fXrh o X7 e k(XL XY

so that

Ur) = <("'((1+X1_1f1(X1_1))X1_d1+X2_1f2(X1‘1,X2—1))X2—d2...
+ fn—l(Xl_17...,X;11))X ot L XX ,...7Xn1)>Xndn

and we set

Tm(€(7)) = (---(1+X1_1f1(X1—1))X1d1 4o

TV TG RIS ) b o SRS W LIC I o
= (O’X;inm___xgn X X 0t0,...,0)
c kXL X0
Finally, for a CeMu-functional A = £,,;\; we set
Ton(A) = T (Cuaha) = Ton (Lo A 0



4 Lazard, Gianni—Kalkbrener and Cerlienco—Mureddu
results

Theorem 4.1 (Lazard Structural Theorem) [11]
Let P := k[ X1, Xa|,, < the lexicographical ordering induced by X1 < Xa, | C
P an ideal and { fo, f1,-.., fx} a Grébner basis of |, ordered so that

T(fo) <T(f1) <--- <T(fp).

Then
fo = PGy - Grqa,
fi = PH;Gj11- Gry1,1 < j <k,
fr = PHRGpqq,

where

e P is the primitive part of fo € k[X1][X2):

e G ek[X1],1<i<k+1;

o H; € k[X1][X2] is a monic polynomial of degree d(i), for each i;
e d(1) <d(2) <--- < d(k);

e Hi1€(Gr-- Gy, H1Go -Gy, HjGjy1 - Gy, ..., Hi Gy, Hy), Vi
O

Theorem 4.2 (Gianni—Kalkbrener) /8, 9] Let | C P be an ideal, < the
lexicographical ordering induced by X1 < --- < X, and G := {g1,...,9s} a
Grébner basis of | w.r.t. <, enumerated in such a way that

T(g1) <T(g2) <... <T(gs-1) < T(gs)-
For each d,1 <d<mn, § €N, set

Gqg = Gﬂkj[Xl,...,Xd],
Gas = {9€G,gecklXi,...,Xq],deg;(g) <}

and remark that

G

IN 1N
Q
g
N
Q :
%‘q .
s
N
IN
QN
ISH
IN



each Ggs is a section of both Ggs41 and Gy.

Each G4 and Lpys(G) := {Lp(g),9 € Ggs} are Grobner bases w.r.t. < of,
respectively, 15 == 1N k[X1,..., X4] and Lpgs(1) :== {Lp(g), 9 € l4,deg;(g) <
5}

Moreover, for each d,1 < d < n and each o := (b1,...,bg) € Z(lq),
denoting o the minimal value such that ®,(Lp(gs)) # 0 and j,0 the value
such that

9o = Lp(go) X + - € kX1, ..., X;] \ K[X1, ..., X 1]

it holds

j=d+1,

for each g € Gg,®,(g9) =0,

for each g € Ggy1s,Pa(g) =0,

Pa(90) = ged (Pa(g) : g € Gatr) € k[Xatl,
for each b € Kk,

(bl,. .. ,bd,b) S Z(|d+1) = (ba(go')(b) =0.
g

Algorithm 4.3 (Cerlienco-Mureddu) [5, 6] Given a Macaulay repre-
sentation L consisting of CeMu-functionals, and a CeMu-skeleton X of an
unknown zero-dimensional CeMu-ideal | C P, determine it by assigning an
order ideal N := N(L) and a bijection ® := ®(L) : L — N satisfying

N (L) = N(P(Span(L)))

for the lexicographical ordering induced by X7 < --- < X,,.

The algorithm is inductive on s = #(L), the only possible solution for s = 1
being N = {1}, ®(A\;) = 1.

Let then L':={\;,..., s_1}, N :=N(L'), ' := &(L'), and set

m = max(j: 3 <s:m(N) =m(Ng)),

d = #{,i<s:mn(N) =mm(As), @' () € T[1,m + 1]},
W o= @ (\) = wi X, wi € TILm] U {)s],

V o= m(W),

w = BV)(mm(Xs)),

ls = WernJrh

10



where N (V) and ®(V) are the result of applying the present algorithm to V,
which can be inductively done since #(V) < s — 1. We then define

(I),()\Z') 1< 8

N := N' U {t, d ®(N) =
{ }an (Ai) {ts 1=S8.

