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Appendix 1
by J. Tate

;~;Algebraic Formulas in
Arbitrary Characteristic

§1. GENERALIZED WEIERSTRASS FORM
Let K be a field. An elliptic curve over K is a connected algebraic curve A

smooth and proper over K, of genus 1. An abelian variety of dimension lover
K is the same thing as an elliptic curve A over K furnished with a K-rational

point, O. Given such an A, there exist functions x and yon A defined over K
such that x (resp. y) has a double (resp. triple) pole at 0 and no other poles.
Moreover, if (j) =F 0 is a given differential of first kind on A and (j) = dt + ...
is its expansi0!l in terms of a uniformizing parameter at 0,one can arrange (by
multiplying x and y by constants) that x = t-2 + ... and y = _t-3 + .. '.
Then in the projective imbedding defined by 3(0) the equation for A is of the
form

(1.1) y2 + a1xy + a3Y = x3 + a2x2 + a4x + a6

with ai E K. Homogeneity: y is of weight 3, x of weight 2, and the ai of weight i,
meaning that if we replace (j) by U(j), then x is replaced by u-2 X, y by u-3y, etc.

lfwe are given an equation of the form (1.1), we define associated quantities

b2, b4, b6, bs, C4, C6,b., and) by the following formulas:

(1.2) b2 = ai + 4a2, b4 = ala3 + 2a4, b6 = a~ + 4a6

bs = aia6 - a1a3a4 + 4a2a6 + a2a~ - ai
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(if b. is invertible).

C4 = bi - 24b4 C6 = -b~ + 36b2b4 - 216bb

b. = -bibs - 8bl - 27b'f, + 9b2b •..b6

(1.3)

(1.4)

(1.5)
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(2.1)

§2. CANONICAL FORMS

Let p be the characteristic of our ground field K. The easy case is p t= 2, 3:
Then we can always choose coordinates so that A is given by the equation

dx

w = 2y ,

[APP. 1, §2]

Theorem 4. The group of automorphisms of an abelian variety of dimension

one is finite, or order dividing 24, and if j t= 0 or 1728, it is of order 2,.

generatedbyxHxandYH -y - alx - a3 (i.e., byPH -P). ,. ..

These theorems, and indeed more precise versions of them than. "':e }ia~~:
bothered to state, can be proved by straightforward computations, once :one'
analyzes the most general allowable coordinate change in (1.1). This is d..9~.eas::

follows. Suppose A and A' are abelian varieties of dimension one over,. K, .
given by equations yZ + alxy + ... and y'Z + a1x'y' + ... , and suppose
f: A' ~ A is an isomorphism defined over K. Then there are elements u eK*
and 1', s, t E K such that

(1.13) xof=uzx'+r yof=u3y'+suzx'+t wof=u-lw'.

The coefficients ai are related to the ai as follows:

ua~ = al + 2s

uZa~ = az - sal + 31' - SZ

(1.14) u3a; = a3 + ral + 2t = F,(r, t)

u4a~ = a4 - sa3 + 2raz - (t + rs)a1 + 3rz - 2st = -Fir, t) - sF,(r, t)

u6a;; = a6 + ra4 + rZaz + 1'3 - ta3 - tZ - rtal = -F(r,t).

For the bi we have

uZb~ = bz + 121'

u4b~ ='b4 + rbz + 6rz
(1.15)

u6b;; =::b6 + 2rb4 + rZbz + 41'3

uSba = ·bs + 3rb6 + 3rzb4 + r3bz + 31'4.

For the ci and Ll one then finds

(1.16) U4C~ = C4 U 6C~ ~ C6 u 12Ll~:= Ll.

Hence j' = j is indeed invariant; j(A) depends only on the isomorphism class of
A, not on the particular choice of an equation (1.1) defining A'.

[APP. 1, §I]

·z
Ll = ]

(j - 1728)3 .
and
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Z 3 36 1
y + xy = x -j _ 1728x - j _ 1728'

c -c - j
4 - 6 - j _ 1728

dx
w = ------

2y + alx + a3 .

These quantities are related by the identities

for which
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(1.9)

(1.6) 4bs = bzb6 - bl, and 1728Ll = cl - cg.

