%

1.

by = (0,0,1) by = (0,1,-2) by = (2,0,2)
by = (0,2,-2) by = (1,0,3) b = (1,1,3)
b, = (1,1,1) bs = (2,0,1) by = (2,0,0)
K[z,y, z], < the deglex ordering induced by = < y < z.
b12(07071)7
tl = ]., q1 ‘= ].7

fo = xafy =y, fo=2-1,
Gl = {fw7fyafz}

by = (0,1,-2), fa(b2) =0, f(b2) = 1, fo(b2) = —

la'=Y, 2=y,

fe=f— fa(b2)ga = 2+ 3y — 1;

p=yfy; fip = (y—pb2)f; ' (b2)) fy =9 —y

Gy = {fx;fzafy2}

bs = (2,0,2), fa(bs) =2, f(b3) =1, f,2(b3) = 0;

ts =z, g3 :=x/2,

foi=f.— f2(b3)gs = z+ 3y — 33— 1;

P =xfo; foz = (@ — p(bs) fy 1 (bs)) fo = 2 — 2z

P =Yfu; fay = (y — p(b3) f; 1 (bs)) fo =y

Ga = {f2, fa2, fay - fi2}

by = (0,2, -2), fa(ba) =3, faz(bs) = 0,fuy(bs) =0, fy2(bs) = 2;
ty =2, q4 —fz/3—%z+y FT—3

fyz = fy2— fe(bi)au=y* — 32 =3y + fo +

p=afs for = (x—p(ba) f71 (b)) fo = 324 32y — 32° —x

p=yfe; fyz = (y— p(ba) f71(ba)) fo = yz + 3y — Jay — 22— Ty + 2 +2
p=2zf.; fre = (z—p(b4)f;1(b4)) fo=22+3yz— %a:z+z+6y—x—2
Ga = {fa2s foy-Fy2s foz, Fyzr 22}

bs = (17073)’ wa(bS) = _17fxy(b5) =0, fuz(b5) = -1, flz(bf)) = %7 fyz(bf)) =

ts:=a%, g5 = —a? +

fyp = fy2_ny(b5)fJ5=y2—x2—%z—3y+%x+%

Jzz 1= facz(b5)qs :$Z+3Iy+x2 — 4x;

fyz = fyz fy=(b5)gs = yz + 3y* — lxy — 322 — 22— Ty + Tx + 2;
for = f2 = f2(bs )%—Z +3yz—§x2+§x2+z+6y—16m—2

p=fui fur = (2~ pbs) 2 (bs)) fur = 2% — Ba? + 2
G5 = {fzyafy 7fwzafyzvfz 7.fa:3}

b6 = (17173)a fxy(bﬁ) = 1, ny(bG) = _27 fa:z(bG) = 37 fyz(bfi) = _%a fz2(b6) = 153 fw3(b6) =

te =y, q¢ 1= —x> +

fy2 = fu2 — fi2(be)gs = y? + 22y — 2? — 72—3y+ ;v+

foz = foz — foz(b6)gs = vz + 2* — da;

fyz = fyz = fy=(b6)gs = yz + 3y> + xy —32% =22 =Ty + Tx +2;

fr2 i= fo2 — fo2(be)qe = 22 + 3yz — 32 — 15wy + 2a% + z + 6y — 162 — 2
P = T fay; fory = (x — p(be) fr, (b a)) foy = 3%y — a2y

Go == {fy2, faz, fyz, 22, fas, fazy}

by = (1717 ]-)a f1 ( ) = %a fﬂfz(b7) = -2, fyZ(b7) =2, sz(b7) = —15, f:c3(b7) =0, fxzy(bS)

tri=y qri=3y + 3oy — 322 - 123y —Yy+ Iz 41
fmz ::fwz_fwz(b7)q7_mz+§ +3$?J—%952—Z—%y—%33+1§
Ty2 izfyz—fyz(b7)Q7=yZ+%y2—2$y—%w2—z—%y+%x+1;