5 Cerlienco—-Mureddu Correspondence
Let

L:={\,...; s}, X={x1,...,xs} CK" xT,

n

xi = (a3, v),2; = (a1, ., ain),v; = [ [ X
=1

be the Macaulay representation and the CeMu-skeleton of an unknown zero-
dimensional ideal | C P. Our aim is to generalize Cerlienco-Mureddu Algo-
rithm removing the assumption | a CeMu-ideal.

The algorithm is inductive on s = #(X), the only possible solution for
s =1being N = {1}, ®(x;) = 1.

Let us therefore consider L' := {A1,...,As_1}, the corresponding order
ideal N’ := N(L’) and the bijection ®' := ®(L’).

Let us also denote, Vv,1<v <n,deN,

Y5 := Span {m,(A\) : A € L/, exists w € T[1,v] : '(\) = ngH}.

If P(Spang(L)) is radical, by abuse of notation, we simply identify each
x; = (2, 1) and the corresponding \; = A,, with a;. With this notation, we
set

m = max (j : m5(A) € Spany (m;(L)),
d:=min{ : 7 () # Yons),

W= () ®(\) = wXth 1w € TILml} U {mm (X))
w = B(W) (1 (),

ts = wafH_l

11



where N(W) and ®(W) result by applying the present algorithm to W,
which can be inductively done since #(W) < s — 1. We then define

CI)/()\Z‘) 1< 8

ts 1= S.

N := N U{ts} and ®(\;) := {
Let
L::{)\l,...,)\s}, X::{Xl,...,XS}CanT,

n
xi = (a5, v3),3; := (a1, .., aim), vi = [[ X
=1

be the Macaulay representation and the CeMu-skeleton of a zero-dimensional
ideal | C P and let N := N(L), ® := ®(L) be the result of Cerlienco-Mu-
reddu Correspondence. Then

Lemma 5.1 If Y = {\y,...,\.} C L is an initial segment of L then
e Y is a CeMu-skeleton,

o N(Y) C N(L),
o for each j <r <s,®(Y)(\;) = 2(L)(N)).

|
Remark 5.2 Let us remark that, by construction, we will have
P(Span(m,(L)")) = Y02 Y2 - DYDYy D
| Nk[Xy,...,X,] = P(Spany(m,(L")))
= P(Yu0) - CP(Yus) CP(Yus41) C---.
The result is essentially a specialization of Kalkbrener’s Theorem [10]
d

6 Lazard Structural Theorem
Let
L::{)\l,...,)\s}, X::{Xl,...,XS}CanT,

n
x; = (aj,vi), @i = (Qi1, .- ., Qin), U = HXla”
=1
be the Macaulay representation and the CeMu-skeleton of a zero-dimensional

ideal | C P and let N := N(L), ® := ®(L) be the result of Cerlienco-Mu-
reddu Correspondence. Then

12



Fact 6.1 It holds

(A) N :=N(I).
(|

Since N is an order ideal, T := 7 \ N is a monomial ideal whose minimal
basis G := {t1,...,t,} will be ordered so that t; <ty < ... <t,.
Denoting further

B:=({1}u{X;7:7e N} \N
we obviously obtain
Corollary 6.2 It holds
B) GH)=G={ty,...,trt1 <ta < ... <ty

(C) B(l) = B.
a

Let us extend the ordering of L to N = {7q,...,7s} enumerating it so
that 7, = ®(\,), for each o and let us denote the ordering of L and N by
< so that

for each o, 8,70 < 73, A0 < Ag = a < 3.

Denote for each 7 € N
e L(n)={DcL: A< (n)}={AeL:d\\) <7},
o X(7):={x; : A; € L(7)},
e I(L(r)) = P(Spany(L(r))),
and, for each 7 € NUB
e N(7):={weN:w=<r},
so that
Corollary 6.3 It holds

(D) For each T € N there is a unique polynomial

fri=T— Z c(fr,w)w

weN(T)

such that X(f;) =0, for each A € L(7).

13



(E) For each T € G there is a unique polynomial

fri=T— Z c(fryw)w

weN
such that A\(f;) =0, for each A € L.

