
33. M�oller II

In 
onne
tion with his solution of Problem 23.3.1, Ma
aulay gave an algo-

rithm, whi
h, given an order ideal

N � T := fX

a

1

1

� � �X

a

n

n

: (a

1

; : : : ; a

n

) 2 N

n

g

prodi
es

a �nite set of points,

X := fa

1

; : : : ; a

s

g � k

n

; a

i

:= (a

i1

; : : : ; a

in

);

#(N) = #(X) and

a bije
tion � : X 7! N,

a set of polynomials

g

�

2 P := k[X

1

; : : : ; X

n

℄; � 2 fX

i

! : ! 2 N; 1 � i � ng

su
h that, denoting

fIg := ff : f(a

i1

; : : : ; a

in

) = 0; 1 � i � sg

and, for ea
h � 2 N `

�

the fun
tional de�ned by

`

�

(f) = f(a

i1

; : : : ; a

in

); f 2 P ; a

i

:= �

�1

(�)

it holds

N =N(I);

fg

�

: � 2 G(I)g is the redu
ed Gr�obner basis of I w.r.t. the lexi
ographi
al

ordering indu
ed by X

1

< � � � < X

n

,

fg

�

: � 2 G(I)g and f`

�

: � 2 Ng are inverse.

After presenting a slight generalization of this 
onstru
tion by Ma
aulay

(Se
tion 33.1) I present some re
ent and interesting 
onverse results

Lazard des
riptio of the stru
ture of the lexi
ographi
al Gr�obner basis of an

ideal in 2 variables (Theorem 33.1.1),

an algorithm by Cerlien
o and Mureddu whi
h, given a �nite set X � k

n

of

points 
omputes, with the notionation above, the order ideal N(I) and

a bije
tion � : X 7! N satisfying the properties granted by Ma
aulay's

result (Se
tion 33.2)
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I merge them into a des
ription of both the Gr�obner stru
ture and the inverse

system of any ideal of points (Se
tion 33.3); the tool to prove this Stru
tural

Theorem is a dire
t appli
ation of M�oller Algorithm (Se
tion 33.5).

33.1 Ma
aulay's Tri
k

In 
onne
tion with his solution of Problem 23.3.1, Ma
aulay needed to show,

for any fun
tion H(T ) : N 7! N satisfying the formula of Lemma 23.3.2, the

existen
e of an ideal I � P satisfying H(T ; I) = H(T ); at least in the 
ase

of a zero-dimensional ideal; if the ideal is assumed to be homogeneous, the

extremal monomial ideal L, for whi
h

h

H(T ; L) =

h

H(T ); is the required

solution; but for the non-homogeneous 
ase, Ma
aulay needed to produ
e an

ideal I su
h that H(I) = H(L) and therefore also the relation T

<

(I) = L for

any degree-
ompatible term-ordering <.

We dis
uss here a slightly extension of his tri
k, whi
h allows to solve the

following

Problem 33.1.1. Given a �nite set of terms m

1

; : : : ;m

r

2 T and a term-

ordering < on T , produ
e a set of elements g

1

; : : : ; g

r

2 P su
h that

� T(g

i

) = m

i

; for ea
h i,

� G := fg

1

; : : : ; g

r

g is a Gr�obner basis;

so that, denoting I the ideal generated by G, it holds

� T(I) = T(G) = (m

1

; : : : ;m

r

).

Let

M := fn

1

; : : : ; n

s

g � T

be a �nite sequen
e

1

su
h that

for ea
h i; 1 � i � r; exists J

i

� f1; : : : ; sg su
h that m

i

=

Q

l2J

i

n

l

;

for ea
h i; j; 1 � i < j � r; l
m(m

i

;m

j

) =

Q

l2J

i

[J

j

n

l

:

Clearly su
h a list M 
an be easily obtained, by repeated g
ds. Now let us


hoose, for ea
h l; 1 � l � s, an element h

l

2 P su
h that T(h

l

) < n

l

and let

us de�ne




l

:= n

l

� h

l

; for ea
h l; 1 � l � s;

g

i

:=

Q

l2J

i




l

; for ea
h i; 1 � i � r:

1

Caveat le
tor! A sequen
e and not just a set. If we have m

1

:= X

2

;m

2

:= XY ,

we must return n

1

:= n

2

:= X;n

3

:= Y and J

1

:= f1; 2g; J

2

:= f1; 3g.
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With this notation, for ea
h pair i; j; 1 � i < j � r; it holds by 
onstru
tion

t

ij

=

Q

l2J

j

nJ

i

n

l

; and t

ji

=

Q

l2J

i

nJ

j

n

l

; where t

ij

; t

ji

are the elements satifying

t

ij

T(g

i

) = T(i; j) = l
m(T(g

i

);T(g

j

)) = t

ji

T(g

j

):

Proposition 33.1.1. G := fg

1

; : : : ; g

r

g is a Gr�obner basis.

Proof. We have to prove, for ea
h pair i; j; 1 � i < j � r; that the S-pair

S(i; j) has a Gr�obner representation. To do so, let us de�ne

�

ij

:=

0

�

Y

l2J

j

nJ

i




l

1

A

� t

ij

and �

ji

:=

0

�

Y

l2J

i

nJ

j




l

1

A

� t

ji

:

Clearly, sin
e

t

ij

= T

0

�

Y

l2J

j

nJ

i




l

1

A

and t

ji

= T

0

�

Y

l2J

i

nJ

j




l

1

A

;

it holds T(�

ij

) < t

ij

and T(�

ji

) < t

ji

: Therefore we 
an 
laim that

S(i; j) = ��

ij

g

i

+ �

ji

g

j

is the required standard representation. In fa
t we have

0 = �

Y

l2J

i

[J

j




l

+

Y

l2J

j

[J

i




l

= �

0

�

Y

l2J

j

nJ

i




l

1

A

g

i

+

0

�

Y

l2J

i

nJ

j




l

1

A

g

j

= �(�

ij

+ t

ij

)g

i

+ (�

ji

+ t

ji

)g

j

= ��

ij

g

i

+ �

ji

g

j

� (t

ij

g

i

� t

ji

g

j

)

= ��

ij

g

i

+ �

ji

g

j

� S(i; j);

so that, the 
laim holds, sin
e

T(�

ij

g

i

) < t

ij

T(g

i

) = T(i; j) = t

ji

T(g

j

) > T(�

ji

g

j

):

�

For any �nite set X of points

X := fa

1

; : : : ; a

s

g � k

n

; a

i

:= (a

i1

; : : : ; a

in

)

let us denote
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for ea
h i, `

i

the linear fun
tional `

i

2 P

�

de�ned by

`

i

(f) = f(a

i1

; : : : ; a

in

) for ea
h f(X

1

; : : : ; X

n

) 2 P ;

L(X) := Span

k

(f`

i

; 1 � i � sg) � P

�

;

I(X) := ff 2 P : f(a

i

) = 0; for ea
h ig = P(L(X)).

With this notation we 
an now present Ma
aulay's result: let N � T be

a �nite order ideal of T , and let

G := fm

1

; : : : ;m

r

g; m

l

= X

e

1l

1

� � �X

e

nl

n

; for ea
h l;

be the minimal basis of the monomial ideal T nN.

Sin
e N is �nite, for ea
h i exists d

i

2 N su
h that

X

d

i

i

2 G and e

il

� d

i

; for ea
h l:

Let us then take, for ea
h i; j; k; j 6= k, elements

a

ij

2 k; 1 � i � n; 0 � j < d

i

: a

ij

6= a

ik

;

and let us de�ne, for ea
h l; 1 � l � r,

g

l

:=

n

Y

i=1

e

il

�1

Y

j=0

(X

i

� a

ij

);

whi
h is su
h that T(g

l

) = m

l

:

Moreover, to ea
h term t = X

e

1

1

� � �X

e

n

n

2 N let us asso
iate the aÆne

point

a(t) := (a

1e

1

; : : : a

ne

n

) 2 k

n

;

and let X := fa(t) : t 2 Ng: Then:

Corollary 33.1.1 (Ma
aulay).

Under this notation, for any degree-
ompatible term-ordering, it holds

(1) N =N(I(X));

(2) G(I(X)) := fg

1

; : : : ; g

r

g is the redu
ed Gr�obner basis of I(X).

�

Sin
e e

i

� d

i

; for ea
h t = X

e

1

1

� � �X

e

n

n

2 fX

j

� : 1 � j � n; � 2 Ng and

ea
h i; it is natural to 
onsider also the polynomials

g

t

:=

n

Y

i=1

e

i

�1

Y

j=0

(X

i

� a

ij

); t = X

e

1

1

� � �X

e

n

n

2 fX

j

� : 1 � j � n; � 2 Ng

and investigate their relation with Lagrange Interpolation Formula (Corol-

lary 28.2.1).

Let us order N := ft

1

; : : : ; t

s

g in su
h a way that t

1

< t

2

< � � � < t

s

,

where < is the lexi
ographi
al ordering indu
ed by X

1

< � � � < X

n

, and let

us write a

i

:= a(t

i

) in order to �x a suitable enumeration of X and L(X).

Moreover let us de�ne q

i

:= g

t

i

; for ea
h i; 1 � i � s: Then
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Lemma 33.1.1. For any degree-
ompatible term-ordering, it holds

(1) fg

t

: t 2 B(I(X))g; is the border basis of I(X);

(2) fg

t

: t 2 G(I(X))g; is the redu
ed Gr�obner basis of I(X);

(3) q := fq

i

: 1 � i � sg is a triangular set of L(X).