_37 sz (b5

):12

5

=0,



fa2 = fzz—fzz(b7)q7:z2+3yz—§xz+445y2+ 145x2—§z 111y—|— 4x+ 2,
P =afy2; foy2 = (Jc—p(b7)fy_2( ))fyz—asy +22%y — —21:z—y —5xy+ 04242 224+3y— 2z — %

p=yfye fyp = (y—p(bﬁfy’z( ))fyz—y +2ry® — 2’y — Byz — 4y’ + oy + 0¥ + 32+ Hy - To -2
G? = {fa:mfyzafz27fm3afx2yafzy27fy3}

3. bg = (270, 1); fmz(bS =-1, fyz(b8) =1, fzz(bS) = %a Ja3 (bS) =0, fm2y<b8) =0, fmyz(bS) = %7fy3(b8> = _%a
tg =1z, q3 = —wz— 3y —3zy+ 32¥ + 2+ Jy+ Ja — 1
Jyz = fyz — fy=(bs)gs = yz + 22+ 3y* + wy — 202 — 22 — Ty + 3z + 2;
fo2 = fo2 — f.2(bg)gs = 2% + 3yz + 4oz + 18y + 21wy — 622 — 112 — 48y + 8z + 10;
fay2 = fay2 — fay2(bg)gs = xy? 4 222y — 2% — 3zy + 322 — 27;
fy3 = fy fy (bS)
D= 2 fur = (1 plbg) 2 (5e)) foe = a5+ B2y b Bz 3y 2y Ja 422 40y 202
GS = {fyz7f227fa:3af:1:2yafmyQafySafIQZa}

9. by = (2,0,0), fyz(bg) =0, f2(bg) =2, fz3(b9) =0, fa2 y(b9) =0, facy 2(bg) = OafyB(b9> =0, fz2:(byg =0,
tg := 22, qo := %zz + %yz + 22z + 98y? + xy 32 — 24y + 4x + 5;

p=af2; frrr = (z — p(bg)f;l(bg)) fre = 222 + 3zyz + 435 2+ 18xy? + 2122y — 623 — 222 — 6yz — 1922 —
36y2 — 90xy + 2022 + 222 + 96y — 62 — 20

p=2zf2; [ = (z — p(bg)f;;l(bg)) fos = 22+ 3y2? +4x22 +18y% 2 +21ayz — 6222 — 1122 — 48yz + 822+ 102
G8 = {fy27f137wayafwy27fy37fa:227fwz27fz3}

The corresponding Grébner basis Gg is not reduced; reduction gives the following reduced Grébner basis:

=y +20y° —w y—gyz—fmz—f)y —ﬂvy—&—gm + z—l— 3y 21}—7

g1 = yz+az+3+ay—2202—22—Ty+3zx+2

g = 2 —32%+2

g3 = 2ly—uwy

ga = wy’—uwy

95 = ¥ =3y +2

g6 = x°z—3xz—3y* —6xy—a®+2249y+3x—2
gr = x2% 222 —dwz — 15y* — 30xy + 82 + 45y + 3z — 6

gg = 2°—-3224322—-3y* —6ry—42+9y—3x+6



Consider the nine functionals, defined

O(f) = e1,f) L) = daf) 6 = oy f)
b(f) = c=zf) () = ca®f) G(f) = clzyf)
t(f) = @’ f) () = clazf) b(f) = o)

for each polynomial f € k[z,y, z] where

NE(f1) = c(22, f)2% + ez, fluz + clay, flay + c(@?, fla® + c(z, )z + cly, Hly + c(z, f)z + (1, f)

is the normal form of f w.r.t. the ideal computed above and the deglex ordering <.
Let us now compute the Grobner basis of the same ideal w.r.t. the lex ordering < induced by z < y < .