Proof:  Since #L(7) = #X(7) = #N(7) and #L = #X = #N, f; can be
computed by interpolation. O

In the same mood, but interpolation is not sufficient to prove it, we can
state

Fact 6.4 It holds
(F) For each T € B there is a polynomial

fri=7— Z c(fryw)w

weN(T)
such that A\(f;) =0, for each A € L.

Corollary 6.5 It holds:
(G) The reduced Grobner basis of | is
Gg(l):={fr: 7€ G}
moreover, for each T € N, T(f;) = 7.
(H) The border basis of | is
B(l):={f;: 7€ B}

Proof: For each 7 € G UB, 7 is the only term in f; which is not a
member of N so that T(f;) = 7.

For any 7 € N, T(f;) = 7 because Cerlienco-Mureddu Correspondence
grants 7 € G(I(L(7))) and N(I(L(7))) = N(7). 0
Fact 6.6 It holds:

(I) For each v,1 <v <n,
let j,, be the value such that tj, < X, 11 < tj,11; then {fy,,..., fi, } is
a minimal Grobner basis of P(Spany, (7, (L))) and of INk[X1, ..., X,];
for each 6 € N, let j(vd) be the value such that tjs < X2, <
tiwo)+1; then {Lp(fy,), - - ,Lp(ftjué )} is a Grobner basis of (Y ,s);

(L) for cach j,1 < j < s, \j(fr;) # 0 s0 that L and {\j(fr,) " fry, 1< j <
s} are triangular.
O

14



7 Intermezzo: factorization results
Let us now restrict ourserlves to a CeMu-ideal, assuming that
L:={\,..., s}, Xi={x1,...,xs} CE" xT,
n
x; = (a3, v3),a; := (Qi1y- -5 Ain ), U = HXlO‘“
=1
are the Macaulay representation and the CeMu-scheme of a CeMu-ideal I,
so that, for each i,
Xi = M(X\) = M(vj)A,,, for each 1,1 <7 <s.
Under this assumption, for any term
= X" X% e T\ N(L)
such that N U {7} is an order ideal, we define, for each m,1 < m < n:

Ny (7) = N (L, 7) i= {w € T[1,m] : 7 > wX2m4 - Xdn € N},

Am(7) = A (L, 7) = {@ N wX it -+ X) 1w € Npy(7)} C L,
Bin(7) := B (L, 7) := 1 (A (7)) C (K[X1,. .., Xm])",

Cn(7) 1= Con(L,7) 1= {mm(N) € Bin(7) : 1 (N) & B (1)},
Lin(7) :=Ln(L,7) :=={A € L: m,(\) € (1)} C L

Do (7) = Dy (L, 7) := {x; € X : T (Xi) € Con (1)} C k™ x T[1,m);

(1) 1= Min(L, 7) == {w € T[L,m] s w < X X, X € N3,
m(T) i={w € My (1) :w < 7},
where, with slight abuse of notation, we have
No(7) i={w eT:w<7hHALT) :i={X: P\) < 7},Ci(7) :=By(7).

Lemma 7.1 With the notation above, it holds

15



2.

Cerlienco—Mureddu Correspondence associates to By, (T) the order ideal

and the bijection ®(B,,(7)) defined by

@(Bm(T))(wm(x))Xg;lﬁl < X3 = @(x), for each x € Ay;

3. #(Lin(7)) = #(Ca(7)) < #(Mm(7));

/.

under Cerlienco—Mureddu Correspondence one has

N(Cpn(1) C{weT[l,m]:w< Xg{"};

5. L =UpLpy(7).

Proof:

1.

2.

is trivial;

Cerlienco-Mureddu Algorithm when applied to the ordered set L as-
sociates each element A € A,,,(7) to the term

B(N) = B (mn (A (7)) (0 (V) X il X,

in order to obtain M,,(7) one has to remove from N,,(7) the subset
{wXdm e Ny (1) :we T[L,m —1]} = {wXd : w e Np_1(7)}

while for each w € N,,_1(7) there are d,, + 1 CeMu-conditions y =
(a,v) € k™ x T[1,m] for which

M(v)A; € By, (1) and ®(Bp—1(7)) (Tm—1(lpada) = w.