�

For n = 2, the stru
ture of the Gr�obner basis 
onstru
ted by Ma
aulay for

the ideal I(X) is an illustrating example of Lazard Theorem whi
h des
ribes

the stru
ture of the lexi
ographi
al Gr�obner basis for any ideal I � k[X

1

; X

2

℄:

Theorem 33.1.1 (Lazard). Let P := k[X

1

; X

2

℄ and let < be the lexi
o-

graphi
al ordering indu
ed by X

1

< X

2

.

Let I � P be an ideal and let ff

0

; f

1

; : : : ; f

k

g be a Gr�obner basis of I

ordered so that

T(f

0

) < T(f

1

) < � � � < T(f

k

):

Then

� f

0

= PG

1

� � �G

k+1

;

� f

j

= PH

j

G

j+1

� � �G

k+1

; 1 � j < k;

� f

k

= PH

k

G

k+1

;

where

P is the primitive part of f

0

2 k[X

1

℄[X

2

℄;

G

i

2 k[X

1

℄; 1 � i � k + 1;

H

i

2 k[X

1

℄[X

2

℄ is a moni
 polynomial of degree d(i), for ea
h i;

d(1) < d(2) < � � � < d(k);

H

i+1

2 (G

1

� � �G

i

; H

1

G

2

� � �G

i

; : : : ; H

j

G

j+1

� � �G

i

; : : : ; H

i�1

G

i

; H

i

) for all

i.

�

Proof. Let P and G

k+1

be, respe
tively, the primitive part and the 
ontent

of g
d(f

0

; : : : ; f

h

) in k[X

1

℄[X

2

℄; sin
e a set fg

0

; : : : ; g

h

g is a manimal Gr�obner

basis if and only if the same is true for fgg

0

; : : : ; gg

h

g we 
an divide by PG

k+1

and assume wlog that P = G

k+1

= 1 and g
d(f

0

; : : : ; f

h

) = 1.

Sin
e, for ea
h i, T(f

i

) < T(f

i+1

) ne
essarily we have d(i) � d(i+1) but

d(i) = d(i+ 1) would imply T(f

i

) j T(f

i+1

) so that we have d(i) < d(i+ 1).

Setting g

i

:= Lp(f

i

) for ea
h i, both X

d(i+1)�d(i)

2

f

i

and f

i+1

are in the

ideal and have degree d(i+ 1) in X

2

; therefore su

essive eu
lidean division

of the leading polynsomial leads to a polynomial f := Lp(f)X

d(i+1)

2

+ � � � in

the ideal, where Lp(f) = g
d(g

i

; g

i+1

).

Therefore T(f) is multiple of some T(f

j

). If g

i+1

6= g
d(g

i

; g

i+1

), ne
-

essarily j < i + 1 and T(f

j

) divides T(f

i+1

) getting a 
ontradi
tion. As a


on
lusion g

i+1

j g

i

and we 
an set G

i+1

:=

g

i

g

i+1

:
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Sin
e G

i+1

f

i+1

�X

d(i+1)�d(i)

2

f

i

is a polynomial of degree less than d(i+1)

in X

2

whi
h redu
es to zero by the Gr�obner basis, it follows that G

i+1

f

i+1

2

(f

0

; : : : ; f

i

); therefore, indu
tively

g

i

j f

j

for ea
h j � i =) g

i+1

j f

j

for ea
h j � i+ 1:

Therefore, g
d(f

0

; : : : ; f

h

) = 1 implies that g

h

= 1 and ea
h g

i

divides f

i

.

Setting H

i

:=

f

i

g

i

for all i, from G

i+1

f

i+1

2 (f

0

; : : : ; f

i

) diving by

G

i+1

g

i+1

= g

i

= G

i+1

� � �G

h

we obtain the last 
laim. �

33.2 Cerlien
o{Mureddu Corresponden
e

Cerlien
o and Mureddu solved a partial 
onverse of Ma
aulay's result:

Problem 33.2.1. Given a �nite set of points,

fa

1

; : : : ; a

s

g � k

n

; a

i

:= (a

i1

; : : : ; a

in

);

to 
ompute N(I) w.r.t. the lexi
ographi
al ordering < indu
ed by X

1

< � � � <

X

n

where

I := ff 2 P : f(a

i

) = 0; 1 � i � sg:

�

Remark that a zero-dimensional ideal I � P 
an be 
onsidered as given if

we know

� the set Z(I) and

� for ea
h a 2 Z(I), a Ma
aulay basis of the 
orresponding primary 
ompo-

nent of I.

Let us set

� < the lexi
ographi
al ordering < indu
ed by X

1

< � � � < X

n

;

� I � P be a zero dimensional ideal;

� for ea
h a 2 Z := Z(I), a := (a

1

; : : : ; a

n

):

{ �

a

: P 7! P the translation �

a

(X

i

) = X

i

+ a

i

; for ea
h i,

{ m

a

= (X

1

� a

1

; : : : ; X

n

� a

n

),

{ q

a

the m

a

-primary 
omponent of I,

{ �

a

:=M(�

a

(q

a

)) � Span

K

(M ),

{ `

�a

, for ea
h � 2 N

<

(�

a

(q

a

)), the Ma
aulay equation `

�a

:= `(�) so that

{ f`

�a

: � 2 N

<

(�

a

(q

a

))g is the Ma
aulay basis of �

a

, enumerated in order

to satisfy the properties of Corollary 32.3.1

2

,

� s :=

P

a2Z

deg(q

a

);

2

Remark that in parti
ular � = T

<

(`

�a

).
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� L := f�

1

; : : : ; �

s

g := f`

�a

�

a

: � 2 N

<

(�

a

(q

a

)); a 2 Zg ordered as stated in

Corollary 32.3.2;

� X := fx

1

; : : : ; x

s

g := f(a; �) 2 N

<

(�

a

(q

a

)); a 2 Zg enumerated so that

x

j

= (a; �) () �

j

= `

�a

�

a

;

� for ea
h j; 1 � j � s, M(�

j

) :=M(�)�

a

where �

j

= `

�a

�

a

;

and let us remark that Cerlien
o and Mureddu state their result under the

further assumption that

for ea
h j; 1 � j � s, `

�a

�

a

=: �

j

=M(�

j

) = M(�)�

a

i.e. `

�a

= M(�):

Therefore, with the notation above:

De�nition 33.2.1. The ordered sets L(I) := L and X(I) := X are 
alled,

respe
tively, a Ma
aulay representation and a CM-s
heleton of I.

If, moreover, for ea
h � = `

�a

�

a

2 L; � = M(�) = M(�)�

a

, then I is


alled a CM-ideal, X(I) its CM-s
heme, and ea
h x = (a; �) 2 X(I) a CM-


ondition. �

Lemma 33.2.1. The following holds:

(1) I =

T

a2Z

q

a

= P(Span

k

(L));

(2) for ea
h j; 1 � j � s, x

j

= (a; �) and ea
h �

0

j � there is i < j su
h that

x

i

= (a; �

0

);

(3) for ea
h j; 1 � j � s, x

j

= (a; �) 2 X, and ea
h f 2 P

M(�

j

)(f) =M(�)(�

a

(f)) = (D(�)(f))(a) = 
(�; �

a

(f));

(4) for ea
h �; 1 � � � s, L

�

:= f�

1

; : : : ; �

�

g and X

�

:= fx

i

; 1 � i � �g are

a Ma
aulay representation and a CM-s
heleton of I

�

= P(Span

k

(L

�

));

(5) I

1

� : : : � I

�

� I

�+1

� : : : I;

(6) I =

p

I () � = 1 for ea
h (a; �) 2 X () #X = #Z: �

Cerlien
o{Mureddu result 
onsists in proposing an algorithm whi
h to

ea
h CM-s
heme

X := fx

1

; : : : ; x

s

g � k

n

� T ; x

i

= (a

i

; �

i

); a

i

:= (a

i1

; : : : ; a

in

); �

i

=

n

Y

l=1

X

�

il

l

asso
iates

� an order ideal N := N(X) and

� a bije
tion � := �(X) : X 7! N,

whi
h, as we will proof later, satis�es

Fa
t 33.2.1. For X = X(I) � k

n

� T holds N

<

(I) = N(X) for the lexi
o-

graphi
al ordering indu
ed by X

1

< � � � < X

n

. �
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Sin
e they do so by indu
tion on s = #(X) let us 
onsider the subset

X

0

:= fx

1

; : : : ; x

s�1

g, and the 
orresponding

3

order ideal N

0

:= N(X

0

) and

bije
tion �

0

:= �(X

0

).