t1 = 17 NF(tl,I) = 17 )\1 :El,
@ == 1, vect(1) = (1,0,0,0,0,0,0,0,0)
tg =z, NF(t27I) =%, )\2 264'
g2 := x, vect(2) = (0,0,0,1,0,0,0,0,0)

by by | by s U5 b L7 lg Yo
vect() [T 00 0 0 0 0O 0 O
veet(2) |0 1[0 0 0 0 0 0 0
tg = 22, NF(tg, |) = 2’2,
)\3 = ég. qs ‘= 132,
vect(3) = (0,0,0,0,0,0,0,0,1)
by by by | by U3 U5 L U7 Vg
veet(1)[1T 0 0]0 0 0 0 0 0
vect(2) |0 1 00 0 0O 0 0 0
vect(3) [0 0 1]0 0 0 0 0 0

ty =23, NF(ty,1) = 322 — 3z2 + 3y + 6yxr + 42 — 9y + 32 — 6, v = (—6,3,-9,4,0,6,3,—3,3)
v =v+ 6vect(l) — 4vect(2) — 3vect(3) = (0,3,-9,0,0,6,3,-3,0), ¢g = 2% + 6 — 4z — 322
M=V, qq:= %z3fzzf%z+2,

vect(4) = (0,1, -3,0,0,2,1, -1,0)

b by by U | f3 L5 Ll fr g
veet(1) [T 0 0 010 0 0 0 0
vect(2) [0 1 0 0|0 0 0 0 0
vect(3) |0 0 1 0|0 0 0 0 0
vect(4)| 0 0 O 1]|-3 0 2 1 -1

ts := 2%, NF(ts5, ) = 722—1822—42y*—84yx+302+126y+182—36, v = (—36, 18,126, 30,0, —84, —42, —18,7)
v = v+ 36 vect(1) — 30 vect(2) — 7vect(3) — 18 vect(4) = (0, 0, 180, 0, 0,120, —60, 0, 0)
g=2*+36—-30z— 722 —18q = 2* — 623 + 1122 — 62

A5 =43, g5 := ﬁz‘* — 3—1023 + %22 — %27
vect(5) = (0,0,1,0,0,—2,—-1,0,0)
O by by by lg | b5 bg b7 L
vect(I) [T 0 0O 0 0]0 0 0 0
vect(2)| 0 1 0 0O 0|0 O 0 O
vect(3)|] 0 0 1 0 0|0 O 0 0
vect(4) /O 0 0 1 -3/0 2 1 -1
vect(5) [0 0 0 0 1 ]0 -2 -1 0

te := 25, NF(tg,1) = 1522 —7522—165y? —330yx+1362+495y+752—150, v = (—150, 75,495, 136, 0, —330, —165, —75, 15)
v =v+ 150 vect(1) — 136 vect(2) — 15 vect(3) — 75 vect(4) = (0,0, 720, 0,0, —480, —240, 0, 0)

v=uv—"T20vect(5) =0

q=2"+150 — 1362 — 1522 — T5qq — 720q5 = 2° — 42* — 23 + 1622 — 122

g =20z~ 1)(z +2)(z — 2)(=  3)

G = {25 —42* — 23 + 1622 — 122}

t6 =Y, NF(t(S?I) =yv= (070a170707070a070)



v =v—vect(5) = (0,0,0,0,0, %, 2,0)
G=Y—05=Y— 1557 + 357" — 156%° + 307

— . 3 1 .4 1.3 11 .2 1
AG-£6;Q6--§y_ﬁZ +%Z —mz +%Z,

vect(6) = (0,0,0,0,0,1,1,0,0)

b Ly Ly by by L | s by Ly
vect(1) [T 0 0 0O O 0 ]0 0 O
vect(2) |0 1 0 0 O 0[0 0 O
vect(3) |0 0 1 0 0 0|0 0 O
vect(4) |0 0 0 1 -3 2|0 1 -1
vect(3) [0 0 0 0 1 —=2/0 -3 0
vect(6) [0 0 0 0 0 1 |0 1 0

tr i=yz, NF(ty,1) = —z2 — 3y® —yzr + 222 + 22+ Ty — 32 —2 v = (-2,-3,7,2,2,—-1,-3,-1,0)
v =+ 2vect(l) — 2vect(2) + 3vect(4) = (0,0,-2,0,2,5,0,—4,0)

v =10+ 2vect(5) = (0,0,0,0,2, &, -2, —4,0)

v=1v— L vect(6) = (0,0,0,0,2,0,—3,—4,0)