In order that there is w € N(C,,(7)) such that w > X% Cerlien-
co—Mureddu Algorithm requires that at least d,,, + 1 CeMu-conditions
X0y -+ -y Xd,,» Xi = (2, v;) exist such that

Tin(X0) = =+ = Tm (%) = -+ = T (Xa,, )5

so that mp,—1(M(vi)As;) € Bi—1(7).

i
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5. If A € L is such that ®(\) < 7, then there is a minimal value m < n
for which A € A, (7), mm(A) € Bin(7), mm(A) € Cin(7), A € L (7).
If A € L is such that ®(\) = X{'--- Xt > 7, there is m < n such
that e,, > d,,, while e; = d;, for each 7 > m; this implies that there is
¢ € A, (1) such that 7, (¢) = Ty, () so that X € Dy, (7).
t
As for (D-E) linear interpolation is all one needs to prove

Proposition 7.2 With the same notation as in Lemma 7.1, it holds

(V) for each T := Xfl---Xff" € G, and each m,1 < m < n, there are
polynomials

- de + Z nga
wEMm (7)

such that A(gms) = 0, for each A € Ly, (7);

(T) for each T := Xfl <+ X € N and each m,1 < m < n, there are
polynomials

- de + Z nga
wWEMin (7)

such that M(gm-) = 0, for each A € Ly, (1), A < @ 1(7).
Proof:

(V) Since #(Cpn (7)) < #(M,(7)), we can evaluate each ¢(gmr,w) by inter-
polation, so that £(g,,,) = 0,0 € Cp, (1) and M gmr) = Tm(A) (gmr), VA €
Lo (7).

(T) One has just to apply (V) to the set X(7).
O
For each 7 := X ... X% € N, let us denote v := v(7) < n the value
such that d, # 0 while d,, = 0 for each u > v so that 7 € T[1,v], gmr =1
for m > v, and, denomng

h7— = H ng e kl:Xla"'7XV—1][Xl/]7
m=1
v(r)—1

lq— = H Imr € k[Xla"-aXl/*l]’
m=1

Pr = Gur € k[Xl’ cee aXl/*l][Xl/]’

17



it holds
he =lpr =L, X% 4.

so that I, € k[X1,..., X, _1] is the leading polynomial and the content of h,
while the monic polynomial p; is the primitive component of h..
Therefore we have?

Corollary 7.3 With the notation above, under the assumption | radical
ideal, it holds

(W) for each 7= X% ... X% € N, there are
lr € k[X1,..., Xy 1]
and a monic polynomial

pr= X% + > eprww € kX1, ..., Xy 1][X,)]
weM, (1)
so that h, := L-p; are such that
b T(hT) =T,
i Lp(hT) =,
o [ (my_1(a)) =0, for all a € X(7),
e p-(a) =0, for each a € D, (1),
e h.(a) =0, for each a € X such that a < ®~1(71).

(X) for each i,1 <1i <r there are
l; € k‘[Xl, . ,X,/,l]
and a monic polynomial

pi= X% + Z c(pi,w)w € k[Xq,..., Xu-1][X)]
wEM, (t;)

so that h; := l;p; are such that
e T(h)=t; =X ... X% e GNT,v],
[ ] Lp(hz) = lz‘,

2This justifies why we need to require that | is radical: in this restricted setting, each
functional \; is evaluation at a point and distributes with product.
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e li(m,_1(a)) =0, for each a € U, Dy (t;),
e pi(a) =0, for each a € D, (t;),
e hi(a) =0, for each a € X.
O

While #(Cp, (7)) < #(M,,,(7)), in general equality does not hold and
the polynomials g,,, are not unique. However, uniqueness can be forced via
Cerlienco-Mureddu Corespondence in such a way that the result does not
require the assumption | radical ideal.

We begin by remarking that

#(C1 (1)) = #(My(7)), for each 7:= X ... X

so that g1, is actually unique. We can therefore set 1, := g1, and compute
inductively, for m,1 < m < mn,

R m—1
hd CmT = 1ly=1 Yvr>

o Qu(T) ={MWw)A\:weT[l,m—1],a € Z:= Z(1), M(w)\s((mr) #

o Po(7) :={M (T () Aa; : M(vi))Aa; € Lin(7), M(w)Aa; € Qu(7)},
o Rin(r) := {(mm(@i)s o (1)) : M (7 (3)) Aa; € Pra(7)},

e En(7) := N(Rn(7)),

o Sin(7) = {(mm(ai), 7 () € Rin(7) : (33, v1) < @7H(7)},

® Fin(7) := N(Sm(7))

This decomposition can be further refined if, for each 7 := X fl o Xdn
and each v < n, we iteratively compute, for deeasing ¢ < d,,,

(1) = {m 3 € T B = XY x € Pusia (1),

@) = Ny,

Po(r) = {M <wy <%)> Mot M), € Lo(7), M)A, € Yoo (7)),
(1) = {m(x) € Yyus(r) : x< @71(7')},

(1) = N(Su(r)).

with initial value P,q, +1(7) :=P,_1 :=P,_1 2.
We then obtain:
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Corollary 7.4 [18] It holds

(M) For each T := Xfl---Xff" € N, and each m,1 < m < n, there are
unique polynomials

Tmr = Xff{” + Z c(’)’mﬁw)w
wWEF,(7)

and

TYmér = Xm + Z c('}’mﬁw)wa 1<60<dpy
wEFmg(T)

such that
o Tn(A)(Ymsr) = 0, for each X € Y, 5(7), A < &~ 1(7);
o Tn(A)(Ymr) = 0, for each X € Ly(7), A < &~ 1(1);
® Ymr = [1s Ymor-
(N) For each T := Xfl...Xgn € G. and cach m.1 < m < n, there are

unique polynomials

Ymr = Xgmm + Z c(’)’mraw)w
WEE, (1)

and

Ymér = Xm + Z C('Ym'raw)w7 1<6<dp
(JJGEm(g(T)

such that

o T(N)(Vmsr) = 0, for each X\ € Y,5(7),
o T N)(Ymr) =0, for each X € Ly, (1),
® Ymr = H(S Ymérs
(0) For each 7= X ... X% ¢ N, there are
L, e k?[Xl, c ,Xl,,l]

and a unique monic polynomial

PoXb b Y el € KX X)X
weF, (1)

so that H. := L.P. are such that
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T(H:) =7, Lp(H;) = L-,
Ty—1(A)(L7) =0, for each X € L(7),
(A (Pr) =0, for each X € L, (1),
7, (N (H;) =0, for each A€ L : A < ®71(7).

(P) For eachi,1 <i <r there are
L; € k‘[Xl, ce ,X,/,l]
and a unique monic polynomial

P=XF+ Y c(Pwwek[Xy,..., X, 1][X)]
weE, (t;)

so that H; := L;P; are such that

T(H) =t = X" ...X% e GNT[1,v], Lp(H;) = L;,
1 (A\)(Ls) = 0, for each X € U%_Y L (),

m(A)(P;) =0, for each X € L,(t;),

(X)) (H;) = 0, for each X\ € L.

Proof:  The only non trivial statements, i.e. the vanishing of 7,_1(\)(L)
and 7, (A)(H) are an elementary consequence of Leibniz Formula (Proposi-
tion 3.1). O

Fact 7.5 It holds
(Q) Li, P, H;, 1 <i <r satisfy

{Hy,...,H,} is a minimal Grobner basis of |,

for each v,1 <v <n, {Hy,...,H;,} is a minimal Grébner basis of
INE[Xy,...,X,] and of I(m,(X));

for each v,1 <v <mn, {L1,...,L; »} is a Grébner basis of 1(Y,s).

Clearly, if | is radical similar statements hold for

{hl,...,hr},{ll,..., Jé}and {hl,...,hjy}.
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Remark 7.6 Among the three bases

{fi,-... fo {h1, .. by} and {Hy,... H,}
only the first one is reduced. On the other side, for each i, we have
T(fi) = T(hi) = T(H;) = t;.
Therefore we have
o fi=hy=H; and
o fi—hi€(hi,...,hi1), fi— H; € (H1,...,H;_1) for each i,1 <i<r,
whence

o fic(hi,....hi), fi € (Hy,...,H;) for eachi,1 <i<r.

Fact 7.7 It holds
(R) Foreachi,2<i<r, P,e (Hy,...,H;):L;.

(S) For each j,1 < j <s, \j(H.;) #0; L and {)\j(HTj)_lHTj,l <j<s}
are triangular.

d

Corollary 7.8 Moreover, if | is radical
(Z) l;,pi, hi, 1 <i<r satisfy

{h1,...,h.} is a minimal Grébner basis of |;

for each v,1 < v < n, {hi,...,hj,} is a minimal Grébner basis of

P(Spany(m,(L))) and | N E[X1,..., X, ];

for each v,1 <v <n, {l,...,l;4)} is a Grébner basis of 1(Y s);

foreach i,2 <i<r,p;€ (h1,...,h;) : l;;

for each j,1 < j <s, Aj(hs,) #0;

L is triangular to {\j(hs;) " hs;, 1 < j < s}. 0

22



Figure 1: Moller Algorithm for Macaulay representation

(N, q,B, B) := Méller(L)

where
L ={¢,...,4s} isa Macauly representation of a zero-dimensional
ideal I,
N = N(1),
a={q,...,q} is triangular to L,
B := B(l),
B := B(l).
r:=1B:=1

ty:==1,N:={t1},q1 := t1, 9 := {q1},
For h =1..n do
t:= Xp, by : = Xp, —ap, B:=BU{t}
While r < s do
Let t := min {t € B : A\, 1(b) # 0}
r:=r+1, B:=B\{t},
t, =t,N:=NU {tr}a qr ‘= Ar(bt)_lbt,q =qu {QT}a
For each 7 € B do b; := b, — A\(b;)qy,

For h =1..n do
If Xt ¢ B then

t:= Xpt,,
fi=Xnb, — > by, 7)bx, -
X;f’lzB

by :=f — )\r(f)%"
B :=BU{Xpt,,h =1..n}

N,q,B{b, : 7 € B}
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8 Proof

In order to complete the proof all we need is to directly apply Moller Algo-
rithm [20, 7, 15, 1, 21] (a simplified version of it in this setting is presented
in Figure 1).

The proof being by induction, we begin with

Lemma 8.1 If #L =1 conditions (A), (F), (I), (L), (Q), (R), (S) hold.

Proof: When we have a single point (ay,...,a,) € k", we have
.« N= {1},
e B=G={Xy,...,X,,},
e fi=1,
o fx, =X, — a;, for each 1,

and the properties are obviously satisfied. O
Thus having a starting point for induction, let us assume we have a
Macaulay representation and the corresponding CeMu-skeleton

L::{)\l,...,)\s}, X::{Xl,...,XS}CanT,

n
—  — — (%3]
xi = (3i,v9), i = (a1, ..., ain), v = [[ X}
=1
of a zero-dimensional |, and let us denote

X = {x1,...,xs_1}, L i={1,..., As_1} and I" := P(Span, (L),

for which we assume conditions (A-L) hold. If moreover | (and so also ')
is a CeMu-ideal, we also assume that conditions (M-S) hold for I.
In particular:

®’' := N’ — L' is Cerlienco-Mureddu Correspondence,
G =G =Awi,...,w}, w1 <ws < ... <wp,
B’ := B(l'),
!, w € B, are the polynomials whose existence is implied by (F),

F; := f!, are the polynomials whose existence is implied by (E), so that
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{F; : 1 <i <r} is the reduced Grébner basis of I,
L, P!, H] are the polynomials whose existence is implied by (P).

Setting
I:= m<in{j, 1 <j<r:X(F;) #0},

then it holds
Lemma 8.2 If L’ satisfies conditions (A-L) then
BL)(A) = wr.
Proof: Let wy = X% ... X% and let m + 1 := max(i : d; # 0), so that
Fre k[Xy, ..., Xmt1].
Since, by (I), for each v,
"N k[Xy,...,X,] = P(Spany(m,(L))),

and
FjeklXy,.... X),v<m=j<I

we deduce that
T (Xs)(Fj) = As(Fj) = 0, for each Fj € k[Xq,...,X,],v < m, while
Tmt1(Xs)(FT) = Xs(F1) # 0.
This allows to deduce that
m = max (j : m;(\s) € Spany(7;(L)) .
Therefore ,,41(As) € Spany,(m,+1(L’); also
dm = min{6 : mm(As) & Yoms };
in fact, for each § < d,,, since
T(F) =wj < X5, < X — j < I,

and 7, (As)(F;) = 0, (I) allows to deduce that m,,(As) € Y5 and mp,(As) ¢
Y4,
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As a consequence we consider
W = {1,(A) : @'(\) = wXE 1, w e TIL ]} U {mm (N}

in this setting Cerlienco-Mureddu Correspondence gives a relation between
each point m,,(x;) and the corresponding term 7;.

Moreover, since the argument is on the cardinality of the Macaulay rep-
resentation and #(W) < #(L), we directly deduce that the ideal P(m,,(W))
has {Lp(f,),--- ’Lp(ftjmdm )} as Grobner basis. Also

Tn(A)(LD(fi,)) = 0, for each j < I while 7 (A,)(Lp(fi,)) # 0.

so that the same argument grants that Cerlienco-Mureddu Correspondence
returns ®(m,, (X)) = X3 ... X, 0

As a consequence, applying Moller Algorithm to L = L' U {\s} we get
qs := ¢~V Fy, with ¢ = A\ (Fy);
N:=NU{wr}
B:=B\ {w/} U{X;w,1<i<n};
fr = fL = Xs(fL)gs for each 7 € B'\ {w;},7 > wy and
fr = fL, for each 7 € B’ \ {wr}, 7 < wy since As(f]) = 0;
for each 7 := X;w; ¢ B’

fri=(Xi—aiw)Fr— Y e(Fr,w)fxw
X,weB’

where

Fr=wr+ Z c(Fr,w)w.

weN/

Corollary 8.3 If L’ satisfies conditions (A-L) then L satisfies conditions
(A), (F), (I), (L), (Q), (R), (S).

Proof:
(A) and (F) are obvious;

(I) and (Q) are a direct consequence of the application of Cerlienco-Mureddu

Algorithm to P (7, (W));
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(L) As(fw;) # 0 for construction;

(R) on the basis of Remark 7.6 we know that Fy € (Hj,...,H}); also all
we need to prove is that, for each i,

H; € (Hy,...,H;i1) ={H;,T(H;) < T(H;)}.
Therefore
o if T(H;)=1t; € G',i <1, we have
H,=H, e (H),...,H,_{)=(Hy,...,H;_1);
o if T(H;)=t; € G',i > I, we have
Hi=H —aFy e (H|,...,H_|) = (Hi,... Hi_1)
so that, also (Hi,...,H]) = (Hy,..., H;).
e Finally, for 7 = X;t; we have L, = L, and
L.P.=H,=f.=(X; —ais)F1 =(X; —a;s) Ly P} =0
modulo (HY,...,H}) = (Hy,..., Hy).
The same argument proofs the claim for {hq,..., h,}.

(S) As(Hy,;) # 0 and Ag(hy,) # 0 because both H,, — f,, and hy, — fu,
have a representation in terms of {F;,i < I'} and \s(F;) = 0, for each
1< 1. O

In conclusion we have:

Theorem 8.4 For a zero-dimensional ideal |, given by a Macaulay repre-
sentation L, using the same notation as above, it holds

(A) N :=N(l).
B) GH)=G={ty,...,trt1 <ta <...<t.
(C) B(l) =B.

(D) For each T € N there is a unique polynomial

fT =T Z C(f7'7w)w

weN(T)

such that X(f;) =0, for each A € L(7).
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(E) For each T € G there is a unique polynomial

fri=T7— Z C(f7'7w)w

weN

such that A\(f;) =0, for each A € L.

(F) For each T € B there is a polynomial

fT =T Z C(f7'7w)w

weN(T)
such that A\(f;) =0, for each A € L.
(G) The reduced Grébner basis of | is
gy :={fr: 7€ G}L
moreover, for each T € N, T(f.) =T.

(H) The border basis of | is
B(l):={f;: 7€ B}
(I) For each v,1 <v <n,

let j,, be the value such that tj, < X,11 < tj,11; then {fy,,..., ft; } is
a minimal Grobner basis of P(Spany, (7, (L))) and of INk[X1, ..., X,];

for each § € N, let j(vd) be the value such that tj,s) < X3, <
tiws)+1; then {Lp(fe,), ..., Lp(fy; )} is a Grébner basis of (Y s).

(L) For each j,1 < j <s, \j(fr;) # 0 so that L and {)\j(ij)*lij,l <j<
s} are triangular.

If | is a CeMu-ideal:
(M) For each 7 := X' ... X% € N, and each m,1 < m < n, there are
unique polynomials
Ymr = ngm + Z c(Vmr, w)w
wEFm (1)

and
TYmér = Xm + Z C(’ymTaw)w’ 1<6<dn
WEF,5(T)

such that
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o Tn(A)(Ymsr) = 0, for each X € Y, 5(7), A\ < &~ 1(7);
o Tn(A)(Ymr) = 0, for each X € Ly (1), < ®1(7);
® Ymr =[5 ¥mor-
(N) For each T := Xfl...Xlen € G. and cach m.1 < m < n, there are

unique polynomials

YVimr 1= XTI+ Z (Y, w)w
wWEE (1)

and
Ymér = Xm + Z C('Ym'raw)w7 1<6<dp
WEE,5(7)

such that
o T N)(Vmsr) = 0, for each X\ € Y,5(7),
o Ti(N)(Ymr) =0, for each X € Ly, (1),
® Ymr = [15vmor;
(0) For each 7= X" ... X% & N, there are
L; € k[Xq,..., X, 1]
and a unique monic polynomial

PoXb b Y el € XL X)X
w€eF, (1)

so that H, := L, P, are such that

e T(H,)=r,Lp(H;) =L,

o m,_1(A)(L;) =0, for each A € L(1),

o m,(AN)(P;) =0, for each X € L, (1),

e m,(\)(H,) =0, for each A\ € L: A < ®~1(7).

(P) For eachi,1 <i <r there are
L; e k[Xl, c.. ,Xy_l]

and a unique monic polynomial

P=X% + Z c(P,w)w € k[Xq,..., X, 1][X)]
weE, (t;)

so that H; :== L;P; are such that
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T(H;) =t = X" ... X% ¢ GNT(1,v], Lp(H;) = Li,
1 (A\)(Ls) = 0, for each A € UY Y Lo (t:),

T (A)(P;) = 0, for each X € Ly (t;),

T (A)(H;) =0, for each X € L.

(Q) L;, P, H;, 1 <i <r satisfy

{Hy,...,H,} is a minimal Grobner basis of 1,

for each v,1 < v <n, {Hi,...,Hj,} is a minimal Grébner basis of

INE[Xy,..., X)) and I(m,(X));

for each v,1 <v <mn, {Ly,... } is a Grobner basis of 1(Y,s).

J&)

(R) Foreachi,2<i<r, P,e (Hy,...,H;):L;.

(S) For each j,1 < j <'s, \j(Hy,) # 0; L and {\;(H,,) 'H;;,1 < j < s}
are triangular.

(T) for each T := Xfl <. X € N and each m,1 < m < n, there are
polynomials

= de + Z nga
(JJGMm )

such that X(gms) = 0, for each A € Ly, (1), A < ®71(7).

(V) for each T := Xfl <X € G, and each m,1 < m < n, there are
polynomials

- de + Z nga
wWEMin (7)

such that X(gm-) = 0, for each X € Ly, (7).
Moreover, if | is radical:

(W) for each T = X% ... X% € N, there are
I € k‘[Xl, ce ,X,/,l]
and a monic polynomial

=X 4 > eprww € kX1, ..., Xy 1][X,)]
weM, (1)

so that h, := l-p; are such that
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T(h,) =7,
Lp(h;) = I,

lr(my—1(a)) =0, for all a € X(7),

pr(a) =0, for each a € D,(7),

h.(a) =0, for each a € X such that a < ®~1(7).

(X) for each i,1 <1i <r there are
l; € kﬂ)(l,...,)(yfl]
and a monic polynomial

pi= X% + Z c(pi,w)w € k[Xq,..., Xu-1][X)]
wEM, (t;)

so that h; := l;p; are such that

T(h) =t; = X4 ... X% € GNT[1,v],

[ ]
e Lp(h;) =1,
o li(m,_1(a)) =0, for each a € U, Dy (t;),
e p;(a) =0, for each a € D,(t;),
e hi(a) =0, for each a € X.
(Z) li,pishi, 1 <i<r satisfy
{h1,...,h} is a minimal Grébner basis of |;
for each v,1 < v < n, {hi,...,hj,} is a minimal Grébner basis of

P(Spany(m,(L))) and I N E[X1,..., X, ];
for each v,1 <v <n, {l1,...,l; )} is a Grébner basis of I(Ys);
for each i,2 <i<r,p; € (hy,...,hi): l;;
for each j,1 < j <s, \j(hr;) #0;
L is triangular to {\j(hs;) " hs;, 1 < j < s}. 0
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