We need also to 
onsider, for ea
h m < n, the set

T [1;m℄ := T \ k[X

1

; : : : ; X

m

℄ = fX

a

1

1

� � �X

a

m

m

: (a

1

; : : : ; a

m

) 2 N

m

g;

and the proje
tion

�

m

: k

n

7! k

m

; �

m

(x

1

; : : : ; x

n

) = (x

1

; : : : ; x

m

);

whi
h we freely use to denote also the proje
tions

�

m

: T ' N

n

7! N

m

' T [1;m℄; �

m

(X

�

1

1

� � �X

�

n

n

) = X

�

1

1

� � �X

�

m

m

and

�

m

: k

n

� T 7! k

m

� T [1;m℄; �

m

(a; �) = (�

m

(a); �

m

(�)):

Also, for a CM-
ondition x = (a; �) 2 k

m

� T [1;m℄ we also set

�

m

(�) := �

m

(M(�)�

a

) :=M(�

m

(�))�

�

m

(a)

:

With a slight abuse of notation, if I(X) is radi
al, we simply identify ea
h

x

i

= (a

i

; 1) with a

i

:

With this notation, let us set

m := max (j : exists i < s : �

j

(x

i

) = �

j

(x

s

));

d := #fx

i

; i < s : �

m

(x

i

) = �

m

(x

s

); �

0

(x

i

) 2 T [1;m+ 1℄g;

W := fx

i

: �

0

(x

i

) = !

i

X

d

m+1

; !

i

2 T [1;m℄g [ fx

s

g;

V := �

m

(W);

! := �(V)(�

m

(x

s

));

t

s

:= !X

d

m+1

;

where N(V) and �(V) are the result of the appli
ation of the present algo-

rithm to V, whi
h 
an be indu
tively applied sin
e #(V) � s � 1. We then

de�ne

� N := N

0

[ ft

s

g;

� �(x

i

) :=

�

�

0

(x

i

) i < s

t

s

i = s

Example 33.2.1. Let us 
onsider the set Y := fa

i

; 1 � i � 6g where

a

1

= (0; 0) a

2

= (0; 1) a

3

= (2; 0)

a

4

= (0; 2) a

5

= (1; 0) a

6

= (1; 1);

Cerlien
o{Mureddu Algorithms returns:

(0,0) a

1

:= (0; 0); �(a

1

) := t

1

:= 1;

3

If s = 1 the only possible solution is N = f1g; �(x

1

) = 1:
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(0,1) a

2

:= (0; 1);m = 1; d = #f(0; 0)g = 1;W = f(0; 1)g;

! = 1; �(a

2

) := t

2

:= X

2

,

(2,0) a

3

:= (2; 0);m = 0; d = #f(0; 0)g = 1;W = f(2; 0)g;

! = 1; �(a

3

) := t

3

:= X

1

,

(0,2) a

4

:= (0; 2);m = 1; d = #f(0; 0); (0; 1)g = 2;W = f(0; 2)g;

! = 1; �(a

4

) := t

4

:= X

2

2

,

(1,0) a

5

:= (1; 0);m = 0; d = #f(0; 0); (2; 0)g = 2;W = f(1; 0)g;

! = 1; �(a

5

) := t

5

:= X

2

1

,

(1,1) a

6

:= (1; 1);m = 1; d = #f(1; 0)g = 1;W = f(0; 1); (1; 1)g;

! = X

1

; �(a

6

) := t

6

:= X

1

X

2

.

�

Example 33.2.2. Let us 
onsider the set X := fb

i

; 1 � i � 9g where

b

1

= (0; 0; 1) b

2

= (0; 1;�2) b

3

= (2; 0; 2)

b

4

= (0; 2;�2) b

5

= (1; 0; 3) b

6

= (1; 1; 3)

b

7

= (1; 1; 1) b

8

= (2; 0; 1) b

9

= (2; 0; 0)

and let us set a

i

:= �

2

(b

i

), for ea
h i, so that �

2

(X) = Y, where Y is the set

of points dis
ussed in Example 33.2.1.

Clearly Cerlien
o{Mureddu Corresponden
e returns �(b

i

) = �(a

i

) for

ea
h i � 6 and

t

7

:= X

3

; t

8

:= X

1

X

3

; t

9

:= X

2

3

:

�

Let L := f�

1

; : : : ; �

s

g and

X := fx

1

; : : : ; x

s

g � k

n

� T ; x

i

= (a

i

; �

i

); a

i

:= (a

i1

; : : : ; a

in

); �

i

=

n

Y

l=1

X

�

il

l

be the Ma
aulay representation and the CM-s
heme of a (zero-dimensional)

CM-ideal I � P so that, for ea
h i,

�

i

= M(�) = M(�

i

)�

a

i

; for ea
h i; 1 � i � s;

and let N := N(X) and � := �(X) the result of Cerlien
o{Mureddu Corre-

sponden
e. Then

Lemma 33.2.2. If Y = fx

1

; : : : ; x

r

g � X is an initial segment of X then

� Y is a CM-s
heme,

� N(Y) � N(X);

� for ea
h j � r < s; �(Y)(x

j

) = �(X)(x

j

):

�
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Remark 33.2.1. Let us denote, for ea
h �; 1 � � < n; and ea
h y 2 �

�

(X);

�(y) := # fx 2 X : y = �

�

(x)g ;

and for ea
h �; 1 � � < n; and ea
h Æ 2 N;

Y

�Æ

:= f�

�

(x) : exists ! 2 T [1; �℄ : �(x) = !X

Æ

�+1

g:

Then

� Y

�Æ

= fy 2 �

�

(X) : Æ < �(y)g,

� �

�

(X) = Y

�0

� Y

�1

� � � � � Y

�Æ

� Y

�Æ+1

� � � �,

� I(�

�

(X)) = I(Y

�0

) � I(Y

�1

) � � � � � I(Y

�Æ

) � I(Y

�Æ+1

) � � � �.

The result is essentially a spe
ialization of Theorem 26.2.2 �

Let � := X

d

1

1

� � �X

d

n

n

2 T nN(X) be any term su
h that N [ f�g is an

order ideal and let us de�ne, for ea
h m; 1 � m � n:

N

m

(�) := N

m

(X; �) := f! 2 T [1;m℄ : � > !X

d

m+1

m+1

� � �X

d

n

n

2 Ng;

A

m

(�) := A

m

(X; �) := f�

�1

(!X

d

m+1

m+1

� � �X

d

n

n

) : ! 2 N

m

(�)g � X � k

n

� T ,

B

m

(�) := B

m

(X; �) := �

m

(A

m

(�)) � k

m

� T [1;m℄,

C

m

(�) := C

m

(X; �) := f�

m

(x) 2 B

m

(�) : �

m�1

(x) 62 B

m�1

(�)g � k

m

�

T [1;m℄,

D

m

(�) := D

m

(X; �) := fx 2 X : �

m

(x) 2 C

m

(�)g � X;

L

m

(�) := L

m

(X; �) := f�

i

2 L : �

m

(x

i

) = (�

m

(a

i

); �

m

(�

i

)) 2 C

m

(�)g � L;

M

m

(�) := M

m

(X; �) := f! 2 T [1;m℄ : ! < X

d

m

m

; !X

d

m+1

m+1

� � �X

d

n

n

2 Ng;

where, with slight abuse of notation, we have

N

n

(�) := f! 2 T : ! < �g;A

n

(�) := B

n

(�) := fa : �(a) < �g;C

1

(�) := B

1

(�):

Example 33.2.3. With respe
t to Example 33.2.2, if we 
hoose � := X

2

X

3

we have

N

1

= A

1

= B

1

= C

1

= D

1

= M

1

= ;;

and

N

2

= f1; X

1

g; N

3

= N n fX

2

3

g;

A

2

= fb

7

; b

8

g; A

3

= fb

i

; 1 � i � 8g;

B

2

= f(1; 1); (2; 0)g; B

3

= fb

i

; 1 � i � 8g;

C

2

= f(1; 1); (2; 0)g; C

3

= fb

1

; b

2

; b

4

; b

5

g;

D

2

= fb

3

; b

6

; b

7

; b

8

; b

9

g; D

3

= fb

1

; b

2

; b

4

; b

5

g;

M

2

= f1; X

1

g; M

3

= f1; X

1

; X

2

1

; X

2

; X

1

X

2

; X

2

2

g:

If we instead 
hoose � := X

1

X

2

3

we have

N

1

= f1g; N

2

= f1g; N

3

= N;

A

1

= fb

9

g; A

2

= fb

9

g; A

3

= fb

i

; 1 � i � 9g;

B

1

= f2g; B

2

= f(2; 0)g; B

3

= fb

i

; 1 � i � 9g;

C

1

= f2g; C

2

= ;; C

3

= fb

1

; b

2

; b

4

; b

5

; b

6

; b

7

g;

D

1

= fb

3

; b

8

; b

9

g; D

2

= ;; D

3

= fb

1

; b

2

; b

4

; b

5

; b

6

; b

7

g;

M

1

= f1g; M

2

= ;; M

3

= N n fX

2

3

g:
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Lemma 33.2.3. With the notation above, it holds

(1) #(B

m

(�)) = #(A

m

(�)) = #(N

m

(�));

(2) Cerlien
o{Mureddu Corresponden
e asso
iates to B

m

(�) the order ideal

N(B

m

(�)) = N

m

(�)

and the bije
tion �(B

m

(�)) de�ned by

�(B

m

(�))(�

m

(x))X

d

m+1

m+1

� � �X

d

n

n

= �(x); for ea
h x 2 A

m

;

(3) #(L

m

(�)) = #(C

m

(�)) � #(M

m

(�));

(4) under Cerlien
o{Mureddu Corresponden
e one has

N(C

m

(�)) � f! 2 T [1;m℄ : ! < X

d

m

m

g;

(5) X = [

m

D

m

(�):

Proof.