A =105, q7:=2(yz +2— 22+ 31+ 2g5 — tge) = say+ 2t + 223 - 822 - B My gy
vect(7) = (0,0,0,0,1,0,—3,-2,0)

0 by by by s lg U5 b7 Ug
vect() [T 0 0 O O O O[O0 0O
vect(2) O 1 0 0 O O 0|0 O
vect(3) |0 0 1 0 0 0 0|0 0
vect(4) |0 0 O 1 -3 2 0| 1 -1
vect(5) |0 0 0 0 1 -2 0|-% 0
vect(6) | O 0 0 0 O 1 0] % 0
vect(7) /O 0 0 0O 0O 0 1]-3 -2

tg := 22y, NF(tg,]) = —4zx—12y? —19yx + 822 +82+40y — 1228, v = (-8, —12, 40, 8,8, —19, —12, —4,0)
v =+ 8vect(l) — 8vect(2) + 12 vect(4) = (0,0,4,0,8,5,0,—16,0)
_ 23 4
(5) - (0707070a Sa 33 _167 0)
v ="1v— 2 vect(6) — 8vect(7) = (0,0,0,0,0,0, 12,0)
do= o a5 = B2ty — Byt Ty et 4 et - B e
vect(8) = (0,0,0,0,0,0,1,0,0)

v =v — 4vect

O by Ly by by g Ly Lg | 4
vect(1) [T 0 0 0O O 0 0 0] 0
vect(2)|0 1 0 0O 0O 0 0 010
vect(3) |0 0 1 0 0 0 0 00
vect(4) |0 0 0O 1 -3 2 0 -1 1
vect(3) |0 0 0 O 1 -2 0 0 |-%
vect(6) [0 0 0O O 0O 1 0 0| 3
vect(7) {0 0 0 0O 0 0 1 =—2|-=3
vect(8) |0 0 0 0O O 0 0 1|0

to := 2%y, NF(tg,1) = —1322—39y? —43yx+2622+262+109y—392—26, v = (—26, —39, 109, 26, 26, —43, —39, —13,0)
v =v+ 26 vect(1) — 26 vect(2) + 39 vect(4) = (0,0, —8,0, 26, 35, —39, —52,0)

v ="+ 8vect(5) = (0,0,0,0,26, 22, -3, -52,0)

V=10 — % vect(6) — 26 vect(7) = (0,0,0,0,0,0,15,0,0)

q= 2y + 26 — 26z + 39¢q4 + 8¢5 — %qﬁ +26g7; — 15gs = 23y — 222y — bzy + 6y
G =G U {23y —22%y — 5zy + 6y}

to :=y%, NF(tg,l) = y* v =(0,0,0,0,0,0,1,0,0)

9=y —qs =y — E22y+ Sy —Iy+ L' — LB+ 22— 2
G=GU{g}

tg :=x, NF(to,l) =2, v=(0,1,0,0,0,0,0,0,0)

v —vect(4) = (0,0,3,0,0,—-2,—1,1,0)



v — 3vect(45) = (0,0,0,0,0,0,0,1,0) =: vect(9)

— g, — - p_ 1,4 _ 7,34 49,2, 43
Q=T—qs—3qs =T 507 352° T 502" T 357 2

O by Ly byl lg Ly Ly g
vect(1) [T 0 0 0O O 0 0 0 0
vect(2) |0 1 0 0O O 0 0 0 O
vect(3) |0 0 1 0 O 0 0 0 O
vect(4) |0 0 0O 1 -3 2 0 -1 1
vect() |0 0 0 0O 1 -2 0 0 -—%
vect(6) [0 0 0 0O 0O 1 0 0 %
vect(7) {0 0 0 0O 0O 0 1 -2 =3
vect(8) |0 0 0 O 0O 0O 0 1 0
vect(9){ 0 0 0 0O O 0 0 0 1

t:=zx, NF(t,1) = zx v = (0,0,0,0,0,0,0,1,0)
gzzx—qg:zx—m+6—%z4+%z3—%z2—%2—1—2
G=GU{g}