If the characteristic is t= 2 or 3 and we put

a1x + a3 bz

(1.7) 11 = y + . 2 and ~ = x + 12 '

then equation (1.1) becomes

(1.8) z 3 bz Z b4 b6 3 c4 C6
11 = x + 4"x + 2x + 4" = ~ - 48~ - 864 .

The relation to the classical Weierstrass theory is given by

~ = f.I(u) C4 = 12gz Ll = g1 - 27gj

211= f.I'(u) C6 = 216g3 j = 1728J,
d~

and w = - = du (see below).
2'1

Some of the first facts to be proved are summarized by the following
theorems:

Theorem 1. The plane cubic curve (1.1) is smooth (and hence defines an

abelian variety A of dimension one over K with the point 0 at infinity as origin)
if and only if Ll t= 0, in which case the differential of first kind w we started
with is given by

where

(1.10)

(1.11) F(X, Y) = yz + alXY + a3Y - X3 - aiXz - a4X - a6

is the equation of the curve.

Theorem 2. Let A and A' be two abelian varieties of dimension one over
K, given by equations of the form (1.1), and let j and j' be their "invariants".

Then A and A' are isomorphic over some extension field of K if and only if

j = j', in which case they are isomorphic over a separable extension of degree
dividing 24, and indeed of degree 2, if} t= 0 or 1728.

Theorem 3. For each j E K, there exists an abelian variety A of dimension

one over K with invariant j. Indeed if j t= 0 or 1728, such as A is given by
the equation

(1.12)
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An isomorphismf: A' ~ A is given by

(2.7) x of= u2x', Y of= uV

where uZa'z = az. Hence A' ~ A if and only if azla'z E (K*V, and
morphisms of A correspond to u = ± I.

Suppose) = 0 (i.e., az = 0). Reduced form:

the auto-

~ = -a~,

x 0 f = u2x' + r,

Isomorphisms:

(2.9)

with

(2.8)

t,

f
,.

and
3

(2.2) C4 = -48a4, C6 = - 864a6, ~ = -16(4a4 + 27a~).

Since any curve of the form (1.1) is smooth at the. infinite point 0, such a curve

is smooth everywhere if and only if the polynomials F, Fx, and Fy have no
common zero. In the case of an equation of the form (2.1) with p # 2, this
condition amounts to the non-existence of a common root of the polynomials
G(X) = x3 + a4x + a6 and G'(X) = 3xz + a4, and since ~ = 16· discr. G(X),
the condition in this case is just ~ # 0, as claimed in Theorem I.

Let A and A' be given by equations of the form (2.1) with the same invariant
} = j'. The isomorphismsf: A' ~ A are given simply by

(2.3) x of= uZx'

y of= y' + sx'xof= x',
Isomorphisms:

(2.11)

(2.10)

b2 = I, b4 = b6 = 0, bs = a6' c4 = I, ~ = a6, j:=.
t.I"

Fx = y + x2, and Fy = x have their only common zero at x = y :=. II, and this
is on the curve if and only if a6 = ~ = O. Hence ~ # 0 is condition tIn ~mooth­
ness.

and

Hence A and A' are isomorphic if and only if (a4Ia4) E (K*t and (a4/a.)!a6 - a6
is of the form rZ + ra4. This is always so over a separable extension of degree

dividing 12. The automorphisms of A are given by the pairs (u, r) uuch tha~:

either r3 + a4r = 0 and u = ±l,

or r3+a4r+2a6=0 and u=±i,

where iZ = - 1. Over the separable closure of K, they form a group I,f order 12,
the twisted product of C4 (cyclic group of order 4) and C3 with C~ I.he normal
subgroup acted on by elements of C4 in the unique non-trivial waY-<:lmjugation
of C3 by a generator of C4 is the map carrying elements of C3 into thei, inverses.

A typical" curve of this type is yZ = x3 - x, the automorphi~mls heing given

by u4 = 1, r3~- r = 0 (i.e., r E F3) in this case.

Last case, p = 2. Here we have uai = al (see 1.14) and C4 = b~ "" a1 (see (1.2)

and (1.3)). Hence we have) = o¢> a1 = 0, and separate cases accordingly.

Suppose a 1 # 0 (i.e.,) # 0). Then choosing suitably r, s, and t, we <';ljrJ achieve
a1 = I, a3 = 0, a4 = O. Hence A is given by an equation of the form

dx
with (J) = -,

x

~;'.,

, ~
w ..