(1) is trivial;

(2) Cerlien
o{Mureddu Algorithm when applied to the ordered set X asso-


iates ea
h element x 2 A

m

(�) to the term

�(x) = �(�

m

(A

m

(�)))(�

m

(x))X

d

m+1

m+1

� � �X

d

n

n

;

(3) in order to obtain M

m

(�) one has to remove form N

m

(�) the subset

f!X

d

m

m

2 N

m

(�) : ! 2 T [1;m� 1℄g = f!X

d

m

m

: ! 2 N

m�1

(�)g

while for ea
h ! 2 N

m�1

(�) there are d

m

+ 1 elements y 2 B

m

(�) su
h

that

�(B

m�1

(�))(�

m�1

(y)) = !:

(4) In order that there is ! 2 N(C

m

(�)) su
h that ! � X

d

m

m

, Cerlien
o{

Mureddu Algorithm requires the existen
e of at least d

m

+ 1 elements

y

0

; : : : ; y

d

m

su
h that

�

m

(y

0

) = � � � = �

m

(y

i

) = � � � = �

m

(y

d

m

);

so that �

m�1

(y

0

) 2 B

m�1

(�).

(5) If x 2 X is su
h that �(x) < � , then there is a minimal value m � n for

whi
h x 2 A

m

(�), �

m

(x) 2 B

m

(�), �

m

(x) 2 C

m

(�), x 2 D

m

(�).

If x 2 X is su
h that �(x) = X

e

1

1

� � �X

e

n

n

> � , there is m � n su
h

that e

m

> d

m

; while e

i

= d

i

; for ea
h i > m; this implies that there is

y 2 A

m

(�) su
h that �

m

(y) = �

m

(x) so that x 2 D

m

(�).

�
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33.3 Lazard Stru
tural Theorem

Let I � P be a CM-ideal, and, using the same notation as above, L :=

f�

1

; : : : ; �

s

g and

X := fx

1

; : : : ; x

s

g � k

n

� T ; x

i

= (a

i

; �

i

); a

i

:= (a

i1

; : : : ; a

in

); �

i

=

n

Y

l=1

X

�

il

l

a Ma
aulay representation and a CM-s
heme of I so that, for ea
h i,

�

i

= M(�

i

) = M(�

i

)�

a

i

; for ea
h i; 1 � i � s;

let us now denoteN := N(X) and � := �(X) the result of Cerlien
o{Mureddu

Corresponden
e whi
h satis�es

Fa
t 33.3.1. It holds

(A) N := N(I):

�

Sin
e N is an order ideal, T := T nN is a monomial ideal whose minimal

basis G := ft

1

; : : : ; t

r

g will be ordered so that t

1

< t

2

< : : : < t

r

:

Denoting further

B := (f1g [ fX

i

� : � 2 Ng) nN

we obviously obtain

Corollary 33.3.1. It holds

(B) G(I) =G = ft

1

; : : : ; t

r

g; t

1

< t

2

< : : : < t

r

;

(C) B(I) = B:

�

Let us extend the ordering of X to N = f�

1

; : : : ; �

s

g enumerating it so

that �

�

= �(x

�

); for ea
h � and let us denote the ordering of X and N by �

so that

for ea
h �; �; �

�

� �

�

; x

�

� x

�

() � < �:

Denote for ea
h � 2 N

� X(�) := fx 2 X : x � �

�1

(�)g = fx 2 X : �(x) � �g;

� L(� ) := f�

j

: x

j

2 X(�)g,

� I(X(�)) := P(Span

k

(L(� )));

and, for ea
h � 2 N [B:

� N(�) := f! 2 N : ! � �g;

� M

m

(�) := f! 2 M

m

: ! � �g;

so that



33.3 Lazard Stru
tural Theorem 549

Corollary 33.3.2. It holds

(D) For ea
h � 2 N there is a unique polynomial

f

�

:= � �

X

!2N(�)


(f

�

; !)!

su
h that �(f

�

) = 0; for ea
h � 2 L(� ):

(E) For ea
h � 2 G there is a unique polynomial

f

�

:= � �

X

!2N


(f

�

; !)!

su
h that �(f

�

) = 0; for ea
h � 2 L:

Proof. Sin
e #L(� ) = #X(�) = #N(�) and #L = #X = #N; f

�


an be


omputed by interpolation. �

In the same mood, but interpolation is not suÆ
ient to prove it, we 
an

state

Fa
t 33.3.2. It holds

(F) For ea
h � 2 B there is a polynomial

f

�

:= � �

X

!2N(�)


(f

�

; !)!

su
h that �(f

�

) = 0; for ea
h � 2 L:

�

Corollary 33.3.3. It holds:

(G) The redu
ed Gr�obner basis of I is

G(I) := ff

�

: � 2 Gg;

moreover, for ea
h � 2 N, T(f

�

) = �:

(H) The border basis of I is

B(I) := ff

�

: � 2 Bg:

Proof. For ea
h � 2 G [B, � is the only term in f

�

whi
h is not a member

of N so that T(f

�

) = �:

For any � 2 N, T(f

�

) = � be
ause Cerlien
o{Mureddu Corresponden
e

grants � 2 G(I(X(�))) and N(I(X(�))) = N(�): �

Linear interpolation, again, is all one needs to prove

Proposition 33.3.1. With the same notation as in Lemma 33.2.3, it holds
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(U) for ea
h � := X

d

1

1

� � �X

d

n

n

2 G; and ea
h m; 1 � m � n, there are

polynomials

g

m�

:= X

d

m

m

+

X

!2M

m

(�)


(g

m�

; !)!

su
h that g

m�

(a) = 0; for ea
h a 2 D

m

(�);

(T) for ea
h � := X

d

1

1

� � �X

d

n

n

2 N and ea
h m; 1 � m � n, there are

polynomials

g

m�

:= X

d

m

m

+

X

!2M

m

(�)


(g

m�

; !)!

su
h that g

m�

(a) = 0; for ea
h a 2 D

m

(�); a � �

�1

(�):

Proof.

(U) Sin
e #(C

m

(�)) � #(M

m

(�)), we 
an evaluate ea
h 
(g

m�

; !) by in-

terpolation, so that g

m�

(b) = 0; for ea
h b 2 C

m

(�) and g

m�

(a) =

g

m�

(�

m

(a)); for ea
h a 2 D

m

(�):

(T) One has just to apply (U) to the set X(�).

�

For ea
h � := X

d

1

1

� � �X

d

n

n

2 N; let us denote � := �(�) � n the value

su
h that d

�

6= 0 while d

�

= 0 for ea
h � > � so that � 2 T [1; �℄, g

m�

= 1

for m > �; and, denoting

h

�

:=

n

Y

m=1

g

m�

2 k[X

1

; : : : ; X

��1

℄[X

�

℄;

l

�

:=

�(�)�1

Y

m=1

g

m�

2 k[X

1

; : : : ; X

��1

℄;

p

�

:= g

��

2 k[X

1

; : : : ; X

��1

℄[X

�

℄;

it holds

h

�

= l

�

p

�

= l

�

X

d

�

�

+ � � �

so that l

�

2 k[X

1

; : : : ; X

��1

℄ is the leading polynomial and the 
ontent of h

�

while the moni
 polynomial p

�

is the primitive 
omponent of h

�

.

Therefore we have

4

Corollary 33.3.4. With the notation above, under the assumption that I is

radi
al, it holds

4

This justi�es why we need to require that I is radi
al: in this restri
ted setting,

ea
h fun
tional �

i

is evaluation at a point and distributes with produ
t.
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(W) for ea
h � = X

d

1

1

� � �X

d

�

�

2 N; there are

l

�

2 k[X

1

; : : : ; X

��1

℄

and a moni
 polynomial

p

�

= X

d

�

�

+

X

!2M

�

(�)


(p

�

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that h

�

:= l

�

p

�

are su
h that

� T(h

�

) = �;

� l

�

(�

��1

(a)) = 0; for all a 2 X(�);

� p

�

(a) = 0; for ea
h a 2 D

�

(�);

� h

�

(a) = 0; for ea
h a 2 X su
h that a � �

�1

(�):

(X) for ea
h i; 1 � i � r there are

l

i

2 k[X

1

; : : : ; X

��1

℄

and a moni
 polynomial

p

i

= X

d

�

�

+

X

!2M

�

(t

i

)


(p

i

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that h

i

:= l

i

p

i

are su
h that

� T(h

i

) = t

i

= X

d

1

1

� � �X

d

�

�

2 G \ T [1; �℄;

� l

i

(�

��1

(a)) = 0; for ea
h a 2 [

��1

m=1

D

m

(t

i

);

� p

i

(a) = 0; for ea
h a 2 D

�

(t

i

);

� h

i

(a) = 0; for ea
h a 2 X:

�

While #(C

m

(�)) � #(M

m

(�)), in general equality does not hold and the

polynomials g

m�

are not unique. However, uniqueness 
an be for
ed via Cer-

lien
o{Mureddu Coresponden
e in su
h a way that the result does not require

the assumption that I is radi
al.

We begin by remark that, however, #(C

1

(�)) = #(M

1

(�)) so that g

1�

is unique. We therefore begin our 
onstru
tion by setting 


1�

:= g

1�

and,

indu
tively, for m; 1 < m � n,

� �

m�

:=

Q

m�1

�=1




��

,

� Q

m

(�) := fM(!)�

a

: ! 2 T [1;m� 1℄; a 2 Z := Z(I);M(!)�

a

(�

m�

) 6= 0g,

� P

m

(�) := fM

�

�

m

�

�

i

!

��

�

a

i

: M(�

i

))�

a

i

2 L

m

(�);M(!)�

a

i

2 Q

m

(�)g;

� R

m

(�) := f

�

�

m

(a

i

); �

m

�

�

i

!

��

: M

�

�

m

�

�

i

!

��

�

a

i

2 P

m

(�)g;

� E

m

(�) := N(R

m

(�));

� S

m

(�) := f

�

�

m

(a

i

); �

m

�

�

i

!