t:=yx, NF(t,]) = yz v =(0,0,0,0,0,1,0,0,0)

v — vect(6) = (0,0,0,0,0,0,—%,0,0)
9=yr—qs+ 348 = yr + 152°Y — {52y — 3y
G=GU{g}

t:=a2% NF(t,1) =22 v =(0,0,0,0,1,0,0,0,0)

v —vect(5) = (0,0,0,0,0,0,2,2,0) = 2 vect(8) + 2 vect(9)

g=a —qr+ 3qs —2q0 = 2® — 2w — §22y + fay +y + 552" —

G=GU{g}

1
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r= 157-1 = 17N-< = {T1}7 B= {x,y,z}

w:=x=uam ¢ T(),

r=2mn=xNs:={r1<2}, B={y, z 2% 2y, x2}

wi=y=yn ¢ T<(l),

r= 377-3 = y7N-< = {Tia 1 S 3}a B= {27332,33%333792:?%2}
w:=z=zm ¢ T<(I),

r= 47T4 = Z7N< = {Ti7 1 S 4}7 B = {$27xy7xzay2ayz722}
wi=a2=am ¢ TL(),

r= 577—5 = :E27N-< = {Ti7 1 S 5}7 B= {Iy7xZ7y27yza227z3ax2y7x22}
wimay = ams = ym ¢ T(),

r= 657-6 = $y>N< = {Tia 1 S 6}7 B = {xZaQQayZa227‘r3a$2y7wy27$2z7$y2}
wi=xz=a14 = 272 ¢ T<(I),

r= 757_7 = :L'ZaN< = {Tia 1< 7}3 B= {yz,yz,22,z3,x2y,xy2,x2,z,:pyz,x22}

w:=y?=yry ¢ TL(I),
r= 8;7-8 = y2)N< = {Ti7 1 S 8}7 B = {yza227$3a$2y7$y27ysyl'QZal"yZyyzZasz}

1 2y 2z 22 zy y?> 2z 22
1 /01 00 O O O O O
x |00 00O 1 0 0 0 O
y (0 OOO O 1 0 0 O
_z (OO OO O O O 1 O
=
Ty
Y2
Tz
22
1 2y 2z 22 zy y?2 xz 22
1 /0010 0 0 0 0 O
z |0 O OO0 O 1 0 0 O
y (0 OOO O 0 1 0 O
oz
= 2
Yy
y?
Tz
52
1 2y 2z 22 zy y?2 zz 22
170 001 0 0O O 0 O
z 0O OO O O 0 1 0
Y
oz
=
Yy
Y2
Tz
22




o M,

w:=yz=yry = 213 € G(I),
w=—-2-3x+Ty+2z+ 22> — 2y — 3y®> — 22

2 2 2 .2
Z, Yz, Yy z, x2°, yz"}

B = {2*,2% 2%y, 2%, y°,x
wi=2% =214 ¢ TL(I),
r= 977-9 = 227N< = {Tiyl S 9}7 B = {x37$2yal'yzay37x227$y27y227$227922723}
w:=a%=ux15 € G<(I),

w = —2z + 322

B= {332%3792a9373322733?42’922’1732’?]22’23}

w = 2Py = a1 = y75 € G(l),

w=2ay

B = {x/y2aygaxQZaxyZ7y2Zaxz27yz2523}

w=zy? = a1 = y16 € G (1),

w=2ay

W=y = yrr € GL(l),

w=—2y+ 3y?