Iii

say,

b6 = a6, bs = -a~ + aZa6

~ = a~ai - a~a6 - at.

b4 = -a4,

C6 = -a~,

y2 = x3 + azxz + a4x + a6 = G(x),

dx
w=

y

Using the fact that p = 3, we find

(2.5)

(2.4)

(2.6)

Here again ~ is the discriminant of G(X), up to an invertible factor, so ~ # 0
is the condition for smoothness.

Suppose A and A' of form (2.4) with} = j'.

Suppose} # 0 (i.e., az =F 0). Then we can make the term in x disappear,
getting the reduced form

where II is such that u4a4 = a4 and u6a6 = a6'

Suppose} # 0, 1728 (i.e. a4 # 0, a6 # 0). Then A and A' are isomorphic
if and only if a4a61a4a6 is a square; the smallest field over which A and A'

become isomorphic is the field obtained by adjoining the square root of that
quantity to K. The automorphisms of A are given by u = ± I.

Suppose} = 1728 (i.e., a6 = 0). Then A and A' are isomorphic over K
if and only if a41a4 E (K*)4. The automorphisms of A are given by u4 = 1.
A typical curve of this type is given by yZ = x3 - x.

Suppose) = O(i.e., a4 = 0). Then A ~ A' over Kifandonly ifa6Ia6E(K*)6,
the automorphisms are given by u6 = 1, and a typical curve is yZ = x3 - 1.

Now suppose p = 3. In this case (and more generally if p # 2) we can always
write A in the form
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(2.12) a~ = a2 + S2 - s, a~ = a6'

Two curves A and A' with the same j are isomorphic if and only if a' - a

is of the form S2 - s, which is true over a separable extension of K of degr:e ~ 2~

The g~oup of automorphisms of A has two elements, corresponding to s = 0, 1.
A tYPIcalcurve is yZ + xy = x3 + (I/j).

Suppose a, = 0 (i.e., j = 0). Choosing r suitably we can arrange that a = 0
so A is given by 2 ,

bz = b4 = 0, b6 = a5, ba = a~, 11 = a~, j = O.

~ince Fx = xZ + a4 and Fy = a3, the curve is smooth if and only if a3 i= 0,
I.e., 11 i= ~. Two cu~ves A and A' with the same j are isomorphic if and only if
the followmg equatIOns are soluble in u, 5, and t:

u3a; = a3

(2.14) u4a~ = a4 + sa3 + S4

u6a~ = a6 + S2a4 + ta3 + S6 + (2.

This is alv.:ays so over a separable extension of K of degree ;0£ 24. A typical
curve of thIS type is

(2.15) yZ _ Y = x3•

Its group of automorphisms (over the separable closure of K) is of order 24
the elements corresponding to triples (u, s, t) such that '

u3 = 1, S4 + s = 0, and tZ + t + S3 + S2 = O.

It is isom?rphic to the twisted direct product of a cyclic group of order 3 with
a quaterlllon group. The quaternion group is the normal subgroup, and is acted
on by the group of order 3 in the obvious way.
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_ 3z-4 + .
- 3z-4 + .

dy/dz

3x2 + 2azx + a4 - alY

(0 = H(z)dz

z(nP) = t/Jn(z(P)),

- 2z-3 + .
_ 2z-3 + '

EXPANSIONS NEAR THE ORIGIN

x = Z-2 - a,z-1 - a2 - a3z - (a4 + a1a3)zZ +

y = _ z-'x = - Z-3 + alz-z + ... ,

(3.7)

because

(0 dx/dz

dz 2y + a1x + a3

(3.5)

where the series t/Jn are defined inductively by

(3.8) t/J,(z) = z, t/Jn+'(z) = F(z, t/J.(z).

where H(z) is given by

H(z) = 1 + a1z + (af + a2)zz + (a1 + 2a,a2 + 2a3)z3

+ (at + 3afaz + 6a,a3 + a~ + 2a4)Z4 + . ".

as the formal expansion of x and y. Clearly, the coefficients of these expansions
have coefficients in Z[a 1, az, a3, a4, a6]' The same is true for the expansion of the
invariant differential (0:

has coefficients in Z[h a" ... , a6], but also in Z[t, a" ... , a6]·

Finally,ifP3 = PI + PzandPj = (z;, wj), then we can express Z3 = F(Z,,2z)

as a formal power series in Zl and Zz, with coefficients in Z[a" .. ",06]. The
expansion begins

(3.6) F(z" Z2) = z, + Z2 - a,zlzZ - az(z~zz + z,zD

- 2a3(z1zz + zld) + (a,a2 - 3a3)ziz~ + ., ..
This is the "formal group on one parameter" associated with A.