��

2 R

m

(�)(a

i

; �

i

) � �

�1

(�)g;

� F

m

(�) := N(S

m

(�)):

Then:

Corollary 33.3.5. With this notation it holds
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(L) for ea
h � := X

d

1

1

� � �X

d

n

n

2 G; and ea
h m; 1 � m � n there are unique

polynomials




m�

:= X

d

m

m

+

X

!2E

m

(�)


(


m�

; !)!

su
h that �

m

(�

i

)(


m�

) = 0; for ea
h x

i

2 D

m

(�);

(I) for ea
h � := X

d

1

1

� � �X

d

n

n

2 N; and ea
h m; 1 � m � n there are unique

polynomials




m�

:= X

d

m

m

+

X

!2F

m

(�)


(


m�

; !)!

su
h that �

m

(�

i

)(


m�

) = 0; for ea
h x

i

2 D

m

(�); x

i

� �

�1

(�);

(M) for ea
h � = X

d

1

1

� � �X

d

�

�

2 N; there are

L

�

2 k[X

1

; : : : ; X

��1

℄

and a unique moni
 polynomial

P

�

= X

d

�

�

+

X

!2F

�

(�)


(P

�

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that H

�

:= L

�

P

�

are su
h that

� T(H

�

) = �; Lp(H

�

) = L

�

;

� �

��1

(�)(L

�

) = 0; for ea
h � 2 L(� );

� �

�

(�)(P

�

) = 0; for ea
h � 2 L

�

(�);

� �

�

(�

i

)(H

�

) = 0; for ea
h �

i

2 L : x

i

� �

�1

(�):

(N) for ea
h i; 1 � i � r there are

L

i

2 k[X

1

; : : : ; X

��1

℄

and a unique moni
 polynomial

P

i

= X

d

�

�

+

X

!2E

�

(t

i

)


(P

i

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that H

i

:= L

i

P

i

are su
h that

� T(H

i

) = t

i

= X

d

1

1

� � �X

d

�

�

2 G \ T [1; �℄; Lp(H

i

) = L

i

;

� �

��1

(�)(L

i

) = 0; for ea
h � 2 [

��1

m=1

L

m

(t

i

);

� �

�

(�)(P

i

) = 0; for ea
h � 2 L

�

(t

i

);

� �

�

(�)(H

i

) = 0; for ea
h �

i

2 L:

Proof. The only non trivial statements, i.e. the vanishing of �

��1

(�)(L)

and �

�

(�)(H) are an elementary 
onsequen
e of Leibniz Formula (Propo-

sition 31.4.1). �

Corollary 33.3.6. It holds

(O) fH

1

; : : : ; H

r

g is a minimal Gr�obner basis of I;
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(Q) For ea
h �; 1 � � < n; and ea
h Æ 2 N let j(�Æ) the value su
h that

t

j(�Æ)

< X

Æ

�+1

� t

j(�Æ)+1

; then fL

1

; : : : ; L

j

�Æ

)

g is a Gr�obner basis of

I(Y

�Æ

);

(P) For ea
h �; 1 � � < n let j

�

the value su
h that t

j

�

< X

�+1

� t

j

�

+1

;

then fH

1

; : : : ; H

j

�

g is a minimal Gr�obner basis of I \ k[X

1

; : : : ; X

�

℄ and

of I(�

�

(X)):

�

Proof. (O) is obvious;

(Q) is a dire
t appli
ation of (O) to the set of points Y

�Æ

via Remark 33.2.1

(P) is a parti
ular instan
e of (Q); minimality is trivial.

�

Clearly, if I is radi
al similar statements hold for

fh

1

; : : : ; h

r

g; fl

1

; : : : ; l

j

�Æ

)

g and fh

1

; : : : ; h

j

�

g:

Remark 33.3.1. The only di�eren
e between the three bases

ff

1

; : : : ; f

r

g; fh

1

; : : : ; h

r

g and fH

1

; : : : ; H

r

g

is that the �rst is redu
ed unlike the others. On the other side, for ea
h i, we

have

T(f

i

) = T(h

i

) = T(H

i

) = t

i

:

Therefore we have

� f

1

= h

1

= H

1

and

� f

i

� h

i

2 (h

1

; : : : ; h

i�1

); f

i

�H

i

2 (H

1

; : : : ; H

i�1

) for ea
h i; 1 < i � r;

when
e

� f

i

2 (h

1

; : : : ; h

i

); f

i

2 (H

1

; : : : ; H

i

) for ea
h i; 1 � i � r:

Fa
t 33.3.3. It holds

(R) For ea
h i; 2 � i � r, P

i

2 (H

j

; j < i) : L

i

.

�

Fa
t 33.3.4. It holds

(S) for ea
h j; 1 � j � s, �

j

(f

�

j

) 6= 0 and �

j

(H

�

j

) 6= 0 so that L(I) is

triangular to f�

j

(f

�

j

)

�1

f

�

j

; 1 � j � sg and f�

j

(H

�

j

)

�1

H

�

j

; 1 � j � sg.

�

Corollary 33.3.7. If I is radi
al, moreover

(Z) l

i

; p

i

; h

i

, 1 � i � r satisfy

fh

1

; : : : ; h

r

g is a minimal Gr�obner basis of I;
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for ea
h �; 1 � � < n, fh

1

; : : : ; h

j

�

g is a minimal Gr�obner basis of

I \ k[X

1

; : : : ; X

�

℄ and of I(�

�

(X));

for ea
h �; 1 � � < n; fl

1

; : : : ; l

j

�Æ

)

g is a Gr�obner basis of I(Y

�Æ

);

for ea
h i; 2 � i � r, p

i

2 (h

j

; j < i) : l

i

;

for ea
h j; 1 � j � s, �

j

(h

�

j

) 6= 0;

L(I) is triangular to f�

j

(h

�

j

)

�1

h

�

j

; 1 � j � sg.

�

The 
onstru
tion whi
h led to Corollary 33.3.5 
an be re�ned as follows:

for ea
h � := X

d

1

1

� � �X

d

n

n

2 G; for ea
h � � n, iteratively for in
reasing

Æ � d

�

, with initial value P

�d

n

+1

(�) := P

��1

:= P

��12

we 
ompute

Y

�Æ

(�) := f�

�

(x) : 9! 2 T [1; �℄ : �(x) = !X

Æ

�+1

; x 2 P

�Æ+1

(�)g

E

�Æ

(�) := N(Y

�Æ

(�))

P

�Æ

(�) := fM

�

�

�

�

�

i

!

��

�

a

i

: M(�

i

))�

a

i

2 L

�

(�);M(!)�

a

i

2 Y

�Æ

(�)g;

so that

Corollary 33.3.8. For ea
h � := X

d

1

1

� � �X

d

n

n

2 G; ea
h m; 1 � m � n, and

ea
h Æ � d

m

there is a unique polynomial




mÆ�

:= X

m

+

X

!2E

�Æ

(�)


(


m�

; !)!

su
h that �

m

(�

i

)(


m�

) = 0; for ea
h �

i

2 Y

�Æ

(�):

Also 


m�

=

Q

Æ




mÆ�

. �

33.4 Some examples

Example 33.4.1. Let us 
onsider the set Y introdu
ed in Example 33.2.1.

A dire
t appli
ation of the Algorithm of Figure 28.1 returns

(0,0) t

1

:= 1,

G

1

:= fX

1

; X

2

g;

(0,1) t

2

= X

2

,

G

2

= fX

1

; X

2

2

�X

2

g;

(2,0) t

3

:= X

1

,

G

3

= fX

2

1

� 2X

1

; X

1

X

2

; X

2

2

�X

2

g;

(0,2) t

4

= X

2

2

,

G

4

= fX

2

1

� 2X

1

; X

1

X

2

; X

3

2

� 3X

2

2

+ 2X

2

g;

(1,0) t

5

= X

2

1

,

G

5

= fX

3

1

� 3X

2

1

+ 2X

1

; X

1

X

2

; X

3

2

� 3X

2

2

+ 2X

2

g;

(1,1) t

6

= X

1

X

2

,

G

6

= fX

3

1

� 3X

2

1

+ 2X

1

; X

2

1

X

2

�X

1

X

2

; X

1

X

2

2

�X

1

X

2

; X

3

2

� 3X

2

2

+ 2X

2

g:
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Remark that we have

X

3

1

� 3X

2

1

+ 2X

1

= (X

1

� 2)(X

1

� 1)X

1

X

2

1

X

2

�X

1

X

2

= X

2

(X

1

� 1)X

1

;

X

1

X

2

2

�X

1

X

2

= X

2

(X

2

� 1)X

1

;

X

3

2

� 3X

2

2

+ 2X

2

= X

2

(X

2

� 1)(X

2

� 2);

illustrating Lazard Theorem and Corollary 33.3.8. The fa
t that M�oller's

Algorithm returns Cerlien
o{Mureddu Corresponden
e is not a 
oin
iden
e.

