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7.9The arithmeticalrepresentationofGF (9)

Example7.5.2,Remark 7.5.3,Example7.2.2,Example7.7.7submirizethe

computationalapproach allowingtoproduceanarthmeticalmodelfora Ga-

loisfleldofcharacteristic2.

W e discussherean arithmeticalmodelfora flnitefleldF;char(F )6= 2,

usingasexampletheeasy,butnottrivial,caseofGF (9).

Forn = 9= 32 wehaven ¡ 1= 8= 23 sothat

g8(X ):=X
8 ¡ 12 Z3[X ]

factoriziesas

g8 = '1'2'4'8

wherethefourfactorsarethecyclotomicpolynomialsoverZ3 which have

thevalues
'1 := X ¡ 1;

'2 :=
' 1(X

2
)

' 1(X )
= X + 1;

'4 := '2(X
2) = X 2 + 1;

'8 := '4(X
2) = X 4 + 1:

AccordingtoTheorem7.2.2,X 9 ¡ X 2 Z3[X ]factorizesintothe3 trivial

linearfactorsX ;'1 = X ¡ 1 and '2 = X + 1 and intoallirreduciblepoly-

nomialsofdegree2 overZ3;an obviousdegreecountallows todeducethat

theyare9¡ 3
2

= 3 anditissu– cienttolistall9 polynomials

h(X ):=X
2
+ aX + b;a;b2 Z3 = f¡1;0;1g

and preserve thosewhich satisfyh(¡1)h(0)h(1)6= 0 inordertoobtainthe

required3 irreduciblefactorsofdegree2 ofX
8
¡ 1

X 2¡ 1
,namely:

X
2
+ X ¡ 1; X

2 ¡ X + 1 andX
2
+ 1= '4:

Of coursewehave

'8 = X
4
+ 1= (X

2
+ X ¡ 1)¢(X 2 ¡ X + 1)

asitiseasytoverify.

Remark thateach root» ofa factorof'4 = X 2 + 1 isnota primitive

element ofGF (9)since»4 = 1;infacttheysatisfy»2 = ¡1 and,hence,

»4 = 1.

Inordertoobtaina primitive elementwe thusselecta factorof'8,e.g.

f := X 2 + X ¡ 1 sothatany root» off satisflestherelation»2 = ¡»+ 1.

Thusa recursiveapplicationoftheformula

ri(X )= Rem (X ri¡ 1;f)2 Z3(X )=f

usingtheseedr(1)= X ,givesusthelogarithmictableofGF (32)reported

inTab.7.1whosecorrespindingZech tableisreportedinTab.7.2
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Table7.1.LogarithmtableforGF (9)

i r(i) i r(i)

1 » 5 ¡ »

2 ¡ »+ 1 6 »¡ 1

3 ¡ »¡ 1 7 »+ 1

4 ¡ 1 8 1

Table7.2.Zech tableforGF (9)

i Z(i) i Z(i)

1 7 0 4

2 3 7 6

3 5 6 1

4 ? 5 2

To completeouranalysiswe needtoassociatethefourcyclesfi;3ig of

thepermutation…3 :Z8 ! Z8 withthecorrespondingirreduciblefactorsof

g8,which canbeobtainedby computing(X ¡ »i)(X ¡ »3i);weobtain:

f1;3g X 2 + X ¡ 1

f2;6g X 2 + 1

f4g X + 1

f5;7g X 2 ¡ X + 1

f0g X ¡ 1

However,therelationcanbedirectlydeducedby an easyargument:

† The cyclef1;3g ofcourseisrelatedtotheminimalpolynomialf of».

† Remarkingthattheotherfactorg = X 2¡ X + 1 of'8 satisflestherelation

X
2
g(

1

X
)= ¡f(X )

sothat

f(µ)= 0 ( ) f(µ
¡ 1
)= 0

and thatforeach µ = »i we have µ¡ 1 = »8¡ i,thecycleassociatedto

g = X 2 ¡ X + 1 is8¡ f1;3g= f5;7g.

† Finallyµ= »2 necessarilysatisfyµ4 = »8 = 1 soitisa rootof'4.