B = {222, 2yz,y%2, 222, y2?, 23}

wi=ax%2 =213 = 275 € GL(I),

w=2—3x—9y — 2z + 2%+ 62y + 3y> + 3z

B = {ayz,y°2, 22%,y2°, 2%}

1 =z Y 2 x? xy y? xz 2P
1 |0 1 0 0O 0 0O O 0 O
z |0 O 0 0o 1 0 0 0 0
y |0 O 0 0O 0 1 0 0 O
_z |0 0 0 0O 0 O o0 1 0
T 220 -2 0 0 3 0 0 0 O
zy |0 O 0 0O 0 1 0 0 O
y2 |0 0 0 0O o0 1 0 0 O
zz|2 -3 -9 -9 1 6 3 3 O
22
1 T y oz 22 zy y? xz 2?
1 0 0 1 0 0 O 0 0 0
T 0 0 0 0 0 1 0 0 0
Y 0 0 0 0 0 O 1 0 0
oz |-2 =3 7 2 2 -1 -3 -1 0
T 220 0 0 0 0 1 0 0 0
zy | O 0 0 0 0 1 0 0 0
y? | 0 0O -2 0 0 O 3 0 0
Tz
22
1 T Y z 22 xy y? xz 2P
1 0 0 0 1 0 0 0 0 O
T 0 0 0 0 0 O 0 1 0
y | -2 -3 7 2 2 -1 -3 -1 0
oz 0 0 0 0 0 O 0 0 1
T o222 -3 -9 -2 1 6 3 3 0
Ty
y?
Tz
22




° wi=ayz=yrg =216 = x-yz € T<(I) \ G<(I),

x-yz = x(—2m — 310+ 73+ 274 + 275 — 76 — 377 — T8)
—279 — 375 + 776 + 278 + 2(—272 + 375) — 76 — 376
— (211 — 37 — 973 — 274 + 75 + 676 + 377 + 375
= 211 =3+ 93+ 274 + 275 — 316 — 377 — T3

B = {y%2, 122, y22, 23}

. wi=y’zy’z = zmr =y -yz € T(1)\ GL(I),

y-yz = y(—2m — 310+ 713+ 274 + 275 — 76 — 377 — Tg)
= =273 — 376+ 777 + 278 + y(274 — 78) + 276 — 3(—273 + 377)
= =211 — 370 +913 4+ 274 + 275 — T — OT7 — T3

B = {x22,y22, 23}

. w=xz? =219 = 2719 € GL(I),

w=6—3x — 45y — 8z + 30xy + 15y> + 4wz + 222
) W:yzzzyﬁ):zyZ€T<(|)\G<(I),

w=—8—12x + 40y + 8z + 822 — 19zy — 12y> — 4x2
. w=2% =219 € GL(I),

w=—6+32x — 9y + 4z + 62y + 3y> — 3wz + 322

1 =z Y z 22 xy Y xz 22
1 10 1 0 0o 0 0O 0 0 O
z |0 O 0 0 1 0 0 0 O
y |0 0 0 0o 0 1 0 0 O
o« M. - ? 0 O 0 0 0 O 0 1 0O
* 22|10 -2 0 0 3 0 0 0 O
zy |0 O 0 0o 0 1 0 0 O
y? |0 0 0 0o 0 1 0 0 O
22|12 -3 -9 -2 1 6 3 3 0
22|16 -3 —45 -8 0 30 15 4 2
1 T y z 22 xy y?  wz 22
1 0 0 1 0 0 0 0 0 0
T 0 0 0 0 O 1 0 0 0
Y 0 0 0 0 0 0 1 0 0
o M. - ? -2 -3 7 2 2 -1 -3 -1 0
Y 22| 0 0 0 0 O 1 0 0 0
zy | O 0 0 0 O 1 0 0 0
y2 | 0 0 -2 0 0 0 3 0 0
zz|—-2 -3 9 2 2 -3 -3 -1 0
2]1-8 —12 40 8 8 -—-19 -12 -4 0
1 T Y 2z 2?2 wy y? xz 2
1 0 0 0 1 0 0 0 0 0
T 0 0 0 0 0 O 0 1 0
y | -2 -3 7 2 2 -1 -3 -1 0
o« M. = ? 0 0 0 0 0 O 0 0 1
z 2|2 -3 -9 -2 1 6 3 3 0
zy | -2 -3 9 2 2 -3 -3 -1 0
| -2 -3 9 2 2 -1 -5 -1 0
zz| 6 -3 —-45 -8 0 30 15 4 2
21-6 3 -9 4 0 6 3 -3 3