�

Example 33.4.2. The result of the appli
ation of the Algorithm of Figure 28.1

to the set X of Example 33.2.2 returns, again, Cerlien
o{Mureddu Correspon-

den
e and the Gr�obner basis G

6

[ ff

1

; f

2

; f

3

; f

4

g where

f

1

:= X

3

X

2

1

� 3X

3

X

1

+ 2X

3

� 3X

2

2

� 6X

2

X

1

+ 9X

2

�X

2

1

+ 3X

1

� 2;

f

2

:= X

3

X

2

+X

3

X

1

� 2X

3

+ 3X

2

2

+X

2

X

1

� 7X

2

� 2X

2

1

+ 3X

1

+ 2;

f

3

:= X

2

3

X

1

� 2X

2

3

� 4X

3

X

1

+ 8X

3

� 15X

2

2

� 30X

2

X

1

+ 45X

2

+ 3X

1

� 6;

f

4

:= X

3

3

� 3X

2

3

+ 3X

3

X

1

� 4X

3

� 3X

2

2

� 6X

2

X

1

+ 9X

2

� 3X

1

+ 6;

and (modulo I(Y))

f

1

= (X

1

� 2)(X

1

� 1)(X

3

�

3

2

X

2

2

+

9

2

X

2

� 1)

f

2

= (X

2

+X

1

� 2)(X

3

+ 3X

2

� 2X

1

� 1)

f

3

= (X

1

� 2)(X

3

� 1)(X

3

� 5X

1

+ 2)

f

4

= (X

3

� 1)X

3

(X

3

+ 3X

2

1

� 8X

1

+ 2)

where

� (X

2

1

�3X

1

+2; X

2

+X

1

�2; X

3

�1) is the Gr�obner basis of the ideal whose

roots are f�

2

(b

7

); �

2

(b

8

)g,

� fb 2 X : (X

2

1

�3X

1

+2)(b) 6= 0g = fb

1

; b

2

; b

4

g to whi
h Cerlien
o{Mureddu

Corresponden
e asso
iates f1; X

2

; X

2

2

g

� fb 2 X : (X

2

+X

1

�2)(b) 6= 0g = fb

1

; b

2

; b

5

g to whi
h Cerlien
o{Mureddu

Corresponden
e asso
iates f1; X

1

; X

2

g

� fb 2 X : (X

1

� 2)(X

3

� 1)(b) 6= 0g = fb

2

; b

4

; b

5

; b

6

g to whi
h Cerlien
o{

Mureddu Corresponden
e asso
iates f1; X

1

; X

2

; X

1

X

2

g.

� fb 2 X : (X

2

3

�X

3

))(b) 6= 0g = fb

2

; b

3

; b

4

; b

5

; b

6

g to whi
h Cerlien
o{Mu-

reddu Corresponden
e asso
iates f1; X

1

; X

2

1

; X

2

; X

1

X

2

g.

�
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Example 33.4.3. Let us set a := (0; 0; 0), b := (1; 0; 1), 
 := (0;�1;�1);

�

a

(q

a

) := (X

4

1

; X

1

X

2

2

; X

2

1

X

2

; X

1

X

3

; X

2

X

3

; X

2

3

)

�

b

(q

b

) := (X

1

; X

3

2

; X

1

X

3

; X

2

3

)

�




(q




) := (X

1

; X

2

2

; X

2

3

);

I := q

a

[ q

b

[ q




:

so that s := deg(I) = 8 + 4 + 4 = 16.

In the table below we properly list the sets X(I), L(I) and the result N(X)

of Cerlien
o{Mureddu Corresponden
e.

i 1 2 3 4 5 6 7 8

a

i

a a a a a a a a

�

i

1 X

1

X

2

X

3

X

2

1

X

1

X

2

X

2

2

X

3

1

�(�

i

) 1 X

1

X

2

X

3

X

2

1

X

1

X

2

X

2

2

X

3

1

i 9 10 11 12 13 14 15 16

a

i

b b b b 
 
 
 


�

i

1 X

2

X

3

X

2

2

1 X

2

X

3

X

2

X

3

�(�

i

) X

4

1

X

2

1

X

2

X

1

X

3

X

1

X

2

2

X

3

2

X

4

2

X

2

X

3

X

2

2

X

3

The lex redu
ed Gr�obner basis of I is G(I) = ff

i

; 1 � i � 9g where

f

1

:= X

5

1

�X

4

1

f

2

:= X

3

1

X

2

�X

2

1

X

2

f

3

:= X

2

1

X

2

2

�X

1

X

2

2

f

4

:= X

1

X

3

2

f

5

:= X

5

2

+ 2X

4

2

+X

3

2

f

6

:= X

2

1

X

3

�X

1

X

3

f

7

:= X

1

X

2

X

3

�X

2

1

X

2

f

8

:= X

3

2

X

3

+ 2X

2

2

X

3

+X

2

X

3

� 2X

1

X

2

2

�X

2

1

X

2

f

9

:= X

2

3

� 2X

2

2

X

3

� 4X

2

X

3

� 2X

1

X

3

� 3X

4

2

+ 2X

1

X

2

2

+ 4X

2

1

X

2

+X

4

1

and we have the following fa
torization of ea
h f

i

modulo (f

1

; : : : ; f

i�1

):

f

1

= X

4

1

(X

1

� 1)

f

2

= X

2

1

(X

1

� 1)X

2

f

3

= X

1

(X

1

� 1)X

2

2

f

4

= X

1

X

3

2

f

5

= X

3

2

(X

2

+ 1)

2

f

6

= X

1

(X

1

� 1)X

3

f

7

= X

1

X

2

(X

3

�X

2

)

f

8

� X

2

(X

2

+ 1)

2

(X

3

�X

2

1

)

f

9

� (X

3

�X

2

1

� 2X

2

�X

2

2

)(X

3

+ 3X

2

2

+ 2X

3

2

�X

2

1

):

Remark that for

f

2

Q

2

(t

2

) = fM(X

2

1

)�

a

;M(X

1

)�

b

;M(X

2

1

)�




g;

L

2

(t

2

) = f�

5

; �

8

g;

P

2

(t

2

) = f�

1

; �

2

g;
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E

2

(t

2

) = f1; X

1

g;

f

3

Q

2

(t

3

) = fM(X

1

)�

a

;M(X

1

)�

b

;M(X

1

)�




g;

L

2

(t

3

) = f�

2

; �

5

; �

8

g;

P

2

(t

3

) = f�

1

; �

2

; �

5

; �

3

g;

E

2

(t

3

) = f1; X

1

; X

2

1

; X

2

g;

f

4

Q

2

(t

4

) = fM(X

1

)�

a

;M(1)�

b

;M(X

1

)�




g;

L

2

(t

4

) = f�

2

; �

5

; �

8

; �

9

g;

P

2

(t

4

) = f�

1

; �

2

; �

5

; �

3

; �

9

; �

10

; �

12

g;

E

2

(t

4

) = f1; X

1

; X

2

1

; X

3

1

; X

2

; X

1

X

2

; X

2

2

g;

f

5

R

2

(t

5

) = f�

1

; �

3

; �

7

; �

13

; �

15

g;

f

6

Q

3

(t

6

) = fM(X

1

)�

a

;M(X

1

)�

b

;M(X

1

)�




g;

L

3

(t

6

) = f�

2

; �

5

; �

6

; �

8

g;

P

3

(t

6

) = f�

1

; �

2

; �

5

; �

3

g;

E

3

(t

6

) = f1; X

1

; X

2

1

; X

2

g;

f

7

Q

2

(t

7

) = fM(X

1

)�

a

;M(1)�

b

;M(X

1

)�




g;

L

2

(t

7

) = f�

2

; �

5

; �

8

; �

9

g;

P

2

(t

7

) = f�

1

; �

2

; �

5

g;

E

2

(t

7

) = f1; X

1

; X

2

1

g;

Q

3

(t

7

) = fM(X

1

X

2

)�

a

;M(X

2

)�

b

;M(X

1

)�




g;

L

3

(t

7

) = f�

6

; �

10

; �

12

g;

P

3

(t

7

) = f�

1

; �

9

; �

10

g;

E

3

(t

7

) = f1; X

1

; X

2

g;

f

8

Q

2

(t

8

) = fM(1)�

a

;M(1)�

b

;M(1)�




g;

L

2

(t

8

) = f�

1

; �

13

; �

14

g;

P

2

(t

8

) = f�

1

; �

13

; �

14

; g;

E

2

(t

8

) = f1; X

2

; X

2

2

g;

Q

3

(t

8

) = fM(X

2

)�

a

;M(X

2

)�

b

;M(X

2

2

)�




g;

L

3

(t

8

) = f�

2

; �

3

; �

5

; �

6

; �

7

; �

8

; �

9

; �

10

; �

12

g;

P

3

(t

8

) = f�

1

; �

2

; �

3

; �

9

; �

10

g;

E

3

(t

8

) = f1; X

1

; X

2

; X

2

1

; X

1

X

2

g

f

9

P

3

(t

9

) = f�

i

; i � 16gg;

Y

32

(t

9

) = f�

1

; �

19

; �

13

; �

14

g;

E

32

(t

9

) = f1; X

1

; X

2

; X

2

2

g;




32t

9

= X

3

�X

1

� 2X

2

�X

2

2

;

P

32

(t

9

) = f�

i

; i 2 f1; 2; 3; 5; 9; 10; 13; 14gg;

Y

31

(t

9

) = f�

i

; i 2 f1; 2; 3; 5; 9; 10; 13; 14gg;

E

31

(t

9

) = f1; X

1

; X

2

; X

2

1

; X

1

X

2

; X

2

2

; X

3

1

; X

3

2

g;




31t

9

= X

3

�X

3

1

+ 3X

2

2

+ 2X

3

2

;

and that ea
h fa
tor is obtained by interpolation as stated in Corollary 33.3.5.