For each integer n ~ I we have, formally,

(3.4)

The equation for A in the affine (z, w)-plane is

(3.2) IV = Z3 + a,zw + azzzw + a3wz + a4zwz + a6w3.

The point 0 is given by (z, w) = (0,0), and z is a local parameter at O. From
(3.2) we get the formal expansion

(3.3) w = z3 + a1z4 + (af + az)z5 + (a1 + 2alaZ + a3)z6+

(at + 3afaz + 3a1a3 + a~ + a4)z7 + ...
= z3(1 + A1z + Azzz + ... ),

where All is a polynomial of weight 11 in the aj with positive integral coefficients.
From (3.3) and (3.I) we get

[APP. §3]

,\I
I
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[APP. §3]

1
W

dx
(0=-,

a3

with

z
x = -, y =

W
so

1

y'
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W=
y'

x
z=
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and

(2.13)

§3. EXPANSIONS NEAR 0; THE FORMAL GROUP.

Let A be defined by a Weierstrass equation (1.1). Let

(3.1)
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EXERCISE

For example, we have

(3.9) t/Jiz) = 2z - a1z2 - 2a2z3 + (a1a2 - 7a3)z4 + ...
and

(3.10) t/J3(Z)= 3z - 3a1z2 + (a1 - 8a2)z3 + 3(4a1a2 - 13a3)z4 + .. '.
In characteristic p > 0, the series IjJ p is of the form

t/Jp(z) = C,ZPh + C2Z2ph+ C3Z3ph + ...
with C1 =I 0, where h is an integer equal to I or 2, because the isogeny

po: A -+ A

is of degree p2, and is not separable. This means that zopo lies in the inseparable
subfield of degree p or p2 of the function field of A, whence our assertion follows,

EXERCISE

Let p = char (K) be arbitrary, let j e K with j =I 0 or 1728, and let A . denote

the abelian variety of dimension lover K given by the equation (I.12), i.e.,

2 3 36 1y +xy=x ----x----
j - 1728 j - 1728

Show that for each separable quadratic extension L of K there exists an abelian

variety Aj,L of dimension one over K such that Aj,L is isomorphic to Aj
over L, but not over K, and A j,L is uniquely determined up to isomorphism
by j and L. Show also that (denoting by A(K) the group of points on A
rational over K) we have .

Aj.L(K) = {PeAj(L)luP = -P},

where u is the non-trivial automorphism of LjK, (and where

-P = (x, -y - a1x - a3) if P = (x, y».

I
~;
"

I'

~.,

r
"

Appendix 2

The Trace of Frohenius and
the Differential of First Kind

§1. THE TRACE OF FROBENIUS

Theorem 1. Let A be an elliptic curve defined over the prime field Fp of
characteristic p, let t be a local parameter at the origin in the function field

FiA). Let w be a differential offirst kind in Fp(A), with expansion

<Xl dt
w = 1: c.t"-

v=1 t

normalized suc!) that C1 ;= l. Let 1t = 1tp be the Frobenius endomorphism of
A. Then

won' = cpw, and to (po) == cptP (mod t2P).

Proof We lift an equation for the elliptic curve to the integers. Thus it is
useful to write A for the curve in characteristic p, and A for its lifting. We do
this in a naive way, by lifting the coefficients in a Weierstrass equation if p =I 2, 3,
or in a normalized equation otherwise. We let 1 be the parameter at the origin 0,
and let t be a parameter at the origin 0 of A, reducing to 1.Then

<Xl dl
ii5 = :E evl" -=- ,

v= 1 t

and the differential form w on A has the expansion

<Xl dt
w = 1: c.t· - = h(t)dt

v=' t

with C1 == I (mod p),
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