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Abstract

In 1990 Cooper [10, 11] suggested to use Grobner basis computa-
tions in order to deduce error locator polynomials of cyclic codes.

The aim of this tutorial is to show, with illuminating examples,
how Cooper’s approach has been refined [6, 7, 8, 9, 14] up to give
both an online decoder [2, 3] and general error locator polynomials
[15, 16, 17].

1 Introduction

In 1990 Cooper [10, 11] suggested to use Grobner basis computations in
order to correct cyclic codes. Let C' be a binary BCH code correcting up to
t errors, 5§ = (S1,...,8%_1) be the syndrome vector associated to a received
word. Cooper’s idea consisted in interpretating the error locators of C' as the
roots of the syndrome equation system:

t

fi=) A m s =0, 1<i<t,

j=1

and, consequently, let Fom be some extension field of Fy, the plain error
locator polynomial as the monic generator g(z1) of the principal ideal

t
{Zgifiagi € Zo(s1,-- -, 52-1) 21, - - - >Zt]} mZ2(51; -y 89-1) (2]
i=1
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which can be directly computed via the elimination property of lexicograph-
ical Grobner bases.

In a series of papers [7, 8 9] Chen et al. improved and generalized
Cooper’s approach to decoding. In particular, for a g-ary [n, k, d| cyclic codes,
with correction capability ¢, they made the following alternative proposals:

1. denoting, for an error with weight u, 21,...,2, the error locators,
Yi,--.,Yu the error values, s1,..., s, € Fgm the associated syndromes,
they interpreted ([7]) the coefficients of the plain error locator polyno-
mial as the elementary symmetric functions

Jj(Zl7“'7ZH):(_1)j Z le"'zlu71§jgﬂ7
1<h <<l <p

., and
] Y
suggested to deduce the o,’s from the (known) s;’s via a Grébner basis
computation of the ideal generated by the Newton identities;

and the syndromes as the power sum functions, s; = ?:1 Y,z

2. they considered ([8]) the syndrome variety

n
2t § ] .
(Sla"‘wgnfkﬂyl?'"7yt7217'"7Zt)€<qu)n+ 18 = yj6371SZSn_k
J=1

and proposed to deduce via a Grobner basis pre-computation in

Folz1, . o Tk Yts e, Yty 21, - -5 24

a series of polynomials g, (x1,..., 2y, Z), 0 < t such that, for any
error with weight p and associated syndromes si,...,s,_; € Fgm,
9u(S1,- -, Sn—k, Z) in Fym[Z] is the plain error locator polynomial.

Their suggestions were improved and refined in (respectively) [2] and
[6, 14]; remark that

1. requires to perform for each received vector up to ¢t Grobner basis com-
putations; the p* computation deducing the unknown oy,...,0, in
terms of the known syndromes si,...,s, € GF(¢™);

2. requires a pre-computation of a Grébner basis into a polynomial ring
in 2t + n — k variables.

Both computations are therefore not-necessarily feasible, the first since it
requires an on line computation, the second since the syndrome variety has
too many roots so that the Grobner basis is less feasable to compute.



The investigation on the structure of the syndrome variety and on its
Grobner basis shows that most of its roots are spurious [8] and that the
pre-computed polynomials ¢, (z1,...,2,,Z) have the telescopical relations
[5, 6]

Gy = Zgu-—1+c(x1,...,2y).

To improve ([15]) the pre-computation it was sufficient to add equations
removing the spurious roots. This new idea permitted to prove the existence
of a computable general error locator polynomial, that is, a polynomial that
satisfies the following property:

given a syndrome vector s € (F,m)" ¥ corresponding to an error with
weight p < ¢, its t roots are the p error locations plus zero counted
with multiplicity ¢ — p.

In this tutorial we assume that the reader is familiar with the notation

for linear and cyclic codes adopted in [4]. In particular, we will use without
comments concepts like: generator polynomial, defining set, correctable syn-
drome, error polynomial, classical error locator polynomial and plain error
locator polynomial.
This tutorial has the following structure. In the second section we present
the Cooper’s idea of using Grobner bases to decode binary BCH codes. In
the third and fourth sections we describe Chen et al. ideas and we intro-
duce the syndrome variety. The fifth section applies the Gianni-Kalkbrener
Grobner shape theorem to describe the structure of the syndrome variety.
Section six introduces the general error locator polynomial for cyclic codes.
Section seven is devoted to the on line decoder due to Augot et al. based on
Newton’s identities and Waring formulas.

2 Decoding binary BCH codes

We now describe the decoding algorithm proposed by Cooper in [10] and [11]
to correct a primitive binary BCH codes of length n = 2™ — 1.

Let a € Fom be a primitive n-th root of unity and C' a primitive BCH
code over Fy, with defining set S = {2i+1,0 < i < t}. From the BCH bound
we know that C can correct at least t errors.

We analyze the decoding process. Once the decoder receives a vector
v € (Fy)", it computes the associated syndrome s € (Fym)? and then uses
it to find the unknown error locations o/. We introduce the variables Z =



(21,...,2), where z; stands for the error locator o/, j = 1,...,¢. Thus we
obtain the following system of ¢ polynomials in Fam[Z]:

t
Feo - {fizzzjgi_l—SQi_h i:1,...,t}.

=1

The error locators form a solution (&, ..., &) € (Fam)" of F¢. In this way an
error correction procedure is a method of solving the nonlinear polynomial
system F¢ for zq,..., 2. Sometimes finding this solution could be difficult
and ineffective. Cooper’s idea is to transform the system F¢ to another sim-
pler system of equations having the same roots. Let I be the ideal generated
by Fe in Fom[Z] and V(1) the set of its roots. Let G be the reduced Grébner
basis of I w.r.t. the lex ordering < induced by z; < --- < z;; we denote by
g € Fom[z1] the unique polynomial such that G N Fam[21] = {g}. To find the
error locations, it is useful to define E to be the set of error locators:

(1) E:{£17"‘7€M}
and Z the set of all components of the zeros of F¢:
(2) Z:{€| (5,@2,,(1,5)6)}(1)}

Theorem 2.1 ([11]). Let G,I and g be as above. The following hold:
a) E=Z={¢[g(¢) =0};
b) [E| = p=deg(g) < t;

¢) Le(2) = g(2) = [lecz(2 =€), ie. g is the polynomial whose roots are
the error locators;

d) o(z) = ztg(z71).

Remark 2.2. There is in Cooper a designed ambiguity; the arithmetic is per-
formed on the s; in Fa[s;, 1 € S| but are interpreted as performed on s; = s;(c)
in Fom. All over this section we have deliberately maintained this ambiguity
which will be solved in the next section; we have done so based on the interpre-
tation of error locator polynomials suggested in [5]: an error locator polyno-
mial is a cascade of devices, each evaluating a rational function ai(s;) € Fa(s;)
and connected by gates activated by the value of polynomials B(s;) € Fals;);
at arrwal of the word, the devices are properly connected, by evaluation of
B(s;) € F producing an expression Y 1, ai(s;)z € Fa(s;)[z], whose evaluation
returns the error locator polynomial Y i, ai(s;)z € Fa(s;)[2]. O



Example 2.3 ([11]). Let C be a BCH code over Fy and defining set S =
{1,3}. We want to find the classical error locator polynomial o(z). Ast =2,
we set P := Fq[sy,s3][21, 22). Then

| :=T(2y + 29 + 51,20 + 25 +s3) CP
and the reduced Grobner basis w.r.t. the lex ordering is
G ={z}s1 + 2157+ + 53,22+ 21 + 51 }.
So g(z) = 2%s; + 282 + s + s3, id est (cf. [5] Example 5.6 pp.138 — 139)

3
o(z) =1+ 28 +2° <m) :
S1

Example 2.4 ([11]). Let C be a BCH code over Fy, defining set S = {1,3,5}
and t = 3. As in the previous example we set P := Fy[sy,s3,s5][21, 22, 23].
Then

| :=1(2; + 22+ 23 +51,2; + 25 + 25 + 83,20 + 25+ 25 +5s5) CP

and the reduced Grobner basis w.r.t. the lex ordering, with z1 < z9 < z3, 1S

1,33 1 .3 24 | .2 2 6 3 2 2.3
G = {zs] + zjs3 + 27s] + 2{S1S3 + 215753 + 2155 + S} + S;S3 + S1S5 + 53, 255} +
2353 + 202155 + 202153 + 228t + 205153 + 2585 + 2283 + 215t + 215153 + S253 +
S5, 2521+ 2551 + 2923 + 2957 + 2¥s1 + 2157 + S5 453, 23+ 20+ 21 +5S1}, so that

g(2) = 2°(s +s3) + 2%(s] + s183) + 2(s3s3 + 55) + S0 + sis3 + 5155 + S5

2 61 <3 2
. 2 [ sis3+ss 3 [ s;+sis3+siss+s3
and o(z) =1+ 251 + 2 <—S§,+53 ) +z (—s§+sB .

In the following example we perform decoding.

Example 2.5. Let C' be the binary BCH [15,5,7] code. This code has defining
set {1,3,5}. If we set 31 :=s3 + s3, (o := s3s3 + S5, and

B3 := sV + s¥s5 4 5155 + 53 = 5102 + 37,

we obtain:
o(z) =1+ zs1 + ZQﬁgﬁl_l + z3ﬁ351—1.

i) Suppose that the error polynomial is e(x) = x3. Obviously the decoder
does not know the error polynomial, but it receives a vector in (Fq)'®
and it calculates the syndrome components, which in this case are:

S1 :ag, 53:a9, s5 = 1.

So By =0,8,=0,0; =0 and 0(z) = 1+ za>. The decoder correctly

concludes that the error locator is .



i) If the error polynomial is e(x) = x3 + 22, the syndromes are:

S1 = 046, S3 = a5, S5 = a5,

that is, 31 = o', By = o, B3 = 0 and

o(2) =14 2a° + 2%0° = (1 + za*) (1 + z0?).

i11) Let e(x) = x® + x* + x be the error polynomial, then we have:

51 = alla S3 = Oéll, S5 = Oa

that is, 1 = o®, By = a3, B3 = o't and then

o(z) =14 za' + 220’ + 220 = (1 + za) (1 + za®)(1 + za?).

3 Grobner bases for cyclic codes

3.1 Decoding binary cyclic codes

In [7], Chen et al. generalize the Cooper’s idea of using Grébner techniques
to decoding binary cyclic codes.

We consider a cyclic code C' over Fy with length n and defining set S. As
usual we denote by p the number of errors which occurred and we name v
an integer such that 0 < v <t and p < v. Using the z;’s variables for the
error locators (which are n—th roots of unity), we can consider the following
system where each syndrome s; represents a value (s; € Fom):

FeruT; {{ZZ;_Si,iG S}U{z;”rl—zj,l <j gv}} C Fom[z1,. .., 2]

j=1

Let E and Z be as in (1) and (2). The system Feyrr, defines an ideal
I = (Fenrn,) in Fom|z1, ..., 2,]. The zero set of this ideal gives the error
locators and, consequently, the error vector that occurred in the transmission.
Grobner basis computation can be used to find the solutions of this system.

Let p be the number of errors really occurred during the transmission,
G C Fom|z1,. .., 2] be the reduced Grobner basis of I w.r.t. the lex ordering
with 23 < -+ < z,, and g(21) € Fam|[z1] such that g(z1) = G N Fam[2q].

Proposition 3.1 ([7]). We have:

a) ECZ={¢:g(§) =0};



b) [E[ = p < v =deg(g).

Compare Theorem 2.1 a)-b) and Proposition 3.1, which is a generalization
of the previous. As regards ¢) and d) the following theorem describes the
relation between g and the plain error locator polynomial L.(z) in function
of i (the weight of the error) and hence implies a decoding algorithm for any
binary cyclic code up to its true minimum distance.

Theorem 3.2 ([7]). We have:

i) If v = p then V(I) consists of all coordinate permutations of the root
(&1,...,8), E=Z, L.(2) = g(2) and o(2) = 2"g(z7").

i) If v = p+1 then (0,&,...,€,) € V(I), E = ZU{0}, and g(z) =
z(2to(z7h) = zLe(2).
7’”) ]f?) > M—|—2 then (CaCafl?"'af/ﬁo"' 70) € V(I>7 VC € ]FZm; E= FQm
and g(z) = 2" — 2.
i) If v < p then G = {1}.
From this theorem we easily deduce a decoding algorithm for all binary
cyclic codes. We will see some examples.
Example 3.3. Let C be the binary cyclic code [21,6,7] with defining set
S ={1,5,9}. The splitting field is Fysand t = 3.

1. We first suppose that two errors occurred with the error polynomial
e(x) = 1+ x. Obviously the decoder does not know p and e(x), but it
calculates the syndrome components, which are s; = 1+ a, s5 = 1 +a°
and sg = 1+a”. We set v = 2. Then the associated polynomial system

Feorur, 18
{zi+zm+(1+a), 2] +25+(1+a°), 2] + 25+ (1+a”), 27° — 21, 25° — 25}
We obtain g(z) = 22+ (1+ a)z+a = (2 + 1)(z + @) = L.(2).

2. Lete(x) = 1+z+a? be the error polynomial. The syndrome components
are s =14+a+0a? ss=1+a°+a'® and sg =1+ a® + o*". We set
v=2. Then Forur, 1S

{21 + 20 + 81,20 + 25 + 85, 2] + 23 + 59, 272 — 21,25° — 29, 2% — 23}

and the reduced Grobner basis of I(Ferur,) is G = {1}. So we set
v = 3, the associated polynomial system Forpr, S

5 5 5 9 9 9 22 22 22
{21+Z2+Z3+31;21+Z2+Z3+35721+22+Z3+597azl TR1, Ry TR2,R3 —z3}

and g(z) =22+ (P +a+1)22+ (0 *+® +a)z+a* = (2 +1)(z +
a)(z 4 a®) = Le(z).



3.2 Decoding cyclic codes over GF(q)

In [8], Chen, Reed, Helleseth and Troung generalize Cooper’s approach to
g-adic codes proposing a solution for decoding an error whose weight p is as-
sumed known and they give an alternative approach via Newton’s identities.

If we consider a cyclic code over Fy, we use the variables y = (y1,...,y,)
for the error values. We suppose that we know the number of errors u. As
before, our goal is to find the error locations and the corresponding error
values from the known syndromes s; € Fym, i € Sc. So we consider the
polynomial system in Fgm[21,..., 2., y1, ...,y

n
Fourr, : {{Zyjz;—Si,ieSc}U{zy“ —zr<i<upUfu -1 Sjﬁu}}-
j=1

Let I be the ideal in Fgm[21,..., 24,41, ..,y,] generated by Fopgr,, and

G the reduced Grobner basis of I w.r.t. the lex ordering < induced by
27 < -0 <z, <y < -+ <y, Then we generalize the definitions (1) and
(2). Let V(I) C (F)?* be the roots of I, we set

Z:={¢: (& ag,. .. aue1,...,e,) € Z()}, E:={&,.... &}

the set of the error locators of an error with weight pu.

Theorem 3.4 ([8]). Let g be the monic polynomial in G NF[x,]. We have:
o« E=Z—{£:gl6) = 0}
o #E = p=deg(g) <t
o Le(2) = 9(2) = Ilgez(2 = &)

o 0(z) =2tg(z71h).

3.3 A new system with the Newton identities

Denoting 0,1 < j < pu, the j—th elementary symmetric function on the z;’s,
the plain error locator polynomial is L.(z) = 1 + Z;‘Zl 0;27. The second de-
coding scheme proposed in [8] is based on the relations among all syndromes
si, t =1,...,n, and coefficients o; of L.(z), given by the following theorem.

Theorem 3.5 (Newton identities). Let s; = Z;‘:l yjz;- (as in Femrr,), then
the following identities hold:

s; + Z;;ll(—l)jajsi_j +(=1)%e; =0 1<i<up
Si‘f‘Z?:lO'jSi_j:O [1,<l<7’L

(3)



Remark 3.6. If 21 < n, polynomial L.(z) can be uniquely determined from
the equations (3).

We now need some more notation. We denote by R = {{1,...,(,} a set
of representatives for the cyclotomic cosets of {i,1 <i < n,i & Sc}. We use
variables (71, ...,7),) and we set that T; stands for o;, 1 <14 < pu, and vari-
ables (Uy,...,U,) for (s¢,...,ss). Then let P := F[T1,...,T,,Us,...,U,]
and let ™ be the evaluation defined by

s;eF 1€ S¢o
KTy, T, Xq,..., X, P, X;) = a .

We consider the set Fy of polynomials in P:

uw
{W(X,-—FZTin_j),u<i<n}U{qum —Uj,l <J ST}U{qum -1,1 SZSHJ}

j=1
Theorem 3.7 ([8]). For each 1,1 < | < pu, let g € F[T}] be the monic
generator polynomial of 1(Fy) NF[T}]. Then g, =T, — o;.

Remark 3.8. Any g; can be found in an appropriate Gréobner basis.

4 The CRHT syndrome variety

In the decoding algorithms presented up to now, we have to do, for any word
to be decoded, a Grobner basis computation with syndromes considered as
parameters, which are calculated from the received word and substituted
into the system. Moreover, different Grobner basis computations must be
performed for different potential error weights, until the true weight of the
actual error is obtained.

In [9] a new method is described in which we calculate the Grébner basis
as a “preprocessin”, with the syndromes taken as variables z;. In this way
the system has more variables, but we have to calculate the Grobner basis
only once and then simply evaluate it at the actual syndromes each time a
word is received.

We use the variables x, z and y with the usual meaning (syndromes, loca-

tors, values) and consider system Forpr C Fylz1, ..., Tnok, 2ty -, 21, Y15 - -, Uit
t
{{Zyjzé—xi, z'eS} Uz =z 1< <tiu{yl - 1,1 SJ’St}}
j=1

Let V(I) C (Fym)* and G be the reduced Grobner basis of I = I(Forur)
wrt. lex <witho < <z, p, <z < - <z <y < <Y

9



Remark 4.1. The ideal I is zero—dimensional. From now on we refer to I
as the syndrome ideal and to V(I) as the syndrome variety.

The decoding algorithm presented in [9] is build on this claim: the Grébner
basis G contains for each 1,1 <1 <'t, a single element

g; € Fq[xl, PN Sy Y A SN 7Zt—i+1]
with positive degree in z;_;y1 -
Remark 4.2. This claim is clearly not true, as shown in [14].

Theorem 4.3. (9] Let e be the error vector of weight (f < t and s =
(S1,- -+, Sn_k) the syndrome vector.
Under the assumption above and setting

g
_ § : J
gi(ajl,...,xn_k,O,...,O,zt_Hl) = Ci,thfiJrl,
7=0

we have that

1. The following conditions are equivalent:

a) there are exactly p errors;
b) 01,0(5) == Ct—u,o(s) =0# Ct—,u,—l-l,()(s);
2. Le(z) = ged (g1 (s, 0, 2), 2™ — 1).

From the theorem we directly design the following decoding algorithm:

pei=1
While ¢, 0(s1,...,5,—k) =0do p:=p+1
g :=ged (gu(s1y- vy Snek, 0,...,0,2),2" — 1)

o(z) = 2"g(z7")

Table 1: CHRT decoding algorithm

The proposed algorithm needs the assumption that the related Grébner
basis has a particular structure, but in [14] Loustaunau and York remark
that the CRHT assumption, in general, does not hold and they make a weak
proposal to correct the CRHT algorithm. Moreover, they observe that the
suggested Grobner computation cannot be performed by the best software
and hardware of the period (1997), therefore suggest to use the FGLM al-
gorithm (the ideal is 0-dimensional). Their remark is particular significant,
since the same software/hardware is able to compute Cooper’s ideal Exam-
ple 2.5 within 18 secs.

10



5 The Gianni—Kalkbrenner shape theorem

The structure of the Grobner basis of a zero—dimensional ideal has been
deeply analyzed in [12] and [13]. [6] gives a correct and optimized version of
the CRHT decoding algorithm, based on the Gianni-Kalkbrenner Grobner
shape theorem.

Let F be a field and T its algebraic closure. We set P = F[z,, ..., z,]. For
any f € P, we will denote by T(f) the leading term of f (w.r.t. a fixed term
ordering); and, for any set H C P, T{H} denotes the set {T(h) | h € H}.
We will use the lexicographical ordering < induced by z; < --- < x,. In
order to describe the structure of the Grobner basis of an ideal, we need to
consider P also as univariate polynomials in the variable x,, with coefficients
in the polynomial ring F[xy, ..., 2z,_1]. For any element f € P we have:

h
f= by, mnn)ay = Tp(f) + -+ Lp(f),
k=0

where we will denote by Lp(f) = bp(x1,...,2,—1) the leading polynomial and
by Tp(f) = bo(x1,...,x,_1) the trailing polynomial of f.

Definition 5.1. Let I C P be an ideal and d an integer such that d < n.
The d-th elimination ideal 1; is the ideal of Flxq,... x4] defined by 1 =
INFxy,..., x4,

We consider an ideal I C P and we name V(I;) C F’ the set of the roots
of Iy. Let G ={g1,...,9s} be a Grébner basis of I C P w.r.t. <, ordered so
that T(gy) < --- < T(gs). For any ¢ < n, let G, be GNF[xy,...,x,] and

VleN, Gy:={ge€G\G,|deg, (g9) =1}

so that each G, can be decomposed into blocks of polynomials according
to their degree with respect to the variable z,: G, = ;G . In this way, if
g € G, we have

o g€ F[xy,...,x, ][]\ Flxy,...,z,1];

o deg, (9) =4, ie g= Lp(g)xt + ...+ Tp(g).
Theorem 5.2 ([12, 13]). Let « = (a1,...,aq9) € V(I4) and ®, s.t.
O, P — Flrgr, ...,z
f(X) = fla,xasr, .-, Tn).

Let € be the minimal value such that ®,(Lp(g.)) # 0 and j,6 the values such
that g. € Gjs5. Then

1. j=d+1;

11



2. for each g € Gy:
o if L < d then ®,(g9) =0;
o ift=d+1=j,0<9 then ®,(g9) =0;
3. ®a(ge) = ged (Ralg) : g € Ganr) € Flzapl;
4. for each a € F;
(a1,...,a4,a) € V(Ilgy1) <= Dulgs)(a) =0. O

This theorem allows us to improve the CRHT-algorithm. We use vari-
ables (21,...,%n—k),(21,...,2) and (yi,...,y:) as in Feogar,, and we set
Q :=F,[z1,...,xn—) and P := Fy[z1,...,Tp_k, 2t,. .-, 21, Y1, .-, 4). Then
we consider the following equations:

m

t
— J — ntl e ol
fi= g wz — @i, hy=2T =z A=y — L =1 —
1=1

We obtain the polynomial equations system:
Fom ={fishj, Njyxi 0 1<j<t,1<i<n—k}CP.

Remark 5.3. Respect to Forut, this system adds the relations xgm —x; sat-
isfied by the syndromes. The role of the polynomials hj, \;, x;, is noteworthy,
in fact they remove all the roots that are in algebraic extensions outside F
and they make the other roots simple. This means that the syndrome ideal I,
which is a zero dimensional ideal, is also radical.

Let G be the reduced Grobner basis of the I w.r.t. the lex ordering <
induced by 1 < -+ < xpp < 2 < --- < 21 < Yy, < ys. Let us then
denote, for each + < n and each ¢ € N

G, =GNQ[z, - ,z]and Gy :={g € G, \ G41 : deg, (9) = {}.
Moreover we enumerate each G, as
Gu=A{qu1, - 9uj }» T(q1) < -+ < T(guejy,)-

Theorem 5.4. With the above notation, we have:

o if { <1 then Gy = 0;

o if{ > thenl=n+1G,={z"" -2}
For each g € G,,,

Lp(g)(s1,---8n—k:0,...,0) #0 <= g(s1,...,80-£,0,...,0,2,) #0.
If the error has weight p, then, for each g € G,,,

12



1. if v < p then g(s1,. .., Sn—k,0,...,0,2,) =0;

2. ift=p and Lp(g)(s1,- -, Sn—k,0,...,0) # 0 then

0% g(s1,- 5801 0,...,0,2,) = 2 Le(2,);

3. ift=p+1 and Lp(g)(s1,...,Sn—k,0,...,0) # 0 then

g(s1y o oy Sn—k,0,...,0,2) =z, (2"Le(2)) ;

4. if v >p+1 and Lp(g)(s1,- .-, Sn—k,0,...,0) # 0 then

2, (2 Le(2)) | 9(S1, -y Sn—i, 0,...,0, 2,).

Example 5.5. We consider the cyclic code [15,5,7] over Fy and defining set
{1,3,5}. The syndrome ideal I is generated by: {z1+2z0+23+x1, 23 +25+25+
T3, 20+ 25+ 20+ x5, 1142, 230+ mo, 2l0+ws, 210421, 230425, 230+ 23}, The
relevant part of the reduced Grébner basis of I is{gs 31,933 2,93 3 3,93 16 1,
g9221,9222,9223,922 4,92 16 1,91 1 1}; where!

g331

g3 32

g3 33

g3 16 1

444y FEEFEFL A+ F+

zg(xzxg +x2)+ Zgl']_fl?Qifg + Z§$1$2 + zzxitad + z;;:c?x%:zg

z3a$adns + zaxial? + zadadad + zaxiad + ssalndad 4 zsaades
2113 211 2,.6,.3 2.6 8,2 3,2
23T{To X3 + 23T{T5 + 23XT1TT3 + 23T1T + 23X1T523 + 23T1T5 T3

23.%%0.%'3 + Z3xgx3 + z3x3 + X12X3 + X?ngg + XIX%X3 + XIX%XE; + X?Xéo

x§x3 + x5x3%x3 + xixdxs + x5x3t + x3x8x3 + x3x§ + xFx0x3 + x3x,

2,132 15 10 12,3 743 2
X{X5°X5 + X1X5°X3 + X1X5 X3 + X1X3 + X53°X3 + X5X3 + X3,

23(x3 + x3) + 22x125 + 237123 + 23210l + zeafalPad + 25afad

z3adad + zawladad + 23alaleg + zsaiedtad + 23afadad + 232f)

zgx‘llxgxg + Z3x‘?x§3x3 + zgm%x%oxg + z;;a:%gchg + zgsc%a;g + 2333%
z3m12322d + 2312822 + z3adws + x12x2 + x8x3x2 + x[xi%xs + x]x3x3
x§x5x3 + x§x5 + x5x0x2 + xixL3xs + x3x2°8 + x3x1%0%x3 + %310
X?X% + xf + xfx%x% + xlxgxs + x%l,

23(x1 + x3x2) + 2322 + 23312372 + 2371203 + z3afadad + 23afad

z;;x{m%?azg + z;;x{ac;xg + Zgl‘{l’%%’g + z;;x?ac%“x% + zgznffazgxg + zgm?:ng

zw?x%lx?; + z;;:c?ma:% + zgaﬁ‘llm%‘?a;g + zgx‘llngg, + 23m‘11x§a:3+

zw:i’x%oxg =+ z;;x‘i’x%o + z;@i’x%ﬂzg =+ 233:?:1:3 + Zg.’E%ZE%QIE% + 23x1x§m3

11,.3 6,.3 10,3 8,12 8,7 7443 6,112
23Ty X3 + 23T9x3 + X7 X5 + X{X5°X3 + XXoX3 + X1 X5X3 + X{X5 X3
x8x8x2 + x3x8xs + x5x3x3 + x§x3® + xFx10 + xfx5x3
X:fxgxg + X%X%Xg + X1X%1 + Xlxgxg + xixg + X%3X% + ngg

z31,6 + z3,

!The bold polynomials are the leading polynomials, the typewriter ones are the
trailing polynomials.
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g2 21

g2 2 2

g2 2 3

g2 2 4

92 16 1

I+ ++ 0+ 0+

+ o+ +

z%(xzxg +x2)+ 2223()(2)(% + Xz) —1— ZQl‘l(szg + xz) + 232)33258‘% + z%xg
Zgwl.’L‘Q.ng + z3x172 + x%ixg —|— x1x2x3 + xlmx3 + x1x2)<3 + xfx%o
x?xgxg + x?xg + x‘llxgxg + X1X2X3 + x2xé1x§ —1— x2 11

x7x5%3 + x7x5 + x1x5%3 + x1x3%3 + x3%%3 + x5%3 + X3,

23(x3 + x3) + 2223(x3 + x3) —|— zQxl(xg +x3) + 2325 + 2223 + z3w12)
zgwlxg + xilxg + x?x%sxg + X1X2 + x1x2 + szgxg + x‘;’xgxg + X‘;’xg + x‘fxzx%
x?xésm + xfxéoxg + xfxgxg + x1 > S+ x1 + x1X§2x§ + x1x2x3 + x%xe,,

22 (x1 + X%X%) + z923(x1 + x%xg) + ZQ.’El(X]_ + x%xg) + zgxl + z%x%x%

23:1:% + nglxgxg + XPX% + X?X%X% + x1x3 + XZX%QXQ, + XZX;X;;, + X1X%X3
x§x34x3 + x8x3x3 + x§x + Xi’xélx% + x3x0%3 + X%X%E’Xg} + x}x8x3 + X%X%Xg

X?Xéoxg + X?Xéo + x‘;’xgxg -+ X1X2 + X%X%2X§ + X1X2X3 + Xélxg + X2X3,

22(z3 + x3x3) + 2223(Z3 + x3x2) + 2071 (23 + X3x3) + z§x%m§ + z;»,xlx%x%
X%zxg + x?xgxg + x1x3 —l— xzxézx;:, + XIXEXg + sz%xe, + X?Xé‘lxg + X?X%X%
x8x9 + x5x3tx2 + x5 X2X3 + X1 x33x3 + X1X2X3 + xix3xs + x§x§°x§

X?Xéo + xi’xgxg + x1x2 + X1 + x%x%%{% + X1X2X3 -+ x;l,lxg + X2X3 + Xo,

Wt2, gr11=21+22+25+71.

that we can rewrite compactly as

9331 Z3(x2X3 +x2)+ -+ A

g332 = Z§(X2+X3) -+ B

9333 = Z§(X1+X2X3)+“'+C

93161 = 1 + 23,

9221 = 22(X2X3+X2)+---+D

gooo = Z(x3+x3)+--+E

9223 = z(xa+x53x3) 4+ F

g224 = 23(z3+x3x3)+---+G

92161 = 1 + 22, g111=2%2+2+z2+7x1,

If we restrict our attention to the leading polynomials we note that Lp(gs 3 1) =

Lp(g2 2 1), Lp(gs 3 2) = Lp(g2 2 2) and Lp(gs 3 3) = Lp(g2 2 3). Moreover we
can observe a telescopic behavior, namely:

93 3 1(x1, 2,23, 23)
93 3 2(x1, T2, 3, 23)
93 3 3(x1, 2, 3, 23)

)

92 2 «(z1,22,23,0, 22

2392 2 1(1, T2, 23,0, 23) + Tp(g3 3 1)(21, T2, 3),
2392 2 2(v1, 2, 73,0, 23) + T'p(g3 3 2) (71, T2, 73),
2392 2 3(T1, 22, 23,0, 23) + Tp(g3 3 3)(21, ¥2, 3),
= 20Lp(g2 2 +)(22 + 1) + Tp(g2 2 +) (21, 22, 73).

We conclude this section with the algorithm proposed in [6]. It accepts
as input a syndrome vector and outputs an error locator polynomial.
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pi=1t, g = 1,
Repeat

j:=0
Repeat j :=j+1

Until Lp(g,,,)(s,0) # 0 or j > j,,

If j > j,. then p:=p—1

else

If Tp(guj)(5,0) =0 do pi:= p— 1

else

9(2) = Guuj (5,0, 2);

Untilg#1or p=0
Output p, z#g(x 1)

Table 2: Caboara decoding algorithm

The decoder performs the following branchings:

szsg+327é0 A#0
A

=0 D#0
D=0
52s§+52:0 sg+s§7£0 B#0
B=0 E#0
E=0
ngrsg:O s1+s%s§;ﬁ0 g;ﬁﬂ o
=0 0
F=0
s1+83s2=0 s3s2#£0 G#0
G=0
s2s§:0 s1#0
s1 =0

Remark 5.6. [6] reports also a proposal (suggested by M. Sala) of comput-
ing and processing, for each u,1 < p < t, the Grobner basis of the ideal,
encoding only the case in which there are exactly p errors and performing a
postprocessing using Grobner technology in order to improve the syndrome

s1#0

s1=0

R A

9331
9221
gi11
g3 32
g2 22
gii11
9333
9223
gi11
9224
gi11
1

gi11
1

test. The result (still for {1,3,5}) is a very promising decision tree:

s2=0 s3=0 = L =1
s9 =0 s3#0 = L = 1+zs1+225%
5%—&-1:0 s3=0 s1=0 — L = 1+ 2359
sg+1:0 s3=0 s1#0 = L = 1+ zs1
+ 22 (s%lsgsi’s%) +z3$?s§
sg+1:0 s3#0 0=0 =— L = 14 zs1
s$5+1=0 s3#0 0#0 = L = 1l+zs
22 (24 sisd) (353 + o)
+ 2’38%8%83 (s? + s%oséo) o1
sg+327é0 s3 =0 — L = 1+z51+zzs%sg

15



Sg+827ﬁ0 Sg#o s1=0 = L
sg—l—SQ;éO sg;éO p=0 = L
58-1—52#0 s§¢0 s1p#0 — L

1+ 2255153 + z352
1+ zs1 + z23833

1+ zs1

2 (s3sfsy + sda3s3) p
22 (s3sss + s}3s3) p!
235%5353

: -1 —4
zss:{’sg + s185 $3+ S5

—1

+ + + 4+ 00

where p = 514 515555 + 8583

o = sl—l—sgsg.

6 The general error locator polynomial

If we consider the syndrome variety V(Feaq), then we have that, for every
given correctable syndrome s € (F,n)"~*, there are some points in V(Feu)
that uniquely determine the error locations and the error values. Unfortu-
nately in V' (Feuq) there are also other points that do not correspond directly
to error vectors. Such points are of type:

(617 s 7£M7C7<707 . ~707§17 s 7yp7Y7 _Kylu s 7yt—(,u+2)) )
t—(pu+2)

with ¢ any n-th root of unity, Y,y; arbitrary elements in F; and ; in F, the
error values corresponding to the error locators §;. In [15] a new syndrome
variety is proposed, which permits to eliminate these spurious solutions and
to define the general error locator polynomial. We consider [n, k,d] cyclic
codes over I, with (¢,n) = 1. We need the following definition.

Definition 6.1. Let n € N be an integer. We denote by pj € K[z, ..., 2]
the polynomaial:

p= u,1§l<l~§t.
)
We consider a new syndrome ideal I = I(V (Fpg)), the OS ideal, as:
fOS:{fuhj)XZa)\ﬁplﬁ 1 §l< Zétal SZSH_I{:7.] GS} CP?

where
t
o J e o _
fi = E Y2y — Ty, Py = 2[00,
=1

ot
hj = Z? —
Let G be the reduced Grobner basis of I w.r.t. the lex ordering with x; <
e L Ty < <<z <y <--- <1y We have

e 41 R
zi, A=y — L o xio=r -
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Theorem 6.2 ([15]). Let I and G be as above. Then:
o GNQlz, ...,z = UGy
¢ Gi=U_GsandGs#0, 1 <i<tand1<§<i;

o Gy ={gin}, 1 <i<t, ie. exactly one polynomial exists with degree i
w.r.t. the variable z; in G;;

o Lt(gin) =2l Lp(gin) = 1;
o if1<i<tand1<06<i—1, thenVg € G, Tp(g) =0.

Let g41 be the unique polynomial Withtdegree t w.r.t. variable z; in Gy:

t t—1
git1 = 2 + E at—12¢
=1

The following properties are equivalent:
e there are exactly p errors;

e a;(s) =0forl > p and a;_,(s) # 0;
o gini(s,2) = 27" (Le(2));

and imply that o(z) = 2#gy1(s, 271). This means that g is a monic poly-
nomial in Q[z] which satisfies the following property:

given a syndrome vector s = (si,...,8,x) € (Fm)"* corresponding
to an error with weight p < ¢, then its ¢ roots are the p error locations
plus zero counted with multiplicity ¢t — p,

and is called a general error locator polynomial of C.

Theorem 6.3 ([15]). Every cyclic code possesses a general error locator
polynomial.

Once we have computed a general error locator polynomial for the code
C, the decoding algorithm is straightforward:

Input s=(sy,...,8,x)
uw=t

While a;,(s1,...,5,—x) =0 do
po=p— 1

Output p, L.(2)

Table 3: Orsini—Sala decoding algorithm
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Example 6.4. We consider the cyclic code of Frxample 5.5 with the OS
syndrome ideal. The result is already relatively small

.
23 + 2211 + 23(237 + w3252 + 2378 + w3702Y) + 23(2202F + 2t + 21323

o aRal el + a0 + el +afelt +afad + aded + 23el! +a3)
+ @zzdTy + xgxgx‘ll + z3xhwy + 23wowl? + 23t + xltal + 2l + 2ilxi?

x%lx%s + ;L’%Ox“;’ + ;1:5:17%2 + xgx%‘r’ + xgx:f + xgzc? + x%z%Q —+ 2o

g331

+

but clever guessing inspired by eye-inspection gives a more compact presen-
tation
gs331 :Ag—{—AE—FB

where A:=x,+2z3, B:=x+23 C:=mx3+2a3,
D = a5+ alad + 23 + o), E:=a23(B¥ —1)— CxyD.

The efficiency of this algorithm obviously depends on the sparsity of the
general error locator polynomial. Even if at present there is no known the-
oretical proof of the sparsity of general error locator polynomials, there are
some experimental evidence, at least in the binary case. In [17] and [16] it
is shown that this algorithm may be applied efficiently to all binary cyclic
code with ¢ < 2 and length n less then 63, as we now detail. Recalling that
the following trivial theorem holds for each binary cyclic codes with ¢ < 2,

Theorem 6.5. Let C be a code witht =1 and s a correctable syndrome, then
the general error locator polynomial is Lo(X, z) = z + a, where a € Fo[ X].
Moreover, there is one error if and only if a(s) # 0 and in that case the error
location is a(s). Let C' be a code with t = 2, s a correctable syndrome and z
and Zy the error locations. Then Lo(X,2) = 22 +az +b, where a,b € Fy[X],
and b(s) = Z1z2, a(s) = z1 + Za. Moreover, there are two errors if and only if
b(s) # 0, and there is an error if and only if b(s) = 0 and a(s) # 0 (in this
case the error location is a(s) ).

Let us now state the main theorems of [17]:

Theorem 6.6. Let C' be a binary [n,k,d| code with n < 61 and d = 3,4
[t = 1]. We denote by S a defining set of C' and Lo € Fylxy, ..., x0—k)[2] a
general error locator polynomaial. Then there are only four cases:

1) C has a defining set of type S = {m}, with (n,m) = 1. Then there
exizts an integer k modulo n such that Lo = z + x¥ .

2) C has a defining set of type S = {m, h}, with (m,h) = 1. Then there

exist two integers m' and h' modulo n such that

/ h/
Lo=z+a]"z5 .
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3) C'is a sub-code of a code C" of type 1) or 2) and Lo = L.

4) C is equivalent to a code C" of type 1), 2) or 3) and Lo can be trivially
obtained from Lev.

The following theorem shows an interesting property for a wide class of
2-error correcting codes.

Theorem 6.7. Let C' be a code with length 3 < n < 125(n # 105) and
distance d = 5,6. Then C' is equivalent to a code D s.t. 1 € Sp.

From this it is easy to prove that if C' is a binary [n,k,d] code with
7<n <63 (nodd)and d = 5,6, then

Lo=2+x12+b(T1,. .., 00 1),
where b(x1, ..., x,_k) C Folzq,. .. Ty gl

Theorem 6.8. Let C' be a binary [n,k,d]-code with 7T < n < 63 (n odd) and
d=75,6, [t =2]. Then there are seven cases:

1. n is such that the code with defining set {0,1} has distance d >5;
2. Cis a BCH code, i.e. S¢ = {1,3} and
b=t (2% + xy);
3. C admits a defining set S = {1,n — 1,1}, with | =0,n/3, and
- {xlas;igrll +a3) [=0
m l=n/3
4. C admits a defining set Sc = {1,n/l}, for some | > 3;
5. C s one of the following

o n =31, So={1,15);
e n =231, Sc ={1,5};
o n =45 So ={1,21};
e n=>51, Sc ={1,9};
e n=>51, S¢ ={0,1,5}

6. C is a sub-code of one of the codes of the above cases;

7. C s equivalent to one of the codes of the above cases.

In all cases b is very short and in most cases a formula can be given.
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7 A Newton-based decoder

A different approach based on Newton identities (3) has been recently pro-
posed [3] (see also [2]): unlike [15], whose aim is to produce a single general
locator, they follow the suggestion given by [6] (Remark 5.6) of splitting the
computation according to the potential weights. Denote

.7:;5&) = {(Afj(l)j Z le-"zlj,1<j<,u,}CF[&L...,§#,21,...,Z#],

1<l <-<lj<p

.7-1(LX) = {sz‘— ?:1z§,1 §i§u+n}u{mi+n—xi,l <i<pu} CFX, z,...

l, CF6, X, Z) =F[61,. ., 0, X1y ey Ty 215 - -+ 2] 1= Q
the ideal generated by Fﬁ&) U flSX), A, =11 & HISKJ-S“(ZZ‘ — z;) and?
I ={f€Q: existsn e N: fA} €l,} NF[6y,...,6,,71,.. ., Tpyn)-

Fact 7.1. [3] Denoting by G, the Grébner basis of I w.r.t. the lex ordering
induced by 6; < x;,l € Sc and 6; > x;,l € S¢, T, :== G, NF[z;: 1 € S¢], the
following hold

1. 177 is a radical 0-dimensional ideal;

2. its roots (0;,8) are ezactly the values o; = (—1)7 D o<ty <ty <y €1 Ond
s = 25:1 eé where ey, ...,e, run among the error locations of the
words of weight exactly ji;

3. for each i,1 < i < p there are  piy, iy € Fylzy 1 1 € S¢] such that
pi,uo'i - Qiu € G,u
4. for an error e and the corresponding syndromes (s; : | € S¢) we have

o the weight of e is p if and only if t(s;) =0 for each t € T,

e the corresponding error locator polynomial is 1+, ?"—E‘Z%zi 0
i
Thus the associated decoding algorithm consists in

1. (precomputation) For each weight p compute the Grobner basis G, of
17> w.r.t the lex ordering induced by 6; < z;,1 ¢ S¢ and ¢; > ;,1 € So,

2|Z° can be compu‘Eed as I = I, NF[61,...,64 21, .., Tpin] where 1, C Q[T] is the
ideal generated by 7y U FX) U {1 — A, T}
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2. (precomputation) For each ;1 and each ¢ extract the polynomials p;,,, ¢;,, €
Flz; : I € S¢] such that p;,0; — i, € G,

3. (precomputation) For each y, identify the set T}, := G, NFlx; : | € S¢]
4. (on line) for any received word

(a) compute the corresponding syndromes (s; : [ € S¢)
(b) evaluating t(s;),t € T),, deduce p
(c) return L.(2) :=1+ > " q"“—(sl;zi

i=1 p;, (s

Remark 7.2. Unfortunately, [3] avoid discussing the size of the data, thus
preventing from to making a fair comparison with the results of [15]. Mainly
on the basis of the results of [1] the gut feeling of the first author is that while
(9] loses against [15] as regards space (u diffierent error locator polynomials
have necessarily to be stored) probably one should prefer (3] as regards time.

The reader can in any case reach his own opinion comparing [15] data
(Example 6.4) with the best available approximation of [3] data, namely
Remark 5.6. [

8 Acknowledgements

Part of these results have been presented at Linz D1 2006, which was a work-
shop within the Special Semester on Groebner Bases, February—July 2006,
organized by RICAM, Austrian Academy of Sciences, and RISC, Johannes
Kepler University, Linz, Austria.

The second author would like to thank T. Mora and her supervisor M.
Sala.

References

[1] Alonso M.E., Becker E., Roy M.-F., Woérmann T. Zeroes, Multiplcicities
and Idempotents for Zerodimensional Systems, Progress in Mathematics
143 (1996), 1-16, Birkhiuser

[2] D. Augot, M. Bardet, J.C. Faugere, Efficient decoding of (binary) cyclic
codes above the correction capacity of the code using Grobner bases,
Proc. IEEFE Int. Symp. Information Theory 2003, (2003) .

[3] D. Augot, M. Bardet, J.C. Faugere, On formulas for decoding binary
cyclic codes, Proc. IEEE Int. Symp. Information Theory 2007, (2007) .

21



[4]
[5]
[6]

[7]

D. Augot, M. Betti, E. Orsini, Introducing to cylic code.
E.R. Berlekamp, Algebraic Coding Theory, McGraw-Hill (1968)

M. Caboara, The Chen-Reed-Helleseth-Truong Decoding Algorithm and
the Gianni-Kalkbrenner Grébner Shape Theorem ,J AAECC, 13 (2002)

X. Chen, I. S. Reed, T. Helleseth, K. Truong, Use of Grobner Bases to
Decode Binary Cyclic Codes up to the True Minimum Distance, I[EEFE
Trans. on Inf. Th., 40 (1994) , 1654-1661.

X. Chen, I. S. Reed, T. Helleseth, K. Truong, General Principles for
the Algebraic Decoding of Cyclic Codes, IEEE Trans. on Inf. Th., 40
(1994) , 1661-1663.

X. Chen, I. S. Reed, T. Helleseth, K. Truong, Algebraic decoding of
cyclic codes: A polynomial Ideal Point of View, Contemporary Mathe-
matics, 168 (1994), 15-22

A.B. III Cooper, Direct solution of BCH decoding equations, In
E. Arikan (Ed.) Communication, Control and Singal Processing, 281
286, Elsevier (1990)

A.B. IIT Cooper, Finding BCH error locator polynomials in one step
FElectronic Letters, 27 (1991) 2090-2091

P. Gianni, Properties of Grobner bases under specialization, step Lect.
N. Comp. Sci., 378 293-297, (1991)

M. Kalkbrenner, Solving systems of algebraic equations using Grobner
bases, step Lect. N. Comp. Sci., 378 282-292, (1991)

P. Loustaunau, E.V. York, On the decoding of cyclic codes using
Grobner bases,J AAECC, 8 (1997) 469-483.

E. Orsini, M. Sala, Correcting errors and erasures via the syndrome
variety, J. Pure Appl. Algebra, 200 (2005), 191-226.

E. Orsini, M. Sala, General error locator polynomials for binary cyclic
codes with ¢t < 2 and n < 63, IEEE Trans. Inform. Theory, 53, 1095—
1107, 2007.

T. Mora E. Orsini, M. Sala, General error locator polynomials for binary
cyclic codes with ¢t < 2 and n < 63, BCRI preprint, 2005, available at
http://www.bcri.ucc.ie.

22