Example 33.4.4. If, in the example above, we now add, where d = (1; 0; 0),

�

17

:= M(X

2

3

)�

a

�(�

17

) = X

3

�

18

:= M(1)�

d

�(�

18

) = X

1

X

3

the 
orresponding lex redu
ed Gr�obner basis is
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ff

i

; 1 � i � 8g [ ff

10

; f

11

g

where

f

10

:= X

2

X

2

3

+ 2X

2

X

3

+ 2X

4

2

+ 3X

3

2

� 3X

2

1

X

2

� X

2

(X

3

� 1� 4X

2

� 2X

2

2

)(X

3

�X

2

1

+ 3X

2

2

+ 2X

3

2

);

f

11

:= X

3

3

� 2X

1

X

2

3

+ 3X

2

2

X

3

+ 6X

2

X

3

+X

1

X

3

� X

3

(X

3

�X

1

� 2X

2

�X

2

2

)(X

3

�X

2

1

+ 3X

2

2

+ 2X

3

2

):

The fa
torization is justi�ed by

f

10

Q

2

(t

10

) = fM(1)�

a

;M(1)�

b

;M(1)�




;M(1)�

d

g;

L

2

(t

10

) = f�

1

g;

P

2

(t

10

) = f�

1

g;

E

2

(t

10

) = f1g;




2t

10

= X

2

;

Q

3

(t

10

) = fM(X

2

)�

a

;M(1)�

b

;M(1)�




;M(1)�

d

g;

L

3

(t

10

) = f�

i

; i � 18; 1 6= i 6= 4g;

P

3

(t

10

) = f�

i

; i =2 f4; 5; 6; 7; 8; 18gg;

Y

32

(t

10

) = f�

9

; �

13

; �

14

; �

18

g;

E

32

(t

10

) = f1; X

1

; X

2

; X

2

2

g;




32t

10

= X

3

� 1� 4X

2

� 2X

2

2

;

P

32

(t

10

) = f�

i

; i 2 f1; 2; 3; 9; 10; 13; 14gg;

Y

31

(t

10

) = f�

i

; i 2 f1; 2; 3; 9; 10; 13; 14gg;

E

31

(t

10

) = f1; X

1

; X

2

; X

2

1

; X

1

X

2

; X

2

2

; X

3

2

g;




31t

10

= X

3

�X

2

1

+ 3X

2

2

+ 2X

3

2

;

f

11

P

3

(t

11

) = f�

i

; i � 18gg;

Y

33

(t

11

) = f�

1

; �

18

g;

E

33

(t

11

) = f1; X

1

; g;




33t

11

= X

3

;

P

33

(t

11

) = f�

i

; i =2 f6; 7; 8gg;

Y

32

(t

11

) = f�

1

; �

9

; �

13

; �

14

g;

E

32

(t

11

) = f1; X

1

; X

2

; X

2

2

g;




32t

11

= X

3

�X

1

� 2X

2

�X

2

2

;

P

32

(t

11

) = f�

i

; i 2 f1; 2; 3; 9; 10; 13; 14gg;

Y

31

(t

11

) = f�

i

; i 2 f1; 2; 3; 9; 10; 13; 14gg;

E

31

(t

11

) = f1; X

1

; X

2

; X

2

1

; X

1

X

2

; X

2

2

; X

3

2

g;




31t

11

= X

3

�X

2

1

+ 3X

2

2

+ 2X

3

2

:

33.5 An algorithmi
 proof

The fa
t that M�oller's Algorithm returns Cerlien
o{Mureddu Corresponden
e

suggests that a proof 
an be obtained by a dire
tly appli
ation of it

5

.

5

of whi
h a simpli�ed version in this setting is presented in Figure 33.1.
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Fig. 33.1. M�oller Algorithm for Ma
aulay representation

r := 1;B := ;

t

1

:= 1;N := ft

1

g; q

1

:= t

1

; q := fq

1

g,

For h = 1::n do

t := X

h

; b

t

:= X

h

� a

h1

;B := B [ ftg

While r � s do

Let t := min

<

ft 2 B : �

r+1

(b

t

) 6= 0g

r := r + 1, B := B n ftg;

t

r

:= t;N := N [ ft

r

g; q

r

:= �

r

(b

t

)

�1

b

t

;q := q [ fq

r

g,

For ea
h � 2 B do b

�

:= b

�

� �

r

(b

�

)q

r

;

For h = 1::n do

If X

h

t

r

62 B then

t := X

h

t

r

;

f := X

h

b

t

r

�

P

�2N

X

h

�2B


(b

t

r

; � )b

X

h

�

b

t

:= f � �

r

(f)q

r

B := B [ fX

h

t

r

; h = 1::ng

q; fb

�

: � 2 Bg

The proof being by indu
tion, we begin with

Lemma 33.5.1. If #X = 1 
onditions (A), (F), (W), (X) hold.

Proof. When we have a single point (a

1

; : : : ; a

n

) 2 k

n

, we have

� N = f1g;

� B = G = fX

1

; : : : ; X

n

g;

� f

1

= 1,

� f

X

i

= X

i

� a

i

; for ea
h i;

and the properties are obviously satis�ed. �

This giving a starting point for indu
tion, let us assume we have a

Ma
aulay representation L := f�

1

; : : : ; �

s

g and a CM-s
heme

X := fx

1

; : : : ; x

s

g � k

n

� T ; x

i

= (a

i

; �

i

); a

i

:= (a

i1

; : : : ; a

in

); �

i

=

n

Y

l=1

X

�

il

l

of a CM-ideal I, so that, for ea
h i,

�

i

= M(�) = M(�

i

)�

a

i

; for ea
h i; 1 � i � s;

and let us denote

X

0

:= fx

1

; : : : ; x

s�1

g;L

0

:= f�

1

; : : : ; �

s�1

g and I

0

:= P(Span

k

(L

0

);

for whi
h we assume 
onditions (A-Z) hold.

In parti
ular:

�

0

:=N

0

7! X

0

is Cerlien
o{Mureddu Corresponden
e,
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G

0

:= G(I(X

0

)) = f!

1

; : : : ; !

r

g; !

1

< !

2

< : : : < !

r

;

B

0

:= B(I(X

0

)),

f

0

!

; ! 2 B

0

, are the polynomials whose existen
e is implied by (F),

F

i

:= f

0

!

i

are the polynomials whose existen
e is implied by (E), so that

fF

i

: 1 � i � rg is the redu
ed Gr�obner basis of I(X

0

);

L

0

i

; P

0

i

; H

0

i

are the polynomials whose existen
e is implied by (N),

l

0

i

; p

0

i

; h

0

i

are the polynomials whose existen
e is implied by (X).

Setting

I := min

<

fj; 1 � j � r : �

s

(F

j

) 6= 0g

then it holds

Lemma 33.5.2. If X

0

satis�es 
onditions (A-Z) then

	(X)(x

s

) = !

I

:

Proof. Let !

I

= X

d

1

1

: : : X

d

n

n

and let m+ 1 := max(i : d

i

6= 0); so that

F

I

2 k[X

1

; : : : ; X

m+1

℄:

Sin
e, by (P), for ea
h �,

I(X

0

) \ k[X

1

; : : : ; X

�

℄ = I(�

�

(X

0

));

and

F

j

2 k[X

1

; : : : ; X

�

℄; � � m =) j < I

we dedu
e that

�

�

(�

s

)(F

j

) = �

s

(F

j

) = 0, for ea
h F

j

2 k[X

1

; : : : ; X

�

℄; � � m; while

�

m+1

(�

s

)(F

I

) = �

s

(F

I

) 6= 0.

This allows to dedu
e that

m = max (j : exists i < s : �

j

(x

i

) = �

j

(x

s

)) :

Therefore �

m+1

(x

s

) 62 f�

m+1

(x); x 2 X

0

g; also

d

m

= #fx

i

; i < s : �

m

(x

i

) = �

m

(x

s

)g;

in fa
t, for ea
h Æ < d

m

, sin
e

T(F

j

) = !

j

< X

Æ

m

< X

d

m

m

=) j < I;

and �

m

(�

s

)(F

j

) = 0, (Q) allows to dedu
e that

�

m

(x

s

) 2 Y

mÆ

:=

�

y 2 �

m

(X

0

) : Æ < # fx 2 X

0

: y = �

m

(x)g

�

and �

m

(x

s

) =2 Y

md

m

:

As a 
onsequen
e we 
onsider the sets of points
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W := fx

i

: �

0

(x

i

) = �

i

X

d

m

m+1

; �

i

2 T [1;m℄g [ fx

s

g and V := �

m

(W);

in this setting Cerlien
o{Mureddu Corresponden
e gives a relation between

ea
h point �

m

(x

i

) and the 
orresponding term �

i

; also, by (Q), the ideal

I(�

m+1

(W)) has the Gr�obner basis fl

0

1

; : : : ; l

0

j

md

m

g where

�

m

(�

s

)(l

0

j

)) = 0;8j < I while �

m

(�

s

)(l

0

I

) 6= 0:

So the same argument grants that Cerlien
o{Mureddu Corresponden
e

returns �(�

m

((x

s

)) = X

d

1

1

: : : X

d

m�1

m�1

: �

As a 
onsequen
e, the appli
ation of M�oller Algorithm to X = X

0

[ fx

s

g

produ
es

q

s

:= 


�1

F

I

, with 
 = �

s

(F

I

);

N :=N

0

[ f!

I

g;

B := B

0

n f!

I

g [ fX

i

!

I

; 1 � i � ng;

f

�

:= f

0

�

� �

s

(f

0

�

)q

s

for ea
h � 2 B

0

n f!

I

g; � > !

I

and

f

�

:= f

0

�

, for ea
h � 2 B

0

n f!

I

g; � < !

I

sin
e �

s

(f

0

�

) = 0;

for ea
h � := X

i

!

I

62 B

0

f

�

:= (X

i

� a

is

)F

I

�

X

X

i

!2B

0


(F

I

; !)f

X

i

!

where

F

I

= !

I

+

X

!2N

0


(F

I

; !)!:

Proposition 33.5.1. If X

0

satis�es 
onditions (A-Z) then X satis�es 
on-

ditions (A), (F), (R), (S).

Proof. (A) is obvious;

(F) is obvious.

(R) On the basis of Remark 33.3.1 we know that F

I

2 (h

0

1

; : : : ; h

0

I

); also all

we need to prove is that, for ea
h i,

H

i

2 (H

1

; : : : ; H

i�1

) = fH

j

;T(H

j

) < T(H

i

)g:

Therefore

� if T(H

i

) = t

i

2 G

0

; i < I , we have

H

i

= H

0

i

2 (H

0

1

; : : : ; H

0

i�1

) = (H

1

; : : : ; H

i�1

);

� if T(H

i

) = t

i

2 G

0

; i > I , we have

H

i

= H

0

i

� aF

I

2 (H

0

1

; : : : ; H

0

i�1

) = (H

1

; : : : ; H

i�1

)

so that, also (H

0

1

; : : : ; H

0

i

) = (H

1

; : : : ; H

i

):
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� Finally, for � = X

i

t

I

we have L

�

= L

0

I

; and

L

�

P

�

= H

�

� f

�

� (X

i

� a

is

)F

I

� (X

i

� a

is

)L

0

I

P

0

I

� 0

modulo (H

0

1

; : : : ; H

0

I

) = (H

1

; : : : ; H

I

)

The same argument proofs the 
laim for fh

1

; : : : ; h

r

g:

(S) �

s

(f

!

I

) 6= 0 for 
onstru
tion; �

s

(H

!

I

) 6= 0 and �

s

(h

!

I

) 6= 0 be
ause both

H

!

I

� f

!

I

and h

!

I

� f

!

I

have a representation in terms of fF

i

; i < Ig

and �

s

(F

i

) = 0; for ea
h i < I: �

In 
on
lusion we have:

Theorem 33.5.1. For a CM-ideal I, given by a CM-s
heme X of CM-


onditions, using the same notation as above, it holds

(A) N := N(I):

(B) G(I) =G = ft

1

; : : : ; t

r

g; t

1

< t

2

< : : : < t

r

;

(C) B(I) = B:

(D) For ea
h � 2 N there is a unique polynomial

f

�

:= � �

X

!2N(�)


(f

�

; !)!

su
h that �(f

�

) = 0; for ea
h � 2 L(� ):

(E) For ea
h � 2 G there is a unique polynomial

f

�

:= � �

X

!2N


(f

�

; !)!

su
h that �(f

�

) = 0; for ea
h � 2 L:

(F) For ea
h � 2 B there is a polynomial

f

�

:= � �

X

!2N(�)


(f

�

; !)!

su
h that �(f

�

) = 0; for ea
h � 2 L:

(G) The redu
ed Gr�obner basis of I is

G(I) := ff

�

: � 2 Gg;

moreover, for ea
h � 2 N, T(f

�

) = �:

(H) The border basis of I is

B(I) := ff

�

: � 2 Bg;

(I) for ea
h � := X

d

1

1

� � �X

d

n

n

2 N; and ea
h m; 1 � m � n there are unique

polynomials




m�

:= X

d

m

m

+

X

!2F

m

(�)


(


m�

; !)!

su
h that �

m

(�

i

)(


m�

) = 0; for ea
h x

i

2 D

m

(�); x

i

� �

�1

(�);
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(L) for ea
h � := X

d

1

1

� � �X

d

n

n

2 G; and ea
h m; 1 � m � n there are unique

polynomials




m�

:= X

d

m

m

+

X

!2E

m

(�)


(


m�

; !)!

su
h that �

m

(�

i

)(


m�

) = 0; for ea
h x

i

2 D

m

(�);

(M) for ea
h � = X

d

1

1

� � �X

d

�

�

2 N; there are

L

�

2 k[X

1

; : : : ; X

��1

℄

and a unique moni
 polynomial

P

�

= X

d

�

�

+

X

!2F

�

(�)


(P

�

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that H

�

:= L

�

P

�

are su
h that

� T(H

�

) = �; Lp(H

�

) = L

�

;

� �

��1

(�)(L

�

) = 0; for ea
h � 2 L(� );

� �

�

(�)(P

�

) = 0; for ea
h � 2 L

�

(�);

� �

�

(�

i

)(H

�

) = 0; for ea
h �

i

2 L : x

i

� �

�1

(�):

(N) for ea
h i; 1 � i � r there are

L

i

2 k[X

1

; : : : ; X

��1

℄

and a unique moni
 polynomial

P

i

= X

d

�

�

+

X

!2E

�

(t

i

)


(P

i

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that H

i

:= L

i

P

i

are su
h that

� T(H

i

) = t

i

= X

d

1

1

� � �X

d

�

�

2 G \ T [1; �℄; Lp(H

i

) = L

i

;

� �

��1

(�)(L

i

) = 0; for ea
h � 2 [

��1

m=1

L

m

(t

i

);

� �

�

(�)(P

i

) = 0; for ea
h � 2 L

�

(t

i

);

� �

�

(�)(H

i

) = 0; for ea
h �

i

2 L:

(O) fH

1

; : : : ; H

r

g is a minimal Gr�obner basis of I;

(P) For ea
h �; 1 � � < n let j

�

the value su
h that t

j

�

< X

�+1

� t

j

�

+1

;

then fH

1

; : : : ; H

j

�

g is a minimal Gr�obner basis of I \ k[X

1

; : : : ; X

�

℄ and

of I(�

�

(X));

(Q) For ea
h �; 1 � � < n; and ea
h Æ 2 N let j(�Æ) the value su
h that

t

j(�Æ)

< X

Æ

�+1

� t

j(�Æ)+1

; then fL

1

; : : : ; L

j

�Æ

)

g is a Gr�obner basis of

I(Y

�Æ

);

(R) For ea
h i; 2 � i � r, P

i

2 (H

j

; j < i) : L

i

.

(S) for ea
h j; 1 � j � s, �

j

(f

�

j

) 6= 0 and �

j

(H

�

j

) 6= 0 so that L(I) is

triangular to f�

j

(f

�

j

)

�1

f

�

j

; 1 � j � sg and f�

j

(H

�

j

)

�1

H

�

j

; 1 � j � sg.
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(T) for ea
h � := X

d

1

1

� � �X

d

n

n

2 N and ea
h m; 1 � m � n, there are

polynomials

g

m�

:= X

d

m

m

+

X

!2M

m

(�)


(g

m�

; !)!

su
h that g

m�

(a) = 0; for ea
h a 2 D

m

(�); a � �

�1

(�):

(U) for ea
h � := X

d

1

1

� � �X

d

n

n

2 G; and ea
h m; 1 � m � n, there are

polynomials

g

m�

:= X

d

m

m

+

X

!2M

m

(�)


(g

m�

; !)!

su
h that g

m�

(a) = 0; for ea
h a 2 D

m

(�);

If moreover I is radi
al:

(W) for ea
h � = X

d

1

1

� � �X

d

�

�

2 N; there are

l

�

2 k[X

1

; : : : ; X

��1

℄

and a moni
 polynomial

p

�

= X

d

�

�

+

X

!2M

�

(�)


(p

�

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that h

�

:= l

�

p

�

are su
h that

� T(h

�

) = �;

� l

�

(�

��1

(a)) = 0; for all a 2 X(�);

� p

�

(a) = 0; for ea
h a 2 D

�

(�);

� h

�

(a) = 0; for ea
h a 2 X su
h that a � �

�1

(�):

(X) for ea
h i; 1 � i � r there are

l

i

2 k[X

1

; : : : ; X

��1

℄

and a moni
 polynomial

p

i

= X

d

�

�

+

X

!2M

�

(t

i

)


(p

i

; !)! 2 k[X

1

; : : : ; X

��1

℄[X

�

℄

so that h

i

:= l

i

p

i

are su
h that

� T(h

i

) = t

i

= X

d

1

1

� � �X

d

�

�

2 G \ T [1; �℄;

� l

i

(�

��1

(a)) = 0; for ea
h a 2 [

��1

m=1

D

m

(t

i

);

� p

i

(a) = 0; for ea
h a 2 D

�

(t

i

);

� h

i

(a) = 0; for ea
h a 2 X:

(Z) l

i

; p

i

; h

i

, 1 � i � r satisfy

fh

1

; : : : ; h

r

g is a minimal Gr�obner basis of I;

for ea
h �; 1 � � < n, fh

1

; : : : ; h

j

�

g is a minimal Gr�obner basis of

I \ k[X

1

; : : : ; X

�

℄ and of I(�

�

(X));

for ea
h �; 1 � � < n; fl

1

; : : : ; l

j

�Æ

)

g is a Gr�obner basis of I(Y

�Æ

);

for ea
h i; 2 � i � r, p

i

2 (h

j

; j < i) : l

i

;

for ea
h j; 1 � j � s, �

j

(h

�

j

) 6= 0;

L(I) is triangular to f�

j

(h

�

j

)

�1

h

�

j

; 1 � j � sg. �


