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Preface

Formal specifications are widely considered an important tool in software specifi-
cation, design and implementation. As a result both of theoretical investigations
and of preliminary attempts at applications, a variety of specification formalisms
have been considered. This fragmentation of frames is conflicting with some es-
sential requirements of any specification formalism, i.e. the ability of supporting
modularity and refinement, which are clearly related to the problem of reuse of
specifications. The central theme of this thesis is the independence of specifica-
tions and results from the logical formalisms in which they are formulated.

A concrete motivating example of the need for a formal tool allowing transla-
tion and comparison of specifications defined in different frameworks is the debate
about the algebraic specification of partial (higher-order) functions. Indeed the
relevance of such a problem is made obvious by the wide use of partial operations
in programming languages and their data types and not only the scientific com-
munity didn’t agree on what formalism is better, but also the criteria for such a
judgment are still under investigation.

After presenting a parade of different formalisms proposed to define partial
functions and in particular some recent results about the partial paradigm, the
concept of simulation of a framework by another is introduced, adopting the notion
of institution as a synonym for logical formalism. The basic idea of simulation
is encoding the syntax, i.e. signatures and sentences, of a new frame by that of
an already known formalism in a way consistent with the semantics, in order to
transfer back results and tools.

Then simulations are used to investigate the relationships between frames, first
using the relationships between specifications of partiality in different formalisms
as a guide, and then applying the same technique to the analogous problem of
defining non-strict functions (like the ubiquitous if-then_else). Three levels can
be distinguished (and formalize using simulations): the“set-theoretic”, where the
individual models are related disregarding their categorical and logical intercon-
nection, the “categorical”, where the relation is between the categories of models,

and the “logical”, where the relation is between specifications (or theories).
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Moreover a general categorical construction is introduced, that allows “bor-
rowing” the logical tools of a framework to enrich another framework lacking
them, provided that an appropriate mapping between the frameworks exists. This
technique applies, in particular, to the translation of inference systems along sim-
ulations (in a way that soundness and completeness are preserved) and of proofs
along maps of the underlying institutions (entailment systems). An instance of
this technique builds an equationally complete inference system for the partial
higher-order specifications starting from an equationally complete inference sys-
tem for the first-order case.

Finally the notion of institution independent metalanguage, by Sannella and
Tarlecki, is refined in simulation independent metalanguage, allowing specification
defined in different institutions to be assembled to build new specifications, and
the concept of implementation is generalized, involving models in two institutions;

in this way specifications may be related that belongs to different frames.
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Introduction

Most software systems needed to solve concrete problems are far too large to be
handled by human minds without the support of a rigorous methodology. This
was dramatically brought to the word attention, at the end of the sixties, by the
so called software crisis. Since then the need for formal software specifications
has been widely recognized.

Formal specifications, providing tools for modularity and refinement (see
e.g. [49, 72]), facilitate reuse and maintenance of produced software and allow,
by rapid prototyping and formal verification methodologies, keeping under con-
trol the correspondence between the still developing programs and the customer
requests.

In this frame the algebraic approach finds place as the natural abstraction of
the data type concept, seen as set(s) of values and operations on them, that are the
only acceptable tools to manipulate the data, whose actual realization should be
hidden from the user of the data type. Thus a (concrete) data type (or a program)
is a (many-sorted) algebra on a signature representing the data type (or module)
interface by the names classifying the values and the operation symbols on them
(see e.g. [42, 41]). Symbols in the signature are used to axiomatize the basic
properties and behavior of the data type, so that a user does not need to know
the actual realization of the data type, but can work on the axiomatic description,
that is common to every implementation of the data type. Moreover a standard
realization exists for each data type that is characterized by two properties: no-
Junk, i.e. every value of the data type is denoted by (at least) a term built on the
signature symbols, and no-confusion, i.e. two terms denoting the same value in
this algebra denote one value in any algebra satisfying the axioms, too. These
properties are strictly related with the induction principles, and in particular with
proof-theoretic properties (see e.g. [64]), and correspond to initiality.

In the pioneering papers of the ADJ group equational logic was chosen to
axiomatize the properties of the data types, following a well-established tradition
in universal algebra. Indeed the study of classes of algebras definable by equations
dates back to the thirties, with the works of Birkhoff resulting in his famous
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theorem, that states that equations characterize exactly varieties, i.e. classes of
algebras closed w.r.t. subalgebras, products and quotient (see e.g. [19]). Although
varieties, or their weakened notion of quasi-varieties, are still in vogue because
of their elegant and well-established mathematical counterpart, especially if the
initial approach is considered, as a result both of theoretical investigations and
of preliminary attempts at applications, the nature of the algebras, the logics
used to define the classes of admissible realizations of a data type and even the
notion of signature have been worked out again more or less recently, producing
a considerable proliferation of specification formalisms.

From a pragmatic point of view, the existence of a number of different for-
malisms is pretty reasonable, because each one of them may be the more comfort-
able to work in, depending on the problem under examination, the field tradition,
the available tools and (not least) the personal taste. However in practice (and
indeed this thesis started out of a bunch of concrete problems arising in the field
of the algebraic specification of concurrent systems, that are sketched later) this

fragmentation leads to three orders of difficulty:

e a number of analogous results are proved in different frameworks, with slight
variations of one proof technique; think for instance of the proofs of existence
of an initial object in classes of (partial, total, order-sorted one/many-sorted)
algebras (with/without predicates) defined by a set of conditional sentences.
The standard technique is to define congruences in a way that the kernels
of the natural interpretation of terms is a congruence and then show that
the quotient of the term algebras by the intersection of the kernels of the
natural interpretation of terms in the algebras of the class (alternatively by
the congruence generated by a Birkhoff-like deduction system) is a model,
too. Thus a number of instances of the same result, proved with the same

technique are disseminated in the literature.

e it is virtually impossible to formally compare results and tools developed in
different frameworks without the help of a meta-formalism; thus quite often
comparisons and discussions about what framework better fits the needs are
developed at an informal level and the lack of rigour comes out in a lack of

objective criteria to establish the merits of the different frames.

e from the point of view of a specification language user the ability of sup-
porting modularity and refinement are essential in order to allow reusing of
specifications. Thus it is important (not to say crucial) to assemble, possibly
at different levels of implementative detail, specification modules in differ-

ent formalisms. Rephrasing the title of a landmark paper by Burstall and
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Goguen [27], the issue is “putting together theories from different formalism
to make specifications”.

To overcome these problems the first step is developing a theory whose objects
are the specification frameworks, so that results can be stated in a general form
and then instantiated on an actual framework; moreover such a notion should help
in comparing different formalisms providing a common language to define which

results/features are relevant w.r.t. the comparison. In Mahr & Makowsky’s words

([56]), the goal is

to create an appropriate framework to speak about specification lan-
guages, to compare their expressive power and to axiomatize their
semantic behavior. This framework is meant to capture only the ba-
sic properties which are satisfied by any specification language that is
reasonable.

Starting from ground work in the field of specification languages and in par-
ticular to give the semantics of the Clear language (see e.g. [28]), in the late
seventies Burstall & Goguen captured the intuition of the minimal requirements
that a theory must meet to be a reasonable specification framework and intro-
duced the notion of institution “to do the Clear tricks once and for all, over any
(suitable) logical system” (Burstall & Goguen [45]). Institutions formalize the
intuitive notion of logical system and consist of the minimal ingredients of any
algebraic framework:

e a collection of the admissible languages (that in the algebraic tradition are

called signatures);

o for every language the class of the admissible structures on that language
(algebras on the signature)

o for every language a set of sentences on the language, used to axiomatize

classes of structures, or models.

A satisfaction relation between structures and sentences on the same language
is needed in order to define (basic) specifications, i.e. to axiomatize classes of
models; moreover, in order to build more complex specifications starting from
simple ones, the admissible changes of language are used. Accordingly sentences
are translated by language changes (by the rename of the language symbols, in
the standard cases) and any model on the target language can by reduced to a

model on the source of a language change (by interpreting each source symbol
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as the interpretation in the model of its image along the language change). A
crucial point is that, following the intuition that the language changes do not
have any semantic meaning, truth is invariant under change of notation. From a
technical point of view this property is also needed to have that the construction

of specifications using such changes of notation is sound.

Translating the above discussion in categorical terms, an institution consists
of a category of signatures, a couple of functors, respectively giving the set of
sentences and the category of models for any given signature, and a satisfaction
relation between models and sentences on the same signature such that for each
signature morphism o a model satisfies the translation of a sentence along o iff
the reduct of the model along o satisfies the sentence (i.e. the satisfaction relation

is an extranatural transformation).

Few alternative notions have been proposed, at a time with institutions or
later, aimed to deal with problems related to specification languages, but not de-
signed to represent algebraic formalisms in their general form, so that their appli-
cations have been local to a problem or a working group and missed the resonance
of institutions. Consider for instance the (algebraic) specification languages by
Mahr & Makovsky, independently defined during the same period as institutions
and very close to this notion; they were used in [56, 55, 57] to state an important
result in the Birkhoff tradition, that, roughly speaking, can be rephrased as “the
specifications uniformly admitting initial object are all and only those that can be
expressed by conditional axioms”. But, to the author’s knowledge, specification
languages were not used for any other task and the following works on the sub-
ject were stated in the institution framework (see e.g. [89, 90, 92]). Analogously
the model-theoretic approach by Barwise (see e.g. [15]) had no followers among
the computer scientists, because some conditions were too restrictive to capture

relevant examples in this field.

On the other hand structures were proposed to deal with aspects of the alge-
braic specifications ignored by the institutions, namely the need for the capability
to represent many-valued logics, in order to capture examples from data base and
knowledge theory or simply the concept of evaluation, (see e.g. [61]) and tools to
speak of deductions, proofs and such (see e.g. [36] for a formalism presented as
an alternative to institutions and [63] for a completion of the institution frame-
work with logical instruments). The original definition of institution inherited
from these alternative representations of logical systems and from the feed-back
coming from their use by the scientific community some slight changes and gen-

eralizations (see e.g. [45]).

Since their definition, institutions were favored by the scientific community



and a number of classical notions, problems and results from algebraic specifica-
tions were rephrased and approached in this more general frame; consider, indeed,
e.g. [89, 90, 92] for Birkhoff-like studies on the relationships between initiality,
freeness, varieties and the form of the axioms, [32] for a generalization of the
module algebra concept to the institution frame, [84, 82] for specification building
languages that are uniformly interpreted on any institution, [83] for lifting the
notion of observational equivalences to work on a generic logical framework, [91]
for rephrasing classical logic theorem and, on a more applicative side, [16], where
an institution is presented to represent implementations, and [31, 78, 79], where
some institutions for the specification of the abstract requirements of concurrent

systems are proposed and analyzed.

The common denominator of these papers is the emphasis on the institution
independence of many classical results, that can be presented in a more general

form once and for all.

Although a great part of algebraic theory can be rephrased in terms of a generic
institution (possibly satisfying some extra conditions), there are constructions (or
theoretical proofs or automatical tool building) that cannot be done without fixing
the logical framework details, for example the nature of signature should be known
to the designer of a parser. Moreover it may be convenient (and in practice this
happens in many cases), in order to develop different parts, to be able to work in
more than one institution at one time. To make this idea precise and to inherit
from the category theory predefined concepts (like the notion of sub-institution)
and constructions (like products, sums, or (co)limits) a notion of arrow between

institutions has to be introduced.

The first attempt at the definition of such arrows was the notion of institution
morphism in the pioneering paper on institutions [44]. This definition serves
the purpose of building new institutions starting from simpler ones, adding in a
modular way features to logical systems. The basic idea is that signature and
models are translated from the source into the target institution, while sentences
are mapped from the target into the source, preserving the satisfaction relation
in the sense that the translation of a model satisfies all and only those sentences

whose translations are satisfied by the model itself.

Although institution morphisms induce a category of institutions, where stan-
dard categorical construction correspond to intuitive institution building opera-
tions (see e.g. [44, 46] and the study of categorical properties in [91]) and are
apparently well behaving also w.r.t. more ad hoc hierarchic constructions (the

analysis of such compatibility is still under development, see [30]), they are in-
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appropriate to compare the expressive power of different institutions!. Moreover,
since signatures and sentences are mapped in the opposite directions, the use of in-
stitution morphisms in order to translate axiomatic presentations of specifications
are innatural.

The analysis of a few concrete examples leads to identify two main require-
ments to capture the notion of comparison between the logical expressive power

of different institutions:

e signatures and sentences should be mapped in the same direction, so that
axiomatic presentations of specifications can be translated and compared

with theories expressed in a different institution;

e requiring that every (target) model may be translated (into a source model)
in a way that satisfaction is preserved (with the same meaning as for insti-
tution morphisms), i.e. that every individual model of the target institution
is a sound representation of a model of the source, is too restrictive, because
in this way only institutions whose models have the same expressive power
could be related.

Moreover, in order to be guaranteed that every specification in the source has a
corresponding specification in the target whose models represent the models of
the specification (where specification stands for class of algebras on one signature,
as necessary to deal with specification languages), the surjectivity of the model
component is crucial.

In order to meet the second requirement, there are basically three possibilities:
the component dealing with models is partial (adopted by simulations in [2]), a
signature is translated into a theory whose models are the domain of the compo-
nent dealing with models (adopted by maps of institutions in [63]), and a (source)
model is represented by a class of (target) models (adopted by institution coding
in [93], and more recently by pre-institution transformation in [81], where every
source model is translated into a set of target models).

Starting from a number of concrete examples and following the requirements
described above, in [2] simulations of institutions were defined and used to ap-
proach two main problems: how to put together specifications defined in different
institutions and how to generalize the notion of implementation, relating models
in different formalisms.

Simulations consist of a mapping of signatures and sentences from the source

into the target institution and of a backward translation of models preserving

!The motivations of this inadequacy are clearly presented in [91] and appear patently from
concrete examples

xii



satisfaction, that is partial and surjective. The domain of the model class is not
required to be the model class of a set of old sentences, not even a full subcategory
of the old models, in order to be able to use simulation to represent relationships
between institutions that are known in literature, as for instance the representa-
tion of partial by total algebras adding (for each sort) a constant denoting the
“undefined elements”.

In the literature it is often claimed that a frame is equivalent to another one,
usually in the sense that both solve the same kind of problems, or that in both the
results are equivalently (un)satisfactory. But the meaning of equivalence is usually

not formally defined and quite often used to denote different levels of relationship.

Indeed three levels can be distinguished and formalized by means of simula-
tions, depending on whether the correspondence is between models, or categories
of models, or specifications (theories). At the set-theoretic level, every model of
the new frame is represented by a model in the old frame, that satisfies the same
formulas, or, more precisely, corresponding formulas. This corresponds to requir-
ing that a simulation exists from the new into the old frame (s.t. the domains of
the model component is a, possibly non-full, subcategory of the old models). At
this level most properties are missing, in particular no structured way of defining
models is guaranteed to be preserved, because it usually involves categorical con-
structions. To have a categorical correspondence between two frames, at least the
domain of the simulation has to be a full subcategory of the old models; moreover
some more properties have to be required depending on the categorical structures
that are intended to be preserved. Here the focus is on the initial structures and
minimal conditions are given to preserve initiality. Even if there is a categori-
cal simulation, the power of the specification languages in the two frames can be
quite different; in particular it is possible that in the new frame some categories
are definable by sets of sentences that are not so in the old one (and vice versa).
To guarantee that the relationship is at the logical level, 1.e. for every specification
(i.e. the class of models which satisfy a set of sentences) in the new frame there
exists a specification in the old frame equivalent to the given one in the categorical
sense, it must be required not only that the domain of the model component is a
full subcategory of the category of old models, but also that it is described by a
set of old sentences.

Simulations can be used not only to compare the expressive power of differ-
ent formalisms, but also to translate results and tools from the target into the
source institution. Consider indeed, as an example, the mapping of inference sys-
tems. Given an inference system in the target institution an inference system for

the source institution can be built, which consists of a preprocessing (the cod-
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ing of both the premises and the consequence in terms of target sentences), the
application of the given system and possibly a post-processing (the decoding of
the answer). Since the validity of sentences is preserved by simulation and every
new model is represented by at least an old one, soundness is preserved by this
construction. Moreover if the domain of the simulation component dealing with
models is the model class of a set of sentences, i.e. the simulation is a map of insti-
tutions too, also completeness is preserved. In particular this technique is applied
to the simulation of partial higher-order specifications by partial first-order ones,
after presenting an equationally complete inference system for the first-order case.

This construction is a particular case of a general categorical construction, that
allows “borrowing” the logical tools of a framework to enrich another framework
lacking them. In order to apply this construction, one needs appropriate mappings
between the frameworks. After explaining the key categorical properties on which
the construction rests and giving an overview of concepts in general logics, this
technique is applied to few concrete examples to illustrate how it can be generally
used to translate proofs along maps of the underlying institutions (entailment
systems) and how to built a logical system for any given institution.

Finally the basic notion of simulation between institutions is extended to deal
with the problem of structuring specifications in different formalisms, introducing
the concept of simulation independent metalanguage, a generalization of notion
of institution independent metalanguage, by Sannella and Tarlecki. Moreover, in
connection with the refinement problem, it is shown how simulation adds a third
dimension to the well known horizontal and vertical composition of implementa-
tions, thus allowing the composition of software modules not only from different

formalisms, but also at different levels of abstraction.

Thesis Summary

The roots of this thesis date back to concrete experiences (of the supervisor and
his group but not involving the author) in the field of algebraic specification of
concurrent systems from two points of view.

On one side in order to specify concurrent calculi, higher-order partial functions
are needed (see e.g. [13]), as well as to specify programming languages and their
data types (see e.g. [11]; thus the need for a rigorous foundation of the theory
of partial functions led to the study of partial higher-order specifications. Since
partial higher-order specifications reduce (at least for term-generated models) to
a first-order (infinitary) logic more powerful than usual, foundations for such a

logic had to be provided first. The results about the categorical properties of
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model classes, published in [1, 7, 29], are summarized in the second chapter, while
the equationally completeness of an inference system, presented in [1], restricted
to ground deduction, and in [7, 29], in a more general form, is proved in the
forth chapter. Moreover the application of these studies to the higher-order case,
presented in [3, 6], are summarized, too, in the second (categorical results) and

forth (logical system) chapters.

On the other side, as concurrency features are in a sense orthogonal to the
algebraic formalism adopted in order to represent the data types of the language
(including processes), provided that tools to represent the transition predicates are
available, the SMoLLCS paradigm was rephrased on different algebraic frameworks,
tuning it to the particular applications; for example in [10, 13, 12] the algebraic
formalism underlying the SMoL.CS construction is the (plain) partial algebras,
while in [14] total algebras with predicates are used and in [9] partial algebras
with predicates. Since every change of the underlying formalism requires, in order
to be rigorous, formal restatement of definitions and results that do not involve
the concurrent features and are, hence, semantically immaterial, the need for a
translator of algebraic framework that allowed to change the underlying formalism
without affecting the concurrent constructions resulted in the study of simulations,
that are the central theme of this thesis. Simulations were introduced in [2] and
used to deal with two important aspects of specification languages: modularity
and implementation; such results are reported in the last chapter. In [8] a rigorous
analysis of the different levels of relationships between logical formalisms is de-
veloped by means of simulation; in the second chapter these levels are illustrated
and the technique is applied to two paradighmatic cases: the relationship between
different specifications of partiality and the comparison between the specification

of non-strict functions in total and non-strict frames.

The structure of the thesis is the following.

The first chapter is devoted to the introduction of the notion of institution as
rigorous counterpart of specification framework and to the comparison of institu-
tions with other formalisms introduced in litterature to represent logical frames:
Pre-Institutions, by Scollo and Salibra; Specification Logics, by Erigh, Baldamus
and Cornelius; Galleries, by Mayoh; Foundations, by Poigné; m-institutions, by
Fiadeiro and Sernadas; FEntailment Systems, by Meseguer.

In the second chapter, as a paradigmatic example of the need for a rigoruos
definition of specification formalism translator, the specification of partial func-
tions in several styles is proposed, considering from the classical total ones, like

error algebras, to more recent proposals, like the order-sorted paradigm or the use
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of explicit typing mechanisms. A large room is given to the partial approach, not
only recalling the classical result but also proposing a treatment of higher-order
partiality.

The third chapter presents the central definition of this thesis, i.e. the notion
of simulation and uses simulations to enlighten the differences between a number
of representations of partiality by total algebras, showing that three levels can be
distinguished, corresponding to relating individual models, categories of models,
or axiomatic presentations. The same technique is applied also to the relationship
between total and non-strict algebras, after a summary of the results about non-
strict don’t care specifications. Then simulations are compared to other notions
of arrows between institutions: institution morphisms, maps of institution, pre-

institution transformations and istitution coding/representations.

A general categorical construction allowing a structure to “borrow” logical
tools from a richer one along a mapping is presented in the forth chapter and
applied to the world of general logic. In particular it is shown how to endow an
institution with an entailment system via a simulation or a map of institution and
this technique is applied to build an inference system for the partial higher-order
framework, after presenting an equationally complete inference system for partial

(first-order) conditional specifications.

The last chapter is devoted to the use of simulations to translate (structured)
specifications in order to assemble modules defined in different frames by means
of stmulation independent metalanguages, that are a refinement of the institution
independent metalanguages introduced by Sannella and Tarlecki. Moreover sim-
ulations are used to generalize the notion of implementation (as refinement), by
allowing specifications defined in different institutions to be related and adding,

in this way, a third dimension to the horizontal and vertical compositions.
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Chapter 1

Specification Formalisms

It is widely recognized the importance of the algebraic approach as a uniform way
to describe both data types and programs with natural techniques to structure
and refine the design of modules.

The basic intuition of any algebraic approach consists in describing data struc-
tures (or programs) by simply fixing the signature, i.e. the names for the different
sets of involved data and for the basic operations that build/manipulate the data,
and axiomatizing their characteristic properties by means of a set of sentences
(mainly Horn-clauses) built on the signature.

The semantics of an algebraic specification is then given as a class of algebras
on the signature of the specification, i.e. of structures where each name of data
type has been interpreted by a set and each name of operation by a function. In
order to define such a class some machinery is common to the different algebraic

approaches:

e the notion of “satisfaction” or “validity” has to be defined, in order to restrict

the algebras to the ones that satisty the axioms;

e terms on the signature are inductively defined, starting from the symbols for
constants and variables and closing under the application of operation sym-
bols and then the natural interpretation, or evaluation of terms in an algebra
under a valuation for their variables is inductively defined, by interpreting
the variables by their valuation and each operation symbol (including con-

stants) by its interpretation in the algebra;

o functions are defined between algebras, that preserve the evaluation of terms

and are usually called homomorphisms.
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Then, using terms and homomorphisms, there are three basic approaches to
give the semantics of a specification; the first two correspond to and generalize the

mathematical principles of induction and observational /behavioural abstraction:

initial approach: the class of algebras described by the specification is the
isomorphism class of the structure characterized by the two condition of no-
Junk (each element is denoted by a term on the signature) and no-confusion
(two terms are equal iff they can be proved equal from the axioms); this cor-
responds to the existence of exactly one homomorphism from this structure

into each algebra satisfying the axioms;

terminal approach: the class of algebras described by the specification is the
isomorphism class of the structure characterized by two condition: no-junk
and “two terms are equal iff they cannot be proved different from the ax-
ioms”; this corresponds to existence of exactly one homomorphism into this
structure from each algebra satisfying the axioms and some extra conditions,

like no-junk, strictly depending on the actual algebraic formalism;

loose approach: the specification describes the class of the algebras satisfying
its axioms.

Although in the final stage of a specification process either the initial (and I
mostly prefer this because of computability considerations) or the terminal ap-
proach is usually adopted in order to define exactly one structure (up to isomor-
phism), in the intermediate phases, when the specification is under refinement,
the loose approach is the most favorite, because it allows to progressively restrict
the class of models by fixing decisional details.

It is worth noting that, although the notion of term and natural interpretation
is crucial in order to define axioms with their validity and homomorphisms, «a
posteriori axioms and homomorphisms are sufficient to qualify the initial, the
terminal and the loose approach. Thus terms can be regarded as an auxiliary
concept used to express the main notions of axiom and homomorphism, that can
be dropped in a general theory to deal with specification formalisms, provided
that the models have a categorical structure, by adopting the concepts of axiom
and validity as primitive.

The last ingredient of any algebraic formalism is the capability of structuring
specifications to modularly build large specifications. In order to put together
specifications, a specification language is needed and although many different lan-
guages have been defined in the last years, all share the use of renaming of the
signature symbols in order to relate basic specifications and in particular to instan-

tiate parametric specifications. In this phase it appears crucial that the change of
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notation does not affect the validity of sentences, in order to have that the models
of a larger specification, restricted to the symbols of any its subcomponent are
models of this subcomponent, too.

In order to have a formalism able to relate and/or put together specifications
expressed in different frameworks, a precise notion of what a specification frame-
work is has to be provided. This chapter is devoted to the introduction of the
notion of institution (see e.g. [44, 45, 46]), starting with the paradigmatic example
of the many-sorted framework, and the comparison of this concept to alternative

formalisms.

1.1 Institutions

As introductory example of specification formalism, the probably most famous is
considered: the many-sorted algebras.

Signatures consist of a set of names for the data types and a family of function
symbols together with their functionality and the signature morphisms are the

renaming of names that preserve the functionality of operation symbols.

Def. 1.1.1 A many-sorted signature (S, F') consists of a countable set S of sorts
and of a family F' = {F, ;s }wes*ses of disjoint sets of operation symbols. In the

sequel op:sy...s, — s stands for op € F A generic signature will be

denoted by .
Let ¥; = (S1, F1) and Y3 = (52, F3) be many-sorted signatures; then a sig-

nature morphism (o,$): X1 — Xy consists of a sort renaming o:5; — Sy and

1.e-8n,5°

a family ¢ = {buws: M, — Fa(uw)e(s))s Where o(w) is inductively defined by
o(A) = A and o(sw) = o(s)o(w). O

The algebras on a many sorted signature are the structures that associate with
each sort a carrier set and to each operation symbol a concrete function with the
proper arity; the allowed morphisms between two such structures are the mapping

of the supporting carriers that preserve the interpretation of function symbols.

Def. 1.1.2 A many-sorted algebra A on a signature ¥ = (5, F') consists of a fam-
ily {s},es of sets, the carriers, and of a family {op*},peF, . .wes* ses of functions,

the interpretations of operation symbols, s.t.

o if w = A then op? € s4;

o if w=s1...5,, where n > 1, then op?: s;4
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Often the algebra A is denoted by the couple ({s4}, {op?}), omitting the quan-
tifications about s and op which are associated with the signature. A many-sorted
algebra over a signature ¥ is called a Y-algebra. The class of all Y-algebras is
denoted by Alg(Y).

In order to unify the notation, in the sequel the constants op € Fj, are
regarded as “zeroary” operations, with the convention that s;...sy stands for A
and that A4 = 54 x ... x 50? is the singleton set, so that a function having it as
domain is an element of the codomain, accordingly with the definition of op™.

Let A and B be Y-algebras. Then a homomorphism p from A into B is a
family of functions p = {pS:SA — 33}565 s.t. for any op € Fy, . 5, with n > 0,
and any a; € s;* with:=1...n,

ps(op™(ar, ... an)) = op” (pay (), ps, (an)).

In the sequel p: A — B will denote a homomorphism p from A into B. a

For any signature morphism (o,¢):(51,F1) — (52, Fy) a functor
Alg(o, ¢): Alg(Ss, Fy) — Alg(S1, F1) exists called reduct.

Def. 1.1.3 Let ¥, = (51,F1) and Xy = (52, F,) be signatures and
(0,0):% — Y3 be a signature morphism; then the reduct functor

Alg(o, ¢): Alg(X,) — Alg(X,) is defined by:
e for each Yy-algebra A, the Yi-algebra Alg(o, ¢)(A) consists of:
~ AR Z (o (s)A for all 5 € S)
— op9 @A) = ((op))? for all op € I

o for each homomorphism h between Xj,-algebras, the homomorphism

Alg(o, ¢)(h) is the family {Alg(o, $)(h)s = ho(s) | s € Si}. O

A particular example of algebra is the term-algebra. In the sequel variables are

assumed to be “new” symbols, disjoint w.r.t. the symbols used to build signatures.

Def. 1.1.4 Let ¥ = (5, F') be asignature and X = {X;}scs be an S-sorted family

of variables.
o The family {TE(X)|5}seS of the sets of the terms is inductively defined by:

- X;UFys C TE(X)|57 for all s € 5;

— op(ty, ..., tn) € T5(X),, for all op € F
r=1...n.

s and all #; € TZ(X)M for

1.++5n,
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e Forallop € F,, _,, . let opt: TZ(X)|51 X ... X TE(X)|5
by opl (t1,...,t,) = op(ti,...,t,) for all ¢; € TZ(X)|

= TE(X)|5 be defined

s fori=1...n

e The term-algebra over ¥ and X, denoted by Ty (X), or shortly Ty if X is
the (family of) empty set, is the couple ({Tx(X), }, {op”}).

|s

e Let A be a Y-algebra and V = {V,: X, — s | s € S} be an evaluation of
the variables in A; then the natural evaluation eval™" of the terms in A

w.r.t. V is inductively defined by:

- evalA’V(:L') = Vi(x) for all x € X and all s € 5

— eval™ (op(ty, ..., 1)) = op™(eval™V (t1),. .., eval™V(t,)) for all terms
op(ty, ... 1)

In the sequel evalA’V(t) will be denoted by 4" or simply by ¢4, if X is the

(family of ) empty set. O

To simplify the treatment of the logical component, only conditional formu-
las without variables are considered and the generalization to Horn-clauses with

variables will be introduced in the sequel.

Def. 1.1.5 Let ¥ = (5, F) be a signature.

o A ground equality over ¥ has the form ¢ = #' for ¢,#' € Ty|,. The set of all
ground equalities over ¥ will be denoted by GFEq(X).

o A ground conditional formula over ¥ has the form
h=tA  ANy=t >t=",

where ty = t],...,t, =t t =t € GEqg(¥). The set of all ground condi-
tional formulas over ¥ will be denoted by GCond(X).

e If Ais a many-sorted algebra and ¢ is a formula, then ¢ holds in A (equiva-
lently: is satisfied by A), denoted by AlEgams¢, accordingly to the following:

— Algumst =t/ iff t4 = 14,
— let gb be tl == tll/\. . ./\tn == t% Ot = t/; then A|:gM5¢ ileA|:gM5t = t/,
or AE gmsti =t for some i € {1...n}. O

For any signature morphism (o, ¢): (S1, F1) — (52, Fy) it is easy to define the
translation of formulas along the signature morphism as the renaming of function

symbols.
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Def. 1.1.6 Let ¥y = (51, F1) and ¥y = (52, Fy) be signatures and p be the
signature morphism (o, ¢): 31 — X

The renaming ren,: GCond(X1) — GCond(X,) is defined by
o ren,(t =1')1is ren,(t) = ren,(t') and
o reny(er A .. A€, De)is reny(er) AL A ren,y(e,) D ren,(e)
where ren,(t) is inductively defined by
o ren,(op) = ¢s(op) for all op € Fiy g;
o ren,(op(ty, ... 1)) = dlop)(ren,(ty), ..., ren,(t,)) for all op € Iy, .. O

It is easy to check that for each signature morphism the translation of a sen-
tence along the morphism is satisfied by a model iff the reduct of this models
satisfies the sentence.

Abstracting the case of many-sorted algebras on the base of the above discus-

sion, an algebraic specification formalism can be summarized by:

e a collection of signatures, together with their morphisms, corresponding to

the languages to express the data types and their translations;

o for each signature a set of sentences and for each signature morphism from

Y into ¥’ a renaming of sentences on ¥ into sentences on X';

o for each signature a collection of models, or algebras, on this signature,
together with their homomorphisms, and for each signature morphism from

Y into ¥’ a reduct functor from models on ¥’ into models on X;

e for each signature a satisfaction relation, relating models and sentences on
the same signature.

and since the signature morphisms are just syntactical translations, satisfaction
changes consistently with any signature morphism. This corresponds to the notion
of institution, first introduced by Burstall and Goguen, to define the semantic of

the language Clear.

Def. 1.1.7 [[44] def.14] An institution T consists of
e a category Sign of signatures;

e afunctor Sen: Sign — Set giving the set of sentences over a given signature;
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e a functor Mod: Sign” — Cat giving the category (sometimes called the
variety) of models of a given signature (the arrows in Mod(X) are called the

model morphisms);

e a satisfaction relation®
EC |Mod(X)| x Sen(X)

for each ¥ in Sign, sometimes denoted |Ey, such that for each morphism
¢: Y1 — Yy in Sign, the Satisfaction Condition

M'|= Sen(¢)(§) <= Mod(¢)(M') = ¢
holds for each M’ in |Mod(Xs)| and each £ in Sen(X4). O
The many-sorted formalism is easily rephrased as an institution.

Def. 1.1.8 The institution of many sorted total algebras with ground conditional
formulas is the quadruple GMS = (Sign 5, Sengms, Mod s, Fgms), where:

the category Sign s has many-sorted signatures as objects and many-sorted
signature morphisms as arrows, introduced by Def. 1.1.1

The functor Sengums: Sign s — Set consists of:

o Sengms(X) = GCond(Y), introduced by Def. 1.1.5, for each signature ¥;

o Sengms(p) = ren,, introduced by Def. 1.1.6, for each signature morphism
p.
The functor Mod ps:Sign " — Cat consists of:

o Modms(Y) is the category of many-sorted algebras, introduced by Def. 1.1.2,

for any signature X;

o Modms(p) is the reduct functor, introduced by Def. 1.1.3, for any signature

morphism p.

For any ¥ € |Sign |, any A € |[Modms(X)| and any £ € Sengms(L),
AEgmsé accordingly with Def. 1.1.5. O

In order to generalize the notion of sentences to allow conditional formulas
with variables, some care has to be taken to deal with the translation of variables
along signature morphisms. Following the approach in [46], the notation for many-
sorted conditional formulas has been slightly changed w.r.t. the classical algebraic
approach (see e.g. [64, 34]).

! for any category C the class of the objects of C is denoted by |C].
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Def. 1.1.9 The institution of many sorted total algebras with (open) condi-
tional formulas is the quadruple MS = (Sign \s, Senms, Mod ps, Eas), where
Sign s and Mod s are as in Def. 1.1.8 and the functor Sen aps: Sign g — Set

consists of:

e for any signature ¥ = (.5, F') the set Senps(X) consisting of formulas
Viy=tAN...At, =t Dt =1,
where V: X — S is a partial typing function and ¢; € Ts({V~'(s)}ses)-

e for any signature morphism (o, ¢), the function Senms(o,¢)(V.E) =
(0 0 V.4(£)), where ¢ is the usual rename of the function symbols leaving

the variables unaffected.

For any ¥ € [Signygs|, any ¢ = (Vitu = ) A .. ANL, =1, Dt = 1) €
Sengms(X) and any A € |[Modms(X)|, AFmsé iff for every valuation U =
{U,;: V=1(s) — s} ,e5 of the variables of £ in A:
AEmspt =t ori € {1,...,n} exists s.t. AR mspti = t, where AE syt =t/
F AU — AU

The institution of many sorted total algebras with (open) equational formulas
is the subinstitution? EMS = (Sign v, Senems, Mod s, Eams) of MS, where
for every signature ¥ the sentences Sengas(¥) are the subset {V.£ | € = (1 =1)}
of Sen ms(X). a

First Order Structures

A very close framework to standard (one-sorted) many-sorted algebras with con-
ditional sentences based on equality is the theory of (homogeneous) heterogeneous
first-order structures (algebras with predicates), where predicates are allowed in
order to build formulas and accordingly algebras (i.e. models) are equipped with
the truth set of each predicate, to define validity of sentences, that, as usual in
computer science, are (positive) Horn-Clauses.

Besides the theoretical relevance of this approach, predicates are useful in
order to represent many central concepts in computer science, like transistions
of concurrent systems and typing relations. Thus the general theory of both

homogeneous and heterogeneous first-order structures is here briefly summarized.

?Here and in the sequel the word “subinstitution” is used rather informally to denote an
institution with less signatures and/or less sentences and/or less models, without a rigorous
categorical counterpart.
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Def. 1.1.10 The institution of many-sorted first-order structures with equality
is the quadruple 7 £ = (Signy ., Sentz, Modr., |=712), where:

e Sign;, is the category whose objects (5, F, P) consist of a many-sorted
signature (5, F') and an S*-indexed family P of predicates and whose mor-
phisms (o, ¢, 7): (51, Fi, P1) — (53, Fy, Py) consist of a many-sorted mor-
phisms (o, ¢): (51, F1) — (52, F3) and a type preserving ST-indexed family

of functions 75, 5.1 Prs, s, = Pac(sy..on)-

o Senr.:Signy, — Set is defined by:
— for every signature ¥ = (5, F, P) in Sign;, the set Senz.(X) is
{Viee Ao Ne, Del e ey e € Atoms(E,V)}

where V is a sort assignment to the variables and Atoms(¥, V') consists
of the equalities t = ¢’ between Y-terms (on V-sorted variables) and
the atomic formulas of the form p(tq,...,¢x) for #; terms of sort s,
t=1...k and p € P,

1.5k

— for every signature morphism p: ¥ — ¥/, where p = (0, ¢, 7), the trans-
lation Senzc(0) of a sentence V.£ is V oo.ren(€), where ren(€) denotes
the renaming of function symbols in ¢ by ¢ and the predicate symbols

by 7, leaving unaffected the variables.
o Modr,:Sign, .Y — Cat is defined by:

— for every signature ¥ = (5, F, P) in Sign;, the category Modr.(X)
consists of:

* the objects are first-order structures ({s*}ses, {4} rer {p? }pepr),
where ({s4},cs,{f*} er) are many-sorted algebras and p? is a
subset of 514 x ... x s,? for each p € P,

1080

* the morphisms are truth preserving many-sorted homomorphisms

hi:A— B s.t.
if (ar,...,a,) € p*, then (hy, (ay),..., ks, (a,)) € pP for all predi-
cates p.

— for every signature morphism p:¥ — Y’ where p = (0,¢,7), the

translation Modz.(o)(A’) of a first order structure A’ is the reduct

({o () }ses, {0( )} ser, {m(p)* }pep) and the translation of a mor-
phism h is Mod pms(o)(h).
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e For any ¥ € |Signs,|, any £ = (V.ege A ... AN e, D €) € Senrg(¥) and
any A € [Modr:(Y)|, Alsrc€ iff A7, € or there exists ¢ € {1,...,n} s.t.
AH 1ope for all valuations {Us: V7=l(s) — s4},es, where Arpt = ¢ iff
tAY = AV and Alreppa(te, ..o te,) iff (Y, ,240) € phl

The institution of (one-sorted) first-order structures with equality is the subin-
stitution £ = (Sign,, Seng, Mod., =) of TL, whose signature have singleton
sets of sorts and whose sentences and models are the composition of Senz, (resp.
Modz;) with the embedding of Sign, into Sign, . O

Since in the homogeneous case the name of the sort is immaterial, the notation

is simplified dropping the sort indexes and the typing of variables in sentences.

Alternative Formulation

There is also a more categorical formulation of the concept of institution (see
e.g. [45]), that is worth to be recalled, because it is not only more elegant, but

also easier to generalize.

Def. 1.1.11 Let C and B be categories, 5: C? x C — B be a functor and let b
be an object of B. Then an extranatural transformation® o: S — b is a function
assigning to each object ¢ of C a morphism a.: S(¢,¢) — bin B such that for any

f:ec— ¢ in C the following diagram commutes

S(]d0'7 f)
S(d,e) S(d, )
S(fv ]dc) Qe
S(e,c) b

An institution is a pair of functors Mod: Sign” — Cat and Sen: Sign — Set
with an extranatural transformation |=: |Mod(_)| x Sen(-) — {true, false}, where

the functor |_| is the forgetful functor from Cat to Set, discarding the arrows. O

1.2 Other Formalisms

In the last years a small collection of alternative notions of specification formalisms

has been developed, aimed to generalize the treatment of the logical side. These

3see e.g. [H4]
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different theories can be essentially grouped in three classes, each of them facing

one of three possible lacks of generality from the institution theory:

e the satisfaction condition is claimed to be too restrictive, because it does
not capture non-monotonic reasoning, where for example adding symbols to
the language can affect the validity of sentences; although the motivation
seems reasonable in principle, the only significant example that has been
fully developed until now, the behavioural equational specifications, is quite
controversial; indeed it is sufficient a slight change of the definition of sen-
tences to get an institution, but it is still unexplored the correspondence

between this institution and the practical use of behavioural specifications;

e by definition the satisfaction relation determines whether a sentence is, or
is not, satisfied by a model; thus the concept of institution can capture
just two-valued logics, while many applications need more liberal notions of

validity;

e the concept of institution misses built-in tools for the treatment of deduction
and proofs, so that the theory of (automatic) theorem provers can be hardly

formalize using institutions.

In the sequel the main alternative formalisms are presented, starting with
the pre-institutions by Salibra and Scollo (see [81]) and the specification logics by
Ehrig, Baldamus, Cornelius and Orejas (see [33]), where the satisfaction condition
is relaxed.

Then the galleries by Mayoh (see [61]) are briefly sketched, where the notion of
satisfaction is replaced by the idea of “evaluation” of (possibly logical) expressions,
and compared to the generalized institutions by Burstall and Goguen (see [45]).

Finally built-in tools to deal with logical concepts are introduced with the
w-institutions by Fiadeiro and Sernadas (see [36]), where essentially models and
validity are dropped and substituted by a consequence relation, and with the
entailment systems by Meseguer (see [63]), where a notion closed to the one of #-
institution is inserted in a big “fresco”, including the theory of institutions, where
notions to represent not only entailment systems, but also proofs and calculi are at
hand and the different parts of the picture are strictly related by a net of (adjoint)

functors.

1.2.1 Pre-Institutions

In order to investigate which properties of a logical formalism depend on the satis-

faction condition and/or the categorical structure of the model classes, and which



12 CHAPTER 1. SPECIFICATION FORMALISMS

do not, holding for larger classes of formalisms than the institutions, recently Sal-
ibra and Scollo in [81] introduced a weakening of the notion of institution, called
pre-institution, where both the satisfaction condition and the categorical structure

of the models have been dropped.
Def. 1.2.1 A pre-institution is a 4-tuple Z = (Sign, Sen, Mod, |=), with:
e Sign is a category, whose objects are called signatures,

e Sen:Sign — Set a functor, sending each signature ¥ to the set Sen(X)
of Y-sentences, and each signature morphism o:% — ¥’ to the mapping
Sen(c): Sen(X) — Sen(X') that translates Y-sentences to ¥'-sentences,

e Mod: Sign — Set a functor, sending each signature ¥ to the set Mod(X)

of ¥-models, and each signature morphism o:% — ¥’ to the o-reduction

function Mod(o): Mod(¥') — Mod(Y),

e |=:|Sign| — |Rel™| a function, associating each signature ¥ with a binary
relation E=xC Mod(Y) x Sen(X), viz. the satisfaction relation between Y-
models and ¥-sentences.

Reduction preserves satisfaction in Z (or Z has the rps property, or Z is rps for
short) iff for all signature morphisms o € Sign(X, ¥'), all sentences ¢ € Sen(X)
and all models M" € Mod(X')

M' [eg Sen(o)(¢) = Mod(o)(M') s ¢

Expansion preserves satisfaction in Z (or T has the eps property, or 7 is eps for
short) iff for all signature morphisms o € Sign(X, ¥'), all sentences ¢ € Sen(X)
and all models M" € Mod(X')

Mod(c)(M') Ex ¢ = M' Eyx Sen(o)(0)

T preserves satisfaction (or T has the ps property, or 7 is ps for short) iff 7 is
both rps and eps. a

Thus an institution is a pre-institution that preserves satisfaction and where
model sets and reductions have categorical structure.

The focus of [81] is on the transformations of pre-institutions and the preser-
vation of logical properties by these morphisms. In particular a technique to
prove that the satisfaction condition is satisfied is presented, consisting of cod-
ing a pre-institution in an institution (i.e. a pre-institution that is ps) preserving
satisfaction, so that the satisfactions condition reflects from the codomain to the
domain. In the next chapters the precise definition of transformation will be

presented and compared with other notions of morphism between institutions.
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1.2.2 Specification Logics

Starting from the point of view that the theory of algebraic module specifications
and modular systems, although mainly developed in the framework of equational
algebraic specifications, is independent from this framework and should be stated
in a more general formulation that could be instantiated on any specification for-
malism, in [33] the core of the theory of algebraic module specification is rephrased
in an entirely categorical way, adopting the concept of specification logic to rep-
resent a generic formalism.

Specification logics are designed to capture a wider range of applications than
institutions and intuitively differ from institutions because the satisfaction relation
is implicit, with the theory presentations (pairs of signatures and set of sentences,
in the institution language) with their categories of models as primitive concept,
and validity is not invariant under change of notation. From a technical point
of view, specification logics are simply institutions without sentences, i.e. strictly

indexed categories.

Def. 1.2.2 [[33], def. 2.1] A specification logic SL is a pair (ASPEC, Mod) where
ASPEC is a category of abstract specifications and Mod: ASPEC — Cat®?
is a functor that associates with every specification in ASPEC its category of
models. a

Note that in the definition of specification logics there is no explicit notion
of logic not even of sentence or validity, so that much more than the intended
applications are captured.

The relationship between institutions and specification logics is complex. In-
deed any institution Z = (Sign, Sen, Mod, =) gives rise to a bunch of specification

logics, one for each subcategory of its theory category.

Def. 1.2.3 Given an institution 7 its category Th(Z) of theories has as objects
pairs T' = (X, ") with ¥ a signature and I" a set of sentences on ¥ and as morphism
o: (X, 1) — (¥, 17) the signature morphisms o: ¥ — ¥/ s.t. A" =y +' for all 4" € TV
implies A’ =y Sen(o)(y) for all y € T.

The subcategory Thy of Th(Z) has the same objects as Th(Z) and the aziom-
preserving morphisms o: (X, 1) — (X', 17) s.t. Sen(o)(I') C T,

The functor Modz: Th(Z) — Cat®? associates any theory T = (¥,1) with
the full subcategory Modz(T') of Mod(X) of the models of T', i.e. |[Modz(T)| =
{A| A€ |Mod(Y)|,A Ex v,v € I'} and any theory morphism o: (X, 1") — (¥, 1”7
with the restriction of Mod(o) to Modz(T"). O



14 CHAPTER 1. SPECIFICATION FORMALISMS

Note that the definition of morphisms and the satisfaction condition guarantee
that if A" € |[Modz(7")|, then Mod(o)(A") € |Modz(T)| for all o:T — T" and
hence Modz (o) is well defined.

Prop. 1.2.4 Let Z be an institution and C be a (possibly non-full) subcategory
of Th(T); then (C,Modz o Emb), where Emb is the embedding of C into Th(Z),
is a specification logic.

Proof. Trivial by definition of specification logic. a

In particular any institution induces two specification logics: the trivial one,
with signatures as category of abstract specifications, and the “intended” one, with
theories as category of abstract specifications. On the other side any specification
logic induces a (trivial) institution, with abstract specifications as category of
signatures and empty sentence sets (and hence empty satisfaction relations).

Note that if the category of abstract specifications is actually a category
of specifications, i.e. there exists a pre-institution Z = (Sign, Sen, Mod, =) s.t.
ASPEC = Th(ZI), then the functoriality of Mod guarantees that Z is rps. Thus
the intuition behind specification logics is not dropping the satisfaction condition,

but weakening the requirement to an implication instead of an equivalence.

Prop. 1.2.5 Let Z be a pre-institution s.t. (Th(Z), Modz) is a specification logic;
then 7 is rps.

Proof. Assume that M’ |y Sen(c)(¢) for some signature morphism o €
Sign(Y,Y’), sentence ¢ € Sen(X) and model M’ € Mod(Y'); then, by defini-
tion, M’ € |Modz(Y',{Sen(c)(¢)})|. Since o is a theory morphism from (¥, {¢})
to (X', {Sen(0)(¢)}) and Modz is a countervariant functor, Modz(c)(M’) €
Modz (X, {¢}), i.e. Modz(o)(M') Ex ¢. O

The notions of sentence and validity are reintroduced also in the framework of

specification logics, with the satisfaction condition, under the name of constraints.

Def. 1.2.6 A logic of constraints LC = (Constr,|=) on a given specification
logic SL = (ASPEC, Mod) is given by a functor Constr: ASPEC — Classes
defined on the category ASPEC of abstract specifications with values in the
(quasi)category Classes of classes and for each object T in ASPEC a relation
ErC [Mod(T)| x Constr(T) called satisfaction relation for constraints, such that
for all morphisms o: T — T’, all objects A" € |Mod(T")| and all constraints
¢ € Constr(T) the following satisfaction condition holds:

A" Constr(c) < Mod(A') Er c. O
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Thus any logic of constraints, together with its underline specification logic,
correspond to an institution in the sense of [44], exception made for the fact that

institutions have sets of sentences instead of classes of sentences.

1.2.3 Galleries

Mayoh, in [61], suggests a wide range of applications for an institution-like con-
cept that cannot be expressed in the institution formalism, because the notion
of validity is too restrictive, including the theory of knowledge representation,
data-base query systems and semantics of programming languages.

The definition of galleries, broadening the notion of “truth value”, captures
these examples in a formalism where sentences are substituted with “expressions”
and the validity with an “evaluation” relation, so that for instance, given an
expression e in a database query language and a database D that is an acceptable
model for the language, the evaluation of e in D yields the response to the query
e for the database D.

The intuition behind galleries is to relate (by a functor) any language (signa-
ture) to a building block, called room, consisting of the expressions, called frames,
the structures on the language and of an evaluation function that on a given ex-
pression and a given model produces as output the value of the interpretation of
the expression in the model.

Due to increased expressive capability, the notions of specifications (theory)
or data type, have to be rephrased and generalized; as in the usual two valued
logic a specification (data type) is a set of sentences and its semantics is the class
of structures that satisfy the axioms, i.e. where the evaluation of the axioms is
the true value, here, with a smaller granularity, the semantic of a data type can
be defined as the class of structures where the evaluation of the expressions yields

some fixed values.

Def. 1.2.7 [[61] def. 3] A room consists of a set FFRM of frames, a category
STR of structures, and a functor Val from STR to B,(FRM), the category of
functions from F'RM to Set. The data types of the room are the objects in the
category B,(FRM). A data type d is realisable iff there exists m € |STR| s.t.
d(e) = Val(m)(e) for all e € FRM; it is a truth value iff d(e) is either the empty
or the singleton set for each e € FFRM. a

The category B,(FRM) is the category of functors from F'RM, regarded as
discrete category, in Set; thus the arrows f in B, (FRM) from v: FRM — Set
in w: FRM — Set are F'RM-indexed families of functions f.:v(e) — w(e).
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Rephrased in the institution language, a room is (almost) a generalization of
the slice of an institution depending on a fixed signature ¥, with F'RM as Sen(X),
STR as Mod(Y¥) and Val playing the role of a generalized satisfaction relation,
because [STR — [FFRM — Set]] is isomorphic to [STR x FRM — Set]. In
particular if all the realisable data types are truth values, interpreting the singleton
set as the true value and the empty set as the false value, the two notions seem
to coincide (such a room is called logical). But note that, following the intuition
that Val is an evaluation and that morphisms in any algebraic setting preserve
the evaluation of expressions, any model morphism h: A — B corresponds by
Val to a family of functions Val(h).: Val(A)(e) — Val(B)(e), translating the
interpretation of e in A in terms of interpretation of e in B. Thus if both Val(A)
and Val(B) are truth values and Val(A)(e) = true, then Val(B)(e) = true is
forced by the existence of Val(h).: Val(A)(e) — Val(B)(e), because there is not a
function from ¢rue = {e} into false = (). Therefore in a logical room only those
model morphisms preserving the truth of sentences are allowed, contrary to the
more liberal institution formalism. It is worth to note that in the usual algebraic
settings homomorphisms do not preserve the truth of sentences, not even in the

equational institution; consider indeed the following example.

Example 1.2.8 Let X be the signature with one sort, s, a constant symbol, a,
and a unary function, f and define the following two X-algebras A and B.

Algebra A =
= ()

at = -

A=
Algebra B =
sB=11,2}
a® =1
fPla)=x
Then h: A — B, defined by h(-) = 1, is obviously a homomorphism; but it is
immediate to check that A satisfies the equality f(x) = a, while B does not. O

A gallery associates each signature with a room, but to deal with changes of

notation, morphisms between rooms have to be defined first.

Def. 1.2.9 A morphism ¢ from a room R = (FRM,STR, Val) to a room R’ =
(FRM',STR/, Val') consists of a function ¢% FRM — FRM' and a functor ¢f
from STR’ to STR. such that

e € Val(¢*(m')) <= ¢°(e) € Val'(m')
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for all sentences e € FFRM and structures m’ € |STR’|.
A gallery G is a functor to the category of rooms from a category Sign of

signatures. a

In [61] a gallery yielding a logical room on every signature is called an insti-
tution and indeed each such a gallery satisfies the definition of institution in [44];
but note that not every institution in the sense of [44] is a gallery yielding a logical
room, because in the gallery formalism the model homomorphisms are restricted
to the ones preserving the truth of sentences.

Following the main stream in [61], in [45] the definition of generalized institu-
tion is given, that introduce in the context of institutions the possibility to have
evaluation more than satisfaction, but keep the idea that model homomorphisms
are not required to preserve truth. The generalization is easy from a techni-
cal point of view, adopting the definition of institution in terms of extranatural

transformations.

Def. 1.2.10 [ [45] def. 13'] Let V be a category. Then a (generalized)
V-institution is a pair of functors Mod: Sign®” — Cat and Sen:Sign — Set
with an extranatural transformation |=:|Mod(-)| x Sen(_) — V, where the func-

tor |_| is the forgetful functor from Cat to Set, discarding the arrows. a

From the above definition the concepts of room and room morphism can be
deduced as non-primitive.

Def. 1.2.11 [ [45] def. 14] A generalized V-room consists of categories M and
S and a functor r: M| — [S — V], where V is a value category, M is a model
category, S is a sentence category, and [S — V] denotes the functor category.

Let r and r’ be generalized V-rooms. The a generalized V-room morphism
from r to r’ is a pair of functors f: M’ — M, ¢:S — S’ such that the following
diagram commutes:

M| ———[S — V]
/] g — V]

M| ——[S' = V]

T'/

*In the original definition the codomain of the sentence functor is Cat, and the arrows
between sentences play the role of proofs.
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where [¢ — V] on an element ¢: 8" — V yields ¢ o g.
Let Room(V) denote the category of generalized V-rooms and generalized V-

room morphisms; a generalized institution is a functor 7: Sign — Room(V). O

It is straightforward to verify that the two definitions of generalized institution

coincide.

1.2.4 Foundations

The starting point of this approach (see e.g. [75]) in Poigné’s words is the firm
belief that any notion of logical system should come along with some notion of
“terms” (or rather “operators”), “formulas” and “substitution”.

Following the formalization of predicate logic by indexed categories (see
e.g. [52, 53, 87]), the idea is to abstract generalized institutions (see [45]) by

requiring that the sentences form a fibration instead of a (plain) category.

Def. 1.2.12 A T-indexed category consists of
e a category T (of derived operators);
e a category P(A) (of properties or predicates) for each object A of T;
e a functor f*: P(B) — P(A) for each arrow f: A — B in T such that

— Id%:P(A) — P(A) is naturally isomorphic to the identity functor;
— for all arrows f: B — C and ¢: A — B in T the functor (f o g)* is

naturally isomorphic to f* o ¢~

such functors are called (predicate) transformers. a

In the case of predicate logic, the category T has sequences of sorts as objects

and k-tuples of terms of sort s’ on variables x; of sort s;, with 7 = 1...n, as
arrows from sq,...,s, into s{,...,s}; composition is term substitution. For any
sequence A = s1,...,5, of sorts, P(A) has formulas on variables x; of sort s,

with ¢ = 1...n, as objects and proofs as arrows; finally the functor associated
with a tuple t1,...,t, of terms on variables x; of sort s;, with 2 = 1...k, is the
substitution of the terms for the variables in formulas.

An equivalent definition of indexed categories that seems to be more convenient

in the present context is that of fibration.
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Def. 1.2.13 Let p: P — T be a functor, X an object of P and a: A — p(X) an
arrow of T. A morphism f:a*X — X is horizontal over « iff p(f) = o and any
arrow in P whose image along p factorizes through « factorizes through f. i.e.
for any ¢:Y — X s.t. p(g) = a o [ there exists h:Y — X s.t. p(h) = [ and
g=foh.

A functor p: P — T is called a fibration if given any object X of P and any
arrow a: A — p(X) of T there is some horizontal f:a*X — X over a. Then T is
called the base of a fibration and P the plateau.

A morphism of fibrations from p:P — T into p": P’ — T’ consists of two
functors Fr: T — T and Fp: P — P’ s.t. p'(Fp(X)) = Fr(p(X)) for any object
X of P and (Fr(a))*Fp(X) = Fp(a*X) for any arrow a: A — p(X) of T.

A fibration is called small if all the categories involved are small. a

T-indexed categories are fibrations in the sense that for any T-indexed cat-
egory a fibration is obtained by constructing P with objects < A, X >, A
being an object of T and X being an object of P(A). Morphisms are pairs
<o, f><AX>><BY> withatA— Band f: X — o*Y.

Thus on one hand the concept of foundation is more concrete than the one of
institutions, for sentences are in some sense specialized, and on the other is more
general, because tools to deal with proofs are introduced. Following the gallery

approach by Mayoh, sentences are evaluated more than satisfied.

Def. 1.2.14 A rich institution consists of functors, Frame: Sign — Cat | Cat
and Mod: Sign®” — Cat, and a wedge []:|Mod(_)| x Frame(.) — V (in Cat |
Cat).

A foundation is a rich institution such that
o Frame(Y) factorizes over the category of small fibrations,
e V is a fibration, and

o []s.c: Frame(X) — V is a morphism of fibrations for every C'in Mod(X). O

Since any category is an indexed category too (in the trivial way), any insti-
tution is a foundation, too. Note, however, that this trivial lifting of institutions
to foundations does not correspond to the intuition of typed sentences as frames
behind the introduction of indexed categories in the case of ranked signatures.

In [76] this approach is made more complex and expressive, by the introduction
of deduction system to specialize the nature of frames. The formal complexity of
the categorical theory involved makes doubtfully whether the heavy formalism is

worthwhile, in front of the tools provided to handle proofs and sentences.
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1.2.5 n-Institutions and Entailment Systems

Two approaches sharing not only the intuition of the entailment (consequence)
relation as the primitive and central concept, but also most technical points are
the w-institutions by Fiadeiro and Sernadas (see e.g. [36]) and the entailment
systems by Meseguer (see e.g. [63]).

The basic idea is to define a logical system through a primitive notion of con-
sequence, moving the focus away from the models to the deduction; this approach
seems greatly promising, especially considering the widening use of mechanical
theorem provers as supporting tools for the specification design.

The w-institutions are proposed as an alternative to institutions, replacing the
notion of model and satisfaction by a primitive consequence operator (a la Tarski);
then in [36] it is shown how theories can be manipulated in the framework of 7-
institutions towards the desired semantics of specification building.

Instead the notion of entailment system is a part of a bigger integrated frame-
work, where tools to represent entailment, proofs and calculi are at hand and
institutions are the fragment of the fresco dealing with the semantic side.

Although the two works follow different development lines, the only differ-
ence between the definitions of w-institution and entailment system consists of
the assumption of compactness for the m-institutions; thus the two theories are
summarized together.

The following definition of m-institution generalizes the notion of deductive
system in the sense of [94], relativizing the primitive concepts of proposition and
consequence subject to a given signature and then characterizing the behaviour

of these concepts under changes of notation.

Def. 1.2.15 [[36], def. 2.1] A m-institution is a triple (Sign, Sen, {Cns }xesign|)

consisting of
1. A category Sign (of signatures);
2. a functor Sen: Sign — Set (giving the set of formulas over each signature);

3. for each object ¥ € |Sign|, a consequence operator Cny defined in the power
set of Sen(X) satisfying for each I'y A C Sen(¥) and 0: ¥ — X"

extensiveness I' C Cny(I');
idempotence Cng(Cng(F)) = Cny(I');
compactness Cnz (') = Uacr afinite Cnx(A);

structurality Sen(o)(Cn ( )) C Cny/(Sen(o)(I)). O
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Def. 1.2.16 [[63], def. 1] An entailment system is a triple
& = (Sign, Sen, )

with Sign a category whose objects are called signatures, Sen a functor
Sen:Sign — Set and F a function, associating with each ¥ in Sign a binary
relation FxC o(Sen(X)) x Sen(X) called X-entailment such that the following

properties are satisfied:

reflexivity for any ¢ € Sen(X), {¢}xo;
monotonicity if I'Fs¢ and I' C 17, then I"Fg¢;
transitivity if Ty, for ¢« € [ and T'U{¢; | ¢ € [}Fxe), then ['Fy);

F-translation if 'y ¢, then for any o € Sign(X, Y'), Sen(o)(I') by Sen(o)(9).

The closure {¢ | 't ¢} of a set I' is denoted by I'®.
An entailment system is called compact iff for each ¥ € |Sign| and each
I' C Sen(X)
I'Fy¢ <= there exists finite A C I's.t. AbFyo

It is just an exercise to show that compact entailment systems and -

institutions coincide.

Prop. 1.2.17 Let & = (Sign,Sen,F) be an entailment system and II
(Sign, Sen, {Cny }xejsign|) be a m-institution.

1. F(II) = (Sign, Sen,-°") is a compact entailment system, where +" =
{I—C“g}ge|5ign| is defined by: TH"g¢ iff ¢ € Cng(T) for all T' C Sen (%)
and ¢ € Sen(X).

2. G(&) = (Sign, Sen, Cn") is a 7-institution, where Cn" = {Cl’lkz}zaﬁgm is
defined by Cn'_(r) = UAEF,A finite A

4. if € is compact, then F(G(E)) = £. O

Proof.
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1. Extensiveness immediately implies reflexivity, compactness implies mono-

tonicity and F-translation directly follows from structurality. To check
transitivity, assume that 'FC"g¢; for ¢ € [ and T'U {¢; | 1 € 1}F"5e,
i.e. that {¢; | ¢ € I} C Cng(l') and ¢ € Cng(I'U {¢; | ¢ € I}); then,
by extensiveness, ' U {¢; | ¢ € I} C Cnx(I') and hence, by monotonicity,
b € Cng(Cnyx(l')) so that, by idempotence, ¢» € Cnx (1), i.e. transitivity
holds, too.

. Reflexivity and monotonicity immediately imply extensiveness.

From extensiveness CnFZ(F) C ang(Can(F)); thus to show that idem-
potence holds, it is sufficient to show that CnFZ(CnFZ(F)) C CnFZ(F). By
definition
Cn"z(Cn"y(I) = U A°,
AC[Uecr,e finite®°*],A finite

But A € (Uscr.o finite ©°) and A finite, i.e. A = {6; | ¢« = 1...n}, imply
A* C (U@CR@_ﬁnite 0°), because for each ¢; there exists a finite 0; s.t. §; €
0,* for i = L...n, so that A C (Ujz1.,9:*) € ©® and © = U;—y._,, O, is
finite. Therefore

U A* C U o°

AQ[U@gpy@ ﬁniteG)‘],A finite OCI',© finite

i.e. Cn"3(Cn"x(I) C Cn"y(I).

Compactness follows from the obvious fact that if I is finite, then CnFZ(F) =
re.

Finally structurality easily follows from F-translation.

3. Obvious, because of compactness.

4. By definition, because of compactness, Cn"(I') = I'*. O

In both framework a concept of model is provided for the theories, using the

deductive relation, in order to make institutions and both compare the different

approaches and import the results.

In the case of entailment systems the construction of the model part is easier

and obviously applies to the w-institutions too, because w-institutions are entail-

ment systems.

Def. 1.2.18 Given an entailment system [r-institution] its category Th of theory

presentations has as objects pairs T = (X,I') with ¥ a signature and I' a set of
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sentences on ¥ and as morphism o: (X,I') — (¥/,1”) the signature morphisms
o: Y — Y st Sen(o)(I') C 17 [Sen(o)(I') C Cnyx/(I7)].

The full subcategory The of Th has closed theory presentations as objects,
i.e. theory presentations (3,I') s.t. I' = I'* [resp. ' = Cng(I)]. O

Note that, using the notation of Prop. 1.2.17, the definition of theory category
for any w-institution II coincides with the definition of theory category for the

entailment system F'(II).

Prop. 1.2.19 Let £ = (Sign, Sen,t) be an entailment system; then 7 =
(Sign, Sen, Mod, =) is an institution, where Mod(X) is the comma category
(X,0) | Th (see e.g. [54]) and Mod(c) is the right composition Mod(c)(7) =700
on the objects and leaves the arrows unaffected.

Proof. See prop. 9 in [63]. O

Vice-versa any institution implicitly defines two entailment systems: the min-
imal one, where a set of sentences entails just its elements, and the maximal
(or complete) one, where a set of sentences entails the sentences that hold in
its models. Lifting up the discussion to a categorical level, in [63], the relation-
ships between entailment systems and institutions is clearly illustrated by a graph,
whose edges are (forgetful and their left/right adjoint) functors and whose nodes
are the categories of institutions, of entailment systems and of logics (institu-
tions endowed with a sound entailment system). This discussion is referred on in
chapter 4.

In [36] a more complex construction is proposed, that follows largely the same
path, but starting with a subcategory of arrows in The as models. The intuition
is that a theory morphism o:T — T" is an interpreter of T in T' (note that the
category of interpreters of T' coincides with the comma category T' | T”), but only
the fragments of an interpretation that are image of the interpreter are relevant to
the interpretation itself. These parts, indeed, are the nucleus of the interpretation
and contain all (and only) the information characterizing the interpretation. In
this way many interpretations are identified, dropping the inessential parts. Two
properties appear to characterize the notion of nucleus: on one hand the nucleus,
being the “essential” part of an interpreter, should be in some sense minimal, and
on the other hand any interpreter should be a conservative extension of its nucleus,
i.e., roughly speaking, the nucleus “plus” a disjoint (inessential) part. In a set
theoretic approach these requirements would be satisfied, factorizing o: T — T’
in the composition of o itself, viewed now as a function from 7' into the image
T* of o, with the embedding of T™ into 7" and then using as nucleus o: T — T,
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minimal in the sense of surjective, so that ¢: T — T’ is a conservative extension
of the nucleus in the sense that ¢ = ¢ 0 ¢ and the embedding ¢ is injective. This
approach can be generalized, provided that the category of theories has an image
factorization system, playing the role of the surjective-injective factorization for
the set theoretic case.

Def. 1.2.20 [[36], def. 3.8] Given a category C, an image factorization system for
C is a pair (F, M) such that:

e [is a class of epimorphisms in C and M is a class of monomorphisms in C.
o [J and M are closed under composition.
o [/ and M contain all isomorphisms in C.

e Every morphism f in C admits an (£, M)-factorization that is unique up
to isomorphism. That is to say, there exist ¢ € F and m € M such that
f =moeand if f admits another (F, M)-factorization f = m’ o€, then

there is an isomorphism A such that hoe =¢" and m’ o h = m. a

The existence of an image factorization system for the category of theories can
be reduced to the existence of an image factorization system for the category of

signatures, so that just the syntactic part is involved.

Theorem 1.2.21 Let (£, M) be an image factorization system for Sign. Let ET
be the class of all theory morphisms o belonging to £. Let MT be the class of
all conservative theory morphisms o belonging to M, where a theory morphism
o: (X, T) — (X, 1) is called conservative iff c=*(T") C T

Then (ET, MT) is an image factorization system for The.
Proof. See [36], theorem 3.10. O

In the sequel the category Sign of signatures is assumed to have an image
factorization system (£, M).

Def. 1.2.22 [[36], def. 3.12, 3.14, 3.33] Given a theory T in The, a T-
interpretation is a theory T’ together with a morphism o: T — T', called in-
terpreter.

For each theory T' the category «(T') of T-interpretations is the comma category
T | The.

Given an interpreter o: T — T', the nucleus of (o,T) is the interpretation
(e,T™), where T* is the center theory for an (ET, MT) factorization of o with epi
e.
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Given a signature X, the category Mod(X) of ¥-models is the full subcategory

of the comma category «(X, Cng()) whose objects are epimorphisms. O

In order to define how Y-models are translated along signature morphisms, a

preliminary lemma is needed.

Lemma 1.2.23 Let (£, M) be an image factorization system for a category C.
Given a commutative square goe = mo f with e € £ and m € M, then there is
a unique h such that hoe = f and mo h = g.

Proof. See [36], lemma 3.9. O

Note that, using the above lemma, a functor from «(T') to its full subcategory
p(T) of epimorphisms can be defined, associating each interpreter with its nucleus
and each arrow p: 0 — o' i.e. u: T — T" s.t. poo = o', with the unique h: T* — T

existing because of the above lemma, for f = ¢’ and ¢ = p o m; graphically:

T T/*

A
AN

T T’

Def. 1.2.24 [[36], def. 3.33] Let T and T denote (¥, Cnx(0)) and (X', Cnyx:(0))
respectively. For any signature morphism p:» — ¥ the functor

Mod(p): Mod(Y') — Mod(X) is defined by:

e for any ¥'-model ¢': T" — T’ the image Mod(u)(c’) is the nucleus of o’ o y;

o leto: 7" — T] and oy: T — T, be ¥'-models and ¢: 0y — 05 be a morphism;
let (e, mq) and (eg,m2) denote the (KT, MT)-factorization of oy o y and
oq 0 1t respectively. Then the image Mod(u)(¢) is the unique arrow that

make the following diagram commute (that exists because of lemma 1.2.23).
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* i /
Ty T
_ 7 _
Mod(y)(9) T T s
/ \'2\
Ty T!
L

Theorem 1.2.25 Let II = (Sign, Sen, {Cny}xeisign)) be a w-institution such
that Sign admits an image factorization system (ET,MT). Then I =
(Sign, Sen, Mod, |=) is an institution, where Mod is defined as in Def. 1.2.22 and
Def. 1.2.24 and the relation |= is defined by: o =5 w iff Sen(o)(w) € Cng/(I7)
for all o: (¥, Cnyx(0)) — (X, 17).

Proof. See [36], theorem 3.36. O



Chapter 2

A paradigmatic problem: the
Specification of Partial Functions

The need for a systematic treatment of partial operations is clear
from practice. One must be able to handle errors and exceptions, and
account for non-terminating operations. There are several approaches
to deal with these in literature, none of which appears to be fully
satisfactory. S. Feferman [35]

Because of the great relevance of the problem and the proliferation of for-
malisms proposed to deal with it, the specification of partial functions can be
assumed as a paradigmatic example of the need for comparing and relating solu-
tions expressed in different frameworks.

Partial operations, besides being a useful tool to represent not yet completely
specified functions during the design refinement process, are needed to represent
recursive functions. In the practice partiality arises from situations that can be

roughly parted in three categories:

e a semidecidable predicate p has to be specified, like in concurrency theory
the transition relation on processes, or the typing relation for higher-order
languages. Thus, representing p as a boolean function f,, it is possible to
(recursively) axiomatize the truth, but not whether f, yields false on some
inputs and hence f, is partial (or its image is larger than the usual boolean

values set);

e a usual total abstract data type, like the positive natural numbers, is en-
riched by a partial function, like the subtraction; most of the examples take

place in this category, like the famous case of the stacks, where the stacks

27
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are built by the total functions empty and push and then pop and top are
defined on them (i.e. the result of the application of these operations is either

an “error” or a term on the primitive operations);

e the partial functions that have to be specified are the “constructors” of their
image set; consider for example the definition of lists without repetitions of
elements, or of ordered trees; in both cases the new data type is constructed

by partial inserting operations.

Although this characterization of partiality cannot be formalized, depending
on which kind of problems is considered as the paradigmatic example of partiality,
the different frameworks proposed to specify partial functions are more effective
on some cases than on others.

The following parade of different formalisms to deal with partiality is slightly
reminiscent of [95] and the discussion in [35]. For an analysis of the relationships
between different total approaches to the specification of the stacks as paradig-
matic partial data type, see [17], the first paper that addressed the problem of the
proliferation of formalisms from the point of view of the representation of concrete

specifications.

2.1 The Total Approaches

In this section the approaches are grouped, where only total functions are used
and elements are in a way or the other labeled as “good values” or “errors” of
some kind. Note that these approaches also support the treatment of (some kind

of) error recovery.

2.1.1 Error Algebras

Error algebras, as introduced by the ADJ group in [41], are a special case of
many-sorted algebras; the intuitive idea is to add a constant symbol for each sort
representing the “errors” of this sort (and hence an element to each carrier of
the data type), carefully propagating the errors. The naive application of this
technique can produce a lot of troubles, as the following famous example shows.

Example 2.1.1 Let the natural numbers (positive integers) with the + and the

* operations be considered.

spec Nat =
sorts N
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opns
zero: — N
S:N—= N
+:NxN—=N
x: NXN —N

axloms
a; zero+x ==z
a; S)+y=95@+y)
Q3 ZETO * T = Z€ro

ay S)xy=(xxy)+y

In order to enrich Nat by the — operation an element to represent the error
obtained computing x — y for y greater than x has to be provided.!

It is worth to stress that in this approach there are operations that, more to be
partial strictly speaking, can produce a (predictable) error; thus design refinement

and non-recursive function specification are not supported.

spec Nat™ =
enrich Nat by
opns
err:— N
—NxN-—=N
axioms
as x — zero =

ag Sz)—-Sy)=z—-y
B zero— S(z)=err

Bs S(err) = err

ﬁ_l_l err +x = err

By x+ err = err

B errxax = err

8. xxerr =err
l _

B_" err —x = err
r p——

6.7 x—err=err

The # axiom introduces the error to denote the subtraction of a positive num-

ber from 0 and the decorated 3 axioms propagate the error.

!See [74] for an argumentation against the introduction of error elements in basic types by
the hierarchic building of more complex specifications
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It is immediate to see that from a3 and £." the equality zero = err follows, so
that by error propagation any term is equal to err.

To avoid this problem, the axioms a ... ag* should apply only to the correct
elements, i.e. to elements that are different from err. Since inequalities are not
allowed by the standard algebraic theory, to express that the variables only range
on element distinct from err, a boolean sort is introduced together with an ok

function, that is false on err and true on the other elements.

spec Nat™ =

sorts N, B

opns
zero: — N
S:N—= N
+:NxXxN—-N
x: NXN —N
—NxN—N
T:-— B
F.— B
ANBxB— B
ifyiBXN XN —=N
err: — N
ok:N — B
if ok N x N —N
if .oky: N X N XN — N

axioms
oy if ok, (x, zero + x) = if ok (x, z)
o if oky(e,y, (2) + y) = if oka(e,y, S( + )
ay if ok, (x, zero x x) = if ok, (x, zero)
ai} if_0k2($,y75($)*y) = if_0k2($,y,($*y)+y)
af if ok, (x,x — zero) = if ok (x,z)
ot if oky(2,, S(x) — S(y)) = if ohks(2, 5,7 — 1)

o ThNx=ux
ag FAx=F
Oéé ifN(T,$,y):$
afy if y(Fiz,y)=y

B if—oki(x,u) = if y(ok(z),u, err)
ﬁZ if_0k2($, Y, u) = ZfN(Ok(x) A Ok(y)v U, 67‘7‘)

Zthe only problematic axiom is s, but the treatment is wanted to be as uniform as possible
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Bs  ok(err)
Ba  ok(zero)
s ok(S5(z)) = ok(z)

=F
=T

B zero— S(z)=err
Bs S(err) = err
ﬁ_l_l err +x = err
By x+ err = err
B errxax = err
8. xxerr =err
l _
B_" err —x = err
r p——
6.7 x—err=err

The above approach can be generalized to the specification of a generic data
type, with an error, an ok and an if_then_else for each sort and a S* x S-family
of If ok, . functions mapping terms on variables z; : s; for ¢ = 1...n to
error if any x; is instantiated on error (so that substituting each original axiom
u = v of the specification on variables x; : s; for ¢ = 1...n with If ok  _ (u)=
If ok, ., (v), the new formulation of the axiom is trivially satisfied for the
evaluations of variables on error elements). Thus non-empty error signatures
must be infinite, having an If ok, . _for each n € N and s; € 5.

Def. 2.1.2 The institution of error algebras with (open) equational formulas is
the quadruple ERR = (Signgrr, Senerr, Moderr, Ferr), where:

e Signgpy is the subcategory of Sign,.s whose objects (5, F') include the
following signature ¥;,,;(.5) and whose morphisms preserve the boolean sort
and the operation symbols of ¥,,:(5).

sig Xpo0i(S) =

sorts B,s forall se S

opns
T:-— B
F:—B
N2BxB—B
errory: — s for all s € SU{B}
oks:s — B for all s € SU{B}
ife;Bxsxs—sforall se S

ifok, ;181 X ... X8, Xs—sforall s9,...,5,,s€5and w=3s...5,

o Sengrp:Sigherr — Set is the restriction of Sengas to the signatures in

Signepr.
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e for every signature ¥ = (5, F') in Signepp, Moderr(¥) = Modms(X, Ax),

where Ax consists of the following sentences for all s € S:

ife,(T,x,y) = =
e (Fay) =y
ife,(errorg,x,y) = errors
oks(errors) = F
ifoky, o s(x.xp,u) = ife (okg (x1) AL A ok, (2),u, errory)

and the translation Modgrr (o) along a signature morphism o: ¥ — ¥/ is
the restriction of Modms(o) to Moderr(X').

® =srRy is the restriction of s to [Moderr(X)] X Senerr(X). O

Note that, since the operation symbols in ¥;,,(.5) are unaffected by signature
morphismsin Signer %, the translations of the axioms in Az along such morphisms
are just embeddings and hence for every o € Signgrz(X,Y’) if an algebra A’ is
in Modsrr(Y'), then its reduct Modms(A') is in Moderr(Y), because of the
satisfaction condition; thus Modgsrr(0) is consistently defined.

Note also that there is no reason to assume that just one error element is
allowed (although in the original formulation axioms to identify the errors to
errors are in the examples and the construction of canonical error algebras has
one error element in each sort); therefore, regarding the elements on which ok
yields false as errors, in this approach tools for as sophisticated as wanted error
messages and even error recovery can be found.

It is worth noting that part of the complexity and heaviness of this approach
is due to the difficulty of expressing predicates and consequences in the frame of
many-sorted algebras (chosen by historical reasons) with equalities as sentences;
for example the introduction of the If ok, . . functions is unnecessary if con-
ditional axioms are allowed, with the possibility of adding the sentences ok () to
the premises for all variables x of sort s. Analogously, using first-order structures
(algebras with predicates) instead of (plain) many-sorted algebras, the introduc-
tion of the boolean sort and related operations can be avoided.

Many other approaches flourished from the original error algebras, refining the
basic idea of cataloging the elements of the data type but using more powertul
algebraic framework to express the specifications (see e.g. the exception algebras

in [18], where both the elements of algebras and the terms are labeled to capture
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the difference between errors and exceptions, or the clean algebras in [38], where
an order-sorted approach is adopted to catalogue the elements of algebras). In
spite of the potentiating and the embellishments, these approaches share with
the original one the difficulties of interaction with the modular definition of data
types. Indeed the non-ok elements of basic types have to be designed a priori
to support error messages, or exceptions caused by other modules that use the
basic ones; thus error algebras (and variations on the theme) are more suitable
for specifying a completely defined system more than for refining a project or
represent (parts of) a library of specifications on the shelf.

An opposite point of view is presented by Goguen in [43], where the focus is
on the errors, that are considered as the primitive part of the specification and
detected “at compile time”, as terms (deduced equal to terms) where symbols

from a selected part of the signature appear.

2.1.2 Equational Type Logic

Equational type logic (see e.g. [59]) is an extension of conditional logic based on
equality, that widens “equational reasoning” toward “reasoning with equations
and type assignments”. The intuition is to put together symbols to represent
both types and their elements in one carrier and use a “typing” predicate family
to describe the belonging of elements to types. This approach allows to state
equalities (or inclusions) between sorts (viewed as first class elements) and, repre-
senting a (total) many-sorted operation as a one-sorted function that on correctly
typed inputs yields a correctly typed output, partial functions, too, that on cor-
rectly typed inputs can yield correctly typed outputs (but can as well yield an
untyped result, representing an “undefined” or “non-terminating” computation,
or an error).

Technically equational type logic (from now on ET-logic for short) is a partic-
ular subcase of usual first-order logic with equality where the only predicate is a
binary typing relation and the sentences are positive Horn-Clauses. The technical
simplicity, even poorness, of this approach on the logical side allows the definition
of a very efficient deductive calculus, but on the semantic side makes the models
of theories expressed in ET-logic difficult to figure and manage, with the elements
of different types and the names of the sorts all together in one carrier, with a lot

of junks due to the application of functions to inputs outside their domains.

Def. 2.1.3 The institution of equational type logic is the subinstitution £€7 =
(Signer, Sensr, Moder, |=e1) of L, whose signature have just one binary predi-
cate. O
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In the sequel the binary predicate of any £7 -signature will be denoted by the
symbol : with infix notation _: _
Consider again the example of the specification of natural numbers with the

plus, times and minus operations.
Example 2.1.4

spec Nater =
constants N, zero

opns
S arity 1
+, %, — arity 2
axioms

a; zero: N

a, x:NDS): N

Qs zero+xr =z

ay S)+y=5S+y)
Qs T % ZETO = Z€T0

as Sx)xy=(xxy)+y
a7 X — zero = x

ag S(z)-Sy)=x—y

In the initial model of this specification the subset Nat = {n | n : N} together
with the restriction of the operations +, * and — to Nat is (a representation
of) the natural numbers; however note that in the carrier there are elements to
represent not only the “errors”, like zero — S(S(zero)), but also “meaningless”

expressions, like zero — S(zero + N) or N *« N.

The amount of junk in the carrier of £7-models quickly increases if non-
homogeneous data types are defined; for example defining the stacks of natural
numbers enriching the above specification, terms intuitively non-well formed, as
S(pop(N) + empty), have to be interpreted.

2.1.3 Unified Algebras

The unified algebras by Mosses (see e.g. [68]) are based on the intuition that the
values in the carrier represent not only elements of the data, but also classifications
of elements into sorts, i.e. the elements of the carrier are values, set of values and
names for these sets. To formalize the idea that the carriers of unified algebras are

set of sets, the carriers are required to be distributive lattices with bottom and
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the lattice partial order represents sort inclusion, so that the bottom represents
the “empty-sort”.

The “empty-sort” is quite natural to represent the lack of result of partial
operations as well as a “sort” that classifies several elements may be regarded as
a non-deterministic choice between those elements, providing a tool to formalize
non-deterministic results of a computation.

Having sort names as elements in the carrier also allows to apply functions to
sorts, so that on one hand many useful classifications of elements can be expressed
directly, without naming them by constants (for example the sort of positive natu-
ral number is represented by the application of the successor operation to the sort
symbol Nat classifying the natural numbers) and on the other sort constructors

of dependent or generic data types are just usual operations.

Def. 2.1.5 [[68]] The institution of unified algebras is the subinstitution UNZT =
(Signg ez, Senunt, Modynz, Funz) of L, where:

e Sign, s is the subcategory of Sign, whose objects includes the constant
symbol nothing, two binary operations _|_ and &_, and the two predicate
symbols - < _and _: _; the arrows are the signature morphisms preserving

these symbols.
o Senypr: Signg r — Set is the restriction of Sen, to Signg, 7;
o Modynr: Sign, ;"7 — Cat is defined by:

— for every signature ¥ in Signy 7 the category Modyaz(X) is the full
subcategory of Mod(¥) whose objects A satisfy the following condi-
tions

* the carrier of A is a distributive lattice with _|_ as join, &*_ as
meet and nothing® as bottom:;

* there is a distinguished set of values E4 C A (the elements of A);

* f#is monotone w.r.t. the partial order of the lattice for all f € Op;

x x <4 y holds iff x|y = y (i.e. <4 is the partial order of the lattice);

x4y holds iff x € By and x <4 y.

*

— for every signature morphism p: ¥ — ', the functor Modyaz(o) is the
restriction of Mod (o) to Modyaz(Y').

o Alyn1y is the restriction of =, to |Modyyz(X)| x Senynz(X). O
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Note that the unified algebras are the model class of the following Horn-Clause

set on the minimal unified signature.

spec Spp,, =
nothing < x
r<yAhy<zDr=y
r<yAhy<zDzx<z
<
zANy<zDuzly<z
zly
y <aly
z<aANz<yDz<aky
2ely]2) = (akey)|(2ke2)
2l(ykez) = (aly)&e(al2)
iz ANz <yDx:y

X

IAN A IA

X

riyowx:ix
r:yDr <y
zy <2y ANNz, <2l D flay, . x,) < f(2), .. ,2l)  forall feOp,
Therefore the results about initiality and deduction of homogeneous Horn-
Clauses logic also hold for unified theories.
From a practical point of view, specifications in the unified algebra frameworks
are equivalent to the ones in the £7 -logic, in the sense that the logical side is
quite simple (although the axioms of Sp,,; are implicit in any theory and must
be carefully taken in account to correctly specify data types), but the models of

specifications have carriers full of junk.

2.2 The Order-Sorted Approach

The order-sorted approach adds, as its name states, a partial order on the sorts,
that reflects on the semantic side as an inclusion between the correspondent car-
riers and in particular modifies the definition of terms, having that if ¢ is a term
of sort s and s is a subsort of s’, then obviously ¢ is a term of sort s’ too.

The overloading of function symbols, common to most algebraic frameworks
and (meta)programming practice, gets a new flavor interacting with the order-

sorted feature. Consider indeed two paradigmatic examples:

e the integer numbers are included (as subtype) by the rational numbers; in

this case functions like sum and product are defined twice: on the integers
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and on the rational numbers; but obviously the interpretation of these op-
erations for the rational case should agree with the interpretation for the

integers on integers values.

e booleans with and, denoted by %, and or, denoted by +, are interpreted by
the natural numbers subset {0,1} in the usual way; in this case there is
no reason to require that the interpretation of * or 4+ on the natural num-
bers restricted to the subsort of boolean values coincides with the boolean

interpretation of * or +.

Since most concrete cases follow the pattern of the first example, in the original
papers on order-sorted Goguen and Meseguer (see e.g. [39, 40]) restricted signa-
tures to the monotonic ones, where if both f:sy,...,s, = sand f:s},...,s — ¢
for some s; < sl fore =1...n, then s <s" and accordingly algebras to those where
function symbols on subsorts are interpreted by the restriction of the interpreta-
tions on the sorts, i.e., using the above example, where f537...754175/’4(a1, NIIES
f517...75n75’4(a1, ...,a,) for all a; € 5,4 and ¢+ = 1...n. More recently Goguen and
Diaconescu in [47] relaxed this condition by allowing a subsignature to be declared
non-monotonic.

A more model-theoretic approach to overloading in the order sorted paradigm
(see e.g. [37, 73, 88]) consists of requiring that the interpretations of the same
function symbol, disregarding its functionality, produces the same output if pro-
vided with the same input values, i.e.if f:rsy,...,s, — s and f:s],...,s — s,
then f517...75nA(a1, cey ) = f517...7541’4(a1, cooyay) for all a; € (54N S;A), or equiv-
alently each function symbols is interpreted by a partial function on a universe,
including the carriers of the algebra, s.t. if f:sy,...,5, — s, then 514 x ... x 5,4
is in the domain of f4 and f(s;4 x ... x 5,4) C s*. This approach is contrary
to the abstractness of usual algebraic frameworks, where carriers are considered
equivalent if (set-theoretically) isomorphic.

In order to have that the order-sorted terms with the usual (unparsed) func-
tional notation can be given a unique interpretation, the concept of least sort
of a term is introduced and in order to the least sort exists for every term, the
reqularity condition on the signature is required. Finally to have that validity is
invariant under algebra isomorphism (that seems quite a reasonable requirement

for any algebraic framework), the signature has to be coherent.

Def. 2.2.1 An order sorted signature is a triple (S, <, F') s.t. (5, F') is a many-
sorted signature and (9, <) is a poset. In the sequel the symbol < is also used to

/
n!

denote the extension of the partial order < on strings of sorts (s1...8, <sf...s
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iff n =n"and s; < s for i =1...n) and on pairs (w, s), where w € S* and s € S
((w,s) < (w', ") iff both w < w and s < §).

An order sorted signature ¥ = (5, <, F') is monotone iff f € F,, s N Fyy o and
w < w' implies s < &' XY is regular iff it is monotone and given f € F, 5, and
wo < wy, there is a least rank (w,s) s.t. wy < w and f € F, 5 ¥ is coherent
iff it is regular and each connected component of (.5, <) (equivalence class of the
symmetric and transitive closure of <) is filtered i.e. for any s, s’ in the connected
component of § there exists s” in the same component s.t. s, < s”.

An order sorted algebra A on an order sorted signature (5, <, F') is a many-
sorted algebra on (S, F) s.t. s4 C s’ for all s < s’ in (9,<). An order sorted
homomorphism h: A — B between order sorted algebras on (5, <, F') is a many-
sorted homomorphism s.t. h, is the restriction of Ay to s for all s < s’ in (5, <).

An order sorted algebra A on (5, <, F') is monotone on a function symbol f iff
f€Fu,sNFyy and (w,s) < (w',s") imply that fmsA is the restriction of fw/ﬁ/A

A

to 514 x ... x s, for w = sq1,..., 8. O

Then to represent a partial function, a sort has to be added to the signature,
that denotes the domain of this function and is a subsort of the function source.
A minor problem of this point of view is that to deal with non-unary functions,
the set of sorts have to be closed under product formation (or at least under some
products) and accordingly projection and tupling operations have to belong to the
function symbol set, so that the syntax of types results heavier than necessary and
the models carry redundant structure, unless some ad hoc solution is adopted, as

in the following specifications of rational numbers.

Example 2.2.2 Consider the usual specification of integers and enrich it to define

the rational numbers.

spec Intpsy =

sorts Z
opns

0:— 72

s, p: 4 — 7

- kXL =7
axioms Var z,y:7Z

ap p(s(z)) ==

ay s(p(z)) ==

as O04+zx==x

ay s(z)+y=s(z+y)
as p(z)+y=plz+y)
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ag z—0==
ar x—s(y) =ple—y)
as x—p(y) =s(z—y)
ag O0*xx=0
ap s(z)xy=(x*xy)+y
an pla)xy=(zxy)—y

In order to be able to “statically” distinguish if an integer is not zero, and
hence can be used as denominator to build rational numbers, the sort of (strictly)

positive integers has to be introduced, contrary to the modularity principles.

spec Ratoss =
enrich Intps4 by
sorts N, < N<Z<Q

opns
0:— N
ssN — N,
JZ XNy —Q
k2 Ny X Ny — Ny
L k2 xQ — Q)

axioms Var z,y:7; z,t : Ny
B (art)=(229) > (2/2) = (y/1)
Ba (x)2)+(y/t) = ((xx1) + (2% y)) /(2% 1)
Os (x)2)=(y/t) = ((xx1) = (zxy)) /(1)
Ba (x)2)+(y/t) = (zxy)/(z%1)

Note that the operation _* : N x N — N, is introduced just in order to the
terms in axioms (35, #3 and (34 are well-formed. This is a quite common situation,
using order-sorted specifications, that an operation is defined also on sub-sorts to

express that the results on restricted inputs are typed in a smaller sort.

Although the “static” check has its fascination, it is worth to note that terms
intuitively well-formed are inadmissible; consider indeed in the above specification
the string 0/(s(0) + s(0)); this is not a well formed term, because s(0) 4 s(0) has
type Z instead of Ny, although s(0) + s(0) is reducible, by as and a4 to s(s(0))
that has the correct type N,. To solve this problem retracts are used, that
“try” to apply a more restrictive typing to terms. Formally retracts are unary
functions from a supsort into a subsort, in the above example the retract would
be rzn,:Z — Ny, and a term on the enriched signature is interpreted as a value
iff it reduces to a term on the original signature, as in the example above the
term 0/rz n, (s(0)+5(0)) that reduces to 0/s(s(0)), otherwise it can be seen as an
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error, as 0/rz n, (0) that cannot be further reduced. Thus the original elegance of
the order-sorted approach is reduced to another variation on the theme of error
algebras.

A classical example where the standard approach with product sorts is more

comfortable is the specification of the minus operation on natural numbers.

Example 2.2.3 In the following specification besides the data type operations 0,
successor, 4+, and minus, the projections and tupling are introduced to handle the
product sort and a constructor of the domain of the minus; the axioms defining the
mutual behaviour of projections and tupling are standard not only in this example,
but also in the general case, so that they could be introduced automatically as
well as the operations themselves.

spec Minus =
sorts ND< NN
opns
0:— N
ssN —- N
_+_ 2NXN-—>N
minus: D — N

<_,.>NXxN-—=NN
T NQN —= N
T NQN —= N

constr: N X N — D
axioms Var z,y:N

b m(<z,y>)=2

ﬁz 7T2(< $73/>):@/

B3 < m(z),ma(z) >=z

a; O04+zx==x

ay s(z)+y=s(z+y)

az constr(z,y) =<z +y,y >
ay  minus(constr(z,y)) =«

If n > m, then < n,m >= constr(n — m,m) and hence constr builds
the set {(n,m) | m < n}, intended domain of the minus operation, but

it seems quite counterintuitive to express for example s(s(s(0))) — s(0) by

minus(constr(s(s(0)),s(0))).
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It is also worth to note that partial functions whose domains are “dependent”
types are not supported by the order-sorted approach. Consider indeed the spec-
ification of the arrow composition in a category; then f;¢g is defined iff the target
of f matches the source of g. Apparently there is no way of defining the domain of
the composition in the order-sorted style. The solution in similar cases is to (pos-
sibly automatically) introduce supersorts of “possibly erroneous elements” and
duplicate the operations on the new sorts too and then to forget/hide this “error”
part. But, since there is no explicit type declaration mechanism, the use of error
supersort not always works in combination with loose semantics. In particular in
the case of categories there is no way to impose that the composition of correctly

composable arrows is in the subsort of (correct) arrows.

Example 2.2.4 Note that the introduction of errors on arrows to specify the
composition also requires to introduce errors on objects (on any other sort related
to them by an operation) to propagate the errors. Note also that there are no
constants, so that the initial model is empty; the following is intended to be
the specification of categories in the sense that (small) categories satisfy this
specification, but it has also non-standard models.

spec Categories =
sorts obj < objg,,, arr < arrg,,
opns
id: obj — arr
oo, 01: arr — oby

2 arT g X AT grr — ATT grp

0o, 01: arr g — 0bJ .,

axioms Var A:obj; f.g.h: arrg,,
a; Go(id(A))=A
a; 6,(id(A))=A
a3 50( = 0o f)

2.3 The Partial Approach

The theory of partial algebras has been developed by different groups, so that a

common notation is missing and sometimes there are subtle differences between
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apparently equivalent definitions. The notation here coincides more or less with
that used by Goguen and Meseguer in [64] for the total case and Broy and Wirsing
in [23]. For general and exhaustive expositions on the subject see [26, 80]; here the
main concepts and results are summarized in order to support a deep discussion
on a more general kind of partial specifications.

In the following the symbol = will always denote strong equality, i.e. if p and
g are expressions in the metalanguage, then p = ¢ holds iff either both p and ¢
are undefined, or both are defined and equal.

Partial algebras differ from many-sorted total ones, because the operation
symbols are interpreted by partial functions, i.e. by functions whose domains are

(possibly proper) subsets of their sources.

Def. 2.3.1

e A partial algebra A on a many-sorted signature ¥ = (5, F) consists of a
family {s?},cs of sets, the carriers, and of a family {op*}oer, . wes* ses of

partial functions, the interpretations of operation symbols, s.t.

— if w = A then either op? is undefined or op? € s4;

A A P A

—if w = s1...8,, where n > 1, then op?: 574 x ... x 5,4 5 s4.

Often the partial algebra A is denoted by the couple ({s4}, {op?}), omitting
the quantifications about s and op which are associated with the signature.

A partial algebra over a signature ¥ is called a Y-algebra. The class of all
Y-algebras is denoted by PA(X).

e Let A be a partial algebra on a signature ¥ = (5, F'); then a ¥- algebra
B is a subalgebra (regular subobject) of A iff s C s4 for all s € S and
opB(br,....b,) = op*(bi,....b,) for all op € Fy, ,, and all b; € 5,7 for
v=1...n. a

As in the many-sorted total case, in the sequel the constant op € Fj , is
regarded as a “zeroary” operation, with the convention that s;# x ... x 5o is the
singleton set, so that a partial function having it as domain is either undefined on
an element of the codomain, accordingly with the definition of op™.

The definition of homomorphism adopted here, well known in literature, see
e.g. [26, 22] (where it is called total - homomorphism), is used in the initial and
loose approaches, because, preserving existential equalities, makes the initial ob-
ject in a class, if any, to satisfy the no-junk and no-confusion conditions (rephrased

with existential equalities) and accordingly structures the model class.
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Def. 2.3.2 Let A and B be two Y-algebras and p be a family of total functions
p = {ps:s? — sB}.es. Then p is a homomorphism from A into B iff for any
op € Iy, .5 withn >0, and any a; € s;Awithi=1...n:
op*(ay, ..., a,) € s* implies ps(op?(ar,...,a,)) = op®(ps,(a1), ..., ps,(a,)).
In the following any homomorphism p from A into B is denoted by p: A — B.
For each signature ¥ = (5, F') the category PAlg(Y) of partial X-algebras

consists of:
e the set of objects of PAlg(X) is PA(Y);
e PAlg(X)(A, B) ={p: A — B| p homomorphism} for all A, B € PA(X);

o the identity morphism [dy is Idy = {Idza}secs, where Id . is defined by
Idga(a) = a for all @ € s* and all Y-algebras A;

o let A, B and C be Y-algebras, p: A — B and ¢: B — C be homomorphisms;
then ¢ o p is the family {¢;s o ps}ses-

Let € be a class of Y-algebras and X be a family of variables s.t. there exists at
least an A € C and a valuation for X in A. A couple (F'r,m), where Fr is a

Y-algebra and m is a valuation for X in F'r, is free over X in (' iff
o ['re (]

o for all A € ' and all valuations V for X in A, there exists a unique homo-

morphism py from Fr into A s.t. py(m(x)) = V() for all 2 € X.

Let €' be a class of Y-algebras; an algebra [ is initial in €' iff it is free over the empty
set in O, 1.e. iff I € C and for all A € C there exists a unique homomorphism
from [ into A. a

Note that the definition of free object coincide with the usual definition in
category theory, for free object generated by X w.r.t. the forget functor from
PAlg(Y) into Sets ( the category of S-sorted sets), see e.g. [54].

The natural interpretation of (usual total) terms in a partial algebra is defined
as in the total case substituting each variable for its valuation and each operation
symbol for its interpretation in the algebra. It is worth to note that the natural
interpretation is strict in the sense that if the natural interpretation of a subterm
is undefined, then the natural interpretation of the term is undefined, too, because

the functions of algebras are strict, too.
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Def. 2.3.3 Let A be a ¥-algebra, X = {X;}scs be an S-sorted family of variables
and V = {V;: X, — SA}SGS be a family of total functions, called a valuation for

X in A.

Then the natural interpretation of terms w.r.t. A and V, denoted by eval?V,
is the partial function inductively defined by the following clauses, where ¢V

stands for evalA’V(t):

— 24 =V, (2), for all x € X, and op?V = op?, for all op € F) 4;

— (op(ty,...,t, )Y = opA(tAVy, ..tV for all op € F,, ., with
n>1,and all t; € Tx(X)

|

When restricted to 1%, eval®" is denoted by eval? and, correspondingly,
t4V becomes t4.

The term-image algebra V(A) is the subalgebra of A defined by:

sV = [a | there exists t € Ts(X) st a= 14V for all s € S.

The kernel of the natural interpretation of terms w.r.t. A and V', denoted by
KAV (X) or simply by K4 if X is the empty set, is the family { K4V (X), };es
where

AV — pAVY

c s and

KA (X)), = {(t, 1) | t,1" € Ts(X),,, t*V 14

|57

o If cval? is surjective, then A is called term-generated. a

As in the total case homomorphisms preserve the evaluation of terms and this

property is essential to have that the no-confusion property holds for the initial

(free) model in a class, if any.

Prop. 2.3.4 Let A and B be two Y-algebras, X be a family of variables, V4 and
VB be two valuations for X in A and B resp.

1.

If p: A — B is a homomorphism s.t. p(Va(x)) = Vg(x) for all € X, then
p(thVa) = #B:VE for all t € TE(X)|5 s.t. tAYa € 54,

. If eval®V4 is surjective, then there exists at the most one homomorphism

¢ A— Bst.oq(Vi(x)) = Va(z) for all z € X.

Proof. By structural induction over Tx(X) . O
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In order to show that the initial model in a class, if any, satisfies the no-
junk condition, i.e. that any its element is denoted by some term, it is useful to

introduce the notions of congruence and quotient.

Def. 2.3.5

e Given a signature ¥ = (F,5) and a Y-algebra A, a congruence = over A
is a family of binary relations {=;}scs satisfying the following conditions

(where the obvious quantifications over sorts is omitted):

— =,C s x 5%, and =, is symmetric and transitive; in the following the
set {a | @ =, a} is denoted by Dom(=,) and a=,"a’ holds iff either

a=5d ora,d ¢ Dom(=;);

— for all op € F§, s, s and all a;,a} € st withi = 1...n, if ¢; =,, a! for
i = 1...n, then op*(ay,...,a,)=Pop?(al,...,a.).

— for every op € Fy ., and every a; € A, with ¢« = 1...n, if
op*(ai,...,a,) € Dom(=,), then a; € Dom(=,,), fori =1...n.

o Let = be a congruence over a Y-algebra A; let [a] denote the equivalence
class of @ in =, for all s € S and all @ € s*. The quotient algebra of A w.r.t.
=, denoted by A/ =, is defined by:

— 5= ={[a] | a € Dom(=,)}, for all s € S;

— op=(la], ..., [an]) = [opMan, ..., a,)] if op*(ay,...,a,) € Dom(=,),
otherwise opA/E([al], ..., [an]) is undefined, for all op € Fy, 5, s and all
a; € Dom(=;,) with e =1...n. a

Prop. 2.3.6 Let A be a Y-algebra, = be a congruence, X be a family of variables
and V, V' be valuations respectively for X in A and for X in A/ = s.t. V'(z) =
[V(z)]. Then [t%V] = t4/=Y for every term t € Tx(X)
Proof. By structural induction over Ty (X). O

ls*

The Prop. 2.3.6 implies, in particular, that if eval®"V is surjective, then
eval*="" is surjective, too; thus in particular, for A = Tx(X) and V the em-
bedding, every quotient of a term-algebra is term-generated on the same variable

set.

Prop. 2.3.7 Let A be a ¥-algebra and V' be a valuation for a family X of variables
in A.

1. The kernel K4V (X) is a congruence over Tx(X).
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2. The algebras V(A) and Tx(X)/K*V(X) are isomorphic.
Proof.

1. The proof easily follows from the definition of K4V (X).

2. It is easy to check that p: Tx(X)/ K4V (X) — V(A), defined by ps([t]) =
tAY and ¢: V(A) — Ts(X)/ KAV (X), defined by ¢,(a) = [t], where t €
TE(X)|5 and t*V = a, are homomorphisms and that both pog = Idy(4) and
qop = ldry(x)/xav(x) by definition of p and ¢. a

Note that in particular if A is generated by X via V, i.e. eval®V is surjective,

then A is isomorphic to a quotient of Ty (X).

Prop. 2.3.8 Let A be a Y-algebra and =y, =5 be congruences over A. The
function M: A/ =1— A/ =,, defined by M([a]1) = [a]s, is a homomorphism iff
=,C=,.

Proof. The proof easily follows from the definitions of congruence and homo-

morphism. a

The above proposition suggests that if the initial object of a class is term-
generated, and hence isomorphic to the quotient of the term algebra by the kernel
of the natural interpretation, then its kernel is contained in the kernel of any
algebra of the class, i.e. it is the intersection of all kernels. It is easy to check that

intersection of congruences is a congruence.

Def. 2.3.9 Let C be a class of Y-algebras and X be a family of variables s.t.
there exists at least an A € (' and a valuation for X in A.

o For every family == {='};cs of congruences over a Y-algebra A the inter-

section of =, denoted by N(=), is the congruence {N;e;=";}ses.
o KY(X) is the intersection of the family
{KWY(X)|AcC,V: X — A}.

If X is the empty set, K°(X) is simply denoted by K¢. Moreover
Ts(X)/KY(X) is denoted by F'r°(X) and the valuation m“: X — Fr¢(X),
defined by m%(z) = [2] ke (x), by mC.

o Gen(C, X) is the subclass of C' defined by:
{A| A€ C, there exists V: X — A s.t. eval®™V (Tx(X)) = A}.

If X is the empty set, then Gen(C, X) is shortly denoted by Gen(C). O
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Under minimal assumptions about the closure w.r.t. subalgebras and isomor-
phisms, existence and characterization of the free model for a class C' of algebras
can be stated independently from the fact that ' is the model class of a set of
(some kind of ) sentences, because the nature of the free object is obliged by the

definition of homomorphism.

Prop. 2.3.10 Let X be a family of variables and C' be a class of Y-algebras
closed w.r.t. sub-algebra and isomorphism s.t. there exists at least an A € C' and

a valuation for X in A. The following conditions are equivalent:
1. there exists a free object for X in C;
2. Fr9(X) belongs to C;
3. (Fr9(X),m%) is free for X in C;
4. there exists a free object for X in Gen(C, X).
Proof.

1—2 Let (Fr,m) be the free object for X in C. Since C is closed w.r.t.
sub-algebra, m(Fr) € C and hence Tx(X)/K'™(X) € C, too, due to
Prop. 2.3.7, because C' is closed w.r.t. isomorphism. Therefore, in order to
show that Fr(X) € C, it is sufficient proving that K9(X) = K™ (X).
By definition K(X) C K¥"™(X), thus just K" (X) C KY(X) has to be
shown. Assume that (¢,#') € K" (X), i.e. ™™ = ¢ ¢ Fr and con-
sider any V: X — A with A € ('; by definition of free object, py: Fr — A
exists s.t. py om = V and hence, by Prop. 2.3.4(1), t4V = py(#"™) and
tAY = py (1™, so that from ™™ = ¢Fmm ¢ Froalso t4Y = ¢4V € A

follows.

2—3 Let A belong to ¢, V:X — A be a valuation and define
pv: Fr9(X) — A by pv([t]) = t*Y; py is a function because K¢ (X) C
K4Y(X) and obviously is a homomorphism. Finally py is unique because

of Prop. 2.3.4.

3—4 Since FrY(X) € Gen(C,X) by definition and (Fr9(X),m%) is free for X
in C, then (Fr%(X),m%) is also free for X in Gen(C, X).

4—2 Let (Fr,m) be the free object for X in Gen(C, X); then Fr@(@X)(X) ¢
Gen(C,X) C (', because of 1—2 applied to Gen(C,X). To show
that Fro(X) = From@X)(X) it is sufficient to show that K =



48 CHAPTER 2. A PARADIGMATIC PROBLEM

Kgen, where K = {K4Y(X) | A € C,V:X — A} and Kg., =
{KAY(X) | A€ Gen(C,X),V: X — A}, so that K¢(X) = K%&X(X).
Since Gen(C,X) C C, Kgen € K. On the contrary let A belong to C' and
V be a valuation for X in A; then V(A) € C, because (' is closed w.r.t. sub-
algebras, and hence V(A) € Gen(C, X), so that K4V = KVAYV ¢ Kq
thus K C Kg.,. Therefore K = Kg., and hence Fr¢(X) = FrGen(O’X)(X),
so that F'r¢(X) € C, because Fr@@X)(X) € C.

3—1 Obvious. a
The above proposition can be specialized for the initial case.

Cor. 2.3.11 Let C be a class of Y-algebras closed w.r.t. sub-algebra and isomor-

phism. The following conditions are equivalent:
1. there exists an initial object in (';
2. Ts /K belongs to C;
3. Ty /K is initial in C;
4. there exists an initial object in Gen(C')

Proof. From Prop. 2.3.10, for X = (. a

The partial logic is built on two notions of equality: the existential equality,
denoted by =., that holds iff both sides represent the same element of the car-
rier, and the strong equality, denoted by =, that holds iff either both sides are
undefined or the existential equality holds. In the sequel, since the hypothesis
is not restrictive from an applicative point of view and simplifies the proofs of
some technical lemmas below, variables and both sorts and functions are assumed
to be denumerable (at the most). In particular a denumerable universe Var of
variables is assumed to be fixed and the families of variables used in the following

statements are contained in Var.

Def. 2.3.12 Let ¥ = (5, F') be a signature and X be a family of S-sorted vari-
ables.

e An elementary formula over ¥ and X has the form either D(t) or t=t' for
Lt € TE(X)|57 where D denotes the definedness predicate (one for each
sort; but sorts are omitted). The set of all elementary formulas over ¥ and

X will be denoted by EForm(%, X).
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o A conditional formula over ¥ and X has the form A D ¢, where A is a
countable set of elementary formulas over ¥ and X and ¢ is an elementary

formula over % and X too. The set of all conditional formulas on ¥ and X

will be denoted by SC(X, X).

It A'is the empty set, then A D €is an equivalent notation for the elementary
formula e.

o A positive conditional formula over ¥ and X is a conditional formula A D e
over ¥ and X s.t. D(t) or D(t') belongs to A for every t=t' belonging to A.

The set of all positive conditional formulas on ¥ and X will be denoted by
Cond(%, X).

e For every formula ¢ let Var(¢) denote the set of all variables which appear
in ¢. A formula ¢ is called ground iff Var(¢) is empty.

o If Ais a partial algebra, ¢ is a formula and V is a valuation for Var(¢) in
A, then ¢ holds for V in A (equivalently: is satisfied for V by A) and write
AEpary ¢ accordingly to the following:

— AEpary D(1) iff 147 is defined; AfEparyt=t' iff t4V and "4V are
either both defined and equal or both undefined;

— let ¢ be A D €; then AEpary ¢ iff AEpary€, or AH par, 6 for some
A

For any formula ¢, ¢ holds in ( equivalently: is satisfied by, is valid in) A,
denoted by AEparo, it Al=pary ¢ for all valuations V for Var(¢)in A. O

Remark.

e From the definition of validity, in the particular case t = x, AEpar D(z) for

AV

all variables @ follows, because V(x) = a™®" is defined for every valuation

V', valuations being total functions.

e Note that D(f) can be equivalently expressed by t=.t; hence elementary
formulas are just equalities either strong or existential. Analogously, since
t=.t" is logically equivalent to D(t) A t=t', positive conditional formulas
are (first-order equivalent to) conditional formulas whose premises are just

existential equalities.

e The above notion of validity is the usual one in the many-sorted case; how-
ever some comments can be helpful. If Var(¢), # 0 and s* = {, then
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AEpar¢ holds; hence for any class C' of algebras, ClEpare iff AEpare for
all A € C s.t. Var(¢), # 0 implies s # . Thus if C' contains an algebra
with all carriers non-empty (as it will always happen in the sequel), then the
notion of validity for the class coincides with the classical one; for example
it could not be that both C'lEpar¢ and Cl=par—¢ (but note that negation
is not in the language). Finally it is also useful to emphasize that here it is
possible to stay within a two-valued logic, since any conditional formula is

always either true or false for a (total) valuation of its variables. a

In the following a generic elementary formula will be denoted by € or n or v
or 0, while a generic conditional formula will be denoted by ¢ or 8 or 1»; moreover
for all conditional formulas ¢ = (A D ¢€) the set A is denoted by prem(¢) and e
by cons(¢); finally e4 A... A€, D €is the same as {¢;...¢€,} D e for all elementary
formulas ¢; ... ¢,, €.

Def. 2.3.13 The institution of many-sorted partial algebras with conditional ax-
ioms is the quadruple PAR = (Signp 4r, Senpar, Modpar, Epar), where:

e Signy 4 is the category of many-sorted signatures Sign ,s.

o let X be a denumerable set of variables; for every signature X the set
Senpar(X) is {V.L | V:X — 5 & € SC(XE,Y) for Y, = V~!(s)}. For every
signature morphism p: ¥ — ¥/, where p = (0, ¢), the translation Senpar (o)
of a sentence V.{ is V o o.ren(¢), where ren({) denotes the renaming of

function symbols in £ by ¢, leaving unaffected the variables.
o Modpar: Signyp 427 — Cat is defined by:

— for every signature ¥ = (o, ¢) the category Modpar(¥X) = PAlg(Y)
has partial algebras as objects and partial algebra homomorphisms as

aArrowsj

— for every signature morphism p:¥ — Y| where p = (0,¢), the
translation Modpar(c)(A’) of a partial algebra A’ is the reduct
({o(s)*}ses, {0(f)*}ser and the translation of a morphism A is

{hcr(s) }SES'

e For any ¥ € |Signp x|, any A € |[Modp ar(¥)| and any (V.€) € Senpar(2),
AEparV.E it AEparé accordingly with Def. 2.3.12 for £ € SC(X,Y) and
Y, =V~(s).
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The institution of many-sorted partial algebras with positive conditional axioms
is the quadruple PPAR = (Signp sz, Senppar, Modpar, E=par) with positive
conditional axioms as sentences and the same signatures, models and validity

relation as PAR, i.e. Senppar(X) = {V.£ | £ € Cond(X,{V(s)})}. O

Positive conditional axioms always have an initial object and their model class
form a quasi-variety (see e.g. [92]); thus technically they are not so far away
from the total many-sorted approach. Moreover positive conditional axioms are
sufficiently powerful to define most data types used in computer science. Consider
again the examples used in the previous sections to illustrate the characteristics

of the different approaches and see their simple partial specifications.

Example 2.3.14 The following specification of natural numbers with the minus
operation is given in a modular style, enriching the usual (total) specification of

natural numbers @ la Peano by the binary operations 4, * and —

spec Nat =
sorts IV
opns
0:— N
ssN —- N
+,k,—NXN—=N

axioms

as O04+zx==x
ay s(z)+y=s(z+y)
as x*+x0=0
asg s(z)xy=(z*xy)+y
a; z—0==
as s(z)—s(y) =z -y

The initial model of this specification is (a representation of) the natu-
ral numbers.  Note that the axiom «a; states that the successor opera-
tion is a total function, while plus and times are not required to be to-
tal, although they are interpreted as total function in the initial object, be-
cause the elements of the initial object are (denoted by) terms of the form
s"(0) and hence using axioms as and a4 (resp. a5 and ag) the application
s"(0) + s™(0) reduces to the defined term s*(0), for & = n + m, and analo-

gously s"(0) x s™(0) reduces to s5(0), for £ = n *x m. Axioms a7 and ag make the
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application of the minus operation to terms s"(0) and s”(0), for n > m, reduce
to s7(0), for & = n — m, accordingly with the intuition; but nothing is required
on s"(0) — s™(0) in the case n < m (or on non standard elements), so that in the
initial model, because of the no-junk condition, the result is undefined; however
in the model class there are algebras where the result is defined and can be used
as an “error message”, as in the total style. Thus this can be seen as a minimal
specification of the minus on natural numbers that can be further refined fixing

which kind of error messages are wanted.

The following construction of rational numbers can be easily generalized to
the construction of quotient field on any integral domain, provided that a tool to
distinguish the additive identity is at hand; note that this tool is also needed to
impose that the ring is an integral domain. In the more general construction the

positive predicate below would be changed in a non-zero predicate.

Example 2.3.15 Consider the usual (total) specification of integers and enrich
it to define the rational numbers.

spec Int =
sorts 7
opns
0:— 72
s, p: 4 — 7
=L kL XL = Z
axioms
6, D(0)
b Dis(a)
b D(plx))
ar p(s(z)) ==
as s(p(z)) ==
as O04+zx==x
ay s(z)+y=s(z+y)
as p(z)+y=plz+y)

ap s(z)xy=(x*xy)+y
an pla)xy=(zxy)—y
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In order to distinguish non zero numbers, that can be used as denumerator,
the predicate positive should be axiomatized; since predicates are not part of this

paradigm, this predicate is represented as a boolean function, whose truth only is
stated.

spec Rat =
enrich Int by
sorts B, ()
opns
T:— B
positive: / — B
Ja X Z =0
L k2 xQ — Q)
axioms
6, D(T)
65 positive(z) =T D D(y/x)

v, positive(s(0)) =T
71 positive(x) =T D positive(s(x)) =T

P (ext)=(2+y)D(z/2) = (y/1)

B (2/2)+(y/t) = ((x 1) + (2% y)) /(2 % 1)
By (x/2) = (y/t) = ((x 1) = (2 xy)) /(2 % 1)
Ba (@/2)* (y/t) = (zxy)/(zx1)

Note that if z is a negative number, then x/z is deduced equal to
(0 —2)/(0 — z), by 81 and the axiomatization of the operations on integers, and
hence is defined too, because (0 — z) is positive, and hence positive(0 — z) = T.

As a final comparative example, consider again the (loose) specification of
categories.

Example 2.3.16 Asin the order-sorted approach there are no constants, so that
the initial model is empty; but in this case the models of the specification are all

and only the (small) categories.

spec Categories =
sorts obj, arr
opns
id: obj — arr

oo, 01: arr — oby
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—y-—carr X arr — arr

& D(éo(/f))

& D(6:()))

03 D(id(A))

b D(6(f)) N 6u(f) = dolg) D D(f;9)
65 D(f;9)D 61(f) = bolg)
a1 So(id(A)) = A

as 6i(id(A)) = A

as D(fi9) D 6(f19) = bo(f)
ay D(fi9) D 6:(f19) = 01(g)
as  (fi9)ih=fi(g;h)

ag id(6o(f)); f =

)
ar f; id(él(f)) =

The ¢ axioms guarantee that source and target are total functions, that any ob-
ject has its identity and that the composition is defined iff its arguments are
composable.

2.4 Strong Partial Logic

Although the positive conditional axioms are sufficiently powerful to define most
part of the more common data types, they fail to specify sets of partial functions.
Consider, indeed, the following specification of the (finite) maps, that are widely

used in computer science, for example to represent environments and memories.

Example 2.4.1 Let X and Y be the sorts of the source and target respectively of
the maps that are being specified, given respectively by the specifications sp y and
spy accordingly with the modular approach. The operations on maps supported
by this module are the update of a map m by an association (x,y), that corresponds
to the insertion of a new couple if x is not in the domain of m and to the real
update if an old couple (z,z) were already in m, and the query of the Y value
correspondent to an X “address” in a map m. On X a decidable equality must
be (pre)defined in order to the query have sense, so the existence of eq¢: X — B
is assumed, where B is the boolean sort with constants 1T: — B and F:— B, s.t.
for any terms x,y of type X the equality eq(x,y) reduces either to T' or to F.

spec Maps =
enrich spy, spy by
sorts map
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opns
wnitial _status: — map
upd: X XY X map — map
query:map X X —Y
axioms
61 D(initial _status)
6, D(update(z,y,m))

ay €Q($7Z) =7D> query(update(ac,y,m),z) =Y
=9

ay eq(z,z)=F D query(update(z,y, m), z) uery(m, z)

Since the axioms do not impose equalities on the sort map, there is no way to
deduce the intuitive identity of maps that give the same answer on each X element.

Informally an axiom of the form
*  (query(m,z) = query(m’,2)Ve € X) Dm =m/

would be needed, but the x axiom is not positive conditional, because of two

reasoIns:

e the quantification on x only involves the premises;

e the equality in the premises is strong.

The first point can be disposed of, at least for term generated models, by means

of an infinitary conjunction in the premises:
{query(m,z) = query(m/,z) |z € Tx} Dm =m'
(see also [66, 67]), but the equality remains strong.

The following sections are devoted to the exposition of the recent results in [1,
7, 29] regarding the properties of non-positive conditional specifications.

It is worth noting that (both positive and non-positive) partial conditional
specifications are aimed to deal with partiality due to still progressing refinement
of specifications (loose approach) or to non-terminating computations. The treat-
ment of errors and exception handling for the partial framework is (at the author’s

knowledge) still unexplored.

2.4.1 Conditional Specifications

The above and similar examples, especially from the higher-order paradigm, that is
now becoming a rather popular and useful tool in algebraic specifications (see [66,

67]) lead to consider non-positive conditional specifications.
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Notation.

e A conditional specification is a theory in PAR. A generic conditional spec-
ification will be denoted by sp; the formulas belonging to Az are called the

axioms of sp and usually denoted by a.

o A positive conditional specification is a theory in PPAR, i.e. a conditional
specification s.t. all its axioms are positive conditional formulas; a generic
positive conditional specification will be usually denoted by PSp.

e For any conditional specification sp = (X, Ax), PMod(sp) denotes the object
class of Modp ar(sp), i.e.

PMod(sp) = {A| A€ PA(Y), AEpara for all o € Ax};
an algebra A € PMod(sp) is called a model of sp.

e For every conditional specification sp = (¥, Ax) and every family X of vari-
ables, K(Sp, X) denotes the congruence KM?(P)(X), i.e. the intersection
of all kernels of natural interpretations of Tx(X) in a model of sp; as an
abbreviation let Fr(sp, X) denote FrPMed()(X) and m(sp, X) denote the
valuation mPM?»)(X) (often Frr and m will be used when Sp and X are

clear from the context).

e For every conditional specification sp = (¥, Ax), PGen(sp, X) denotes the
class Gen(PMod(sp), X); moreover if X is empty, PGen(sp, X) is simply
denoted by PGen(sp). O

Note that PMod(sp) is not empty for all conditional specifications sp, since
the trivial (total) algebra 7, with singleton sets as carriers and the obvious (total)
interpretations of function symbols, is always a model. Moreover the trivial alge-

bra Z has all carriers non-empty, so that there exists a valuation for all families

X in Z and hence K(sp, X) is always well defined.

Prop. 2.4.2 For all conditional specifications sp the class PMod(sp) is closed
under sub-algebras and isomorphisms.

Proof. The closure under isomorphism easily follows from the definition of va-
lidity; thus just consider the closure under sub-objects. Let A belong to PMod(sp)
and B be a sub-algebra of A. Let o be an axiom and V' be a valuation for Var(«)
into B; then V is also a valuation for Var(«a) into A. Moreover it is easy to check
that ¢4V =12V for all ¢ € Tx(Var(a)) and hence that AEpary € iff BEpary €
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for all € € EForm(¥, Var(«)). Therefore Al=p gy, because A is a model of sp,
and hence Bl=pary . a

Thus Prop. 2.3.10 can be instantiated on PMod(sp).

Prop. 2.4.3 Let X be a family of variables and sp = (X, Az) be a conditional
specification. The following conditions are equivalent:

1. there exists a free object for X in PMod(sp);

2. Fr(sp,X) € PMod(sp);

3. (Fr(sp,X),m(sp, X)) is the free object for X in PMod(sp);
4. there exists a free object for X in PGen(Sp, X).

Proof. From Prop. 2.3.10, as PMod(sp) is closed under sub-algebras and iso-
morphisms because of Prop. 2.4.2. a

Contrary to the case of positive conditional specifications, in general the class
of models of a conditional specification is not necessary closed under binary prod-
uct, as the following example shows.

spec sp; =
sorts s
opns
a,b:— s
axloms

a=b > D(a)

Let A and B be the models of sp; defined by:

Algebra A =
st ={1}
a? is undefined
A =1
Algebra B =
sB = g4
a® =1

bP is undefined

Then the algebra A x B consists of:
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Algebra A x B =

s ={(1,1)}
a?*B = (a4, a®) is undefined, because a* is undefined
bA*B = (bA,bP) is undefined, because b® is undefined

A

Therefore A x B is not a model of sp,, because A x BEpara=b, both a and
b being undefined, but A x B par D(a). O

While in the case of positive conditional specifications the closures under iso-
morphism, subalgebra and products are sufficient to guarantee the existence of
(free) initial objects, in general the model class of a conditional specification is
not required to have initial object. Indeed consider again the above specification
spq; since an initial model, if any, is minimally defined, if an algebra [ is initial in
PMod(spy), then both @ and b are undefined, because they are undefined respec-
tively in A and B, and hence [ is not a model of Sp;. It is easy to see that more
sophisticated specifications exist, that admit initial model, but not free model for

non-empty X; consider indeed the following specification sp,.

spec sp, =
sorts s
opns
zero: — $
f, Succ: s — s
axioms
a;  Succ(z)=f(z) D D(Suce(z))
as  D(Suce(zero))
az  D(Succ(z)) D D(Suce(Suce(z)))

The initial model I of Spy consists of:

Algebra I =
i =N
zero! =0
Succl(a) =a+1
f% is the totally undefined function

Let A and B be the models of Sp; and V4, Vi the valuations for X = {z} in
A, B resp. defined by:

Algebra A =
st =INU{x}
zero? =0
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Succ*(a) = a+1ifa € N
Suce™(00) is undefined

fA(a) = o0

Va(z) = o0
Algebra B =

B =4

zero? =0

Succ®(b) = b+ 1ifb € N

Suce®?(x0) =

2 is the totally undefined function
Ve =Va

Because of Prop. 2.4.3, in order to show that sp, has not a free model for X
it is sufficient to show that Fr(sp,, X) ¢ PMod(sp,). Since both Sucec(z)*V4
and f(2)PV5 are undefined, Succ(x), f(z) ¢ Dom(K(spy, X)). Therefore
Fr(spy, X)EPAR 1 (sp, x)Succ(x) = fx) and Fr(spy, X) B par (s, x)D(Suce(x))
so that Fr(spy, X) does not satisfy oy and hence is not a model of sp,.

Since the existence of a free model of a specification sp for a family X of
variables is equivalent to Fr(sp, X) € PMod(sp), by Prop. 2.4.3, conditions that
guarantee that Fr(sp, X ) satisfies the axioms of sp are interesting. Since Fr(sp, X)
is a quotient of a term algebra, it satisfies a formula ¢ for a valuation V iff it
satisfies an instantiation p(¢) for the valuation m(sp, X), where p substitutes
each variable x for a a representative of the congruence class V(x). Therefore a
specification sp has a free model for a family X of variables iff Fr(sp, X) satisfies
the instantiations of the axioms (on defined terms) for m(sp, X).

Def. 2.4.4 Let sp = (X, Az) be a conditional specification, X be a family of
variables, Fr denote Fr(sp, X) and m denote m(sp, X ). The set SNF(sp, X),

where SNF stands for Semantic Naughty Formulas, consists of all conditional
formulas A D € over ¥ and X s.t.

snfi A Deisafty/y |y € Var(a)] for some a € Az and some t, € Tx(X) s.t.
Fri=par, D(t,) for all y € Var(a);

snfy FriEpar, 6 for all 6 € A;

snfs Fr# par,, €. 0
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Some short notations are introduced in order to make the presentation simpler.
Notation. Let X and Y be two families of variables, K be a congruence over
Ts(Y) and V be a valuation for X in Tx(Y)/K. For every € X a term ty, €
dom(K) s.t. V() = [tv,] is denoted by ty,, by V() the term t[tyv,/z | « € X]
for every term ¢, by V() the formula 0]ty /x| @ € X] for every formula 6 and
by V(I') the set {V(y) | v € I'} for every set I' of formulas.

Note that if A = Tx(Y)/K, then t*V is the equivalence class of V(¢) in K, by
Prop. 2.3.6, and that Alparyy iff AEpar,, V(y), where m(z) = [z]k.

Theorem 2.4.5 For every specification sp and every family X of variables, the

following conditions are equivalent:
1. there exists a free object for X in PMod(sp);
2. Fr(sp,X) € PMod(sp);
3. (Fr(sp, X ), m(sp, X)) is free for X in PMod(sp);
4. there exists a free object for X in PGen(Sp, X);
5. SNF(sp, X) = 0.

Proof. 1 & 2 & 3 & 4 Follows from Prop. 2.4.3. Thus only 2 < 5 have to be
shown. Let sp be the specification (X, Az), Fr denote Fr(sp, X) and m denote
m(sp, X).

= Assume that ¢ satisfies snf; and snf; and show that ¢ does not satisty
snfs. Because of snfi, ¢ is oft,/y | y € Var(a)] for some a € Az and
ty € Tx(X) s.t. Fri=par,, D(ty). Let the valuation V for Var(«) in Fr be
defined by V(y) = [t,]; note that V is well defined, because Fri=par, D(ty)
by snfi and hence [t,] € Fr. Since Fr is a model of sp, Fri=parya, ie.
Fri=par, V(a) = ¢. Therefore, since Fri=par, ¢ for all 6 € prem(¢) be-
cause of snfy, Fri=par,, cons(¢), i.e. ¢ does not satisfy sn fs.

< Let a be an axiom of sp and V' be a valuation for Var(a) in Fr. Then
for all y € Var(a) tvy € Dom(K(sp, X)), i.e. Frl=par, D(tv,) and hence
V(a) satisfies snfi. Thus, since SNF(sp, X) is empty, V(a) does not sat-
isfy snf; or snfs, ie. either FrE£ pag, 6 for some 6 € prem(V(«)) or
Fri=par, cons(V(a)). Thus Fri=par, V() and hence Fri=pary a. a

The well known result of existence of a free model for positive conditional

specifications can be obtained just as a corollary of theorem 2.4.5.
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Cor. 2.4.6 If PSp is a positive conditional specification, then for all families X
of variables (Fr(PSp, X), m(PSp, X)) is free for X in PMod(PSp).

Proof. Let Fr denote Fr(PSp,X) and m denote m(PSp, X ). Because of the-
orem 2.4.5, it is sufficient to show that SNF(PSp,X) is empty. Assume that ¢
satisfies sn f1 and sn f, and show that ¢ does not satisfy sn f3. Because of snfi, ¢is
alty/y |y € Var(a)] for some a € Az and some t, € Tx(X) s.t. Fri=par, D(ty);
since PSp is a positive conditional specification, all the premises of « are existen-
tial equalities. Thus Fri=par, 6 implies A|=p 4z ¢ for all models A, all valuations
V:X — Aand all 6 € prem(¢), by definition of Fr. Analogously Fri=par, D(t,)
implies AFEpary D(t,) and hence V': Var(a) — A, defined by V'(y) = t,4", is a
valuation; moreover, since A is a model of sp, Al=par, « and hence Al=p gy, ¢.
Therefore from Al=par, ¢ and Al=par, 6 for all 6 € prem(¢), AlEpary cons(¢)
follows for all models A and all valuations V: X — A, so that Fri=pr, cons(¢),
i.e. snfz does not hold. a

Note that there exist classes PMod(sp) admitting free objects for all families
X of variables which are not definable by only positive conditional formulas, as

the following example shows.

spec sp; =
sorts s
opns
a,b,c,d:— s
axloms
a a=b>Dec=d

Then for all families X of variables there exists a free object (Fr, m) for sps,

defined by:

Algebra Fr =
sfr=X
a™  bF" ™ d™" are undefined

m(z) =a

In order to show that PMod(sps) cannot be the model class of a positive
conditional specification it is sufficient to show that it is not closed under non-
empty products, being the model class of a positive conditional specification a
quasi-variety (see e.g. [92]). Let A and B be the models of sp; defined by:

Algebra A =
st ={1,2}
a?* = 1,0 undefined
c* = 2,d* undefined
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Algebra B =
B =4
a” undefined, b? =1

c? = 2, dP undefined
Both are models of sp,; but their product is the algebra €' defined by:

Algebra C =
s ={1,2} x {1,2}
a®,b%,d° undefined, ¢ = (2,2)

that is not a model of sps. a

Both in the total conditional and in the partial positive conditional cases the
closure under non-empty products of the model class guarantees that for any sort
either the corresponding carrier is a singleton set in all models or there are models
having this carrier of arbitrary cardinality. Indeed assume that there is a model A
s.t. s4 has cardinality at least 2; then for any (possibly infinite) set I the product
I1; A is a model, because the model class is closed under non-empty products, and
s'4 has cardinality at least 27. The lack of closure under non-empty products
for the partial conditional case makes this property false; more precisely, denoting
by | X | the cardinality of any set X, for any n € IN there exists a conditional
specification sp”™ = (X", Ax") s.t.

o |54 |<nforall A€ PMod(sp™) and all s € S;
e there exists A € PMod(sp") and s € S s.t. | s? |=n.

Consider the following example.

spec Sp" =

sorts s; fore=1...n

opns
a;j:—s;fore=1...n,7=1...1
81— s fore=1...n-1

axloms
a T =ap,
Bi; D(a;;)fori=1...n,5=1...4
v &G(x)=&(y) D=y fori=1...n-1

Let A be a model of sp”™ and inductively show that | s;4 |<¢ for:=1...n.

e 5, is the singleton set {a;,4}, because of a;



2.4. STRONG PARTIAL LOGIC 63

o assume that | s; |< 7; for any a € s;11? either &A(a) € 5,2 or &A(a) is
undefined and hence there are | s;4 | +1 possibilities to define &*(a); thus,
as &% is an injective partial function by ~;, | sip? < s |+l <@ 4 1.

Moreover it is easy to check that [ is a model of sp™, where [ is defined by:

Algebra I =
st ={1...4}
a;;f=jforalli=1...nandall j=1...4
fZI(]) =jforj= 1...i;£i1(i—|— 1) is undefined fori=1...n -1

Note that in the total frame, from | 514 |= 1 and the injectivity of &%, | 5,2 |=
1 follows and so, inductively, | 5,4 |= 1 for all 2. On the converse, in the partial
positive frame, changing 7; in &(2)=.£(y) D =y, many different elements are
allowed to have undefined image along ¢; and hence there are models having the

carriers of sort s; of arbitrary cardinality for all e = 1,...n. a

Prop. 2.4.7 The existence of free objects for finitary conditional specifications
is not decidable.

Proof. For every Thue system E over an alphabet A and every couple of
non-empty strings u and w over A a specification spg,, is exhibited s.t.
SNE(spg ., 0) is empty iff u=w follows from F.

Therefore, since the set {(F,u,w) | £ F u=w} is not decidable (see e.g. [20])
and the emptiness of SNF(Spguw, ) is equivalent to the existence of an initial
model for Spg 4., the existence of the initial model for the class of the conditional
specifications Spg 4, . 1s not decidable too.

It is well known that every Thue system K over an alphabet A may be repre-
sented by the total equational one-sorted specification

SpE,A = (ZAvE U {'('(xvy)vz) = '(xv (y,z)})

where 4 consists of just one sort s, of a constant symbol a for each a € A and
of a binary symbol - representing the concatenation, in the sense that for all non-
empty streams u and w over A the equality u = w follows from F iff it holds in
all models of Spg 4.

Then for each Thue system E over A and all non-empty streams v and w over
A let Spg .. be the specification having the signature ¥4 U ({s'}, {b,0": — s'})
and the axioms

EU{-(-(2,y), 2)=(2,(y, 2)}U{D(-(z,9)), D(a) | « € A,u=w > D(b),b=b"> D(b)}.

It is easy to check that SNF(Spguw,?) is empty iff u=w follows from F. O



64 CHAPTER 2. A PARADIGMATIC PROBLEM

2.4.2 Free objects and logical deduction

In the following when referring to generic formulas and inference systems formulas
and inference systems within an infinitary logic which extends first-order logic
by admitting denumerable conjunctions (, disjunctions) and quantification over
denumerable sets of variables are considered (see e.g. [51]).

Notation. Since formulas of the form {D(z) | € X} U O D e will be often
needed, a short notation for these formulas is introduced. In the following for all
families X = {X;}ses of variables the set of formulas {D(x) | + € X;,s € S} will
be denote by D(X).

Note that, as usual, quantification is always implicit and is universal, as it may
be easily deduced from the definition of validity, i.e. every formula ¢ is a short
notation for the formula {Va:s | © € Var(¢)s}tses.¢. However (as in the total
many-sorted frame) this short notation may cause a subtle error whenever empty

carriers are allowed, as the following example shows.

spec sp, =
sorts s;, 8,

opns
a,b: — s
fi189— 81

axioms
a; D(a)
ay  D(b)
as a=f(x)
as  f(x)=b

The deduction of a=b from the axioms a=f(x) and f(x)=b by transitivity is
unsound; for example Ty is a model of sp, (actually it is initial) but Tx H# para=b.
This may happen, since Tx,, = 0. a

Indeed Huet noted that, in the framework of many-sorted algebras, the family

R={(t1)[t,t € Tx(X),, AFmst=t"}ses

may fail to be a congruence; in the example TylEmsa=f(z) and
TvEmsf(x)=b, since Ty}, = 0 and hence there does not exist any valuation
for {a} in Ty, but Ty £ msa=b so that R is not transitive. He suggested to avoid
unsound ground deductions in the case of total algebras by restricting signatures
to those whose corresponding carriers either are guaranteed to be non-empty by
the existence of ground terms of that sort, or are in a sense absolutely disconnected

by the non-empty carriers (the rigorous notion is that of sensible signature, see
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e.g. [50]). This approach fails in the partial framework since a ground term may be
undefined in an algebra and hence its existence does not guarantee that the corre-
sponding carrier is not empty; thus conditions on the signature are not sufficient
to guarantee that all carriers are not empty.

The same problem was also tackled by Goguen and Meseguer in [64] with
a particular interest to logical deduction. They proposed a system working on
equalities of the form (VX)t=t', where Var(t) U Var(t') C X, which produces
(VX — {a})t=t', eliminating a variable = from X, only if x does not appear in
t=t" and can be instantiated by a ground term. In this framework in the previous
example from (V{z})f(x) = band (V{z})a = f(x) it can be deduced (V{x})a = b,
that holds also in Ty, but ¢ = b cannot be deduced, as & cannot be instantiated
on a ground term, because Ty, is empty. A similar approach can be used also
in the partial framework, only permitting the elimination of those variables that
can be instantiated on ground terms whose definedness is provable. For another
system of equational deduction handling the empty carrier problem see [58].

However the problem can be handled in a way that is more natural for the
partial approach; indeed the existential equalities t=.¢, or definedness assertions
D(t), are at hand and can be used to replace in a formula the explicit indication of
the variables to which the valuation refers. Thus the ([64])-like formula (VX)A D ¢
here becomes D(X) U A D e. Moreover, since D(y) holds in all algebras for any
y, the presence of D(y) in the left-hand side of a conditional formula has the only
effect of possibly increasing the set of variables appearing in the axiom and to
which the valuation refers and hence the explicit indication of the definedness of
the variables appearing in A D € can be forgot, what makes the partial deduction
more concise.

In order to stress that D(x) in the premises of a deduced formula just states
the use af the variable @ to make the deduction, a short notation is introduced
for every inference system L, every conditional formula ¢ and every family X
of variables; in the sequel the notation LFx¢ stands for “X’ C X exists s.t.
L+ D(X") A prem(¢) D cons(¢)”. Using the above remark, a general definition
of logical systems which takes care of the empty-carrier problem can be given as

follows.

Def. 2.4.8 For a conditional specification sp = (X, Ax), a conditional system
L(sp) for sp, in the following simply called system if there is no ambiguity, is an

inference system L(sp) s.t.:
definedness of variables L(sp) b D(x) for all variables x;

axioms L(sp)F a for all a € Ax;
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congruence for all families X of variables the family ="?)(X) consists of
{EL(SP)(X)S}SGS, where EL(SP)(X)S is the set
{(6, 1) | 1,4 € Te(X),,, L(sp)x D(1), L(sp)-x1=1"}

is a congruence over Ty (X) s.t.

Dom(="")(X),) = {t | t € Tx(X),,, L(sp)-xD(1)};

substitution for all  conditional formulas A D n, all  families
X C Var(A D n), Z, of variables s.t. L(sp)Fz D(t,) for all + € X,
L(sp) F A D7 implies

L(sp)Fu,exzA0te/x |2 € X][ 6 € A} Dplty/a |2 € X];

modus ponens for any countable set of elementary formulas ©, I', ©, and any
elementary formula € L(sp) F @ UT D eand L(sp) F O, Dy forally €T
implies
Lsp)Fu,ervar()O U (Urer®,) O 6

soundness for any formula ¢, L(sp) F ¢ implies MEpareo for all M €
PMod(sp). O

Note that, since ="*»)(X) is a congruence, in the conditional system L(sp) the
standard rules for reflexivity, symmetry, transitivity and functionality (in the
slightly generalized form admitting a D(X) in the premises) should be derivable.

In order to make the presentation more concrete and to prepare the way to a
completeness result, a particular system is introduced, for the moment just as an
example, is reminiscent of systems found in the literature (see e.g. [22, 21]), but

taking care of the soundness problem like the previous remark suggests.

Def. 2.4.9 The US(sp) system for a conditional specification sp = (¥, Ax) con-
sists of the axioms Az and of the following axioms and inference rules, where,
as usual, € € EForm(X, Var), A, A,,I" are countable subsets of EForm(%, Var),
x € Var and t, ¢/, 1" t;, 1, € Tx( Var).

1. Definedness of variables
D(z)

2. Congruence

(a) t=t
(b) t=t' D t'=t
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(¢) t=t! At/=t" > t=t"
(d) ta=ti Ao A t=t D oop(ty, ... tn)=op(ty, ..., 1))

3. Strictness
D(op(t1,...,t,)) D D(t;)

4. Definedness and equality
D(t) ANt=t' D D(t)
5. Modus Ponens

AUT D e{A, Dy |~yeT}
DVar(l') = Var(U,erA, UA D €)) UA U (UyerA,) D€

6. Instantiation/Abstraction

ADe
{D(ty) |z € X;,s€ SPU{d* |6 A} D¢

where n* denotes nt,/z | v € X,,s € S] for every elementary formula 5 and
t, € Tg(Var)|s for all z € Xj. O

Remark. It is worth to note that instantiation and abstraction are both han-
dled by the above rule 6 to keep the system as economical as possible; indeed
instantiation corresponds to X being the tamily of variables of the formula that
has to be instantiated and abstraction corresponds to X being a family of vari-
ables which do not appear in the formula that has to be abstracted and ¢, = x
for all + € X. Thus rule 6 may be replaced by the following % and *.

*  Instantiation

ADe
{D(ty) |z € X;,s€ SPU{d* |6 A} D¢

where ¥ denotes y[t,/z | * € Var(A D ¢€),,s € 5] for every elementary formula 7
and t, € Tx( Var)|5‘v’:1; e X,
*  Abstraction

ADe
D(X)UA D¢
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Obviously both * and * are a particular case of 6 and it is easy to check that
any application of 6 may be replaced by an application of * to increase the number
of variables and an application of % to instantiate the variables:

Using * and
ADe

D(X)UA D¢

D(X)UA De
Ipes U{o[te/a | o€ X5, €S| 6€ A} Delty/a |z € Xs,s €9

Using 6

ADe
Ipes U{o[te/a | o€ X5, €S| 6€ A} Delty/a |z € Xs,s €9

where I'p.y = {D(t,) |z € X,,s € 5}. O

Prop. 2.4.10 For all conditional specifications sp, US(sp) is a system for sp.
Proof. Because of rule 1, the condition on definedness of variables is satisfied;
since the axioms of sp belong to US(sp), obviously the condition on the axioms
is satisfied and, because of rules 2... 5, also the condition on congruence is
satisfied. Moreover, because of rules 5 and 6, US(sp) satisfies the condition on
substitution and, because of rule 5, the condition on modus ponens. Thus it
is sufficient to show that it is sound; this is done by induction over the rules of
US(sp). It is obvious that the rules 1... 4 are sound, by definition of validity for
the definedness predicate and the equality; thus only consider rules 5 and 6.

Assume that the hypotheses of rule 5 are satisfied, i.e. that US(sp) F ¢, where
¢ is AUT D¢, and that US(sp) F ¢, for all v € T', where ¢, is A, D v; then
US(sp) - ¢, where ¢’ is

DVar(l') = Var(AUU,erA, D €)) UAU (Uqyerd,) D,

and show that AEpard and AlEparg, for all v € T implies AfEpar¢’ for all
A € PMod(sp). Then let V' be a valuation for Var(¢') in A € PMod(sp) s.t.
AlEpary 6 for all 6 € prem(¢’) and show that Al=par, cons(¢’).

First of all note that Var(¢') is the same set as Var(¢)UU,erVar(¢,), so that
V is also a valuation for Var(¢) and for Var(¢,) in A. Moreover, for all y € T',
prem(¢,) C prem(¢’) and hence, because of Al=pr, 6 for all é € prem(¢’),
AlE=pary 6 for all 6 € prem(¢.); thus, since by inductive hypothesis Al=par¢-,
AlEpary 7y for all v € T
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Analogously, since A C prem(¢'), AEpar, 6 for all 6 € A and hence
AEpary 6 for all 6 € prem(¢) = I' U A, so that A=pary cons(¢), because
AlEpary ¢. Finally cons(¢) = cons(¢’) and hence Al=pary ¢’

The case of rule 6 can be similarly developed. Assume that US(sp) F ¢, where
¢ is A D € then US(sp) F ¢, where ¢’ is the formula

{D(ty) | v € Xs,8 € STU{O[ts/a | € Xs,s € S]|6€ A} Delty/a|x € X5 €5,

and show that AlEpar¢ implies AEpar¢’ for all A € PMod(sp).

Then let V be a valuation for Var(¢') in A € PMod(sp) s.t. Al=par, 6 for all
6 € prem(¢’) and show that Al=par, cons(¢’).
Since {D(t,) | x € X;,5 € S} C prem(¢’) and A=par, 6 for all 6 € prem(¢'),
then AlEpary D(1,) for all z € X; thus V': Var(¢) — A defined by V'(z) = 1,V
if ¥ € X, otherwise V'(z) = V(z) is a valuation for Var(¢) in A. More-
over, by definition of V', for all elementary formulas 6 on Var(¢) AEpar,. 0 iff
AEparyo[ts/z | v € X,,s € S]. Thus, since AEparyd[te/z | v € X,,s € 5] for
all 6 € prem(¢), AEpary, 6 follows, for all & € prem(¢), and hence, since Af=p sr¢
too, AEpary cons(¢), i.e. AEpary.€, so that AEparye[t./z | © € X, 5 € 5],
L.e. AlEpary cons(¢'). a

The focus of algebraic logic deduction is on equational deduction, because
an inference system complete w.r.t. the (existential) equations gives the (initial)
free model, if any. Since equations with explicit quantification V(X U Var(e)).e
are here equivalent to formulas of the form D(X) D e, notions of soundness and
completeness also dealing with such particular conditional formulas are given;

these notions subsume the usual ones only dealing with equalities.

Def. 2.4.11 Let sp be a conditional specification, X be a family of vari-
ables and L(sp) be a system for sp. In the following Fr(L(sp), X) stands for
Te(X)/=) (X)) and m(L(sp), X): X — Fr(L(sp), X) is the valuation defined by
m(L(sp), X)(x) = [x]. Moreover let EEq(L(sp), X) be the following set

{D() |t € Te(X), U

{t=t" | t,t' € Ty (X)), L(sp)rxD(t) or L(sp)rxD(t')}.

|s?
L(sp) is existentially equationally complete for X and sp, in the following
simply called eeq-complete, iff for any € € EEq(L(sp), X) if MEparD(X) D €
for all M € PMod(sp), then L(sp)Fxe.
L(sp) is strongly equationally complete for X and sp, in the following sim-
ply called seq-complete, iff for any elementary formula ¢ over ¥ and X if

MEparD(X) D efor all M € PMod(sp), then L(sp)Fxe. O
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It is worth noting that the easier formulation of completeness
o dAf MEpar D(X) D e for all M € PMod(sp), then L(sp)F D(X) De...
is too restrictive. Indeed, although most systems have a rule of abstraction which
allows to deduce L(sp) = D(X') U {x} D e from L(sp) F D(X’) D ¢, in general
if X is an infinite set L(sp) = D(X’) D € does not imply L(sp) b D(X) D € and
in particular this happens for any finitary system, as the one presented in the
Sect. 4.4.1 below and in [7].

Note that Fr(L(sp), X) is well defined because of condition on congruence of
Def. 2.4.8, which makes ="(*»)(X) a congruence, and that m(L(sp), X) is really a
valuation, i.e. a total function, because of condition on definedness of variables of
Def. 2.4.8.

Any formula in EEq(L(sp), X)) plays the role of a (quantified) existential equal-
ity; this justifies calling “existentially equational completeness” the completeness
w.r.t. EEq(L(sp), X). Thus an eeq-complete system deduces all existential equal-
ities holding in all models and hence Fr(L(sp), X) is exactly Fr(sp, X).

Prop. 2.4.12 For all conditional systems L(sp) for sp the system L(sp) is eeq-
complete for X and sp iff Fr(L(sp), X) coincides with Fr(sp, X).

Proof. Let K(sp, X) be shortly denoted by K and ="*)(X) by =. By definition
Fr(L(sp), X) coincides with Fr(sp, X) iff = and K are the same and hence it is
sufficient to show that L(sp) is eeq-complete iff = and K are the same.

Because of the soundness of L(sp), =C K. Indeed if (¢,#) €= , then,
by definition of = |, there exist X', X" C X s.t. L(sp) F D(X') D D(t) and
L(sp) = D(X") D t=t".
Thus, as L(sp) is sound, for all models A and all valuations V for X in A,
AlEpary D(X') D D(t) and AEpar, D(X") D t=t'; moreover, by definition of
valuation, Al=par, D(z) for all € X and hence Al=par, D(t), AEpar,t=t,
i.e. (t,t') € K4Y(X). Therefore (¢,#') € K.

So the thesis is K C=iff L(sp) is eeq-complete.

= Let formulas in EEq(L(sp), X') be shortly denoted by existential equalities;
assume that t=.t" € EEq(L(sp), X) and L(sp)H/ D(X") D t=.t' for all X' C
X. Since L(sp)H/ D(X') D t=.t' for any X’ C X, (£,1) ¢= and hence, as
==K, (t,t') ¢ K. Thus there exist a model A € PMod(sp) and a valuation
ViX — Ast. th £ el AR parypt=ct'.

< If (t,¢') € K, then for all models A and all valuations V: X — A,
(t,t") € KAY(X), i.e. both AEpary, D(t) and AEpar,i=t' and hence
AlEpary D(X) D D(t) and AlEpar, D(X) D t=t'. Thus, as L(sp) is eeq-
complete, L(sp)Fx D(t) and L(sp)Fxt=t',i.e. (t,1) €=. O
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Note that, as the following example shows, in general a conditional system is
not eeq-complete for conditional specifications also in the more restrictive hypoth-

esis that there exists a free object for every family of variables; moreover the free

object may be different from (Fr(L(sp), X ), m(L(sp), X)).

spec sp; =
sorts s
opns
. f;g: §— 8
ar f(z)=g(z) > D(f(a))
ay D(f(z)) > f(x)=g(x)
as D(g(z)) D f(x)=g(z)
ay D(a)

Because of ay and as, f(x)=¢(x) holds in all models of sp5 and hence, instan-
tiating oy for @ = a, that is defined by a4, D(f(a)) holds too, while, for example,
US(sps)H/ D(f(a)) and hence US(sps) is not eeq-complete for () and sp,. More-
over for every family X of variables Fr(sps, X), defined as follows, is a model and
hence, because of Theorem 2.4.5, it is the free object for X in PMod(spy).

Algebra Fr(sp;, X) =
sfriersX) = X U {1,2}
aFr(spS,X) -1
fFr(spS,X) — (b — gFr(spS,X)

where ¢ is defined only on 1 and ¢(1) = 2. O

Thus in general the existence of a free object does not imply that Fr(L(sp), X)
is a model; however if Fr(L(sp), X) is a model, then it is also the free object for
X in PMod(sp), L(sp) being sound, as the following proposition shows.

Prop. 2.4.13 For all families X of variables and all systems L(sp) for sp the
algebra Fr(L(sp), X) is a model of sp iff (Fr(L(sp), X),m(L(sp), X)) is free for X
in PMod(sp).

Proof. Let Fr denote Fr(L(sp), X) and m denote m(L(sp), X).

= Because of Theorem 2.4.5, it is sufficient to show that =X?(X) =
K(Sp,X). As in Prop. 2.4.12, ="»)(X) C K(Sp, X), because of sound-
ness of L(sp). On the contrary if Fr is a model, then K(sp, X) C K™ =
=L (X); thus K(Sp, X) = =L6)(X).



72 CHAPTER 2. A PARADIGMATIC PROBLEM

< QObvious. O

It is now convenient to give a notion of naughty formula related to a system,
since it allows to connect the existence of a free model with logical inference

systems.

Def. 2.4.14 Let L(sp) be a system for a conditional specification sp, X be a
family of variables, Fr denote Fr(L(sp), X) and m denote m(L(sp), X). The set
NF(L(sp),X) (NF for Naughty Formulas) consists of all conditional formulas ¢
s.t.

nfi ¢ is olty/y | v € Var(a)] for some a € Az and t, € Tu(X) s.t.
Fr|:P~ARmD(tZ/);

nfy Fri=par, 0 for all 6 € prem(¢);

nfs Frit par,, cons(o). O

Prop. 2.4.15 The set NF(L(sp), X) consists of all conditional formulas ¢ s.t.
nf; ¢isalty/y |y € Var(a)] for some a € Az and 1, € Ty (X) s.t. L(sp)Fx D(t,);

nfy for each 6 € prem(¢) L(sp)kFxé or 6 is t=t' and L(sp)t/ xD(t) and
L(sp)t/ x D(t');

nfy L(sp)H xcons(¢) and cons(¢) € EEq(L(sp), X).

Proof. By definition of Fr(L(sp), X) and m(L(sp), X), for all terms ¢,#' €
Tz(X)i

o Fr(L(sp), X)Epar,D(t) iff L(sp)FxD(t) and

o Fr(L(sp), X)Epar, t=t' iff L(sp)Fxt=t' or both L(sp)t/xD(t) and
L(sp)H x D(t").

Thus the equivalence between nf; and nf! easily follows. a

Theorem 2.4.16 Let L(sp) be a system for sp and X be a family of variables.
The set NF(L(sp), X) is empty iff Fr(L(sp), X) is a model of sp.
Proof. Let Fr denote Fr(L(sp), X) and m denote m(L(sp), X).
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= Let a be an axiom of sp and V be a valuation for Var(a) in Fr. Then
tvy € Dom(=*P (X)), i.e. Friepar, D(tv,), for all y € Var(a) and hence
V(a) satisfies condition n fi. Thus, since NF(L(sp), X) is empty, V(«) does
not satisfy condition nf, or nfs, i.e. Fr=par,, V(cons(a)) or Fri# par,,6
for some 6 € V(prem(«)), i.e. , by definition of V(«), Fri=par, cons(a) or
FrEt pary 6 for some ¢ € prem(a) and hence Fri=p ar o

< Let Fr belong to PMod(sp) and ¢ satisfy conditions n fi, nfy of Def. 2.4.14.
Because of nfy, ¢ is a[t,/y | y € Var(a)] for some a € Az and ¢, € Tx(X)
s.t. Fri=par,, D(ty) and hence the valuation V for Var(«) in Fr can be
defined by V(y) = [t,]. Since Fr is a model of sp, Fr=parya, ie., by
definition of ¢, Fr=par ¢

Therefore Fri=par,, ¢, and, because of nf,, that Fri=par, ¢ for all 6 €
prem(¢); thus Fri=p ag, cons(¢) and hence n f3 does not hold. |

Putting together Props. 2.4.12, and 2.4.13 and Theorem 2.4.16 the conditions
for the existence and characterization of free models can be rephrased in terms of

logical systems.

Theorem 2.4.17 Let sp be a conditional specification, X be a family of variables,
Fr denote Fr(L(sp), X) and m denote m(L(sp), X). For every system L(sp) for sp

the following conditions are equivalent:
1. the set NF(L(sp), X) is empty;
2. the algebra Fr is a model of sp;

3. the couple (Fr,m) is free for X in PMod(sp).

If (one of) the above conditions hold, then L(sp) is eeq-complete for X and sp
and Fr(L(sp), X) = Fr(sp, X).

If L(sp) is eeq-complete then each one of the above conditions is equivalent to

4. there exists a free object for X in PMod(sp);

5. there exists a free object for X in PGen(sp, X).
Proof.

1 < 2 By Theorem 2.4.16.

2 & 3 By Prop. 2.4.13.
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Assume that one among conditions 1, 2 and 3 holds, and show that L(sp)
is eeq-complete and that Fr(L(sp), X) = Fr(sp, X). Let t=.t' shortly denote a
formula of EEq(L(sp), X) s.t. L(sp)t/ xt=.t"; then, by definition of Fr and m,
Fri# par,t=ct' and hence, as Fr is a model of sp, L(sp) is eeq-complete. Thus,
because of Prop. 2.4.12, Fr(L(sp), X) = Fr(sp, X).

Assume now that L(sp) is eeq-complete.

4 & 5 Because of Theorem 2.4.5

4 & 2 Since L(sp) is eeq-complete, Fr = Fr(sp, X') because of Prop. 2.4.12 and
hence the thesis follows by Theorem 2.4.5. a

Both the eeq-completeness of every conditional system and the well known
results guaranteeing the existence of a free model in the cases of positive condi-
tional (see e.g. [22]) and total conditional (see e.g. [64]) specifications can be get

as corollaries. At this end a preliminary result is needed.

Prop. 2.4.18 Let sp = (¥, Az) be a conditional specification, X be a family
of variables, L(sp) be a conditional system for sp and o € Az be a positive
conditional axiom. Any instantiation of o does not belong to NF(L(sp), X).
Proof. Assume that ¢ is an instantiation of « satisfying nf; and nfy; and show
that ¢ does not satisfy nfs;. Since ¢ is an instantiation of « satisfying nf;, ¢ =
afty/y |y € Var(a)] for some t, € Tx(X) s.t. L(sp)Fx D(t,) and hence, because
of the condition on deducibility of the axioms and instantiation for conditional
systems, L(sp)Fx¢, i.e. L(sp) b D(X') U prem(¢) D cons(¢) for some X' C X.
Since «a is a positive conditional axiom, by definition of Fr(L(sp), X), condition
nf,, ie. FV(L(SP)7X)|:PARm(L(Sp)7X)5 for all 6 € prem(¢), implies that L(sp)Fxé,
i.e. that X5 C X exists s.t. L(sp) F D(Xs) D 6 for any 6 € prem(o).

Therefore, because of condition on modus ponens, by
L(sp) b D(X")U prem(¢) D cons(¢)
and L(sp) F D(X5) D 6 for all § € prem(s),
L(sp) F D(X" U Useprem ey Xs U X”) D cons(¢)
for some X" C Var(prem(¢)) C X, i.e. condition nfs does not hold. O

Cor. 2.4.19 Let X be a family of variables, PSp = (X, Az) be a positive condi-
tional specification and L(sp) be a conditional system for PSp.

L. (Fr(L(sp), X),m(L(sp), X)) is free for X in PMod(PSp);
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2. L(sp) is eeq-complete for sp and X.

Proof. Because of Prop. 2.4.18, NF(L(sp), X) is empty; thus, because of The-
orem 2.4.17, (Fr(L(sp), X),m(L(sp), X)) is free for X in PMod(PSp) and hence,
because of Theorem 2.4.17, L(sp) is eeq-complete. O

Since total conditional specifications are a special case of (partial) positive
conditional ones, this result applies to that frame too.
Remark. Note that in general a conditional system is not seq-complete for
positive conditional specifications, as the following example shows.

spec sp; =
sorts s
opns
a:— 8
f,g:8— s
axloms

Since one among D(f(x)), D(g(x)) and f(a)=g(x) holds by definition of strong
equality, from «; and «y the validity of f(a)=¢(z) in all models of spg follows,
while, for example, US(spg)t/ f(x)=g¢(x) and hence US(spq) is not seq-complete
for 0 and spg. a

2.5 Partial Higher-Order Specifications

Asin [67], higher-order specifications are reduced to particular classes of first-order
specifications.

Def. 2.5.1

o If S is a set of basic sorts, then the set ST of functional sorts over S is
inductively defined by: S C S7 and if sq,...,8,,8,01 € S, then s =

(S1y.cvy8n — Spg1) € S~ for all n > 1.
A subset S C ST is downward-closed iff sy,...,8,,8,0.1 € S for all
(S1y.vy8n — Spg1) € 5.

o A higher-order signature F'Y is a signature (5, F'), where S is a downward-

closed set of functional sorts, s.t. for any s = (s1,...,8, — Suq1) € S with
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n > 1 there exists a distinguished operator applys € Fls, .. s,5,4,- 10 the
sequel applys (f,a1,...,a,) will be denoted by f(aq,...,a,) using an infix
notation and dropping the sort indexes when there is no ambiguity. More-
over the apply functions will be not explicitly mentioned in the definitions

of concrete functional signatures.

Let F'Y¥ = (S, F') be a higher-order signature; then A € PA(FY) is an ex-
tensional partial algebra, from now on E-algebra, iff it satisfies the following
extensionality condition:

for all s = (s1,...,8, — S,41) € S, with n > 1 and for all f,g € s4, if for
all a; € s;4, 1 =1,...,n, flai,...,a,) = g(ay,...,a,), then f=g.

The class of all F-algebras over F'Y is denoted by EPA(F'Y).

The institution PHO = (Signpye, Senpro, Modpro, | Epar) of partial
higher-order algebras consists of

— Sighpye is the subcategory of Signp 4z whose objects are higher-order
signatures and whose morphisms (o, ¢): F¥ — F'Y' preserve functional

sorts and apply functions, i.e. s.t.:

k O(81y. ey Sy = Spy1) = 0(81)...0(8,) — 0(sp41) for every func-
tional sort s1,...,8, — S,41 of F'X;

* ¢( applys ) = apply, s for every functional sort s of F'X.
In the sequel let F denote the embedding of Signpy,» into Signp 4.
— Senpro = Senpar o F;

— Modpno(FY) is the full subcategory of Modpar(FY) whose objects
are EPA(FY) for every higher-order signature F'Y and Modpyo(p) =
Modp ar(p)jgpa(rsyy for every p: 'Y — 'Y in Signpye.

The institution FPHO = (Signpye, Senrpro, Modpro, Epar) of partial
higher-order algebras with finitary sentences is the subinstitution of PHO
whose sentences Sen rpro(F'Y) are {¢ | prem(¢) are finite} for every higher-

order signature F'X.

A (positive) conditional higher-order specification (P)FSp = (FX, Ax) con-
sists of a higher-order signature F'¥ and a set Az of (positive) conditional
axioms over F'¥. In general (positive) higher-order specifications will be
denoted by (P)FSp. The class of extensional models of FSp, denoted by
EMod(FSp), is Mod(FSp) N EPA(FY); while EGMod(FSp) is the class of
extensional term-generated models, i.e. GMod(FSp) N EPA(FY). O
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Note that for any higher-order signature F'¥ = (S5, F), S is required to be
downward closed in order that the operators applys have arity in S* x S.
Remark. Any A € EPA(FY) is isomorphic to an algebra where the carriers
of higher-order sort (s1,...,8, — Sp41) are subsets of the space of the partial

Ax...xs,4into s,.1* and the apply, operators are interpreted

functions from sy
in the standard way. Therefore in the following examples the higher-order carriers
are assumed to be function spaces and the apply, functions to be interpreted
accordingly.

It is easy to check that first-order specifications are a special case of higher-
order ones; indeed any (first-order) signature is a higher-order one, because there
are no functional sorts and hence no apply function is required. Moreover the ex-
tensionality condition is satisfied by all partial algebras over a first-order signature,
because all sorts are basic, so that also the models of a first-order specification
and its extensional models coincide.

Note the difference between f € Iy ;g and f € F o; indeed in the first case
the interpretation of f is an element of the corresponding carrier, and hence the
extensionality condition (and any proper axiom involving a variable of sort s — &',
too) applies to it, while in the second one the interpretation of f is a function
(living in some meta-level world) from the carrier of sort s into the carrier of sort

s'. This difference is better illustrated by an example.

spec F'Sp, =
sorts N, (N — N)
opns
Z:— N
S,P,42:N — N (%)
Inc:(N—-N)— (N —=N)

a; D(Z)

a D(5(x))

as P(S(z))==z

ay +2(z) = 5(5(2))

Then there are no closed terms of sort (N — N) and the following algebra is
obviously an extensional model of FSp,, where D(P(Z)) does not hold:

Algebra A =
N4 =N
(N— N =0
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74 =0

SAz)=a+1forall 2z € N

PAz) =2 —1for all z > 1, P4(0) is undefined
+24(z)=x + 2 for all z € N

Inc? is the totally undefined function

Consider now the specification FSpy, equal to FSp, with the exception of the

operations () changed to
(x) S,P,42:— (N — N);

It would seem natural that any model B of FSp, could be made a model of FSpy,
putting SP, PP and +2F into the carrier (N — N)# and closing the carrier w.r.t.
the Inc operation; but this cannot be done. Indeed for the specification FSpy,
S, P and 42 are closed terms of sort (s — s), defined in all models because
of ay,as, a3 and ay; thus the variables f and ¢ may be instantiated on S and
+2. Moreover from as, for f instantiated on S, Ine(S)(z) = S(S(x)) follows
and hence, from oy, Ine(S)(x) = +2(x). Thus, because of the extensionality
condition, Inc(S) = 42 holds in all models and hence D(P(7)) holds, from as.

Therefore D(P(Z)) holds in all extensional models of FSp; and hence there
is no way of transforming the above algebra A into an extensional model of FSpy,
leaving the interpretations of P and Z unchanged. a

The above example shows that functions between carriers introduce less re-
strictions than constants in functional carriers. Note that the two levels describe
conceptually different objects: functions between carriers are meta-objects which
describe properties of the elements of the carriers, while the elements of functional
carriers are the objects in discussion.

Since the class of extensional models is not closed under sub-objects, there is
no guarantee that the initial (free) model (for X), if any, is term-generated (by
X) nor that there exists an initial model in the whole model class iff there exists
one in the subclass of the term-generated models.

Indeed both properties are missing for the class of extensional models, because
there are specifications having a non-term-generated initial model and there are
specifications whose term-generated model class has initial model while the whole
model class has not.

Analogously to the case of higher-order total algebras, the class of extensional
algebras is not closed w.r.t. subobjects; thus, in particular, the class of extensional
algebras cannot be expressed as the model class of a conditional specification,
because the model class of any conditional specification is closed under subobjects.

But, while in the total case the extensional algebras are closed w.r.t. non-empty
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direct products (of course performed in the class of all algebras), as claimed for

example by the theorem 5.3 in [62], in the partial frame also this closure is missing.

Fact 2.5.2 Let F'Y be a higher-order signature; in general EPA(F'Y) is not closed
w.r.t. subobjects, nor w.r.t. non-empty direct products
Proof. Consider the signature F'Y¥ = (S5, F), where S = {s,(s — s)} and F' =

{Fus wes*ses, with just two constants f and ¢ of sort s — s. Consider the

algebras A, B and (', defined by:

Algebra A =
st = {e}
(s — ) ={L,Id}
fA=1d gt =1
1(e) is undefined, Id(e)

Algebra B =

sB =4

(s =35 =(s—s)"

fB = 1 gB = Id
Algebra C =

s“ =10

(s —s)¢ =(s—s)4

fe=r 9¢ =g*

Then obviously A, B € EPA(FY), while C ¢ EPA(FY) and C' is a subalgebra
of A, by definition. Therefore EPA(F'Y) is not closed w.r.t. subobjects. Let Ax B
be defined as follows:

Algebra A x B =
sAxP = {(e. )}
(5= $)4%8 = (s = ) x (s — )7
B = (A fP) = (1d, 1)
gt = (g%, 9") = (L, 1d)

)AxB

So (s — s has cardinality 4, while there are just two distinct partial

functions from s4*® into s4*P the identity and the totally undefined function,
because s4*P has cardinality 1. Thus A x B ¢ EPA(F'Y) and hence EPA(F'Y) is

not closed w.r.t. non-empty direct products. a

As in the non-positive conditional partial case, the lack of closure w.r.t. non-
empty products allows to define non-trivial specifications whose models are all of

bounded cardinality.
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It is easy to see that initial and terminal algebras in PA(F'Y) are respectively
characterized by s! = () for all s € S, f! totally undefined for all f € I and
by sZ = {e} for all s € S, fZ total for all f € F. Obviously they are also
extensional and hence initial and terminal in EPA(FY); but, although EPA(FY)
has an initial model, in general both the class of extensional models and the class

of term-generated models for equational specifications do not have initial model.

Fact 2.5.3 Let F'Y = (5, F) be a higher-order signature and FSp be an equa-
tional specification (F'X, Ax). Then in general there does not exist an E-algebra
initial in EMod(FSp) nor in EGMod(FSp).

Proof. Consider the following example.

spec FSp, =
sorts s, (s — s)
constants
e of type s
f,g of type s — s
axioms

Proceed by contradiction assuming that there exists [ initial in EMod(FSp,)
(resp. in EGMod(FSp,)). Let F' and GG be the F-algebras defined by:

Algebra F =

e = e
fF=1d
g =1

where L(e) is undefined, Id(e) = e

Algebra GG =
¢ = st
(s = 3)¢ =(s—s)F
e =o
o=
g% =1Id

Both F and G belong obviously to EGMod(FSp,); thus, because of the initial-
ity of I, there exist two homomorphisms p': I — F and p“: [ — G. It is routine
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to show that the existence of such p’” and p“ implies that for all @ € s! both f!(a)
and ¢!(a) are undefined and hence that f/ = g/, because of extensionality; thus
g" = pf(g") = pF'(f!) = f¥ follows, in contradiction with the definition of f*
and ¢*. a

The above example suggests that for the existence of the initial model, the
minimal definedness may conflict with the minimal equality. Indeed if the elements
in the domain are too few, then the functions cannot be distinguished by them and
hence the minimal definedness (on the arguments) may force the mazimal equality
(on the functions). For the same reason two functions having the same result
over every tuple of terms because of the axioms, may differ on some non-term-
generated argument-tuple, so that the equalities between ground terms holding
in the term-generated models may be strictly more than the equalities holding in
all models. In particular the equalities between ground terms holding in all the
term-generated models may define an extensional algebra, so that there exists an
initial model in EGMod(FSp), while the equalities between ground terms holding
in all models are too few.

Fact 2.5.4 Let F'Y = (S5, F) be a higher-order signature and FSp be an equa-
tional specification (F'X, Az) s.t. [ is initial in EGMod(FSp). Then in general I
is not initial in EMod(FSp) and the sets

{¢ | € € EForm(FX,0), EMod(FSp)=parc}

and

{¢| € € EForm(F'%,0), EGMod(FSp))Eparc}

are different.
Proof. Consider the following example.

spec FSp, =

sorts s, S9, (8 — S3)
constants

e of type s;

fyg of type (51 — s3)
axloms

o D(f(e))

as  f(e) = g(e)

Then all term-generated models are isomorphic to I, defined by:
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Algebra I =
s1 = {e}
sy = {e}
(s1 — s9)f = {Id}
where Id(e) =
el =

[T=yg"=1d

So that [ is initial in EGMod(FSp,); however [ is not initial in EMod(FSp,),
since there are (non term-generated) models A for which f4 # ¢,

Moreover EGMod(FSp,)Eparf = g, while EMod(FSp,) £ parf = g, be-
cause A parf =g. O

In the total case if a family X of variables has a sufficiently high cardinality,
then there exists the free model for X in the class of all extensional models of an
equational specification (see theorems 3.7 and 5.7 of [62]). Instead in the partial
case there are equational specifications whose classes of extensional models do not

admit free models whatever the cardinality of the family of variables is.

Fact 2.5.5 Let F'¥. = (S5, F') be a higher-order signature, FSp be an equational
specification (F'YX, Az) and X be a family of variables of arbitrary cardinality.
Then in general there does not exist a free model for X in EMod(FSp).
Proof. Consider again the specification F'Sp; and the algebras I' and G defined
in Fact 2.5.3 and show that there does not exist a free model for X in EMod(FSp, ).
Assume by contradiction that (Fr,v) is free in EMod(FSp,) for a family X
of variables. Let V¥: X — F and V“: X — ( be any valuations, which always
exist, because F' and G have all carriers non-empty. Because of the freeness of
Fr, there exist two homomorphisms p': Fr — F and p@: Fr — G s.t. pf ow = VI
and p“ o v = V% Thus, as in in Fact 2.5.3, ¢* = p'(¢™) = p"'(f) = f¥, in
contradiction with the definition of f¥ and ¢ a

Note that the above counter-example also applies to the subclass EGMod(FSp, X)

of extensional models generated by the family X of variables, i.e.
EGMod(FSp, X) = PGen(FSp, X)) N EMod(FSp),

because F' and (7, being term-generated, belong to EGMod(FSp, X).
In the (both total and partial) first-order case the free model (if any) for X in
a class specified by conditional axioms is term-generated by X; the proof, in both

cases, depends on the closure w.r.t. subalgebras.
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In [62], under the hypothesis Try|, # 0 for all s € 5, it is shown that if X
has a sufficiently high cardinality, then a quotient of Ty (X) is a free model for
X in the class of total models of a higher-order equational specification (but the
same proof technique applies to the conditional case too). That result can be
strengthened to show that if a free model for X exists, then it is term-generated
by X, whatever the cardinality of X.

Theorem 2.5.6 Let FiSp = (F'X, Az) be a conditional higher-order specification
s.t. Try, # 0 for all s € S, denote by TMod(FSp) the class of total extensional
models of FiSp and assume that (Fr,v) is free for X in TMod(FSp). Then Fr is
term-generated by X via v, i.e. eval™" is surjective.
Proof. Because of theorems 3.7 and 5.7 of [62], there exists ¥ D X of suitably
high cardinality s.t. (Tps(Y)/ =, i) is free for Y in TMod(FSp), where = is the
intersection of all kernels of natural evaluations K4V, and :Y — Trx(Y)/ = is
the valuation defined by i(y) = [y].

In the sequel let [t] denote the equivalence class of any term ¢ in Tpx(Y)/ =
and V denote any valuation V:Y — F st. V(z) = v(z) for all € X and
V(y) =t,! for some t, € Ty for all y € Y — X. Note that there exists such a V
because of the assumption Trys|, # 0, so that v may be extended to Y.

Two homomorphisms, py: Trs(Y)/ =— Fr and h: Fr — Tpx(Y')/ = are exhib-
ited s.t. pv([y]) = V(y) and py o h = [dp; then it is shown that this implies that
"7 is surjective.

The existence of such py and h is now proved. Since Tpx(Y)/ =€ T Mod(FSp),
ioe: X — Tpx(Y)/ = is a valuation, where e denotes the embedding of X into Y,

eva

and (Fr,v) is free for X in TMod(FSp), there exists a (unique) homomorphism
h:Fr — Tps(Y)/ =st. hov=1ioe.

Since Fr € TMod(FSp) and (Tps(Y')/ =, 1) is free for Y in TMod(FSp), there
exists a (unique) homomorphism py: Tpx(Y)/ =— Frst. pyoi=V.

Since (Fr, v) is free for X in TMod(FSp), the unique homomorphism p: Fr — Fr
s.t. pov = v is the identity, and hence pyoh = Idg,, because pyohov = pyoioe =
Voe=w.

The homomorphism eval™" is proved to be surjective, i.e. for every a € s a
term ¢ € Trx(X) in exhibited s.t. a = ™7,

By definition of Trx(Y')/ =, there exists t' € Tpx(Y) s.t. h(a) = [t'] and [t'] =
tTr=0/Zi 0 Thus a = py(h(a)) = pv(ETr=0V/=D); moreover py (#Tr=(/=0) =
tFrevel and, since py o i = V, tTPvel — ¢V oo that @ = ¢V,

Finally, by definition of V, #™V = #[t, /yly € Y — X]™"; thus a = ' with
t="*t[t,/yly €Y — X] € Trx(X) and hence a € cval™" (Trx(X)). O
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Therefore in the total case if (Fr,v) is free for X in the class of extensional
models of a conditional specification, then it is also term-generated by X and
hence it is the quotient of Trx(X) w.r.t. the intersection of the kernels of natural
evaluations of Tpx(X) in the models.

In the partial higher-order case both the closure under subalgebras (which is
true for both the total and the partial first-order case) and the existence of free
models for families of variables of sufficiently high cardinality (which is true for
the total higher-order) are missing, so that neither style of proof applies. Indeed,
rather surprisingly, there are positive conditional specifications whose initial model
is not term-generated, as the following Fact 2.5.7 shows.

Fact 2.5.7 Let F'¥ = (5, F') be a higher-order signature and FSp be a positive
conditional specification (FX, Az) s.t. Tpy, # 0 for all s € S and there exists an
initial model I in EMod(FSp); then in general I is not term-generated.
Proof.

Let MBpy denote the set of FY-equations which force the models of
(F¥,MBps) to be the total trivial algebra, i.e. MBpy consists of

{z, = y,|s € S} for some distinct @, y, € Var, and all s € S;
{D,;(t)|t € Trs(X),} where X is a family of denumerable sets of variables.

Then any non-trivial model of the set of axioms {A D ¢ | ¢ € MBpy}, from
now on denoted by A D MBpy, does not satisty A.
Consider now the following specification FSpy = (F'X, Ax).

spec FSp, =
sorts s,(s — s),((s — s) — 9)
constants
k of type s
L of type (s — s)
04,0, of type ((s — s) — s)
opns
E(s—38)—= ((s—s)—3)
axioms
v € Varg; f,g9 € Var—o; F € Var(_o_s;
o DED)
o, v==F%
a; F(L)=k
as 0, =0, D MBpg
as D(L(z)) D MBps
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as O(f)=k

Qg f(J-) =0,

ar L(f)=E&9)D f=
ag  D(k)

ag D(L)

ag D(Oy)

ap; D(0,)

The specification FSp; has exactly one non-trivial model (modulo isomor-

phism), in the sequel called A, uniquely defined by the axioms:

oy implies that s4 is a singleton set {1} and k% = 1; therefore, because of
the extensionality, (s — s)* has at most two elements: the identity Id and
the totally undefined function L.

If (s — s)* is a singleton, then (s — s)* = {14} and hence, because of
ag, ©4(1L4) = 02(L4) would follow and hence ©4' = ©2', by extensionality,
contrary to as, which implies that ©;* and ©,” are different, because A is
non-trivial. Therefore (s — s)4 = {Id, 1 }.

a4 implies that L4 = 1, because A is non trivial.

ay implies that (L) = 1 for any F € ((s — s) — s)* and hence
(s — s) — s)* has at most two elements: 0;, defined by 0,(Id) = 1,
61(L) = 1, and 6,, defined by 5(L) = 1, 65(Id) is undefined. Moreover
(s — s) — s) has at least two distinguished elements, ©f and 03, be-

cause of az; therefore ((s — s) — s)* = {0;,0,}.
a5 implies that 0,4 = fy; thus, since 0,4 and 0,” are different, 0, = 0,.
ag implies that £4( L) = 6;.

a and a7 imply that ¢4 is a total injective function and hence ¢4(1d) = ;.

Thus the specification FSps has the unique (extensional) non-trivial model A,

defined by:
Algebra A =

st = {k*}
(s — s)* = {L* Id}
Id(k*) = k*, L*(k*) is undefined
(s — ) — 54 = {03, 01}
04 (L) = k4, 04(1d) = k* and ©2(L*) = k*, ©2([d) is undefined
E(1) = o7 EA(1d) = 0
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It is easy to check, then, that A is initial in EMod(FSp;). Indeed there is just
one homomorphism from A into the trivial model, because the trivial model is
total and has just one element in any carrier. Moreover the only element in A
which is not interpretation of a constant (and hence whose homomorphic image
is not fixed a priori) is Id and the homomorphic image of Id must satisfy the
equation ©F = h(£A(Id)) = £4(h(1d)); since &4 is injective by ar, h(Id) = Id
follows. Thus the identity is the only homomorphism of A into itself. a

Remark. Note that in the above counter-example specification FSp, the only
partial functions are the interpretations of the (implicit) apply operators that
must be partial in order to specify carriers of partial functions. Moreover the
equalities used to specify FiSp, can be replaced by existential equalities leaving
unaffected the model class. Thus FSp, is in some sense a total specification of
partial functions and its pathologies only depend on the partiality of the objects
that are being specified, i.e. the choice of the partial frame to axiomatize such a

set of partial (higher-order) functions is immaterial.



Chapter 3

Relating Specification
Formalisms

As illustrated by the last chapter for the particular case of the specification of
partial functions, a considerable proliferation of formalisms has been produced in
the last years, as a result both of theoretical investigations and of preliminary
attempts at applications. One of the reasons behind this proliferation is that the
convenience of a formalism may depend on the application and until now no “best
formalism” has been found, though from time to time somebody claims that there
is one.

Now this fragmentation of frames is conflicting with some essential require-
ments of any specification formalism, i.e. the ability of supporting modularity and
refinement, which are clearly related to the problem of reuse of specifications. It is
becoming important to assemble, possibly at different levels of implementative de-
tail, specification modules in different formalisms; thus it is convenient (we believe
fundamental) to have theoretically sound means for passing from one formalism
to another in a way that preserves some essential properties. Rephrasing the title
of a landmark paper by Burstall and Goguen [27], the issue is “putting together
theories from different formalisms to make specifications”.

Another hot point due to the existence of so many formalisms is the meaning
of “equivalence” between approaches to the same problem in different frameworks.
Indeed in the literature it is often claimed that a frame is equivalent to another
one, usually in the sense that both solve the same kind of problems, or that in
both the results are equivalently (un)satisfactory. But the meaning of equivalence
is usually not formally defined and quite often used to denote different levels of
relationship.

Both problems can be solved by a notion of formalism translator that on

87
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one hand allows theories expressed in different frameworks to be transformed in a
common formalism and then assembled, and on the other relates the specifications
defined in several formalisms, so that they can be compared. Since frameworks
are formalized as institutions, such a translator should be some kind of morphism
(in the categorical sense) between institutions. Starting from a significant set of
concrete examples that should be captured by this notion of formalism translator,
it is immediately apparent that the morphisms of institutions, originally defined by
Burstall and Goguen in [44] to support categorical constructions on institutions,
do not represent the wanted examples. Therefore a new kind of morphisms has
been introduced in [2, 8], called simulations.

The basic idea of simulation is encoding the syntax, i.e. signatures and sen-
tences, of a new frame by that of an already known formalism in a way consistent
with the semantics, in order to transfer results and tools. To formalize the con-
sistency of the translation of the syntax w.r.t. the semantics, every model of the
new frame is required to be represented by at least one of the old frame that
satisfies the same sentences (under translation). Thus a simulation consists of
three components: the two maps translating new signatures and sentences into
old ones, and a partial surjective map which translates old models into new ones.

Simulations are very close to maps of institutions, independenlty developped by
Meseguer in [63], that differ from simulations because associate each new signature
with an old theory, whose models alone are translated (so that the expressive
power of the old institution is required to be sufficient to describe the domain
of the model translator) non-necessary in a surjective way. For a more complete
comparison of the two approches see Sect. 3.3.1 below

In this chapter simulations are introduced, compared with other morphisms
of institutions and used to deeply analyze the different levels of relationship be-
tween logical formalisms, first following the total representations of partiality as
a paradigmatic case to show that three degrees of connection can be found, re-
spectively between individual models, categories of models and theories, and then
applying the same technique to the coding of non-strict functions in total ap-

proaches, after a summary of the results in [4, 5] about non-strictness.

3.1 Simulations

To introduce the concept of simulation and the corresponding notation from an
intuitive point of view, the reduction of many-sorted equational Horn-clauses
logic MS, to one-sorted logic £, making explicit the typing of the variables (see
e.g. [T1]), is illustrated as a paradigmatic example of the kind of translations that
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have to be captured by the definition of simulation.

3.1.1 An Introductory Example

In the following a simulation is denoted by p, possibly decorated.

Example 3.1.1 Let ¥ be a many-sorted signature with sorts S and function
symbols F'. The translation of ¥ into a one-sorted signature ,uMSign(Z) is defined,
by setting ,uMSign(Z) = (Op', P"), where Op/, is the disjoint union of Fj
of the n-ary function symbols, disregarding the type of the arguments (so that

s yss 1€
any X-term is a (Op', P')-term, too) and P’ contains only the typing predicates,
ie. Pl ={_:s]s € S5}, where the symbol _ denotes the place of the argument in
a prefix notation, and P, = ) for all k # 1.

With the help of the typing predicates, any many-sorted conditional equation
over Y can be translated into a one-sorted equivalent one over ,uMSZ»gn(Z). Consider

indeed a many-sorted formula
=Vt =t]N.. AL, =1, Dt =1)
over ¥ and the variables x;, where V(x;) = s; for ¢ = 1...k, and define
,uMSmE(f) =z A AT s AN = AL AL, =t Dt =1t

Then in Mg, (), the translation of £ over p™; (), the information about
the typing of the variables is carried by the predicates z; : s; in the premises.

To illustrate in which sense pige, 5 (§) is equivalent to £, a class dom(p)y. of one-
sorted algebras is chosen, which soundly represents the many-sorted algebras and
s.t. a one-sorted algebra satisfies prgeny (€) iff the many-sorted algebra represented
by it satisfies . Again the typing predicates are used to simulate the different car-
riers of a many-sorted algebra: a one-sorted algebra A’ is a sound representation
of a many-sorted algebra A, denoted by A = pipreax(A’), iff whenever the argu-
ments of a function are appropriately typed also the result is appropriately typed,
e a; : s for i = 1...n implies fA/(al,...,an) 54 for any f € Fo s If
A’ satisfies this condition, then A is the many-sorted algebra ({s*}ses, {f*}rer),
where s4 = {a | a : '} and f* is the restriction of f4 to s1? x ... x s,4; the
above condition guarantees that the interpretation of the function symbols in A
yields total functions. It is easy to check that A’ satisfies pige,y(€) iff A satisfies
£

Note that one-sorted algebras differing only on elements which do not satisfy

any typing predicate represent the same many-sorted algebra.
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Thus for every many-sorted signature ¥, a homogeneous signature fis;5, (%)
and two functions are defined: pse,y, which translates many sorted equational
conditional sentences on ¥ into homogeneous conditional sentences on g, (%)
built on typing predicates and equalities, and pias04x, which partially translates
homogeneous first-order structures on fis;;,(X) into many-sorted algebras on X
and is surjective, as it is immediate to check.

Since the change of notation, via signature morphisms, has a great relevance
in the algebraic approach, being used for example to bind the actual to the formal
parameters in parameterized specifications and to “put theories together to make
specifications”, the compatibility between the coding functions pse,y and piaseds
defined for any signature ¥ and the changes of notation has to be investigated.

Let o:3; — ¥, be a morphism of many-sorted signatures. Then o naturally
induces a homogeneous signature morphism pigizn(c) = (¢, 7') from frgign (1)
into frgign(X2), defined by ¢'(f) = ¢(f) for any f € F and #'(-:s) = _: o(s) for
any s € S. It is easy to check that the translation of sentences is compatible with
signature morphisms, i.e. that pisenx, (7(£€)) = psign()(psens, (£))-

Instead the partiality of the translation of algebras makes the compatibility
between the algebra translations and signature morphisms delicate. Indeed it is
intuitive to expect that the translation along a signature morphism of a one-sorted
algebra simulating a many-sorted algebra simulates the translation of that many-
sorted algebra; more formally, recalling that algebras are translated along signa-
ture morphisms in a countervariant direction into their reduct, if A" € dom(u)y_,
then Allusign(ff) S dom(,u)zl and (NModZQ (A/))|c7 = :“ModEl(Allusmn(&))-

But the converse of the first implication does not hold, i.e. A", . () €
dom(p)g, does not imply A" € dom(u)y , as illustrated by the following example.

Let ¥5 be the many-sorted signature

sig Yy =
sorts nat
opns
0: — nat
ine, dec: nat — nat

Y1 be its subsignature where the dec operation has been dropped

sig ¥, =
sorts nat
opns
0: — nat
mnc: nat — nat
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and ¢ be the embedding of ¥; into .
Consider now the one sorted algebra A’ on g4, (X2), defined by

Algebra A’ =
] = 2
a:nat? <= a €N
04 =0
inc (z) =241
dect (z) =2 — 1

Then A" ¢ dom(u)y, , because 0 : nat holds, but dec® (0) : nat does not and
hence dec® on appropriately typed input yields an untyped output. However
A'|5 is the same as A’ but dec has been dropped, hence it obviously belongs to
dom(p)y, -

Therefore a weaker condition (called partial naturality) has to be required for

algebras than the one for sentences: if A" € dom(p)g , then A’ &) € dom(u)y,
and (IuMOdEQ (A/))|a- = IuMOdE1 (A/h"sign(a'))' I:[

3.1.2 Simulations of Basic Specifications

Abstracting from the above construction, the general aspects of the coding of a

new (many-sorted) into an old (one-sorted) formalism are:
o to each new signature an old signature corresponds;
e to each new sentence an old sentence corresponds;

e not any old algebra represents a new one, but to each new algebra at least
one old corresponds, so that old algebras are (partially) translated by a

surjective mapping.

This scheme generalizes to the frame of institutions by lifting maps to the
proper categorical objects, taking care of the delicate points due to the partiality
of model translation, and requiring that the only non-categorical structure, i.e.
the validity relation, is preserved by them.

Since models are partially mapped, the usual notion of natural transforma-
tion is insufficient to describe the translation of the (old) model functor; thus
“partially”-natural transformations are introduced to explicitly deal with the par-

tiality of the model translation.

Def. 3.1.2 Let Z = (Sign, Sen, Mod, =) and I’ = (Sign’, Sen’, Mod', |=') be in-

stitutions. Then a simulation p:Z — I’ consists of
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e a functor g;,,: Sign — Sign’;

e a natural transformation fise,: Sen — Sen’ o figign, i.e. a natural family of
functions pge,y: Sen(X) — Sen'(psiyn (X)), and

e a surjective partially-natural transformation
tinroa: Mod' o psign — Mod,

that is a family of functors pareay: dom(p)y — Mod(X), where dom(p)y. is
a (non-necessarily full) subcategory of Mod'(f15i4n (X)) s.t.

— UMody, 18 surjective on |Mod(X)|;

— the family is partially-natural, i.e. for any signature morphism o €

Sign(Zl, 22)
Mod() o piatods, = [nods, © Mod'(pisign(0))]idom ),
s.t. the following satisfaction condition holds:

A :uSenE(f) — :uModE(A) = ¢

for all ¥ € |Sign|, all A € [dom(u)s| and all £ € Sen(X). O
Note that the partial-naturality condition implies

Mod(j15:50())(dom(p)s,)  dom(p)s,.

In the sequel, for any simulation p, the symbol p will be used to denote its
components, too, if the context makes clear the nature of the component.

Following the intuition that simulations corresponds to some sort of imple-
mentation or coding of a unknown formalism into a well known one, in the sequel
the domain 7 of a simulation p:Z — I’ will be possibly referred to as higher-level
or new and accordingly to Z' as lower-level or old.

It is easy to check that u: MS — L, whose components were informally
sketched in Example 3.1.1, is a simulation, from now on denoted y™ (the su-
perscript M stands for Many-sorted) in order to reserve the symbol u to denote
a generic simulation.

It is possible to use simulations as morphisms in a category, by defining the
composition of simulations componentwise and the identical simulation, whose
components are identities. Hence, taking care of avoiding foundation problems,
categories of institutions can be defined with simulations as morphisms, so that

some usual concepts, like subobject, product and sum, are implicitly defined too.
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Def. 3.1.3 Let Z = (Sign, Sen, Mod, =), ' = (Sign’, Sen’, Mod',|=") and I" =
(Sign”, Sen”, Mod", |=") be institutions, u: 7 — I', where gt = (fbsign, fSens HMod )
and v:I" — I", where v = (Vsign, Vsen, VMod), be simulations.

Then v o u: T — 7" is the composition componentwise, i.e. it consists of:
o (1/ o lu)Sign = Vsign O HSign;
* (V o lu)SenE = VSenpgign(X) © HSenx;

® (vo N)Modz = HMody © VMod gy, (S)-

Moreover & = (ngign, sen, LIMOd) is the simulation from Z into Z defined by:
° LISign is the identity functor on Sign;
o L., = {{dsen(s) tseisign|, Where Idg,, sy is the identity function on Sen(X);

o Trrd = {Udpras) tseisign)y Where Idyp,q(s) is the identity functor on
Mod(%). a

It is obvious from the definition that the composition of simulation is a sim-
ulation too, that 7 is the identity simulation, i.e. that Z oy = y = p o %', and
that simulations are associative, i.e. that (pov)oé = po(rof); thus it is possible
to use simulations as morphisms in a category.

Some simple examples are sketched here in order to get a better intuitive
understanding of the notion of simulation. More examples are disseminated in

the next chapters.

Example 3.1.4 The equality between meta-terms can be interpreted by the iden-
tity, i.e. two terms are equal iff are denotations of the same concrete object, or
more generally by a congruence relation, that is an equivalence relation preserv-
ing the structure of the working environment, for abstract data types usually the
functional application. This second notion is used, for example in [35, 25], in or-
der to represent the concept of implementation or representation; indeed in such
a way more models are allowed, through an abstraction process, where different
objects are regarded as equal on the base of some criteria.

The two notions are strictly related from an intuitive point of view and this
relationship can be formalized by the definition of a simulation from the institu-
tion where equality is interpreted as identity into the institution where equality
is represented by a predicate. In the sequel the simulation of (total) many-sorted
algebras by typed logic is presented, but it is immediate to generalize this very

construction to any “algebraic” case, where here “algebraic” is loosely used to
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denote the formalisms with an explicit notion of sort and operation (correspond-
ingly of carrier and function) and sentences built on terms, including the total,
partial, order-sorted algebras with or without predicates.

The basic idea is to introduce a binary predicate to represent the equality,
substitute this symbol for the identity and translate back each algebra where the

equality predicate is interpreted as a congruence into its quotient.

o let y=g,,,: Signys — Signz, be the functor associating each many-sorted
signature (S, F) with the typed logic signature (S, F,{eqs : ss}ses) and
each many-sorted signature morphism (o, ¢) with the typed logic signature
morphism (o, ¢, 7), defined by 7(eqs) = eq,(5) for all s € 5;

o let p=g,.,: Senps — Senyp be the natural transformation translating each

equality symbol between terms ¢ and ' of sort s into eq,(t,1');

o let u=,,.0 Modys — Modr, be defined by:
let ¥ = (5, F') be a many sorted signature;

— the domain of p=,;, .5 is the full subcategory of Modr;(X) whose ob-

jects A satisty the following axioms:

eqs(x, )
eqs(x,y) D eqs(y, )
eqs(x,y) N eqs(y,2) D eqs(x, 2)
eqs, (X1, y1) N oo N egs, (T, yn) D eqs(flar, .o sxn), fF(Y1, -y yn))

— for any A’ € |dom(p~ )| the translation A = =y 45 (A’) consists of:

* the carriers of A are the quotients of the carriers of A" w.r.t. the
equality predicate: s = s4"/eq,A for all s € 5;
* the interpretation of function symbols goes through the classes:
fA(a1]s .- [an)) = [fY (a1, ..., a,)] for all f € I}
for any algebra morphism h': A” — B’ the translation h = p= ;45 (R')
is defined on equivalence classes by h([a]) = [h/(a)]

It is easy to check that p=g,, is natural, being a renaming, that u=,; , is
partially-natural, because its domains are model classes of theories and that p=,,,,
is surjective, because each algebra A is represented by the first-order structure
whose algebraic component is A and the eq; predicates are interpreted by the

identity; thus g~ is a simulation.
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Another example reminiscent of the concept of implementation is the simula-
tion representing the implementation of a concrete data type (i.e. an algebra) by

another one (possibly on a different signature).

Example 3.1.5 To sketch this simulation, the institution (without sentences)
I(A,Y) representing an algebra A on a signature ¥ is introduced first.

Let A be a many-sorted algebra on a signature ¥ = (5, F'); the institution
I(A,Y) consists of a category Signy,, that has strings of sorts as objects and k-

uple of terms ¢; of sort s; on variables xq,...,x, of sorts s",.... s respective
tuple of t t; of t bl , , { ts s, ! tivel

»5n
as arrows from s},...,s! into si,..., sk, with substitution as composition, of the
empty natural transformation of sentences (and empty satisfaction) and of the
model functor Mod 4: Signy, — Cat®? yielding for each sort stream sq,. .., s, the
set 514 x ... x s, and for each k-tuple of terms the evaluation function.

The implementation of a many-sorted algebra A on a signature ¥ by a many-
sorted algebra A’ on X' is formalized by a simulation from Z(A, ¥) into Z(A’,Y'),
where the signature component represents the abstraction function associating
each “higher-level” syntactic object with a derived one at the “lower-level” and
the model component represents the association of concrete objects with their ab-
stract correspondent. The functoriality of the signature components guarantees
that the functionality is preserved by the abstraction of the syntax; the natural-
ity of the model component represents, in algebraic language, the intuition that
the translation of elements is homomorphic w.r.t. the “higher-level” syntax, while
surjectivness and partiality of simulations correspond to each “higher-level” ele-
ment being represented by at least a “lower-level” one and non all “lower-level”

elements being significant as “higher-level” objects.

3.2 Relationships between Institutions

In the literature it is often claimed that a frame is equivalent to another one,
usually in the sense that both solve the same kind of problems, or that in both
the results are equivalently (un)satisfactory. But the meaning of equivalence is
usually not formally defined and quite often used to denote different levels of
relationship. Indeed three different levels can be distinguished (and formalized
by means of simulations), depending on whether the correspondence is between
models, or categories of models, or specifications (theories).

At the set-theoretic level, for every model in the new frame a model in the old
frame can be found that represents the given one, in the sense that it satisfies the

same formulas, or, more precisely, that it satisfies corresponding formulas. This
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is formalized by requiring that there exists a simulation from the new into the
old frame (s.t. the domains of the model component corresponds to any, possibly
non-full, subcategory of the old models). At this level most properties are missing,
in particular no structured way of defining models is guaranteed to be preserved,
because it usually involves categorical constructions. To have a categorical cor-
respondence between two frames, at least the domain of the simulation has to
be a full subcategory of the old models; moreover some more properties have to
be required depending on the categorical structures that are intended to be pre-
served. Here the focus is on the initial structures and minimal conditions are given
to preserve initiality. Even if there is a categorical simulation, the power of the
specification languages in the two frames can be quite different; in particular it is
possible that in the new frame some categories are definable by sets of sentences
that are not so in the old one (and vice versa). To guarantee that the relationship
is at the logical level, i.e. for every specification (i.e. the class of models which
satisfy a set of sentences) in the new frame there exists a specification in the old
frame equivalent to the given one in the categorical sense, it has to be required
not only that the domain of the model component is a full subcategory of the
category of old models, but also that it is described by a set of old sentences.

3.2.1 A Paradigmatic Example: Partial versus Total
Specifications

Here the use of the notion of simulation, with its various specializations, is illus-
trated as a tool for understanding the relationship between two formalisms with
respect to the solution of a problem. As a paradigmatic example, the specification
of (strict) partial functions in a partial and a total frame has been chosen, picking
up from the discussion in Chapter 2 just few representative cases.

The following analysis, though not pretending to be exhaustive especially on
the pragmatic side, will highlight the subtleties of the relationship between the

two frames and possibly reveal some misbeliefs.

Semantic Level

The relationship between partial and total frames is first analyzed from a se-
mantic point of view, i.e. disregarding their logics. Formally this means that the

institutions are without sentences.

Def. 3.2.1 Let PAR, denote the institution (Signp 4z, 0, Modpar,0) of partial
algebras  without  sentences and  MS,  denote the  institution
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(Sign s, 0, Mod s, 0) of total many-sorted algebras without sentences. a

In the algebraic community there is a widespread belief that partiality can also
be handled without explicit partial functions, in the usual total frame, simply
by introducing a distinguished constant L (one for each sort) to represent the
undefined computations; in this way to any partial algebra A its trivial totalization
corresponds (see e.g. the error algebras for a more sophisticated version of this
idea). Following this intuition it is possible to define a simulation ug of partial by
total algebras, where every partial algebra is simulated by its trivial totalization;
but some homomorphisms between the trivial totalizations of partial algebras
cannot be translated into homomorphisms of partial algebras, because the image
of some defined element (i.e. of elements different from L) may be undefined (i.e.
equal to L), while the homomorphisms of partial algebras are total functions.
Therefore the domain of the simulation is not a full subcategory of the models

and hence most categorical properties are missing.

Def. 3.2.2 The simulation ui: PARy — MSy consists of:

® 115 sign: SigNpar — Sign s is defined by g g, (5, F') = (S, F'), where if
w # 0, then I, - = F,, else Fj, = Iy ,U{L}, and by pgg,.(0,0) =
o,¢'),where ¢'(f) = ¢(f) for any f € F,, and ¢(L;) = L, ().

o uig..:0 — 0is the empty natural transformation;
. ,uéMOd: Mod ps 0 Iué_Sign — Modpar is defined by:

— dom(ug )y is the subcategory/ of Mod ms (11 55, (X)) Whose objeclts are
the total algebras A’ s.t. f4(a1,...,a,) # L, implies a; # L4« for
all e = 1...n for every f € Fy, s, s (strictness) and whose arrows are
the many-sorted homomorphisms A’ € ModMg(,uéSign(Z))(A’,B’) s.t.
a # 14 implies h'y(a) # L2 for any s € S.

— for each A’ € alom(,ué)E the partial algebra A = ,uéMOdE(A’) consists of
s4 =54 — {14} for every s € S and for every f € F,, _,, , and every

a; € st fori =1...n, if f¥(ay,...,a,) # LY, then f4(as,...,a,) =

fY(ay,. .., a,), else f4(ay,. .., a,) is undefined;
— 113 aroas(R') is the restriction of A’ to 40 aroan (), O
Note that formally strictness is not needed, because there are no sentences
whose validity has to be preserved; however it is preferable to require the strictness
condition, because it is more intuitive specifying strict partial algebras and it will

be needed in the sequel, to deal with logics.
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Although obviously A" and g 5.4 (A') are strictly related from a set theoretic
point of view, the correspondence, due to the domain of pg being a non-full
subcategory, is not adequate for categorical purposes, in particular the initial
model is not preserved by pug.

Indeed in both frames the initial model is characterized by the no junk and
no confusion conditions of [64], which mean that every element is denoted by
some term and that two ground terms are equal in the initial object iff they are
equal in every algebra of the class (in the partial frame the existential equality is
considered, holding if both sides denote the same element of the carrier, so that
also the minimal definedness holds). Thus the minimal equality (no-confusion) of
the initial model in the total frame implies, in particular, the minimal equality
with L and hence the mazimal definedness of its translation; therefore in most

cases the translation of the initial model is not initial.

Categorical Level

Another way of coding partiality in terms of total algebras is to split every carrier
by a typing predicate in typed (i.e. defined) and untyped elements and to represent
every partial function by a total one which results in an untyped element over
every input outside its domain (for similar approaches see e.g. [60], where one-
sorted total algebras are used, [69] and [70]). Moreover, in order to handle logical
formulas in the sequel, a binary predicate, that plays the role of the existential
equality, and holds on ¢’ and &' iff ¢’ and & are equal and appropriately typed is

introduced. The corresponding simulation is as follows.

Def. 3.2.3 Let 7L, denote the institution (Signy,, 0, Modr.,0) of typed first-
order structures (total many-sorted algebras with predicates) without sentences.
The simulation ,uPO: PARo — T Ly consists of:

) IMPOSign: Signyp 4r — Signy, consists of ,uPOSZ»gn(S,F) = (5, F', P'), where
S'= S8, F' = F and if w = ss, then P!, = {eq,}, if w = s, then P! = {D,},
otherwise P/ = (), and ,uPOSign(a, ¢) = (o', ¢, 7'),where ¢/ = o, ¢/ = ¢,

7'(Ds) = Dy and 7'(eqs) = eqo(s)-
o 1Fys., is the empty natural transformation;
° ,uPOMOd: Modr, o IMPOSign — Modp 4 is defined by:

— dom(p”,)y, is the full subcategory of Modrc(p” g;,, (X)) whose ob-
jects are the total algebras A’ s.t. for every f € Fy . 5 if
DSA/(fA/(al,...,an)) holds, then DSiA/(ai) holds, too, for every i =
1...n (strictness) and eq?'(a, b) iff « = b and DSA/(a), DSA/(b).
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— for every A’ € dom(u®)y, the partial algebra A = (', (A) consists
of s* = D, for every s € S and for every f € I and every a; € s
for e = 1...nif DSA/(fA/(al, ...,a,)) holds, then f4(ai,...,a,) =
fAaq, ... a,), else fA(ay,. .., a,) is undefined.

— forany h € dom(p* ) (A’, B') the arrow p 4 (h') is BuP oas(anys O

Now initial models are translated along u’, to initial models; the proof follows
a pattern common to most algebraic frames. First it is shown that the translation
I of an initial object is weakly initial (i.e. that there exists at least one arrow from
I into any object), so that the no-confusion condition holds; the weak initiality
comes from dom(u” )y, being a full subcategory of the total models and u*q,,.;
being surjective on the objects. Then [ is shown to be term-generated, so that
the no-junk condition holds, too, because the total initial object is term-generated
and term-generatedness is preserved by pf.

Abstracting from the two main points of the above proof technique, the cat-
egorical simulations are defined, which preserve “term-generatedness” and whose
domains are full subcategories, and show that categorical simulations preserve

initiality.

Def. 3.2.4 Let C be a category and ¢ be an object of C; then ¢ is called inductive
iff C(e, ) has at most one element for every ¢/ € C. For every subcategory C'
of C, ¢is called weakly initial in C' iff C'(c, ') has at least one element for every
ded.

Let Z and Z' be institutions and p be a simulation from Z into Z’. Then u is
called categorical iff every dom(p)s is a full sub-category of Mod'(¥) and areax
preserves the inductive objects of Mod'(j1si4,(X)) belonging to dom(u)sy. O

Note that the property of being categorical only involves the model compo-
nents of simulations (and, implicitly, the translation of signatures); thus if two
simulations coincide on signatures and models and the first is categorical, then
also the second one is so, independently of the formulas that are chosen as sen-
tences of the institutions and their translation.

In most algebraic frames the interesting classes of models are closed w.r.t. sub-
algebras and this guarantees that their initial models, if any, are term-generated;
this can be generalized to every categorical frame, noting that the notion of sub-

algebra generalizes to the categorical concept of reqular subobject.

Def. 3.2.5 Let C be a category and f,g € C(A, B) be a pair of parallel arrows.
Then an arrow e € C(F, A) is an equalizer of f and g iff it satisfies the following
conditions
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e foe=goe (e equalizes f and g);

o for any k € C(K, A) s.t. fok = gok there exists a unique 7 € C(K, E) s.t.
eon =k (k factorizes through e).

If e € C(E,A)is an equalizer of some f and g, then F is a regular subobject of
A. |

Lemma 3.2.6 Let C be a category having equalizers and C’ be a subcategory of
C closed under equalizers and regular subobjects. Then [ is initial in C’ only if
I is inductive in C.

Proof. Let I be initial in C’, assume that there exist f,g € C(I, A) for some
A € |C] and show that f = ¢g. Since C has equalizers, there exists the equalizer
e € C(E,I)of fand g. Since C' is closed w.r.t. regular subobjects, F € |C’| and
hence there exists a unique g € C(I, F) and eolp = [d, because the identity is
the unique arrows from [ into I, as [ is initial. Thus f = fo (eolg) = (foe)olg
and analogously g = (g o e)olg; since e is the equalizer of f and ¢, foe=goe
and hence f = (foe)olg=(goe)olg=g,ie f=yg. a

It is worth to note that both the institutions of partial as well as total many-
sorted algebras, with or without predicates, do have equalizers, and that the model
classes of positive Horn-clauses are closed w.r.t. regular subobjects (in general they
are not closed w.r.t. generic subobjects); thus the following proposition applies in

most cases.

Prop. 3.2.7 Let 7 = (Sign, Sen, Mod, |=), T' = (Sign’, Sen’, Mod', =) be insti-
tutions s.t. for any ¥’ € |Sign’| the category Mod'(X') has equalizers and u be
a categorical simulation from 7 into Z'. If I’ is initial in a full subcategory C’
of dom(p)y closed w.r.t. regular subobjects (performed in Mod'(jis,4.(X))), then
Uods (1) 1s initial in pazeay (C').

Proof. To show that I = piasoax(’) is initial in C = pareas (C'), it is sufficient
to prove that [ is weakly initial in C and that it is inductive, so that C(I, A) has
exactly one element. Since dom(u)y, is a full subcategory of Mod'(js;4.(X)), and
I’ is initial in C' for any A = pipeax(A’) € |C| there exists piaroas(lar) € C(1, A),
where !4 is the unique arrows from the initial object I’ into A’, and hence [ is
weakly initial in C. Because of the above Lemma 3.2.6, I’ is inductive and hence

I is inductive, too, because categorical simulations preserve inductive objects. O

Cor. 3.2.8 Let C’ be a full subcategory of dom(u,)y closed w.r.t. subalgebras
and I’ be the initial object in C’. Then u”,,, ,(I') is initial in uy,, ,(C").
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Proof. Since inductive in ModMg(,uPOSign(Z)) coincides with term-generated
and u%, does not introduce function symbols, u”, preserves inductive objects;
moreover its domain is a full subcategory by definition. Therefore u”, is categor-
ical; moreover ModMg(,uPOSign(Z)) has equalizers, which are (usual) subalgebras,

and hence the Prop. 3.2.7 applies. a

Logical Level.

Consider now the logical aspect of partial and total frames and investigate the
equivalences of their expressive power. In the total [partial] frame the institution
T L [PPAR)] of positive Horn-clauses [built on existential equality] and its subin-
stitution GT L [GPAR], where the sentences are without variables, are considered.

Consider first the trivial simulation pgy. Let A’ be in dom(ug )y and consider
a ground existential equality ¢ = ¢; then A = pg \,,,5(A') satisfies ¢ = ¢/ iff ¢4
and #"4 denote the same element of s4 = s — {1}, i.e. iff t4 = ¢4 £ 1;
thus to generalize ug to a simulation from GPAR, a stronger (and unusual) logic
than the positive Horn-clauses is needed in the total frame. Therefore the trivial
totalization fails in both the categorical and the logical aspects, in the sense that,
although it is true that any partial algebra is equivalent from a set theoretic
point of view to its trivial totalization, the equivalence becomes false if algebra
morphisms are considered; moreover it relates Horn-Clauses to a more powertul
first-order fragment.

Consider now the simulation . Every ground Horn-clause is naturally trans-
lated into the total frame, just by replacing every existential equality symbol with
the corresponding predicate eq. However if variables appear in the formula, this
translation from the partial to the total frame does not preserve the validity of
sentences. Indeed, consider for example D;(x); then obviously any partial algebra
satisfies it (undefined elements do not exist), while some total algebras in the
domain of %, do not, because valuations of variables in the total frame range
also over the elements which do not satisfy the definedness predicates (and hence
are dropped by the simulation). More generally the valuations for the total frame
which range over undefined elements must not be taken in account, in order to es-
tablish the validity of translations of partial sentences. To overcome this problem
it is sufficient to add to the premises of every sentence the definedness assertions
for each of its variables, so that every valuation s.t. V(2) = a and = D(a) satisfies
the sentence, because one of the premises is false; thus the validity only depends
on “defined” valuations also in the total case. Note that in this way equations
with variables in the partial frame are translated into conditional axioms of the

total formalism. This, together with the fact that the simulation p” (properly
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generalized to deal with sentences) is categorical, illustrates the deep reason for
the model classes of partial equational specifications being quasi-varieties (see
[92]), like the model classes of total conditional specifications, and not varieties,

as the model classes of total equational specifications are (see [64]).

Def. 3.2.9 The categorical simulation uf: PPAR — T L coincides with u*, on

signatures and models, and on sentences is defined by
Npsenz(f) =D (x1) Aot A D, (25) A eqsi(tl,tll) AN eqy (1) D eqs(t,t)

where { = (ty =ty A...At, =1, Dt =1) and xy,..., 2, are the variables of
£ O

Since the domain of u!” is the model class of the following axioms th(u”):
Ds(f(x1,...,24)) D Ds,(2;) for i = 1...n (strictness) and

Dy(z) ADs(y) N w =y & eqs(z,y), ie

Dy(x) A Ds(y) Ao =y D eqslx,y), eqs(z,y) D Ds(x), eqs(x,y) D Ds(y) and
eqs(x,y) D x =y, every model class of a partial presentation (X, Ax) is simulated

by the model class of the total presentation

(Npsz'gn(z)a IMPSenE(Ax) U th(ﬂp))-

This kind of simulation, translating presentations into presentations is called log-

teal.

Def. 3.2.10 Let 7 = (Sign, Sen, Mod, =), T' = (Sign’, Sen’, Mod', ') be insti-
tutions and g be a simulation from 7 into Z'. Then g is called logical iff dom(u)s
is the full subcategory of Mod'(usizn(X)) whose objects are the model class of a
set th(p)s C Sen'(psign(X)) of sentences for every ¥ € |Sign|. O

Although in general the family {¢A(p)x }se|sign| 18 not functorial, i.e. it is not
possible to define a sub-functor F of Sen s.t. F(X) = th(p)y, if the family of their
closures under logical consequences {th(1)3; } se|sign| is considered, where th(p)y, =
{a | A E' aforall A € dom(p)s}, then the partial-naturality condition on
{dom ()5, }ne|sign| guarantees the functoriality of {tA(p)$ }se|sign| and hence every
logical simulation is a map of institutions, too (see [63]).

Since the translations via u? of ground partial Horn Clauses are ground Horn
Clauses, u” can be specialized to a simulation between the institutions GPAR
and G7 L. It is still categorical, but is not logical anymore; indeed axioms with

variables are needed to define the domain, as the following example shows.
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Example 3.2.11 For any signature ¥ = (5, F) € |Signp 4| with at least one
function symbol there does not exist a set th’ C Sen'(pu”g;,, (X)) of ground sen-
")

tences s.t. dom(p" )y, is the class of models of th'. Indeed an algebra A’ exists

belonging to the model class of any set of ground Horn-clauses that is not in
dom(p')s. Let A’ be defined by s ={1,,2,} forall s € S, f4(z1,...,2,) = 1,
for all f € Fy, .5 eqf/ = {(15,15)} and DA = {1s}. Then for any ground
term t € Ty,, its evaluation in A’ is 1, and hence A’ satisfies any ground formula.

But A’ does not belong to dom(u®)y, because functions are not strict; indeed

DA (fY (251, ..., 2,,)) but =Dy A (2,.). 0

3.2.2 Non-strict Specifications

The same technique of the last section can be applied also in the case of spec-
ification of non-strict functions, i.e. of functions that can yield a result also on
incomplete inputs, like the ubiquitous if_then_else.

In the next subsections the results about non-strict don’t care algebras are
summarized and then in the following section the relationship between non-strict
and total algebras is analyzed, showing that the the same pattern as for the partial

adversus total case applies in this case, too.

Non-Strict Don’t Care Algebras

In this approach to the algebraic specification of non-strict functions, (see e.g. [4,
5]), the basic idea is the one of partial product.
Usually the product Ay x...x A, is the set of all (total) functions ¢ from {1...n}
into Ay U...UA, s.t. g(¢) € A;. This concept is generalized by allowing partial
functions.

In order to keep the notation as similar as possible to the usual one, the symbol

7 is used to denote the “undefined” elements.

Def. 3.2.12 Let Ay,..., A, be sets. The partial product x,{A:,...,A,} of
Aq, ..., A, consists of all partial functions from {1,...,n} into 43 U...U A, s.t.
if g(¢) is defined, then g(¢) € A;. If n > 2, instead of x,{A,..., A,} the infix
notation Ay x, ... x, A,, reminiscent of the standard notation, is also used.

Over x,{A4,..., A} is naturally defined a partial order < by a < biff a(7) €
A; implies b(¢)=.a(?) for all i = 1...n.

A partial function ¢ from x,{Aq,...,A,} into a set A is called strict iff
g(a) € A implies a(i) € A; for all ¢ = 1,...,n and is called monotonic if a < b
and g(a) € A implies g(a)=.g(b).
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In the sequel an element a € x,{A1,..., A,} is denoted by (a4, ...,a,), where
a; = a(i) if a(2) € A; and a; =7 otherwise. O

Two remarks are in order here. First note that A and x,{A} are not in general
isomorphic; for example, if A has finite cardinality k, then in x,{A} there is one
more element, the totally undefined tuple, so that x,{A} has cardinality & + 1.

Moreover, while the usual product coincides with the categorical product in
the category of sets with total functions as arrows, the partial product is not
the categorical product in the category of sets with partial functions as arrows,
because the uniqueness of the factorization through the partial product fails. In-
deed consider a singleton set X and its binary partial product ¥ = X x, X, with
projections 7;(x) = x(¢); the factorization through Y of the couple of functions
h = <1, 1>, where L is the totally undefined function on X, is not unique,
because m; 0 f = L = w; 0 ¢ for both f,g: X — Y, respectively defined by f(-)
is undefined and g¢(-) is the partial function z, where both x(1) and z(2) are
undefined.

Def. 3.2.13 Let ¥ = (5, F) be a many-sorted signature; a non-strict X-algebra
consists of a family {5}, of sets, the carriers, and of a family {f*} ser, . wes+ ses
of partial functions, the interpretations of operation symbols, s.t. if f € Fy,,
then either f4 is undefined or f4 € s4, otherwise f € Fy, 5,5 withn > 1 and
fAisA Xp oo Xp s, — s4 is a monotonic function.

An algebra A is called strict if f# is strict for any f € I'; moreover a strict
algebra is called total if a(z) € s for all i = 1...n implies f4(a) € s for all f €
Fs, . s,.s- The class of all non-strict ¥-algebras will be denoted by NSAlg(¥). O

Then, by definition, strict algebras are exactly the partial algebras and total
algebras are the usual ones.

Note that in non-strict algebras no extra-elements are in the carriers to define
non-strict functions. This on one hand corresponds to the intuition that functions
like if_then_else are able to compute the result on incomplete input, but on the
other side does not support the idea of (differentiating) error recovery or exception
handling.

Depending on the partiality of the functions, there are several possibilities to
define homomorphisms, each one being useful for a different purpose (see e.g. [22,
26, 80]). Here the choice follows the tradition of partial algebras (see e.g. [1, 26,
22, 92]), where they are used in order to get a no-junk&no-confusion initial object

(see [64]).
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Def. 3.2.14 Let ¥ = (5, F') be a signature, A and B be non-strict algebras over
Y. Then a homomorphism h: A — B is a family {h,;:s* — sP},cs of total
functions s.t. f4(a) € s4

implies hy(f*4(a)) = fB(hoa), where hoa is defined by hoa(:) = hy,(a(7)) for
t=1...n,forall feF; , ,andallac 514 Xopow Xy s,

The category NSAlg(Y) is defined by:

the objects of NSAlg(X) are NSAlg(Y);

the arrows in NSAlg(Y) are all the homomorphisms;

e composition is done componentwise;

the identity on A is {Ida}ses. O

Note that each homomorphism between strict algebras is a total homomor-
phism of partial algebras and each homomorphism between total algebras is a
usual total homomorphism; thus the category both of total algebras and of par-
tial algebras with total homomorphisms are full sub-categories of NSAlg(Y).

The term evaluation is defined like in the partial strict frame, but also partial
valuations for variables have to be allowed. Valuations being partial functions, it
is possible to define in a canonical way an order on them, with the empty valuation
as minimal element.

Def. 3.2.15 Let ¥ = (5, F') be a signature, X = {X;};ecs be a family of S-sorted
variables. For all algebras A € NSAlg(Y) and all valuations V = {V: X, — s4},¢s
for X in A, where V is a partial function, the evaluation eval®V:Ts(X) — A is
inductively defined by:

o cval®(z) = V(z) for all z € X;
o cval®(f) = fA for all f € Fj;

o cval®™ (f(t1,...,t,)) = f4(a), where a(i) = eval®V(¢;) with i = 1...n for
all fe s, 5.sandt; € TE(X)si fori=1...n.

Let V.V X — A be valuations; then V < V' iff V(2) € s? implies
V'(x)=V(z) for all « € X. The valuation Vs for X in A is the empty map,
i.e. Vo(x) is undefined for all € X and all s € 5.

In the sequel eval®V(t) will be denoted by t4V; moreover if X is the empty set
(so that there exists a unique valuation V; for X in A), eval®" will be denoted
simply by evalt and eval®V(t) by t*. Finally @, defined by a(:) = ¢4V for
i =1,...n, will be denoted by (t;4V ... ¢, 4V). O



106 CHAPTER 3. RELATING SPECIFICATION FORMALISMS

It is worth to note that the order on the valuations is preserved by the evalu-
ation, i.e. V < V' implies eval®V < eval®V’.

Prop. 3.2.16 Let ¥ = (5, F') be a signature, A be a non-strict algebra over ¥, X
be an S-sorted family of variables, V and V' be valuations for X in A s.t. V < V.
For all terms ¢ € T (X), if t4V € s4 then AV = AV

Proof. By induction over the definition of terms, because operation symbols are

interpreted by monotonic functions. a

In the total frame, the term-algebras are the free objects in the class of all total
algebras, because of the uniqueness of the evaluation w.r.t. a valuation. Here, as
in the partial case, term-algebras are not free, because the evaluations are not
homomorphisms, being partial functions. However a derived property holds also
in this case, although a bit relaxed. Indeed in the total frame the freeness of the
term algebra implies that if the upper triangle of the diagram 1 commutes, then
the triangle below commutes too. Analogously in this frame if 2 oV < V', then
hoeval® < eval®V' so that the diagram 2 is obtained.

X X

AN
NN

A A
evalA’V AA/’V/ evalA’V AA/’V/

EX) EX)

diagram 1 diagram 2

This result also holds in the partial frame and is crucial in order to get that the
initial object in a class, if any, satisfies the no-junk and no-confusion properties
(see [64]). Indeed the diagram 2 where A is the initial object and A the unique
homomorphism from the initial object into A’, states that each term defined in A
has to be defined in A’ (no-junk) and that two terms existentially equal in A have

to be existentially equal in A’ (no-confusion).

Prop. 3.2.17 Let ¥ = (S5, F) be a signature and X = {X;};cs be a family of
S-sorted variables. For all non-strict algebras A, A" € NSAlg(Y), all valuations V'
for X in A and V' for X in A" and all homomorphisms h: A — A’ s.t. ho V <V’
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LAY e ™ implies A(tY)=44""" for all t € Tu(X);

2. 4V =Y implies t4°V = 4 for all ¢t € Tx(X).

Proof. By induction over the definition of terms. a

An ad hoc definition of congruence and of quotient on term algebras is intro-
duced, whose use is limited to the study of the existence of the initial model. From
now on let X denote a family X = {X,}scs of variables s.t. X; is non-empty for
all s € S.

Def. 3.2.18 Let ¥ = (S5, F) be a signature; a congruence = is a family ==
{ES}SES s.t.

L. =,CIx(X), x Ix(X), for all s € S; (a,b) €=, is denoted by a =; b;

2. =, is symmetric and transitive, i.e. t =, ¢/ implies ' =, ¢ and t =, ¥/,

t =5 t" imply t = t" for all ¢t,¢, 1" € Tx(X). Denoting by Dom(=;) the set
{t |t =,t}, define t =L ¢/ iff either t =, ¢’ or ¢,t' ¢ Dom(=,);

3. ;=P tifori=1...nand f € F,, _,, . imply f(t1,....t.) = f(#,...,1));
4. f(ty,...,1,) € Dom(=), {; ¢ Dom(=,,) imply
Flt, oo ticn, @otinn, oo ostn) =5 fltry o ticn, totins ooy tn)
for all t € Tx(X), and all z € X;;

5. & ¢ Dom(=,) for all 2 € X;.

Denoting by [¢] the equivalence class of ¢ in =, i.e. {t' | t = '}, the quotient
Ts(X)/ = is the non-strict algebra defined by:

o s7>(XN)/=is {[t] | t € Dom(=,)} for all s € S;

° fTE(X)/E(j) = [f(t1,...,1,)], where if £(¢) € sT=(X/= then t; € 1(7) else
ti € X, if f(ty,...,1,) € Dom(=,), else fT>X)/Z(1) is undefined, for all
f S Fsl...sn,s- O

Note that f7>(X)/= is well defined. Indeed let #;,# belong to (i) for all i
s.it. (i) € sTX)V/= otherwise #;, 1 belong to X,, and hence ¢;, 1. ¢ Dom(=,,)
because of 6; then ¢; =P #/ for7 = 1...n and hence, because of 3, f(t1,...,t,) =P
fty, ... 1) so that [f(t1,...,t.)] = [f(t], ..., )]

As in more familiar frames, also in this case the evaluation of a term in a
quotient algebra is the equivalence class of the term where variables have been

replaced by (a representative of) their valuation.
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Prop. 3.2.19 Let ¥ = (S5, F) be a signature, = a congruence, ¥ an S-sorted
family of variables, V' a valuation for Y in Ty (X)/ =, U a substitution for Tx(Y)
in Tx(X) s.t. V(y) = [U(y)] for all y € Y. Then t">X)/=V = [[(1)] for any term
1.

Proof. By induction over the structure of ¢. a

In order to apply the categorical construction of the initial object seen in the
last section, the categorical structure of non-strict algebras is investigated, with a
particular interest into two classical algebraic issues, the notion of subalgebra and

product.

Def. 3.2.20 Let A be the non-strict algebra ({s%4}.es, {f4};er); the algebra B
is a weak subalgebra of A iff

o sP Cshforallses;
o fB(b) < fA(b) forall feF, . ,andallbesi? x,...x,s,P.

A weak subalgebra B of A is a subalgebra iff P (b) = fA(é) forall f e Fy 5.5
and all b € ;.8 ><p...><p5nB. O

It is easy to check, by induction on the structure of terms, that if B is a
weak subalgebra of A and V: X — B is a valuation, then t%V < ¢4V for any
t € Te(X), where e: B — A is the embedding and analogously that if B is a
subalgebra of A, then tBV = AoV,

Weak subalgebras are categorical subobjects, i.e. are (up to isomorphism) the
domains of monomorphisms, and subalgebras are regular subobjects, i.e. are (up

to isomorphism) the domains of equalizers, as the following propositions state.

Prop. 3.2.21 Let h: Ay — Ay be a homomorphism; then £~ is a monomorphism
iff h; is injective for all s € S iff Ay is isomorphic to a weak subalgebra of A,.
Proof. Assume that m is a monomorphism and show that m, is injective for all
s € 5. Assume by contradiction that there exists 3 € S s.t. m5 is not injective,
i.e. that there exist distinct a,b € 3 s.t. mg(a) = mz(b), and show that there
exist two homomorphisms ¢, h: C' — Ay s.t. mog =mo h, but g # h.

Let C be the algebra defined by s = () for all s # 3, 3¢ = {2} and f© totally
undefined for all f € F.

Since f¢ is totally undefined for all f € F, every function from (' into A,
is a homomorphism; let ¢ be defined by ¢g(x) = @ and h by h(x) = b. Then
mog = moh, but ¢ # h, in contradiction with the assumption that m is a

monomorphism.
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It is immediate to check that if m: Ay — A, is injective, then Ay is isomorphic

to the weak subalgebra B of A,, defined by:

Algebra B =
s# ={m(a)|a st} forall ses
FP(m o a) = m(f*(a)) for all f € F

where fP is well defined, because m is a total injective function, and 2 < f42,
because m is a homomorphism.

It remains to be shown that if Ay is (isomorphic to) a weak subalgebra of A,,
then it is the domain of a monomorphism; let m: A; — A, be the embedding and
show that m is mono.

Let g, h: C'— A; be homomorphisms s.t. mog = moh; then m(g(c)) = m(h(c))
for any ¢ € sY, i.e., as m is injective, g(c) = h(c). Therefore g = h. O

Prop. 3.2.22 Any two parallel homomorphisms ¢, h: Ay — A, have an equalizer
e: E(g,h) — Ay, the embedding of £ = F(g,h) into Ay, where E is defined by:

Algebra F =
s¥ ={a|a € s, g(a)=h(a)} forall s€ S
fE(a) = f*(a) forall f€ Fandalla€s?x,...x,s,”

Moreover a homomorphism e: £ — A is an equalizer iff E is (isomorphic to) a
subalgebra of A.

Proof. In order to show that such an E(g,h) is the equalizer of ¢ and h, first
note that, by definition of homomorphism, g(a) = h(a) and f41(a) € s imply
g(fH(a)) = h(f*(a)), so that fP is well defined.

Moreover the embedding e of £ into A; obviously equalizes ¢ and h. Thus it
remains to be shown that any m:C' — Ay s.t. gom = h om factorizes in a unique
way through e. Since gom = hom, m(C) C E(f,g) and hence m: C — E(g, h)
is the unique factorization of m through e.

Therefore if e: ' — Ay is the equalizer of ¢ and h, then, equalizers being
unique up to isomorphism, F is isomorphic to the subalgebra E(g,h) of A;.

In order to show, on the converse, that any subalgebra is the domain of an

equalizer, let B be a subalgebra of A and define C' as follows:

o s =1{(0,a),(l,a) | a € s}/ =, where (i,a) = (/,d') iff a = ' and (i =
or a € sP);

e for each f € F if there is ¢ € {0,1} s.t. for every k the definedness of ¢(k)
implies ¢(k) = [(¢,ar)], then fC(c) = [(z, f4(a))], where a(k) = a;, for each
k s.t. c(k) = [(i,ax)] is defined and a(k) is undefined otherwise, else f¢(c)

is undefined.
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It is immediate to check that = is an equivalence relation; thus in order to
have that C is an algebra, it remains to be shown that f¢ is well defined.

Let ¢ be s.t. there are i,¢" € {0,1} s.t. for every k the definedness of ¢(k)
implies ¢(k) = [(¢,ax)] = [(¢/,a),)]; since (¢,ax) = (¢, a}), ax = a), and i = ¢/, so
that (z, f4(a)) = (7, f4(a)), or a), € sP for every k s.t. a(k) is defined, so that,
since B is a subalgebra, f#(a) either is undefined or belongs to s? and hence
in both cases (7, f4(a)) = (¢, f*(a)). Therefore f¢ is well defined; moreover
it is immediate to check that it is monotonic and hence (' is an algebra; define

g, h: A — C as follows and show that B = E(g,h).
g(a) =[(0,a)] and h(a) = [(1,a)] for all a € s*.

Assume that f4(a) is defined; then g(f%(a)) = [(0, f*(a))] = f°(c) for ¢ defined
by ¢(k) = [(0,a(k))], i.e. for ¢ = g 0 a and hence ¢ is a homomorphism. Thus
g(f4(a)) = f9(goa). It is analogously easy to check that h is a homomorphism,
too.

Finally g(a) = h(a) iff [(0,a)] = [(1,a)], i.e. iff @ € sB; therefore B =
E(g,h). O

The product of non-strict algebras is defined in the usual way.

Def. 3.2.23 Let ¥ = (S5, F) be a signature and D be a non-empty set of non-
strict algebras over ¥. The product [[*€” A is the non-strict algebra P over ¥
defined by:

e for all s € S let s be

AeD
H st = {9:D — Uaeps® | g(A) € s for all A € D};

o for all f € Fy . let P be the function defined by: for every p €
s1f %y o x5, T fP(}_v) is defined iff f4(a) is defined for all A € D, where a

is defined by a(i) = p(¢)(A) for 1 = 1...n, and in this case fF(p) is defined
by fF(p)(A) = fA(a) for all A€ D.

The projection of [T*€” A into A, denoted by 74, is the homomorphism defined
by:
A [1€" 4
7(g) = g(A) for all g € s and all s € S.

In the sequel if D is the finite set {Ay,..., A, }, then [[*¢” A is also denoted by
A x oo x A, O



3.2. RELATIONSHIPS BETWEEN INSTITUTIONS 111

Prop. 3.2.24 Non-strict weak subalgebras coincide with categorical subobjects,
i.e. domain of monomorphisms, non-strict subalgebras coincide with categorical
regular objects, i.e. domain of equalizers, and the product defined in Def. 3.2.23
coincides with the categorical product.

Proof. Because of Props. 3.2.21 and 3.2.22, B is a weak subalgebra iff it is the
domain of a monomorphism, and it is a subalgebra iff it is the domain of an
equalizer. Moreover it is trivial to check that the product defined in Def. 3.2.23

satisfies the universal property of the categorical product. a

The concept of inductive algebra, i.e. algebra satistying the no-junk condition,
is first introduced and then related to the idea of term-generated. Then it is shown
that in every class of algebras closed w.r.t. inductive subalgebras the initial object,

if any, is characterized by the no-junk and no-confusion properties.

Def. 3.2.25 Let A be a non-strict algebra; its inductive part <A> is a family
{5<4> 1 cs of its carrier sub-sets inductively defined by:

fA c SA
fA c S<A>

for all f & Fa,
a €51 %, %, 8,4 fA(a) € 54

for all f € Fy, .5
The inductive subalgebra B of A consists of:

o P =54 forall s e sS;
o fB(b) = fA(b) forall feF, , ,andallbe x, {54, ... 5,<4>}.

In the sequel the inductive subalgebra of an algebra A will be denoted by
<A>.

A non-strict algebra A is inductive iff A =<A>.

The embedding of <A> into A is the homomorphism e = {¢;}scs defined by
es(a)=ca for all a € s<4>.

For any non-strict algebra A let =* be the congruence defined by ¢ =4 ¢/ iff
tAVi= "4V and 4 Tx(X)/ =4 — <A> be the isomorphism defined by i4([t]) =
1AV:

Let C be a class of non-strict algebras on a signature ¥; the subclass Ind(C)

of C consists of {A | A € C, A is inductive}. O
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Note that the definition of s<4> guarantees both the well definedness of f<4>
and the embedding being a homomorphism.

The usual equivalence between inductive and term-generated algebras has to
be a little relaxed, because functions over terms are total, while in inductive
algebras may also be non-strict. Thus some syntactic elements are needed to play
the role of the “undefined” elements which cooperate to build the carriers; for
that a family X of variables with the totally undefined valuation V7 over them is

used.

Prop. 3.2.26 Let ¥ = (5, F') be a signature, X be any family {X;}ecs of vari-
ables s.t. X, # () for all s € S and A a non-strict algebra; the following conditions

are equivalent.

1. Ais inductive;
2. eval®Vi: Tx(X) — A is surjective;
3. for any algebra B there exists at most one homomorphism k: A — B;

4. A has no proper subalgebras.

Proof.

1 = 2 Since A is inductive, s* = 554> and hence we show by induction that for

all
a € s<4> there exists t € Tx(X) s.t. t4Y = a.

If a = f4 for some f € Fj, then f € Tx(X), by definition of term algebra
and a = AV,

Otherwise @ = f4(a) for some f € F,, . and a € 514 x, ... x, 5,<4>;
because of inductive hypothesis for each 7 s.t. a(i) € 5,4> there exists
t; € TE(X)si s.t.oa(i) = ;4. Tor all ¢ s.t. a(i) ¢ 5,4 let t; be any
element of X, which exists because X is non-empty for all s € S. Then
a(i) = 4V for all 1 = 1...n, by definition of #; and of V4, and hence

flt, o t)d = fAa), ie. f(tr,. .. 1) = a.

2=3 Let h,k:A — B be homomorphisms; by hypothesis for each a €
s there exists t € Ts(X) s.t. t4V'=_a; moreover 4" € s4 implies
RtV )= 4BV =_k(t4Y"), because of Prop. 3.2.17. Therefore h(a)=k(a)
for all a € s* and hence h = k.
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3 = 4 Assume that F is a subalgebra of A; then there exist g, h: A — B s.t. F is
their equalizer, because of Prop. 3.2.21. By hypothesis ¢ = h and hence, by

construction of equalizer, ¥ = A. Thus A has no proper subalgebras.

4 = 1 Since A has no proper subalgebras and <A> is a subalgebra of A, A =
<A>. O

Prop. 3.2.27 Let ¥ = (5, F) be a signature, X any family {X;};cs of variables
s.t. X is non-empty for all s € S and C be a class of non-strict algebras over X
closed w.r.t. inductive subalgebras, i.e. s.t. A € C implies <A> € (.

A non-strict algebra I € ' is initial in C iff it satisfies the following two
conditions

1. I is inductive (no-junk);

2. thVr=¢'IV implies t4Vi =4V for all A € C and all t,¢ € Ts(X) (no-

confusion).

Moreover [ is initial in C iff it is initial in Ind(C').

Proof. [ isinitial in C iff it satisfies conditions 1 and 2.

= Let I beinitial in C’; then [ € C and hence, since C' is closed w.r.t. inductive
subalgebras, <I> € (', too. Thus there exists one morphism h: I — <I>,
because [ is initial. Let e denote the embedding of </> into [; since e is
a homomorphism, e o h is a homomorphism too and hence is the identity.
Therefore, by definition of e, h is the identity too and hence I = <[>, i.e.
I satisfies 1.

Assume that t1V'=_#'1V2 for certain ¢,# € Tx(X); then for each A € C,
because of Prop. 3.2.17 for h the unique homomorphism from [ into A and
V — % — ‘/l7 tA’V7:6t/A’V7.

<« Let I satisfy conditions 1 and 2 and A4: I — A be defined by A4(t1"?) = ¢4V
for all + € Tx(X) and all A € C; then h* is a well defined total function
from evallV*(Tx(X)) into A, because of condition 2. Thus, eval’:V? being
surjective because of Prop. 3.2.26 and condition 1, h* is a well defined total
function from [ into A. Finally A% is a homomorphism by definition and it

is unique, because of Prop. 3.2.26 and condition 1.

[ is initial in C iff it is initial in Ind(C).
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= Let [ be initial in C; then [ satisfies condition 1 and hence I € Ind(C).
Since [ is initial in C, for all A € Ind(C) C C there exists exactly one
homomorphism from [ into A; thus [ is initial in Ind(C).

< Let [ be initial in Ind(C') and A belong to C; then <A> € C and hence
<A> € Ind(C). Therefore there exists one morphism h: [ — <A>. Thus
the composition e o h of A with the embedding e of <A> into A is a homo-
morphism and it is unique, because of Prop. 3.2.26 and [ being inductive.
Therefore for all A € C there exists exactly one homomorphism from [ into
A, i.e. [ isinitial in C. a

To check the existence of an initial model in a class closed w.r.t. inductive
subalgebras, because of the above Prop. 3.2.27, it is sufficient to work on the
subclass of inductive models; this is a real simplification, because the (isomorphism
classes of) algebras form a proper class, while the subclass of the (isomorphism
classes of) inductive algebras is a set. Thus the syntactical characterization of the
initial model suggested by Prop. 3.2.27, as a quotient of a term algebra w.r.t. the
intersection of the kernels of the natural evaluation of terms in all models, does
not introduce foundational problems, because it is possible to work on the set of

(canonical representatives for the isomorphism classes of) inductive models.

Def. 3.2.28 Let (' be a non-empty class of non-strict algebras over ¥ and D be

the set of non-strict algebras defined by D = {I5(X)/ =4 A € C}. Then I(C)
denotes the inductive sub-algebra of the product [T?€? B. a

Theorem 3.2.29 Let ¥ = (5, F) be a signature and C be a class of non-strict
algebras over ¥ closed under isomorphisms and inductive subalgebras. The fol-

lowing conditions are equivalent:
1. there exists an initial object in C';
2. there exists an initial object in Ind(C');
3. I(C) belongs to C;
4. 1(C) is initial in C.
Proof.

1 < 2 Because of Prop. 3.2.27.
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2 = 3 Let [ be initial in Ind(C); since C is closed under isomorphism, it is suffi-
cient to show that [ is isomorphic to I(C).

Since C' is closed under inductive subobjects and isomorphisms, for any
A € C the algebra Tx(X)/ =4€ C and hence, as [ is initial in Ind(C), there
exists (a unique) h?: 1 — Tx(X)/ =*. Therefore, by definition of product
in a categorical setting, there exists a morphism h: I — [[P€” B, where D

is the set {Tx(X)/ =4 A € C}.

Since [ is inductive, Prop. 3.2.26 implies that such a h is unique and, by
construction, h: [ — <[[PY B> i.e. h:1 — I(C). Since both I and I(C)
are inductive, to show that A is an isomorphism it is sufficient to show that
there exists a homomorphism k: I(C') — [; indeed hok should be the unique
homomorphism from I(C') into itself, i.e. the identity, and analogously for

koh.

Consider the composition of the following homomorphisms:

e the embedding e: I(C) — [[?" B;

e the projection 7':[[?*” B — T (X)/ =1,
e the isomorphism i/: T (X)/ ='— <I>;
o the embedding e;: <I> — I;

and get the thesis for k = e;o il onl oe.

3=4 Let I(C) belong to C' and A be any element of C; since I(C) is induc-
tive, there exists at most one homomorphism from [ into A, because of

Prop. 3.2.26, so that it is sufficient to prove that there exists a homomor-

phism 24 from I(C) into A.

To define such a homomorphism consider the composition of the following

homomorphisms:
e the embedding e: I(C) — [[?" B;
e the projection 74:[[P€” B — Tx(X)/ =4;
e the isomorphism i4: T (X)/ =4— <A>;
o the embedding e?: <A> — A;

and get the thesis for 4 = e 0 it o oe.

4 = 1 Trivial. O
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Non-strict Theories

Usually in both the total and the partial frame, logical formulas (equations and
positive Horn clauses) are considered s.t. their model classes are non-empty and
closed w.r.t. non-empty products and sub-objects, so that the model classes satisfy
a fortiori the closure w.r.t.

I(C) which is necessary and sufficient for the existence of an initial model,
by Theorem 3.2.29, for classes closed under subobjects and isomorphisms. In the
non-strict frame, the same way cannot be followed, because there are finite sets of
equations whose model classes are neither closed w.r.t. /(C'), nor w.r.t. non-empty

products. This claim is informally shown by a simple example.

spec sp; =
sorts s
opns
kk:— s
fis—s
axloms

f(k)= K

The following two algebras are obviously models of sp-:

Algebra A =
= ()
LA = A — .

J# is the total strict function defined by f4(-) = -

Algebra B =
o= ()
E'P = . and kP is undefined

fB(b) = - forall b e x,s"

Let C be the model class of sp,. By definition of product, both k4*® and k(¢ are
undefined, because k? is undefined, and analogously both f4*B(g) and f/(%)(g),
where ¢ is the totally undefined function, are undefined too,

because [ is strict. Therefore both f(k)**% and f(k)!(“) are undefined and
hence both A x B and I( () are not models of sp,.

In the above example the problem arises because of the monotonicity of the
interpretation of the function symbols; indeed from f(a)=.b in each model A
either a=.a or f(x)=.b holds. Thus equations implicitly introduce disjunctions.

Moreover, using conditional axioms, it is possible to code each disjunction and
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hence in the non-strict frame it is equivalent to deal with equations or disjunctions.
Consider the following informal proof of this claim.

Let 4 V... Ve,V V...V -1, where

€1y EnsT1, ...,y are all existential equalities; then e, V... Ve, V- V...V

—n,, may be coded by the set:
Qy D(fi(x)Am Ao A D

fore=1...n and
« D(fu(froa(ooi(2)..0)

where fi,..., f, are auxiliary unary functions. Indeed each algebra A satisfy-
ing « satisfies also at least one D(f;(x)) and hence if A satisfies also «; either
there exists an 7; s.t. A does not satisty n; or A satisfies ¢;, so that A satisfies
eV...Ve, V- V...V, Viceversaif ¢, V...Ve, V- V...V 1, holds

for A, then A may generalize to a model of aq,...,a,, «a, suitably defining the
interpretation of fi,..., f,. Therefore in the sequel the focus is on disjunctive
specifications.

Def. 3.2.30 Let ¥ = (5, F') be a signature and X be a family of S-sorted vari-

ables.

e The set FEq(X,X) of equalities on ¥ and X consists of t=.t' for all
t,t € Tx(X),, s € S; the set At(X, X) of atomic formulas on ¥ and X
is Fg(X, X)U{—e|e€ Eq(X, X)}.

e The set Form(X, X) of all well-formed formulas is inductively defined by:

- Fq(2,X) C Form(X2, X).
- ®U{0,0'} C Form(¥, X) implies A®, VO, 0.0 D § € Form(¥, X).

For every well-formed formula ¢, Var(¢) denotes the set of variables which

appear in ¢.

e The set Cond(X,X) of conditional formulas on ¥ and X is the set
{NA D e | AU{e} C Eqg(E,X)}. If Ais the empty set, then AA D ¢
is an equivalent notation for € and hence Fq(X, X) C Cond(X, X).

e The set DForm(X, X) of disjunctive formulas on ¥ and X is the set
{VA | A C At(X,X)}. If A consists of one atomic formula €, then VA
is an equivalent notation for € and hence At(¥, X) C DForm(X, X). O
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Def. 3.2.31 Let ¥ = (5, F) be a signature, X be a family of S-sorted variables
and A be a non-strict Y-algebra.

If ¢ is a formula and V' is a valuation for Var(¢) in A, then ¢ holds for V in
A (equivalently: is satisfied for V by A), denoted by Al=pys, ¢, accordingly to
the following definitions.

o Abpysyt=ct"iff 14V € st and ¢4V =AY,

L] A|:DN5V A O®iff A|:DN$V¢ for all qb € (I);

AlEpysy V @ iff there exists ¢ € I s.t. A=pysy ¢;

Alpysy 0 it AH pysy;
® A|:DN$V(9 D) (9/ iff A|:DN$V0/ or A |7£ DNSVG-

A formula ¢ holds in (equivalently: is satisfied by, is valid in) A, denoted by
AbEpnso, it A=pys, ¢ for all valuations V for Var(¢) in A. Let D(¢) shortly
denote the equality t=.¢, where both sides are the same term, because t=.f simply
states the definedness of ¢. a

Note that AlEpasy, A 0 for all non-strict algebras A and all valuations V

because obviously Alpasy¢ for all ¢ € 0, so that Al plays the role of the
constant True, and A F£ pysy V 0 for all non-strict algebras A and all valuations
V because obviously there does not exist ¢ € 0 s.t. AlEpasy ¢, so that VI plays
the role of the constant Fulse.
Remark. In both the total and the partial frame, since valuations are total
functions, the relation = on Ty (X), defined by t = ¢ iff A | t=.#', may be not an
equivalence relation if empty carriers are allowed, because it may be not transitive,
as it has been shown in Sect. 2.4.2 and this fact has consequences in the case of
inference systems, which have to deal very carefully with the elimination of the
variables.

On the contrary, in the non-strict frame these problems do not arise, because
valuations are partial functions, so that there exists at least the totally undefined
valuation for all families of variables and all non-strict algebras. Moreover the
following Prop. 3.2.32 shows that = coincides with the relation =;, defined by
t = t' ff AEpysy, t=.t', and hence is an equivalence relation for any non-strict
Y-algebra A. '

Manca and Salibra in [58] introduced the partial valuations to solve the empty-
carriers problem and keep the original Birkhoff equational calculus, by changing

the concept of validity; but note that here the introduction of partial valuations
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has a completely different flavor; indeed it is not a technical device as in [58], but
it arises naturally from the setting, since functions are non-strict and variables

have to represent all the possible arguments. a

Prop. 3.2.32 Let ¥ = (5, F') be a signature, X be a family of S-sorted variables,
A be a set of equalities over ¥ and X.
Then Apyst=ct" iff A=pysy, t=ct'for all terms ¢ and ' for every non-strict

Y-algebra A and moreover the following conditions are equivalent:
1. AEpns VA;
2. A|:DN$V? VA,
3. there exists 6 € A s.t. AlEpasd;

Proof. It is first shown that AEpyst=.1t"iff A|:DN5V?t:6t’.

= If Alpyst=.t’, then, by definition of validity, AEpys, t=.t' for all valua-
tions V', so that in particular Al=pysy, t=.t".

< Since AEpysy, t=.t, AV AV 2 g4 and Ve <V for all valuation V by def-
inition of V4; thus, by Prop. 3.2.16, t*V =44V and 4V =_t/4"", Therefore
from tA4Ve=_"AVe AV = 1AV follows and hence Al=pysy, t=.t"

The above conditions are now shown to be equivalent.

1 = 2 If AEpasVA, then, by definition of validity, Al=parsy VA for all valuations
V, so that in particular AEpysy, V A.

2 = 3 Assume that Al=pysy, V A; then, by definition of validity, there exists
t=.t'" € A st. A=pysy, t=.t'; thus, since it has already be shown that
A|:DN5t:6t’ iff A|:DNSV7t:et/7 A|:DN5t:6t’.

3 =1 Trivial. O

Note that if A is a set of atoms, i.e. of equalities and negated equalities, then
AEpnsy, VA does not imply AEpys V A. For example if Ais {=D(x)}, then
VA is satisfied for the totally undefined valuation, while each non-empty algebra

does not satisfy it.

Def. 3.2.33 A specification sp consists of a signature ¥ and of a set of well-formed
formulas over ¥, called axioms of sp.
A specification is called respectively disjunctive, conditional, equational, if all

the axioms are disjunctions, conditional formulas, equalities, respectively.



120 CHAPTER 3. RELATING SPECIFICATION FORMALISMS
Let sp = (X, Az ) be a specification; the class NSMod(sp) of models of sp is
{A| A€ NSAlg(Y), AEpysa for all o € Ax}.

A model of sp is initial for sp iff it is initial in NSMod(sp). |

Remark. Note that disjunctive specifications are sufficient to define any class
of models definable using well-formed formulas. Indeed each well-formed formula
over the usual logical connectives may be expressed in conjunctive normal form, as
it is possible to prove directly in the non-strict frame following the same pattern
of the proof in first-order logic. Since a conjunction of formulas is logically equiv-
alent to the set of the formulas in the conjunction, each well-formed formula (in
conjunctive normal form) is logically equivalent to a set of disjunctive formulas.
The expressive power of equalities in a non-strict frame is quite different from
the usual one; for instance NSMod(sp) may be empty also for equational specifi-
cations. For example if D(x) is an axiom of the specification, then no algebra can
satisfy this axiom w.r.t. the valuation completely undefined, so that the specifi-

cation has no models.
Def. 3.2.34 A specification sp is consistent iff NSMod(sp) is not empty. a

Although the class of models of a disjunctive specification is not a variety,
because it is not closed under products nor quotients, it is at least closed un-
der (inductive) subalgebras and isomorphisms and these closures are sufficient to
instantiate Prop. 3.2.27 and Theorem 3.2.29.

Prop. 3.2.35 The class of models of a disjunctive specification is closed w.r.t.
subalgebras and isomorphisms.
Proof. let sp = (X,Ax) be a disjunctive specifications and C denote
NSMod(sp). By definition of validity, if A and B are isomorphic non-strict alge-
bras, then AEpyso iff BEpyse for all disjunctive formulas ¢; thus C' is closed
w.r.t. isomorphisms.

Let B be a subalgebra of A, for some A € (', and show that B € (. Let
« belong to Az and V' be a valuation for the variables of « in B; then it is
also a valuation for the variables of o in A and hence Al=pyrsy «, because A €
NSMod(sp). Since B is a subalgebra of A, 4V =BV for all terms ¢ and hence,
by definition of validity, A=pyrsy € iff Bl=pysy € for all equalities e. Thus, o being
a disjunctive formula, Al=parsy ¢ implies Bl=pysy ¢ O
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Note that model classes of disjunctive specifications may be non-closed w.r.t.
weak subalgebras; indeed consider for example the axiom D(a), which simply
states the definedness of a constant a; then in any model A of D(a) the constant
a denotes an element a? of the carrier of A, but a weak subalgebra B of A may
exist s.t. a? is undefined, so that B is not a model of D(a).

Theorem 3.2.36 Let ¥ = (S, F) be a signature and sp = (X, Az) be a disjunc-
tive specification. The following conditions are equivalent:

1. there exists an initial model in NSMod(sp);

2. there exists an initial model in Ind(NSMod(sp));
3. I(NSMod(sp)) € NSMod(sp);

4. I(NSMod(sp)) is initial in NSMod(sp).

Moreover a non-strict algebra I € NSMod(sp) is initial in NSMod(sp) iff it is
initial in Ind(NSMod(sp)) iff it is isomorphic to I(NSMod(sp)) iff it satisfies the

following two conditions
a [ is inductive;

b IEpyst=ct" implies Alpyst=ct' for all A € NSMod(sp) and all ¢, € Tx(X),

where X is an S-sorted family of variables s.t. X is non-empty for all s € 5.

Proof. Because of Prop. 3.2.35, NSMod(sp) is closed w.r.t. inductive subalge-
bras and isomorphisms, so that Theorem 3.2.29 and Prop. 3.2.27 apply. a

Fact 3.2.37 Equational consistent specifications may do not have an initial

model.
Proof.
spec spg =
sorts s
opns
f,g:8— s
axloms

D(g(f(=)))

Then spg is a consistent equational specification, because the non-strict algebra
A, defined as follows, is a model of spg.
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Algebra A =
st ={}
f*(a) = g*(a) = for all @ € x,{s*}
There are two models A and B of spg, defined below, s.t. respectively f4(?) ¢ s4
and ¢gB(?) ¢ sP and hence for any algebra I satisfying the condition 3.2.36 of
Theorem 3.2.36 g'(f1(?)) ¢ s! so that it is not a model of spg; thus spg has no

initial model, because of Theorem 3.2.36.

Algebra A =
st ={}
f4 is totally undefined
g4(a) = - for all @ € x,{s*}

Algebra B =
s ={}
FE(b) = - forall b € x,{s"}
g? is totally undefined

To give necessary and sufficient conditions for the existence of the initial model,
some preliminary results are needed.

Variables play the role of the “undefined” objects and hence, because of mono-
tonicity, they may be replaced by any other term in any formula without affecting
its validity. Moreover this replacement may be also “asymmetric”, changing differ-

ent occurrences of the same variable in a formula by different terms; for example
from Al=pysf(x)=f'(x), for the valuation V; in an algebra A, f4(?)=.f"4(?) and
hence, by monotonicity, f4(a)=.f"(b) for all a,b € A; thus Apysf(z)=.f"(y).

Lemma 3.2.38 Let A be an algebra over a signature ¥ = (S5, F); then
AonsD(f(h, - 1,)) implies

A|:DN$f(t17 oo 7tn):ef(t17 oo 7ti—17x7ti+17 s 7tn) N D(ti)7

forevery i =1...n.
Proof. Assume that AppnsD(f(t1,...,10)); then in  particular
A|:DN5V?D(f(t1, ..., 1,)) so that either A|:DN5V?D(t¢) or t;4V" = #4V" and hence

AEoasy, ft oot =cf(t oo timn, @utign, o 1),
Therefore
AEpnsy, D)V [t t)=cf(t, o ticn, @i, o 1)
and hence, because of Prop. 3.2.32,

A|:D/\/5D(ti) vV f(tl, .. ,tn)zef(tl, ces i, T ti-l—la .. ,tn). O
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The initial model of a disjunctive specification exists iff any disjunction of
non-negated atoms which is valid in all models has a privileged element holding
in all models; thus disjunctions, which potentially cause troubles, may be solved
and replaced by atoms. Moreover it is sufficient to check the property for just two

kinds of disjunctions:

1. the disjunctions implicitly introduced because of monotonicity (see

Lemma 3.2.38);
2. the disjunctions coming from instantiations of proper axioms.

Theorem 3.2.39 Let sp = (X, Ax) be a consistent disjunctive specification. The

following conditions are equivalent:

1. there exists / initial in NSMod(sp).
2. there exists / initial in Ind(NSMod(sp)).
3. I(NSMod(sp)) € NSMod(sp).
4. I(NSMod(sp)) is initial in NSMod(sp).
5. for all sets A of equalities
AEpas VA for all A € NSMod(sp)
implies

there exists 6 € As.t. AEpysé for all A € NSMod(sp)

S5

(a) forall f e Fy s s
AEpnsD(f(t1,...,t,)) for all A € NSMod(sp)

implies that (at least) one between the following properties holds
o A=pysD(t;) for all A € NSMod(sp)

® A|:D/\/'5f(t1, Ce ,tn)zef(tl, Ce 7ti—17 $,ti+1, ce ,tn) for all A -
NSMod(sp)

(b) for all VA € Az and all substitutions U: Ty (Var(VA)) — Tx(X)
AlEpyst=ct' for all A € NSMod(sp) and all =t=." € U(A)
implies

there exists 6 € U(A)N Eq(X, X)s.t. AEpysé for all A € NSMod(sp)
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7. the relation = over Ty (X), defined by t = ' iff Al=pyst=.t’ for all A €
NSMod(sp), is a congruence and Tx(X)/ = is a model.

8. the relation = over Tx(X), defined by ¢ = t' iff Alpyst=ct’ for all A €
NSMod(sp), is a congruence and Tx(X)/ = is the initial model.

Proof.

1 < 2 Because of Theorem 3.2.36.
2 < 3 Because of Theorem 3.2.36.
3 & 4 Because of Theorem 3.2.36.

4 =5 Let I = I(NSMod(sp)) be the initial model and A be a set of equalities;
thus

AEpys V A for all A € NSMod(sp) implies in particular [l=pys V A.
Because of Prop. 3.2.32, IEpys V A implies that there exists t=." € A
s.t. Il=pyst=ct'; then, because of Theorem 3.2.36, AEpyst=.t' for all A €
NSMod(sp).

b = 6 Assume that AEpysD(f(t1,...,1,)) for all A € NSMod(sp).

Then AlEpnsD(t) V f(t1, .. tn)=cf(t1, .o ticr, @, tig1, ..., 1) for all A €
NSMod(sp), by Lemma 3.2.38, and hence

A|:DN$f(t17 s 7tn):6f(t17 s 7ti—17x7ti+17 e 7tn)

for all A € NSMod(sp) or AEpnsD(t;) for all A € NSMod(sp), because of
condition 5; thus 6a holds.

Assume that there exists VA € Az and U:Tx(Var(VA)) — Tx(X) s.t.
AlEpyst=.t' for all A € NSMod(sp) and all =t=." € U(A). Then, since
both AEpyst=.ct’ for all ~t=." € U(A) and Al=pys V U(A), as A is a
model of sp, AEpys VU(A)N Eq(¥, X) so that, because of 5, there exists
6 € UA)N Eq(E, X) s.t. Alpwasd for all A € NSMod(sp) and hence 6b
holds.

6 = 7 It is easy to show that under the hypothesis 6a = is a congruence; thus it
is sufficient to show that Tx(X)/ = is the initial model.

Let I denote Ty(X)/ =, @ = V® be an axiom of sp, V be a valua-
tion for Var(a) in I; if there exists —t=." € ® s.t. [ pysyt=.t’, then
I=pysy~t=ct" and hence I=pysy, V ©. Thus assume that [=pasyt=.t'
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for all =(t=.t") € ®; let U be a substitution for Tx(Var(«)) in Tx(X) s.t.
V(y) = [U(y)] for all y € Var(a) and U(¢) denote o[U(y)/y | y € Var(a)]

for all formulas ¢.

Because of Prop. 3.2.19, I\=pysyt=.t' implies U(t) = U(t') and hence, by
definition of =, AEpysU(t=ct') for all A € NSMod(sp) and all =t=.t" € ®.

Therefore, because of 6.6b, there exists t=.'" € & N Eq(X, Var(a)) s.t.
AlpasU(t=.t") for all A € NSMod(sp) and hence U(t) = U(t'), so that
]|:DN$Vt:et/-

7 = 8 Since [ satisfies conditions 1 and 2 of Theorem 3.2.36 by definition, it is
initial in NSMod(sp).

8 = 1 Obvious. O

The results of the above theorem apply to a wide range of specifications,
because of the great generality of non-strict disjunctive specifications.

In particular if all the proper axioms are conditional, then condition 6b is
always satisfied, while if axioms are imposed so that all models are strict, then
condition 6a is satisfied. Thus for total and partial conditional specifications
both 6a and 6b hold, so that the known results about the existence of an initial
model in those cases are a specialization of Theorem 3.2.39.

The conditional specifications are a particular case of disjunctive specifi-
cations; indeed the conditional formula AA D € is logically equivalent to
V{=é | 6 € A} U {e}; in other words conditional formulas are disjunctions where
exactly one non-negated equality appear, i.e. are positive Horn clauses. In this
case the necessary and sufficient conditions for the existence of an initial object
are partially simplified.

Theorem 3.2.40 Let sp = (X, Az ) be a consistent conditional specification. The
following conditions are equivalent:

1. There exists I initial in NSMod(sp).

2. There exists / initial in Ind(NSMod(sp)).
3. I(NSMod(sp)) € NSMod(sp).

4. I(NSMod(sp)) is initial in NSMod(sp).
5. for all sets A of equalities

AEpas V A for all A € NSMod(sp)
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implies
there exists 6 € As.t. AEpysé for all A € NSMod(sp)

6. for all f € Fy, 5.5
AEpnsD(f(t1, ..., t,)) for all A € NSMod(sp)

implies that (at least) one between the following properties holds

o A=pysD(t;) for all A € NSMod(sp)
o A=pysf(te, .. ytn)=cf(t1, ., tict, @ i1, ..., t,) for all A € NSMod(sp)

7. the relation = over Ty (X), defined by t = ' iff Al=pyst=.t’ for all A €
NSMod(sp), is a congruence and Tx(X)/ = is a model.

8. the relation = over Tx(X), defined by ¢ = t' iff Alpyst=ct’ for all A €
NSMod(sp), is a congruence and Tx(X)/ = is the initial model.

Proof. First any conditional specification is shown to be equivalent to a dis-
junctive one which condition 6b is always satisfied for. Let sp be the consistent
conditional specification (¥, Az) and define Az’ = {disj(a) | @ € Az}, where
disf(ANA D e) = V{=6 | 6 € A} U{e}, and sp’ = (¥, Az’). Since, by definition of
validity, any algebra A satisfies ¢ iff satisfies disj(¢) for all conditional formulas
#, NSMod(sp) = NSMod(sp’).

By Theorem 3.2.39 it is sufficient to show that for such a sp’ condition 3.2.40(6)
is equivalent to conditions 3.2.39 (6a and 6b), i.e. that condition 3.2.39(6b) is
satisfied too. Let AA D € be an axiom of sp, U:Var(AA D ¢) — X be a
substitution and assume that AEpyst=.t' for all ~t=." € U(disj(ANA D €)), i.e.
for all t=." € U(A), for all A € NSMod(sp). Then for all A € NSMod(sp),
since AEpysU(AA D €) and Afpyst=ct' for all t=.t" € U(A), Al=pasU(e), so
that 3.2.39(6b) is satisfied. O

3.2.3 Relating total and non-strict algebras

This section is devote to relating the non-strict frame with the more usual total
one, following the same scheme applied to the relationship between partial and

total many-sorted algebras.

Def. 3.2.41 The institution of non-strict algebras without sentences is the
quadruple N'S = (Sign s, 0, Modys, D), where
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e Sign, ¢ = Sign s is the category of many-sorted signatures.

o Modys:Sign,s — Cat“” is the functor which yields for any signature
Y the category NSAlg(Y) of non-strict algebras (see Def. 3.2.13) and
for any signature morphism (o, ¢) € Sign, g(¥1,s) the reduct functor
Modys(o,¢): NSAlg(Xy) — NSAlg(Y,), defined by:

Mod ys(o,¢)(Az) = ({U(S)A2}5657 {¢(f)A2}feF)
and

Modys(o, 9)(ha) = {hao(s) }ses- O

Following the intuition that a simulation codes a new into an old frame, a
simulation of non-strict by total algebras is defined.

Since the partial product of s;%, ..., s,? is isomorphic, from a set-theoretical

point of view, to the (usual) product of s;4 U {1, },...,s,4U{L,, }, where the
symbol U denotes the disjoint union, any non-strict algebra A is in some sense
equivalent to the total algebra A, , defined by:

Algebra A, =
st = st UL}

for any a; € s;4+ for i = 1...n let a be defined by a(i) = a; if a; € s;*
and a(7) is undefined if a; = L,
A (ar, ..., a,) = fAa)if f4(a)is defined, else fA4+(ay,...,a,) = L,

forall f:s; X ...x s, — s.

However this equivalence disregards the homomorphisms; indeed some homo-
morphism A between the trivial totalizations cannot be translated into the non-
strict frame, because h maps “defined” into “undefined” elements, i.e. h(a) = L,
for some a # L, while the non-strict homomorphisms are total functions. More-
over some non strict homomorphisms have no total correspondent, because the
introduction of one element to represent all the undefined terms may cause the

lack of the existence of homomorphisms, as it is shown by the following example.

Example 3.2.42 Let Y be the one-sorted signature consisting of just three con-
stant symbols a, b, ¢ and A, B be the non-strict algebras over ¥, defined by:

Algebra A =
“={1)
at =1
b4, ¢4 are undefined
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Algebra B =
o = {1)
a® =1
b =1

¢B is undefined

then there is a non-strict homomorphism h: A — B, defined by h(1) = 1. Consider
now the trivial totalizations of A and B.

Algebra A, =
st ={1,1}
att =1
bAt =1
At =1
Algebra B, =
sBr={1,1}
abLr =1
bBL =1
cBr=1

then there does not exist any total homomorphism from A, into B, because

bAL = A+, while bP+ £ Pt

Summarizing the above discussion, a simulation of non-strict by total algebras

is defined, that is a rigorous formalization of the usual totalization by L.

Def. 3.2.43 The simulation pg: NS — MS, is defined by:

o py (S, 1) = (S, FU{Ls}ses) and pg (0, ¢) = (0, '), where ¢'(f) = ¢(f) for
all f e Fland ¢'(Ly) = Lo(s);

o dom(ug) is the category whose objects are the total algebras A’ where the

interpretation of function symbols are regular function, i.e.
fA/(al, cey @ity L, .o an) # J_f/
implies
fA/(al, ces ity Lo @i, oo ay) = fA/(al, e U1y Uy Gy e ey Oy

. . ., .
for any a;, and whose morphisms h preserve definedness, i.e. a # L4 implies

h(a) # L5
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e for any A’ in the objects of dom(ug) the translation A = uF(A’) is the
non-strict algebra, which consists of s4 = s4" — { L4} for any s € S and for
any f € the function f# is defined by:
for any @ € 512 x,... %, 5, let a; be a(7), if a(7) is defined, 1, otherwise; if
fAaq, ... a,) # Ly, then f4(a) = f4(ay,...,a,), else f4(a) is undefined;

for any arrow k' in dom(pg) the translation h = pg (k') is the restriction of
B to ug(A). O

It is easy to check that the components of ug w.r.t. the models are partially
natural and hence that ug is a simulation.

Since pg does not take in account the categorical structure, the initiality in
the total and in the non-strict frames are unrelated; indeed the trivial totalization
of an initial model satisfies a lot of equalities between “undefined” terms, which
are not satisfied by other models in the class, so that the no-confusion condition
in the total frame is not satisfied and hence the trivial totalization of an initial
model is in general not initial. Vice versa if the trivial totalization of a non-strict
algebra is initial, then the algebra is mazimally defined and hence it is not initial
in the non-strict frame.

In order to have a representation of the category of non-strict algebras, a defi-
nition of (total) homomorphism is needed, which does not involve the “undefined”
part. To do this it is useful, not to say necessary, having a tool to individuate
the “undefined” elements, for example a family of unary predicates, one for each
sort, dividing the carriers in “defined” and “undefined”. Following a similar idea
both [24] and [74] define homomorphisms which are partial functions, having as
domain the “defined” part; this approach can be generalized in order to include
non-strictness.

Following the same pattern seen for the partial case, the basic idea of the
following simulation of non-strict by first-order structures is to split the carriers
of a first-order structure into defined and undefined elements, provided that at
least one undefined element, denoted by L, exists, by means of unary definedness
predicates. Thus the simulation is defined on any first-order structure satistying
the monotonicity condition and where L is undefined; it yields the non-strict
algebra where the undefined part of the carriers has been dropped. Since the
homomorphisms in the first-order frame preserve the truth of predicates, any
homomorphism between such two first-order structures can be translated into
a non-strict homomorphism, too. Thus the domain of this simulation is a full

subcategory.

Def. 3.2.44 The simulation u”’;: N'S — T Ly is defined by:
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i ﬂPO(SvF) = (SvF U {J-S}Sesv{DS 8,645 ¢ S X S}SES) and ﬂPO(Uv ¢) =
(0,9',7), where ¢'(f) = o(f) for all f € F, ¢'(Ls) = Loy, m(Ds) = Doy
and 7(eqs) = €4o(s);

o dom(u” ) is the full sub-category whose objects are the first-order structures

A s.t.
1. DSA/(fA/(al, ..., ap)) implies DSiA/(ai) or for all a
fA/(al, ey Gy Oy Gy e ey Ogy) = fA/(al, ey )

2. eq;l/(av a') iff DsA/(G), DSA/(CL/) and a = d';
3. —|DSA/(J_;4/);

for any A’ in the objects of dom(u’,) the translation A = ufj(A’) is the
non-strict algebra, which consists of s4 = DA for any s € S and for any

f € F the function f# is defined by:

for any @ € 512 x,... %, 5, let a; be a(7), if a(7) is defined, 1, otherwise; if
DSA/(fA/(al, ...,a,)), then fA(a) = f4(ay,...,a,), else f4(a) is undefined;

for any arrow A’ in dom(u!’,) the translation A = p? (k') is the restriction
of A’ to ul o (A"). O

Prop. 3.2.45 The simulation uf,: NS — T Ly defined in Def. 3.2.44 is categor-
ical. Moreover for any class €’ C dom(u” ) of first-order structures closed w.r.t.
subalgebras, if I' is initial in C”, then p?(I') is initial in x© o (C").

Proof. By definition dom(u” ) is a full subcategory; moreover in both frames
inductive objects coincide with term-generated algebras and it is easy to check that
term-generated first-order structures are translated via u, into term-generated
non-strict algebras. Therefore uf’, is categorical and hence Prop. 3.2.7 applies,
because the category of first-order structures has equalizers, which coincide with

subalgebras. a

The relationship between non-strict algebras and first-order structures de-
scribed by the categorical simulation u®, is strengthened by the existence of left
adjoints, from now on denoted by Tot, of the model components of u”, corre-
sponding, as usual, to free constructions. Indeed Tot preserves initiality, because
left adjoints do; moreover, because of Prop. 3.2.45, u’, preserves initiality, too,
and hence the existence of the initial model in the non-strict and in the total
frame are completely equivalent.

To build such Tot some preliminary technical results are needed.
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Lemma 3.2.46 Let ¥ = (5, F') be a non-strict signature, A be a non-strict alge-

bra over ¥, X# be the S-sorted family defined by X, = s*U{L} for all s € S and

Va: X4 — A be the valuation defined by Vy(a) = a if a € s*, V4(L) undefined.
Let = denote the total many-sorted congruence over Ts(X*) generated by:

{(t,") | t € Te(X?), Alpysy, t=ct"}
and Tot(A) denote the total first-order structure
(TE(XA)/ EA7 {J_STot(A)}SeS7 {Ds Tot(A)7 eqSTOt(A)}SES)7

where L7 = [1)_a, D, ([t]) iff Apasy, D(t) and eq, " ([t]=a, [#]=4)
i A|:DN$VAt:et/-
The following facts hold

1.t =" 1" and Al=pysy, D(t) or AEpysy, D(') imply AEpysy 1=ct";

2. Tot(A) belongs to dom(u®,);

3. ph A — pf'o(Tot(A)), defined by 7 (a) = [a]z4, is an isomorphism.
Proof.

1. It is immediate to verify, by induction over the definition of =4, that ¢t =4 ¢/
implies t4Y4 = ¢/4Va_ Thus the thesis follows.

2. Because of 1 and of the definition of both D, and eq, !4,
the conditions 2 and 3 of Def. 3.2.44 are satisfied.  Assume that
[f(t1,. .. tn)]za € D, " and [ti]za ¢ D, '™ then, by definition of

Tot(A AV A AV A s
DSO(),f(tl,...,tn)’AES and ;"4 & 5,4 ie.
Ary AV, AVa o LAV, AV A
f (tl A,...7t2’_1 7?7t2+1 7“‘7t7’L A)ES

and hence, because of the monotonicity of f4,
AV, AV, ,
fA(tlAJ/Av cee 7ti—1A7 ?7 ti-l—lAv s 7tnA VA)
is existentially equal to

A AV, AVa JAYV A V4 AV,
f (tl Av"'vti—l 7t Avti-l—l ) '7tn A)

for all t € T,r (s)(X?) so that f(ty,...,tn) = fltr, .. tim, btipr, oo ty)
and hence also condition 1 is satisfied.
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3. Obvious because of 1. O

Consider a non-strict homomorphism h: A — B. In order to define its image
along Tot, h is used as a valuation from X* into X? and then it is shown that

t =4 " implies h(t) =P h(t'), so that Tot(h)([t]za) = [h(t)]=# is well defined.

A X4 Te (X4 =4
h h Tot (h)
B X5 Tw(XP)) =P

Lemma 3.2.47 Let A and B be non-strict algebras over ¥ and h: A — B be a

non-strict homomorphism. Using the notation of Lemma 3.2.46

1. for any t € Ts(X*) let h(t) denote the term t[h(a)/a | a € 5] € Te(XP);
then for all ¢,#' € Ts(X#) if t =4 ¢, then h(t) =8 h(t');

2. Tot(h): Tot(A) — Tot(B), defined by Tot(h)([t]za) = [h(t)]z5, is a homo-

morphism of first-order structures.
Proof.

1. It is easy to check that, by definition of congruence,
{(h(1), h(1)) [t ="1} C=,
where & is the congruence generated by

{(h(8), h(#)) | AFpasy,t=cl'},

because =4 is generated by {(¢,#) | Abpysy,t=c"}. Thus it is sufficient

to show that ~C=P. To do this assume that A|:DN5VAt:6t’ for some
t,t" € Te(X*4) and show that B|:DN$VBh(t):eh(t/)- Because of Prop. 3.2.17,
B|:DN5hOVAt:6t’, and hence, since t%°Va = }(¢)B:V8 by definition of V4 and
VB, B|:DN$VBh(t):eh(t/)-

2. Because of 1, Tot(h) is a well-defined many-sorted homomorphism; thus
it is sufficient to show that it preserves the operations 1, and the truth
of the predicates. By definition Tot(h)([L]za) = [A(L)]=r = [L]zs. Be-
cause of Lemma 3.2.46, [t]za € D, '™ implies AEpysy, D(t) and hence,
because of Prop. 3.2.17, Blpws),y, D(t), i.e. BEpysy,D(h(t)), so that
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Tot(h)([t]z4) = [h(t)]=s € D,T"B). Analogously ([t]=a, [t']=a)=c ") im-
plies A|:DN5VAt:6t’, so that B|:DN$VBh(t):eh(t/)7 and  hence
([h(1)]=5, [R(t"))2p)=.T!B). Therefore Tot(h) is a homomorphism of first-

order structures. O

And finally, putting together Lemma 3.2.46 and Lemma 3.2.47, the functor
Tot 1s defined.

Theorem 3.2.48 Let ¥ = (5, F') be a non-strict signature; using the notation of
Lemma 3.2.46 and Lemma 3.2.47, Tot is a functor and is the left adjoint and left
inverse of

uf'o. Moreover if I is initial in a class C' of non-strict algebras closed w.r.t.
isomorphisms, then Tot([) is initial in ,ngl(C).

Proof. It is just a trivial check to prove that Tot is a functor.

Thus it is sufficient to show that Tot is the left adjoint of x”, and that the fam-
ily of the isomorphisms n*, defined in Lemma 3.2.46, is the unit of the adjunction.
Let A be a non-strict algebra, B’ a first-order structure belonging to dom(u”,)
and h: A — uf,(B’) a non-strict homomorphism. The homomorphism defined
by kB ([t]es) = tV'B" for V:uPy(B') — B’ the identical valuation is denoted by
kB Tot(u®o(B')) — B'; it is sufficient to show that hf = kB' o Tot(h) is the

unique homomorphism from Tot(A) into B’ s.t. the following diagram commutes.

R WF(Tot(A)  Tot(A)
i " o(hF) B
NPO(B/) B

By definition of n and A,

i o(hF) ot (a) = p"o(h)(la)=a) = u”o(K® o Tot(h))([a]=4)

and

1" o(k% o Tot(h))(la)=4) = kP o Tot(h)([a)=s) = k' ([h(a)]=s).

because u”y is the restriction; finally &%'([h(a)]=s) = h(a), by definition of k¥
so that the diagram commutes.

Moreover h' is the unique arrow which makes the diagram commute. Indeed
let k be s.t. uf’y(k) o p? = h; then, by definition of uf’ and n?, pf (k) o nt =
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k([a]z4) = h(a) for any a € s* and hence k and A* coincide on the (equivalence
classes of ) variables and hence, by induction, on Tot(A).

Finally, since left adjoints preserve initiality and 7ot is the left adjoint of u”,
if [ is initial in C, then Tot([) is initial in any class C’ s.t. both Tot: C — "
and %, C" — C; in particular, if C' is closed w.r.t. isomorphisms, also ,ngl(C)
is closed w.r.t. isomorphisms and hence, as A is isomorphic to uf( Tot(A)) by
Lemma 3.2.46, Tot: C' — ,ngl(C) and obviously ,uPO:,ngl(C) — (', so that
Tot(I) is initial in p”5 " (C). u

Coming to the logical aspects of the relationships between non-strict and total
algebras, the institutions CA’S and DN'S of non-strict algebras, respectively with
conditional and disjunctive axioms as sentences and the institutions 7L and DT L
of first-order structures, respectively with conditional and disjunctive axioms built
on atomic formulas of the form p(t1,...,1x) as sentences, are considered.

Consider first the trivial totalization ug. Let A’ belong to dom(ug) and con-
sider a ground existential equality t=.t'; then A = pug(A’) satisfies t=.¢' iff both
t and ¢’ denote the same element of s4 = 4 — {14}, i.e. iff 4 = ¢4 £ 14
Thus to extend ug to a simulation working on equations of the non-strict frame,
inequalities are needed in the total frame. This is another inadequacy of the triv-
ial totalization, which has already been proved unable to deal with the categorical
structure of the non-strict frame.

Consider now the simulation x”, defined in Def. 3.2.44; it is easy to extend
1f' o to work on conditional (disjunctive) formulas, i.e. to define two simulations
pc:CNS — TL and pup: DN'S — DT L coinciding with p, on signatures and
models. Indeed any conditional (disjunctive) formula can be naturally

translated from the non-strict into the first-order frame, by just replacing
the existential equalities by the eq, predicates, which were indeed introduced to

represent existential equalities.

Def. 3.2.49 The simulation pc:CNS — TL is the extension of
uf' ot NS — T L, which on A{t;=.t! | € I} D t=.t' yields

Megs (i, 1) | 1€ 1} D eqs(t, 1),

The simulation pyp: DN'S — DT L is the extension of u¥';: NS — TL,
which on V{t;=ct |2 € I}V {=t;=ct: | j € J} yields

V{eqs, (i t7) |1 € I}V {=eq,, (t;,1)) | j € J}. O

Since the domain of pp is the model class of the set Az pe consisting of the

following disjunctive axioms:
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. _‘Ds(f(l'l, e '7xn))VD5i(xi)veq8(f(x17 ey =1 Yy Tit1, - '7$n)7f($17 . 7$n))

for every f € Fy, 5.5
o cq,(x,2")V -Dy(x)V ~Dy(2) V ~x = 2 for every s € S;
o —eqs(x,2')V Dy(x) for every s € S
o —eqs(x,2')V Dy(a') for every s € S
o —eqs(x,2')Va =2z forevery s € 5;
o —~Dy(L,) for every s € 5

the non-strict model class of a set Az of disjunctive formulas is simulated by
the total model class of the set up(Ax)U Az pe of disjunctive formulas in the first-
order frame. Therefore pp induces a correspondence between the specifications
in the two formalisms and hence both frames have the same expressive power.

Instead the simulation p¢c does not relate conditional to conditional specifica-
tions, because proper disjunctive specifications are required to describe the do-
main of the simulation; indeed there does not exist a total conditional specification
whose model class is dom(u” ), because the trivial total algebra Tr over u? (%),

having singleton sets as carriers, the unique obvious interpretation of function
symbols and the totally true predicates, i.e. D,I" = s7" and eq,”" = s7" x 7", is
a model of each conditional specification while

does not belong to the domain. Therefore in general it is impossible to translate
a conditional (equational) non-strict specification into a conditional first-order
one, because it is impossible at least for the specification without axioms (X, ).

Since the first-order structures representing the models of a non-strict disjunc-
tive specifications are the models of a (total) disjunctive specification and initiality
is both preserved,

because u’, is categorical, and reflected, because of the existence of the left
adjoint Tot, by u”,, the existence of an initial model for a non-strict disjunctive
specification is equivalent to the existence of an initial model for the first-order

disjunctive specification which is simulating it.

Cor. 3.2.50 Let sp = (X, Az) be a non-strict disjunctive specification and
1f o(sp) denote the first-order disjunctive specification

(NPO(Z)v ﬂPO(Al‘) U Az pe).

Then [ is initial for sp iff Tot(I) is initial for u,(sp).
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Proof. Since the model classes of disjunctive specifications in both frames
are closed w.r.t. isomorphisms and regular subobjects, Prop. 3.2.45 and Theo-
rem 3.2.48 apply.

If I is initial for sp, then Tot(I) is initial for u” (sp), because of Theo-
rem 3.2.48, and if Tot(I) is initial for u”y(sp), then I ~ p?y(Tot(I)) is initial
for sp, because of Prop. 3.2.45. a

3.3 Arrows between Institutions

Due to the relevance of the interaction of different formal systems, several concepts
of arrows between institutions have been developed or are under development.
However the nature of the relationships induced by the various arrows is quite
different; moreover some of them are not conveying the meaning of translation

and some others are serving different purposes than simulations.

3.3.1 Maps of Institutions

The maps of institutions, developed by Meseguer in the big fresco of General
Logic (see [63]), is the closest concept to simulations; indeed the components of
simulations and maps have the same direction, models are partially mapped in
both cases and the satisfaction condition is the same. However the two notions are
not exactly the same; indeed maps of institutions are not required to be surjective
(but if they are, then are also simulations), on the converse the domains of the
maps model components are required to be the model classes of (a natural family
of ) sets of new sentences and hence only logical simulations are also maps.

The definition of map of institution shares with the map of entailment systems
the component dealing with signature and sentences, so that it can seem more
complex than needed. In order to capture the relevant cases of translation of the

logical part three levels of increasing difficulty are possible choices

e cach signature ¥ is translated into a signature ®(X) and each sentence ¢
into a sentence a(¢) (on ®(X) in a uniform way); then a theory (X, Ax)
is translated into (®(X), {a(¢) | ¢ € Ax}). In this case the map is called

simple.

e cach signature ¥ is translated into a theory ®(X) and each sentence ¢ into
a sentence a(¢) (on ®(¥) in a uniform way); then a theory (X, Ax) is trans-
lated into (X', {a(¢) | ¢ € Az} U Ax’), where ®(X) = (X', Az’). In this case
the map is called plain.
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o theories are translated into theories accordingly with the translation of sen-
tences but the image theory cannot be divided in the part representing the
signature and the translation of the sentences; the simplest example of this
kind of translation is the closure of theories under deduction; a perhaps more

significant example is the unfailing Knuth-Bendiz completion.

Notation. Due to the extensive use of theories in the sequel, some short notation
is in order here; given an institution Z = (Sign, Sen, Mod, |=), the symbol Sen is
used to denote the composition Sen o sign, where sign denotes the projection of
theories in 7 to their signatures, too.

Def. 3.3.1 Given  institutions 7 = (Sign, Sen, Mod, =)  and
I' = (Sign’, Sen’, Mod', [='), a map of institution (®,«,3):Z — I’ consists of a
natural transformation a: Sen — Sen’ o ®, an a-sensible functor ®: Thg — Th'q,
and a natural transformation 5: Mod’o® — Mod such that for each ¥ € |Sign|,
each ¢ € Sen(X) and each M’ € Mod'(®(%, })) the following property is satisfied:

M'E'gax(9) iff Bep(M') s ¢
where Y is the signature of the theory ®(X,0) and ® is a-sensible iff

1. there is a functor ®°: Sign — Sign’ s.t. sign’ 0 ® = ®° o sign, where sign

(sign’) denotes the projection of theories in Z (Z7) to their signatures;

2. for any theory T = (X,I'), ®(T) has the same theorems as
B(31,0) U (8°(3), as ().

Given a map of institution p = (®,«,5):Z — I’ the map p is called plain iff
®(X,T') coincides with (X, 0) U (®°(X), ax(l')) and is simple iff it is plain and
¢°(¥) has no axioms. O

Note that from a model theoretic point of view two theories having the same
deductive closure are equivalent, in the sense that they have the same model class;
thus plain maps are sufficient to deal with the translation of institutions and maps
of institutions are based on the general condition of a-sensibility because are part
of a big framework where tools to deal with entailment systems and proof calculi
are strictly interconnected.

It is immediate to check that, by suitably lifting functors and natural trans-
formations to work on the right objects, every surjective map of institutions is a
simulation, too.
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Prop. 3.3.2 Let 7 = (Sign, Sen, Mod, |=), ' = (Sign’, Sen’, Mod', =) be insti-
tutions and (@, o, 3): T — I’ be a map of institution s.t. 3(s g) is surjective on the
objects for each ¥ € [Sign|; then p:Z — 7’ is a simulation, where

® [isign:Sign — Sign’ is the composition sign o P;
® lisen: Sen — Sen’ o pgig, is a;
® (inrod: Mod' o pisig, — Mod is defined by pnreay = Bz for all ¥ € [Sign|.

Proof. Trivial check from the definitions. a
On the converse any logical simulation defines a plain map of institutions.

Prop. 3.3.3 Let 7 = (Sign, Sen, Mod, |=), T' = (Sign’, Sen’, Mod', =) be insti-
tutions and wu:Z — 7’ be a logical simulation.

Then (®,a,3):Z — I’ is a plain map of institution, where

e ¢°:Sign — Th'y is defined by ®°(X) = (psign(X),I's) for all ¥ € [Sign|,

where

Iy ={¢"| ¢’ € Sen'(psign(X)), A Fugyyn(x) ¢ for all A € dom(p)g},

and ®°(0) = pisign(0) for all signature morphism o in Sign;

o a:Sen — Sen’ 0o D is pge, and

O(X,A) = (sign(P°(X)), axiom(P°(X)) U a(A))

o 3:Mod'o® — Mod has components 3y a) that are the restrictions of pnroq
to the models of A for all ¥ € |Sign]|.

Proof. Since p is logical, for each ¥ € |Sign| there exists a subset 'y, of
Sen'(psign (X)) s.t. dom(p)y, is the model class of the theory (¥,I%) and by
definition I's;, C I'y; thus dom(p)s is the model class of ®°(X). Moreover if
A" € dom(p)ss, then Mod'(psign(0))(A") € dom(u)s for every signature mor-
phism o: ¥ — ¥’ by partial-naturality, and hence if v € I'y, i.e. A |Ey v for all
A € dom(p)y, then, in particular, Mod'(psign(0))(A") F=x + for all A" € dom(p)ss,
so that A" |y Sen'(psign(0))(7), by satisfaction condition, for all A" € dom(p)s,
ie. Sen'(psign(0))(y) € I'si. Therefore ®°(0) = psign(o) is a theory morphism
from ®°(X) into ®°(X).

From this it is trivial to check that ®° is a functor and that (®, a, #) is a map
of institutions, that is plain by definition. a
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Note that the Example 3.2.11 guarantees that a map of institutions between
GPAR (the ground partial Horn Clauses institution) and G7 £ (the ground total
many-sorted Horn Clauses institution) does not exist coinciding with the simula-
tion uf on models and sentences. Thus non all simulations can be made maps
of institutions, because the expressive power of the target institution may be too

poor to define the domain of the simulation.

3.3.2 Institutions Morphisms

The Institution Morphisms, introduced in [44], captures the idea of enriching an
institution by new features and was designed to build new institutions where the
logical tools from two or more basic institutions are available at a time. Technically
morphisms differ from simulations in one essential point: they translate signatures
and models together, and sentences in the opposite direction; while inverting the
arrow both between models and between sentences seems essential for capturing

the idea of translating formalisms.

Def. 3.3.4 Given  institutions 7 = (Sign, Sen, Mod, =)  and
I' = (Sign’, Sen’, Mod', [="), a morphism of institution (®,a, 3):Z — I’ consists
of

e a functor ®:Sign — Sign’;
e a natural transformation a: Sen’ o ® — Sen and

e a natural transformation 3: Mod — Mod' o ®

such that for each ¥ € |Sign|, each ¢’ € Sen’ 0 ®(X) and each M € Mod(X) the
following property is satisfied:

M s ax(¢) i Be(M)E g5 9"

Notice that simulations and institutions morphisms are not dual concepts, be-
cause in the case of the simulation models are countervariant w.r.t. sentences and
signatures, while in the case of institution morphisms sentences are countervariant
w.r.t. models and signatures. However these two notions are strictly related and

in particular institution isomorphisms and isosimulations coincide.

Prop. 3.3.5 Let 7 = (Sign, Sen, Mod, |=), T' = (Sign’, Sen’, Mod', =) be insti-

tutions.

1. If u: 7 — 7" is a simulation s.t.
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e a functor F: Sign’ — Sign exists s.t. pgig, 0 I = Idsign’, 1.€. fsign 1s a

retraction;

o dom(p)s = Mod'(psign(X)) for all ¥ € |Sign|;
then (F, fsen gty fiarody) is an institution morphism from 7’ into Z.
2. If (¢,a,): 7 — I’ is an institution morphism s.t.

e a functor F:Sign’ — Sign exists s.t. ® o ' = Idsjgns, 1.e. ® is a

retraction;

e [y is surjective on the objects for all ¥ € |Sign]|;
then (F, ftsen gy fiMody) 18 @ simulation from Z7 into 7.

. . . . . ) -1 . . . .
3. p is an iso-simulation iff (/Lszgn ,/Lsenusign—l,,uModMSign—l) 1s an 1nstitution

isomorphism.

Proof. It is immediate to check that 1 and 2 holds from the definitions and then
3 follows. O

3.3.3 Pre-Institution Transformations

In the frame of pre-institution (see [81]), generalizing some concrete examples
in [60], the notion of pre-institution transformation is introduced, to relate pre-
institutions and hence, in particular, institutions. A transformation translates
signatures, set of sentences and models all covariantly and associate each signature
with a signature, each set of sentences with a set of sentences and each model with
a non-empty set of models.

The motivating example to relate set of sentences instead of sentences is the
“equivalence” between the institutions of partial algebras respectively with pos-
itive conditional axioms, i.e. Horn-Clauses built on definedness predicates and
strong equality s.t. for every strong equality t=t’ in the premises D(t) or D(t')
is in premises too, and Horn-Clauses built on existential equality as sentences.
In this case both the signature and the models are unaffected (i.e. translated by
identities), but each positive conditional axiom of the form e A ... A¢, D t=t'
logically corresponds to the couple of Horn-Clauses n1 A ... A n, A D(t) D t=.1'
and n1 A ... A, A D) D t=.1', where if ¢ is D(), then n; is t=.t and if ¢; is
t=t', then n; is t=.1".

Here, as usual, the composition of a natural transformation «: F = G with a functor H
(right-composable with F' and &), yielding a natural transformation from F o H into G o H | is
denoted by ap



3.3. ARROWS BETWEEN INSTITUTIONS 141

Def. 3.3.6 Let Z = (Sign, Sen, Mod, |=), T' = (Sign’, Sen’, Mod', =) be pre-
institutions and Pre (Pre’) denotes the presentation functor that is the composition
of the sentence functor with the power functor, i.e. Pre = g o Sen:Sign — Set
(Pre’ = p o Sen’:Sign’ — Set), where p:Set — Set sends every set to the
collection of its subsets and every function f to the function yielding the f-image
of each subset.

A pre-institution transformation T:7 — I’ consists of:

e a functor Sir: Sign — Sign’;
e a natural transformation Prs:Pre = Pre’ o Sig;

e a natural transformation Moz: Mod = ¢ o Mod' o Sir s.t. Morg(M) is a
non-empty set for every ¥ € |Sign| and each M € Mod(Y);

s.t. the following satisfaction invariant holds

M s B < Mor(M)E'g s Prr(E)

(£)
for all ¥ € |Sign|, all £ € Pre(X) and all M € Mod(Y). O

Three main differences can be seen distinguishing pre-institution transforma-

tions between institutions and simulations:

e sets of sentences are translated by pre-institution transformations instead of

single sentences;

e models are translated by pre-institution covariantly w.r.t. signature instead

that countervariantly;

e satisfaction invariant relates the satisfaction by Moz (M) as a whole with

that by the individual model M.

Since any institution Z implicitly define an institution p(Z) where the sentence
functor has been substituted with the presentation functor, the first point may
be solved relating institution transformations between Z and Z' to simulations
between ©(Z) and p(Z’). Note that the institutions Z and @(Z) are logically
equivalent, because any theory th in p(Z) corresponds to the theory of 7 whose
axiom set is the union of the axioms of th, in the sense that both theories describe
the same model class. Moreover each deductive tool for 7 may be easily (and
automatically) lifted to work on p(Z), so that the equivalence of 7 and ¢(7) is
complete. The following lemma formally define (7).
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Lemma 3.3.7 Let 7 be an institution and @(Z) denote the quadruple
(Sign, Pre, Mod, |=¥), where, for all ¥ € |Sign|, all £ € Pre(¥) and all M €
Mod(Y), M9y E iff M |=x ¢ for all ¢ € E.

Then p(7) is an institution with the same expressive power of Z, i.e. for every

theory th = (X, Ax) in p(Z) a theory th' = (X, Az’) in T exists s.t. the models of
th are the models of th’ and vice versa.
Proof. In order to show that ©(Z) is an institution it is sufficient to prove
that the satisfaction condition holds; let o:% — ¥’ be a signature morphism,
FE € Pre(¥) be a sentence of p(Z) and M’ € Mod(X') be a model. Then
Mod(o)(M")=* £ iff Mod(c)(M') 5 ¢ for all ¢ € E, i.e. by the satisfaction
condition in 7, iff M' =y Sen(c)(¢) for all ¢ € E, ie. iff M'E=¥,Pre(o)(F),
because Pre(o)(F) = {Sen(o)(¢) | ¢ € E}.

Let th = (X, Ax) be a theory of p(Z) and define the theory th' = (X, Az") of 7
by Az’ = U,eara; by definition M | o for all o € Az’ iff MEYa for all o € Ax.

Vice versa let th' = (X, Az’) be a theory of 7 and define the theory th = (¥, Ax)
of (T) by Ax = {{a} | @ € Az}; by definition M |= o for all o’ € Az’ iff MEfa
for all a € Ax. |

In the sequel the validity ¥ in the p(Z) institution will be denoted by |=,
provided that no ambiguity arises.

Consider now the second difference between pre-institution transformations
and simulations. It is easy to see that translating models from 7 into Z'-model sets
has the flavor of translating models from Z” into Z by a partial surjective function.
Indeed the naturality of the model component of a pre-institution transformation
guarantees that its counterimage has the partial-naturality property; a minor
point is that to the counterimage be a function, the images of distinct models
have to be disjoint; but until now no relevant counter-examples have been found
where the images of distinct models are non-disjoint. So long simulations and
transformations do not seem too far away, but the last point cannot be so easily
disposed of; indeed the individual models in the image of a model M along a
transformation are not required to satisfy the same sentences (under translation)
as M, because the satisfaction invariant involves Moz (M) as a whole. In fact there
are transformations that cannot be expressed as simulations, but if in Moz (M)
a “canonical” representative can be found, satistying the same sentences as M,

then a simulation can be defined rephrasing the transformation.

Prop. 3.3.8 Let Z = (Sign, Sen, Mod, |=) and 7' = (Sign’, Sen’, Mod', |=") be ps-
pre-institutions and 7:7 — 7’ be a preinstitution transformation (Sir, Prr, Moz)
s.t.
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e for every ¥ € [Sign| if Morx (M) N Moryg(M') is non-empty then M = M’;

o for every M € |Mod(X)| an M’ € Morx (M) exists fully representing M, i.e.
s.b. M s Bt M'Eg 5)Prr(F) for all £ € Pre(Y)

Then p: p(Z) — o(Z') is a simulation, where pg;5, = SiT, ftsen = Prr and pasoq is
defined by:

dom(p)y = {M' | M’ € Morg (M), M is fully representing some M € Mod(X)}
and if M" € Moz (M), then pparoaxn(M') = M.

Proof. The only non-trivial point is to show that pps.q is partially-natural;
consider a signature morphism o:% — Y’ and let M’ belong to dom(u)s,
ie. M’ fully represents M for some M € Mod(¥') and prroasy(M') =
M. Then Mod'(Sir(c))(M') € Morg(Mod(o)(M)), because Mor is a nat-
ural transformation; thus in order to show that pseax(Mod'(Siz(o))(M')) =
Mod(o)(piaroasy (M')) it is sufficient to prove that Mod'(Siz(o))(M') fully rep-
resent Mod(o)(M) = Mod(o)(pirroass (M')). Let E belong to Pre(X), then, by
satisfaction condition, Mod(o)(M) =x E iff M [y Pre(o)(E), ie., as M’ fully
represents M, iff M’|:’SiT(E,)PrT(Pre(U)(E)), i.e., by satisfaction condition, iff
Mod!(Sir(0))(M")E's, o Prr (E). o

Therefore any pre-institution transformation satisfying these properties is a
simulation too; however notion like adequacy or finitarity (see [81]) are more
naturally expressed for pre-institution transformations and hence working on the
classical logical side, investigating for example compactness properties, may result
easier in the preinstitution framework than using simulations. Moreover the equiv-
alence between transformations providing a fully representative for every model
and simulations follows from the ps-property of institutions and does not work on
pre-institutions missing such property.

Note that the partial-naturality property is too weak to guarantee that
T:7 — I'is a preinstitution transformation, where Sir = figign, Prr = 9 0 pisen
and Moz, (M) ={M" | pipsoas(M') = M}, because the naturality of Mor may be
missing. Consider, indeed, a signature morphism o:% — ¥/ and let M’ belong
to Mod(X'); then Mod'(psign(0))Mors:(M') is a subset of Mors(Mod(o)(M')),
because par.q is partially-natural, but non every N € Mozs(Mod(o)(M')) =
{N | tirsoas(N) = Mod(o)(M')} is required to be the image along Mod'(fisign(0))
of some

N' e MOTE/(M/) = {N’ | ,UModzl(N/) = M’},

so that Mod'(psign(0))Mozs:/(M') may be a proper subset of Moz (Mod(o)(M")).
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3.3.4 Institution Coding and Representations

The institution coding were presented in a draft paper [93] to investigate on the ex-
pressive power of LF (Edinburgh Logical Framework) and on “putting together”
representation of logics in the common frame of the LF-institution. To sim-
plify the presentation in [93], the simplest version of the concept of institution
is adopted, which does not incorporate the notion of model morphism, so that
sets (classes) of models are used instead of categories. Using the language of pre-
institutions this corresponds to work on ps pre-institutions, i.e. on pre-institutions

that preserve satisfaction.

Def. 3.3.9 Let 7 = (Sign, Sen, Mod, |=) and ' = (Sign’, Sen’, Mod', ') be ps

pre-institutions; then an institution coding p:Z — I’ consists of:

e a functor pg;,,: Sign — Sign’;
e a natural transformation pg.,: Sen — Sen’ o pgign;

e a natural transformation par.q: Mod' o pgign, — Mod.

An institution representation p:Z — I' is an institution coding

p = (PSign, PSens PMod) $-b. the following representation condition holds
for any ¥ € [Sign|, any ¢ € Sen(X) and any M € Mod(X)

M |:E ¢ — (PModz)_l(M)|:/pSign(z)PSen(¢)

Note that if M does not belong to the image of pasoa, i-e. (prroas) (M) = 0,
then the representation condition requires that M satisfies all sentences in Sen(X);
thus the “non-represented” models do not carry relevant information from a logical
point of view.

It is important to note that the representation condition capture the intuition
that a model M is not represented by any model M’ whose image along pasoq is
M but logically corresponds to its counterimage as whole class. Indeed also in
the particular case of institution coding p s.t. pas.q 1s surjective the representation
condition is, in general, weaker than the following strong representation condition,
that more closely resemble the satisfaction condition, because the strong repre-

sentation condition relates the validity of individual models:

for any ¥ € |Sign|, any ¢ € Sen(X) and any M’ € Mod'(psign (X))

PModz(M/) |:E ¢ < M/|:/psign(2)p56n(¢)
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The strong representation condition is too restrictive to capture many intuitively
acceptable representations of logical systems; but if it holds for a surjective insti-
tution representation p, then p is a (total) simulation, too.

Since the representation condition involves classes of Z'-models, it would seem
reasonable trying to apply a technique similar to the one proposed to relate sim-
ulations and pre-institution transformations, building an institution Z'¥ whose
models are classes of Z’-models and where a class satisfy a sentence ¢ iff all
its elements do satisty ¢. At this point, to make any institution representation
p:Z — T’ a simulation u: T — I'%, two possible choices of p.q4 seem natural: the
total one where jar.q = 9 © parog and the p-closed where if C' = pproqt (M), then
paod(C) = M, else iproq(C) is undefined. But for the first one the satisfaction
condition may be false, because classes of models that contain just pieces of the
counterimage of 7-models are translated, so that the representation condition does
not apply to them, and the second one fails to be partially-natural, because in
general Mod'(psign(c))(paroa™ (M')) is strictly contained in paroa~* (Mod(a)(M')).
Thus although the two notion seems strictly related and share most motivating
examples, they are not the same. However, as in the case of transformations,
many representations, providing for each Z-model a fully representative, can be

rephrased as simulations.
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Chapter 4

Translating Tools

The use of logic in computer science is experiencing vigorous growth. Since the
applications are many, there are increasingly stronger interactions between the
two fields that are having a profound impact on both of them. New logics are
frequently been proposed, and new variants or adaptations of existing logics for
new purposes are widespread.

This proliferation of logics—although certainly a sign of vitality and intellec-
tual creativity—brings with it important conceptual challenges. In a sense, each
logic is a different language and, as in the case of natural languages, there is often
a serious need to bridge the gap between different languages by means of appro-
priate translations, and the danger of serious confusion when translations are not
correct. There is also a related need to understand the essential features shared
by logics in general so that systematic methods can be developed to deal with
these problems.

It can be greatly advantageous to reuse entire logics, or key components of
such logics. The advantages may be not only conceptual, although of course this
is important; due to the existence of software systems supporting mechanized
reasoning in a given logic, it may be possible to reuse a system developed for one

logic—for example, a theorem-prover—to obtain a new system for another.

Translations between logics by appropriate mappings—especially if they are
conservative in the sense of [63]-—may provide a first way of reusing tools of one
logic in another, by translating the appropriate sentences or proofs and using the
original tool on the translations. This idea is here generalized to the case where
entire components—for example the proof theory—of one of the logics involved
may be completely missing, so that the appropriate mapping could not even be
defined. The idea then is to borrow the missing components (as well as their

associated tools if they exist) from a logic that has them in order to create, ex

147
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nihilo as it were, the full-fledged logic and tools that we desire. The relevant
structure is transported using maps that only involve a limited aspect of the two
logics in question—for example their model theory.

The constructions accomplishing this kind of borrowing of logical structure are
very general and simple. Indeed they only depend upon a few abstract properties
that hold under very general conditions given a pair of categories linked by adjoint
functors. Therefore, the constructions capitalize on the fact that, as was shown in
[63], the different components of a logic: entailment relation, model theory, and
proof theory, are in a very precise technical sense modular, namely in that they
can be added or deleted by means of constructions that are adjoint functors.

Specifically, it is shown that, given two institutions Z and Z' and a map of
institutions Z — 7', the entailment relation or the proof theory (or both things)
can be borrowed from 7’ if they exist to use them for 7, and that completeness, if
it holds, is preserved by the borrowing. Similarly, given two entailment systems
E and &'—i.e., the provability relations of two logics—and a map of entailment
systems € — &', it is shown that the proof theory can be borrowed from &’ if it

exists to endow & with a proof theory.

4.1 Introductory Examples

In this section the basic results in [8] are presented in the original form, in order
to give some intuition of the general categorical construction presented in the next
section. Thus the notion of inference system, and accordingly of soundness and
completeness, are given in a rougher form than the corresponding notions for the
entailment systems as presented in the next sections. It seems however useful to
keep the original concreteness on one hand to get the intuition behind the general
categorical construction illustrated here and on the other hand to state a weaker
result than the categorical one, but with a larger spectrum of applicability.

According to the intuition that a simulation codes a new institution in terms
of an old one, inference systems are translated backward via simulation; so that,
starting from an inference system for Z' and using a simulation u:Z — 7', a new
system for 7 is built, which consists of: the preprocessing ps., of the sentences of
7, coding them as sentences of Z’, followed by the application of the given system
for Z’, and possibly by the postprocessing ps., ' to decode the results.

Def. 4.1.1 Let 7 = (Sign, Sen, Mod, |=) be an institution and F be an inference
system for Sen(Y), i.e. any relation FC o(Sen(X)) x Sen(X). Then F is sound for
C C |Mod(X)| iff for every ¢ € Sen(X) and every I' C Sen(X), I' F ¢ implies that
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forall A€ Cif A ey v for all ¥ € T', then A =g ¢. If C is [Mod(X)|, then F is
shortly said sound.

For every W C Sen(X) and every C C |Mod(X)|, the system F is complete
w.r.t. W and C iff for every ¢ € U and every [' C Sen(Y)

Ay vy for all v € I implies A Ex ¢ for every A € C

implies I' ¢, If C is |Mod(X)[, then t is shortly said complete w.r.t. V.
For every simulation u:Z — I’ and every inference system F for

Sen'(psign (X)), the inference system F# for Sen(X) is defined by: T' F# ¢ iff
,uSen(F) H ,uSen(¢)- |

The definition of completeness as it stands is a generalization of the notion of
completeness in algebraic frames; indeed, for examples, in the frame of (both par-
tial and total) conditional specifications the equational completeness of a system
F means that if an equation ¢ = ¢’ holds in the model class of a set of conditional
axioms ', then I' = ¢ = #/. Thus the premises I' are any set of sentences, while
the consequence has to be an equation, i.e. a sentence in the selected subclass.

Note that if reflexivity, monotonicity and transitivity are required by the defi-
nition of inference system, as for the entailment systems of [63], then simulations
preserve these properties, so that the translation of an entailment system is an
entailment system, too.

The properties of simulations guarantee that if a system ' in the old institution
7" is sound and complete w.r.t. the domain of the simulation u, then the obtained

system F# is sound and complete for 7, too, as the following theorem shows.

Theorem 4.1.2 Let Z and Z' be institutions, u:Z — 7’ be a simulation and +’

be an inference system for Sen'(jsiyn(2));

1. if ' is sound for |dom ()|, then F* is sound, too;

2. if +' is complete for C’ C |dom(p)s| and W' C Sen'(ps5ign(X)), then F# is
complete for pasoax(C’) and pse, ~H(P').

Proof.

1. Assume that I' F# ¢, i.e. that pse,(I') F psen(¢), and that A =y ~ for
all ¥ € T for some A € |Mod(Y)| and show that A |y ¢. Since paeay
is surjective on the objects, there exists A" € |dom(p)s| s.t. pareas(A’) =
A and hence A’ |:le,gn(2) fsen(y) for all v € T', due to the satisfaction
condition. Thus, since F is sound for dom(p)y and pse,(I') F' pisen(9),
A’ |:L'Sign(2) tisen(®). Therefore, due to the satisfaction condition, A x5 ¢.
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2. Let I' C Sen(X) and ¢ € fisens (V) be s.t. A |= ¢ for every A € pasoas(C)
st. AE~ for all y €. Then A" ' psens(¢) for every A" € '
s.be A pseny(y) for all v € ', due to the satisfaction condition, i.e.
A" 4 for all 4" € figeny(I') and hence, since F' is complete for €’ and

U tsens(D) F tisens (@), ie. T'H* 6. O

Note that if a system F’ is sound for Mod'(psign(X)), then it is sound for
any of its subcategories and hence any general system for 77 is sufficient, if only
soundness matters; but if completeness is considered too, then the system F’ is
required to be complete for the domain of the simulation, which is a subclass of the
whole model class, and hence in general does not need be even sound for the whole
model class. Thus in general I’ is not a general system for the new institution,
but it is tailored to the simulation, contrary to the intuition that simulations
translate general results from one formalism to another. However, if the domain
of p coincides with the model class of some set th’ of sentences, and hence in
particular if g is logical, then starting from any sound and complete inference
system w.r.t. the whole class of models, the above theorem can be applied to the
system F},,, defined by ® t},, ¢ iff ® Uth I’ ¢, thus recovering the desired level
of generality. It is worth noting that this last construction is an instance of the
categorical result presented in the next section, while the system F* cannot be

obtained in such a canonical way for the general case.

Cor. 4.1.3 Let T and 7’ be institutions, p: Z — I’ be a simulation s.t. dom(u)y, =
{A | A B, oo €th'} for some th' C Sen'(psign(X)) and F be an in-
ference system for Sen'(psiyn(X)), which is sound and complete w.r.t. W' C
Sen'(psign(X)). Then F, is sound and complete w.r.t. pse, ' (¥'), where Fy
denotes the system defined by ®' 0 ¢ iff &' Uth' = ¢'.

Proof. Trivial instantiation of the Theorem 4.1.2. O

So far the main interest was on the translation of inference systems from the old
into the new frame; however, note that soundness and completeness are preserved

in the opposite direction, too.

4.2 Transporting Structures Across Categories

The transportation of structure that is studied here will involve two categories

of logical structures, C and D, and functors U:D — C and R:C — D with R
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right adjoint to U. In the applications presented here U, in spite of being a left
adjoint, will have the flavor of a forgetful functor?.

For the example presented in the last section, roughly speaking, C was a
category of institutions, D was a category of logics, i.e. institutions endowed with
a compatible inference system, U was the functor forgetting the deductive part
and R was the functor adding the validity as (complete) inference system.

The basic construction applies to arbitrary categories C and D with functors U
and R as above, and consists in the process of transporting to an object ¢ € |C]|
the structure of an object d € |D| via a map f:e — U(d). The transported
structure is enjoyed by an object ¢ € |D| which roughly speaking corresponds to ¢
plus the features of d translated by f; formally it is the pullback of the following
diagram, where 5, is the unity of the adjunction for the object d, and hence is
strongly dependent on f and d.

Moreover the construction is functorial, in the sense that preserves the f-
consistent translations of ¢ and d. Indeed it is a functor between two comma

categories.

Theorem 4.2.1 Let C and D be categories and let R:C — D be the right
adjoint of U:D — C, with n: Ilp — R o U the unit of the adjunction.

Denote by D’ the comma category D | 1p (see e.g. [54]) and by C’ the comma
category C | U.

1. Let U': D’ — C’ be the functor defined as follows:

o U'(d:D — D) = (Ud):U(D) — U(D"),D") for every object
(d: D — D" € |D'|;

o U'(f,f)=(U(f),[f) for every arrow
(f, ) € D'((dr: Dy — Dy), (dy: Dy — D).

IThis is of course some what counterintuitive, but it is partly explained by the fact that in
most examples U o R is the identity on C with the co-unity ¢c = Id¢ for every object C' € C.
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2. If for every object C' € |C|, every object D' € |D| and every arrow ¢ €

C(C, U(D")) the pullback of R(¢) and nps exists, then there is a functor
R':C" — D', defined as follows:

e for each object (e:C — U(D'),D") € |C'| the object R'(¢,D’) =
(¢ C — D') is defined by the following pullback:

R(c) /
R(C) —~Ro U(D')

Je,D np

e for each arrow (g¢,¢') in C' from (¢1:Cy — U(D}), D)) into
(c2: Cy — U(DY), DY) the arrow R'(g,4’) = (g%, ¢'), where g* is defined
as the unique arrow in D’ into the pullback ¢; s.t. both
(EL) jcz,Dé Ogﬁ = R(g) OjchD{;

(b) Gaog* =g'0c.

If such a functor R’ exists, then C is said to admit generalization under R

and U.
3. Under the hypothesis of 2, R’ is the right adjoint of U’.

Proof.

1. It is immediate to see that U’ is a functor, because it is basically the com-

ponentwise application of U.

2. For each (¢,¢') € C'((c1: C1 — U(Dy), DY), (ca: Cy — U(DY), D)) the exis-
tence of such a ¢* is shown first. For this purpose, given that (¢, j%Dé), is the
pullback of R(cy) and np;, it is sufficient to show that R(c)o R(g)oje, p; =

’ ~
77D§ 0g Oc(y.

Consider the following diagram:
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R(Cl) ,
R(Cl) R o U(Dl)
Ro U(g")
U
R(g)
. R(cy) .
Je1,Dj R(Cz) Ro U(DQ)
jCQ,Dé
! a ,
C Dy Dy
g/
e, “ D,

The front and the back faces of this cube are commutative, by definition of
C, and C as pullbacks; the upper side is commutative, too, since (g, ¢’) is an
arrow from ¢; into ¢ and finally the right side is commutative, because 7 is
a natural transformation from the identity functor into Ro U. Therefore, all
paths on the cube from C1 into Ro U(D}) are equal and hence, in particular

R(CQ) O R(g) OjC17D1 = nDé Og/ o c"i

Therefore, since ¢; is the pullback of R(cy) and np;, there exists a unique gt
s.t. both

(EL) jcz,Dé Ogﬁ = R(g) OjchD{;

(b) Gogt=goqc.

The last property guarantees that (g*, ¢') is an arrow from ¢; into ¢;. More-
over, since obviously (/dg, Idp/) and (g% 0 ¢*, ¢ o ¢') satisfy the above con-
ditions respectively for the identity and the composition, the uniqueness

c:C'—D'!
preserves identities and compositions and hence it is a functor.

guarantees that ]d%c:OﬁU(D/%D/) =1Id-~ and (gog)f = g*o ¢, so that R’

3. To show that U’ is the left adjoint of R’, an arrow ax: X — R’ o U'(X) for
each object X = (2: X — X') in D’ is first defined and then (R’ o U'(X), ax)

is shown to be a universal object from X to R'.
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Consider any object X = (2: X — X') in D', then R’ o U'(X) =
(U(x): U(X) — X') is defined by the following pullback diagram.

Ro U(x)
Ro U(X) Ro U(X")
JU(2), X' nx
U(X) X
U(z)

Since 7 is a natural transformation from the identity functor into R o U,
Ro U(x)onx = nx ox and hence, by U(x) being a pullback, there exists

a unique ax: X — U(X) commuting the following diagram

X L
Oéx; v ]dX’
%
— U(x)
U(X) X’
/ X
Ro U Ro U

RoU(x
i.e., such that

(a) Nx = Ju(s),x © ax;

(b) = U(x) o ax.

The second condition guarantees that the pair (ax, [dx/), from now on ab-
breviated by ax, is an arrow from X to R’ o U'(X) in D’.

To show that (R’ o U’(X),ax) is universal, it is sufficient to prove
that for every object Y = (y:C — U(D'),D") in C' and every ar-
row f = (f,f'): X — R(Y) there exists a unique k: U'(X) — Y s.t.
R'(k)oax =f.
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X — XL Re UK UX)
f gmzﬁ) ;

4
R(Y) Y

Consider the following diagram, that is commutative, because it is obtained
by pasting together the two commutative diagrams given by the pullback
definition of C' and by f being an arrow from X to R'(Y) in D’.

~ JyD
v s R(C)
x y R(y)
X’ D RoU(D)
f‘/ 77D/

Since U is the left adjoint of R, there exists a unique ks: U(X) — C s.t.
Jupr 0 f = R(ks)onx, and there exists a unique gs: U(X) — U(D') s.t.
R(y)ojyp o f = Rgs)onx.

In order to show that k = (ks, f') is an arrow from U’(X) into Y in C’, i.e.
that U(f") o U(x) = y o ky, it is sufficient to show that both sides satisfy
the equation required for g;.

Since (f, f') is an arrow in D', R(U(f)o U(x))onx = R(U(yo f))onx, and,
since 7 is a natural transformation, R(U(jo f))onx = nproyo f. Moreover,
by definition of §, nprogo f = R(y)oj,pro f and hence g5 = U(f")o U(x).
Moreover R(y o k¢) o nx = R(y) o j,pr o f by definition of ks and hence
gs =y oky, too, so that U(f")o U(x) =y o ky.

It is shown that f = R'(k) o ax, i.e. that
o [ = kgf 0 ax;
[ J f/ = f/ (0] ]dX/

The second property is trivial; to show the first, because of the uniqueness
of factorization through the pullback C, it is sufficient to show the two

equalities

[ ] jy,D’ ¢] f = jy,D’ o] (kjﬁc o] Oéx);
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. gofzgo(kgfoozx)

Because of condition 2a, j, p o kgf oax = R(ky)o JU(z),x' © ax and, because
of condition 3a, R(ks) 0 jy(s),x 0 ax = R(ky) o nx; finally, by definition of
ky, B(kg)onx = jypr o f.

Because of condition 2b, y o kgf oax = f'o U(x) o ax and, because of

———

condition 3b, f" o U(x) o ax = f' o x; finally, since (f, f') is an arrow in D’,
floz=yof.

It is shown that k is the unique arrow that makes the diagram commute.
Assume that f = R'(h) o ax for some h = (h, h') and prove that h = k. It is
immediate to see that A" o Idx: = f' = k' o Idx., so that h' = k' = ['.

Since f = hfoax, j,.pof = jy.prohfoax and, because of 2a, j, prohfoay =
R(h) o jzxi 0 ax.

Moreover, because of 3a, R(h)o j, x:0ax = R(h)onx, so that, by definition
of kf, h = kf. |

It is also worth noting that the naturality of 5 is sufficient for the first two
statements and that the adjoint situation between U and R is needed just to get
that U’ and R’ are adjoint, too. In the next sections this general construction
will be applied to the particularly interesting cases of building logics and logical
systems starting from institution maps and of building proof calculi starting from

maps of entailment systems.

4.3 General Logics

Since the significant examples of application of the general categorical construction
are all largely based on the concepts of general logic (see [63]), this section is
devoted to recall the basic definitions and results of this theory that were not
presented in Sects. 3.3 and 1.2; for a detailed discussion of these concepts see [63].

Putting together an institution and a compatible entailment system, i.e. an en-
tailment system that is sound w.r.t. the institution, a logic is obtained, where tools
to deal with inference and model theoretic aspects are both at hand. But, since
entailment systems disregard the computational aspects, the concept of (struc-
tured) proofs is not formalized; thus proof calculi are introduced to cover also this

feature.

Def. 4.3.1 A logic (see [63], def. 6) is a 5-tuple £ = (Sign, Sen, Mod, |=,F) such
that:
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1. (Sign, Sen,F) is an entailment system;
2. (Sign, Sen, Mod, |=) is an institution, and

3. the following soundness condition is satisfied: for every ¥ € |Sign|, I' C
Sen(X) and ¢ € Sen(X), I'ty¢ = T =x ¢.

A proof calculus (see [63], def. 12) is a 6-tuple
P = (Sign, Sen,t, P, Pr, )
with:
1. (Sign, Sen,F) is an entailment system;

2. P: Thy — Structp a functor; for each theory T, the object P(T') € Structyp
is called its proof-theoretic structure;

3. Pr:Structp — Set a functor; for each theory T, the set Pr(P(T)) is
called its set of proofs. Then proofs will denote the composite functor

ProP: Thy — Set;

4. 7 proofs = Sen a natural transformation, such that for each theory T =
(3,T), the image of mr: proofs(T') — Sen(T') is the set I'* of all sentences ¢
s.t. I'F o.

A logical system (see [63], def. 12) is a 8-tuple
S = (Sign, Sen, Mod,F, =, P, Pr, )
with:
1. (Sign, Sen, Mod, |=,F) is a logic;
2. (Sign, Sen,t, P,Pr,7) is a proof calculus. O

The crucial point of any categorical approach is the choice of arrows between
objects more than the objects themselves. In [63] the maps of entailment systems,
institutions, logics, proof calculi and logical systems are discussed in detail and

their definitions are carefully motivated; here just the definitions are presented.

Def. 4.3.2 Given entailment systems £ = (Sign, Sen,F), & = (Sign’, Sen’, '),

a map of entailment systems (¥, «): & — & consists of a natural transformation
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a: Sen = Sen’ o ® and a-sensible functor ®: Thy — Th'y satisfying the following
property:
I' by ¢ implies ax () l—ﬁb(z) ax(),

where for every theory th' = (¥, A’) in Th'y, every A’ C Sen'(¥) and every
@' € Sen’(¥') the notation I F},, ¢’ stands for IV U A" 5, ¢'.

Given logics £ = (Sign, Sen, Mod, |=,F), L' = (Sign’, Sen’, Mod', ="', F'),
a map of logics (®,a,3):L — L' is a map of the underling institution s.t.
(®,a): ent(L) — ent(L') is a map of the underlying entailment systems, too.

Given  proof  calculi P = (Sign, Sen, -, P, Pr, ) and
P! = (Sign’, Sen’, ', P, Pr', %), a map of proof calculi (®,a,v): P — P’ consists
of a map (@, a): ent(P) — ent(P’) of the underlying entailment systems together
with a natural transformation ~: proofs = proofs’ o ® such that #’¢ oy = o .

Given logical systems & = (Sign,Sen, Mod,t, =, P,Pr,7) and &' =
(Sign’, Sen’, Mod', V', [=', P', Pr', "), a map of logical systems

(®,0,8,7): S = &'

consists of a map of the underling logics (®, «, 3): log(S) — log(S’) and a map of
the underlying proof calculi (®, o, v): peale(S) — peale(S"). O

The relationships among the categories of entailment systems, institutions,
logics, proof calculi, and logical systems are clearly illustrated by the following

diagram, where the arrows are forgetful functors?

LogSys
log peale
Log PCale
inst ent
entpc
Inst Lint

It is also interesting to note that both log and ent pe have a right adjoint, corre-
sponding to regard theorems as proofs of themselves; moreover inst has both a left
and a right adjoint, obtained by adding respectively the subset and the validity
relations as entailment, and finally ent has a right adjoint, too, whose construction

uses comma categories to build models and was sketched in Sect. 1.2.5.

2In [63] a more complex diagram is presented, where also subcalculi are considered in order
to be able to capture effectiveness and efficiency considerations
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4.4 Building Logics

Since there are different ways of translating institutions (and hence logics), there
are also several possibilities of building a logic on top of an institution Z using an
already known logic £" and a translation of Z into the institution underlying L',
by applying the construction introduced in the above section. The most promising
case is using maps of institutions (see e.g. [63]), because completeness is preserved
and the entailment system F defined for Z by the pullback can be easily described
as the coding of the theories via a map and the application of the entailment
system ' of L', so that any (finitary) description of I’ is also a description of I-.
Indeed the entailment system F coincides with the system Fi;, introduced in the

first section.

Prop. 4.4.1 Denote by Log the category of logics with maps of logics as arrows
and by Inst the category of institutions with maps of institutions as arrows. Then
the functor (_)*: Inst — Log, defined by

o (I)* = (Sign,Sen,Mod,|=,Fr), where I'me¢ iff A | ¢ for ev-
ery model A st. A = ~ for all v € T, for every institution
7T = (Sign, Sen, Mod, |=) and

e (p)* = p for every map p,

is the right adjoint of the forgetful functor inst: Log — Inst, defined by inst(L) =
(Sign, Sen, Mod, |=) for every logic £ = (Sign, Sen, Mod, |=,+) and inst(p) = p
for every map p.

Moreover the unity of the adjunction is the (family of the) embedding of
(Sign, Sen, Mod, |=,F) into (Sign, Sen, Mod, =, Fr).
Proof. Proposition 31 of [63]. O

Although in general Log does not have pullbacks, they do exist in the particular

case of pulling back the unit of the adjunction along a generic map.

Lemma 4.4.2 Let 7 = (Sign, Sen, Mod, =) be an institution, £’ a logic and
p: T — inst(L’) a map of institutions. Denoting by 5. the embedding of £ into
(inst(L'))*, the following diagram is a pullback, where £ = (Sign, Sen, Mod, =, )
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and - is defined by: I' Fy ¢ iff both ax(T) I—%(Em) ax(¢) and T' Ex .

(Z)* (inst(L))*

(]dSignvdeenvdeod) nect

Proof. Routine checks. O

Because of the above Prop. 4.4.1 and Lemma 4.4.2, the Theorem 4.2.1 applies
and for every map p between institutions builds the entailment system that in [8]

was denoted by 4, for th = az(®(X)).

Prop. 4.4.3 The category Inst admits generalization under (_)* and the forgetful
functor inst.
Proof. By Theorem 4.2.1, that applies because of Prop. 4.4.1 and Lemma4.4.2. O

For every map of institution from 7 into U(L'), the entailment system built
for Z can be informally described by:

e coding sentences by means of the map;
e using the entailment system of L’;
o checking the soundness of the deduction.

Moreover, if the component of the map dealing with the models is surjective, the
last step is not needed. Indeed for every model A € |Mod(¥,1')| there exists
(at least) a model A" € |Mod' (®(X,1'))] s.t. fu(A’) = A so that A =y ¢ iff
A/|:/sign(q>(2))az(¢)' Thus T' =y ¢ iff O(X, F)|:/sign(q>(2))a2(¢) and hence, because
of the soundness of F', if ag(I") Fo(s.0) ax(¢), then @(Z,Fﬂz’swn(@(z))ag(qﬁ) and
hence I' ey ¢. Therefore, an effective way of generating the entailment system of
L', if any, can also be used to check whether I' F ¢.

It is also worth pointing out that completeness is preserved by this construc-

tion, as the following proposition shows.

Prop. 4.4.4 Using the notation of Lemma 4.4.2, if £’ is complete, then L is

complete, too.
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Proof. Indeed assume to have for some I' C Sen(X) and ¢ € Sen(¥) that
A E o for all A € [Mod(Y)] s.t. A |= v for all v € I'. Then, validity being
both preserved and reflected by maps, A'='a(vy) for all A" € |Mod'(®(X))] s.t.
A'E'a(y) for all v € I' and hence, F’ being complete, a(I') Fo(s) a(v). Thus, by
definition, I' Fy . a

Example 4.4.5 Consider again the reduction of many-sorted equational Horn-
clause logic to one-sorted Horn-clause logic by the logical simulation (and hence
surjective map of logic) p™.

As entailment system of the logic £, having the one-sorted institution as
underline institution, the entailment generated by (a version® of) the classical
Birkhoft’s deductive system has been chosen.

For every one-sorted signature ¥ = (Op, P) and every set I' of conditional
sentences on X, I'Fgpy¢ iff ¢ is in the inductive closure of I' and the following
axioms qualifying the equality, where ¢,/ " t; 1. are terms on Op, p € P, and
f € Op,:

t=1

t=t' >t =

t=t'ANt'=t"Dt=1"

fo=t A At =t A p(te,. . t) D oplty, 1)
b=t A A=t D f(ty,. . h) = F(E, 1)

w.r.t. the following inference rules of weakening, instantiation and modus ponens.

e N...Ney, D€
NN EENANITIN A D€

weakening

instantiation t; terms of the same sort as z;

aAN... NG Dem AN ATED €
anN.oNEGEANMAN A NEH N NE, D€

modus ponens

Since Fp is defined as an inductive closure, obviously it is monotonic, tran-
sitive and reflexive; moreover it is easy to check from the definition that it
also satisfies the F-translation condition and that it is sound, so that £, =
(Sign,, Senz, Mod., =, Fg) is a logic.

Then, by applying the above theorem, an entailment system F for MS is de-
fined by:

3the weakening rule is usually not included in the definition of the classical Birkhoff system,
but it is needed to achieve a system complete w.r.t. conditional sentences. Moreover this system
works on conditional formulas built on both equalities and predicates.
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for every many-sorted signature ¥ = (5, F') and every set I' of conditional sen-
tences on X,
ThsVity =t A AL, =t Dt =1t

(for V(x;) = s; for i = 1...k and V(z) undefined otherwise) iff
:1;1:31/\.../\:1;k:Sk/\tlztll/\.../\tn:t;Dt:t’

is in the inductive closure of the following axioms, where ¢, ¢/, ¢ t;, ¢! are terms on
Opn for Opn — U51,...,sn,SESFsl...sn,sa f € Opn and op € Fsl...sk,s:

T SIA AT s Dop(ar, ..., g) S

Ty A AT s A = AN LL AN, = Dt=t
t=1

t=V>t =1

t=tANt'=t"'Dt=1"
t=tAt:sDt:s
=N A=t D () = f(E 1)

w.r.t. the inference rules of weakening, instantiation and modus ponens.

Since g is complete w.r.t. conditional sentences, as it is provable by standard
techniques, this completeness is inherited by F, because of Prop. 4.4.4; thus the
logic Lms = (Sign s, Senms, Mod ps, Ems, F) is complete for the many-sorted

institution. O

Some more applications may be found in [60], where translations of partial,
of Horn-clauses and of order-sorted logics in terms of equational type logic are
presented in order to use the ET-inference system and the connected rewrite
tools; although these translations are not formalized as logical simulations, they
can be so and the results obtained by their applications are an instance of the
ones presented here.

Consider now simulations as arrows between institutions and entailment-
preserving simulations as arrows between logics. In this case, since the translation
of models is partial, the condition I' |= ¢ does not imply that pse,(I')Etsen(d)
for some simulation p:Z — 7', because an Z’-model may exist satisfying pge, (1)
but for which ise,(¢) does not hold, provided that such a model does not belong
to the simulation domain. Thus adding to any institution the validity relation as
entailment system does not give a functor. Since this is the only reasonable way
to define a right adjoint of the forgetful functor from logics into institutions (that

is also a left inverse, at the least), the general construction does not apply.
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It is also worth pointing out that considering morphisms of institutions (see
e.g. [44]) as arrows, requiring that entailment is preserved in the case of logics,
the forgetful functor does have a right adjoint (adding the minimal entailment
relation), so that also in this case the institutions category admits generalization.
The entailment built by this construction can be informally described by I' F ¢
iff I' = ¢ and there are 1" and ¢ s.t. a(I") =T, a(¢') = ¢ and 1"+ ¢'. Thus -
is in general of no use, because it requires to “invent” the I" and ¢’ or to check a

usually infinite set of possibility.

4.4.1 Applications

Recently higher-order specifications have become a standard tool in algebraic
specifications, with a particular interest in the specification of partial higher-
order functions. Higher-order functional spaces can be handled using the usual
first-order algebraic specifications (see e.g. [66]), by restricting the signatures
(S, F) to the ones where S is a subset of a set of functional sorts s.t. for ev-
ery ($1 X ... X 8, — sp41) € 5 an explicit application operator belongs to the
signature; moreover the models are required to be extensional, i.e. two elements
of a functional sort yielding the same result on every input have to be equal. From
a logical point of view, in the total case (see [62, 77]) an equationally complete
system for the higher-order models may be obtained by enriching any (first-order)

equationally complete system by the rule

*
flar, oo xn) = glag, .. xp)
f=yg
where f, g are terms of sort (81 X ... X 8, — $,41) and each w; is a variable of sort

s; not appearing in f and g.
Instead in the partial case the above rule * is insufficient to achieve a complete

system as the following example shows?.

Fact 4.4.6 Let F'Sp be a conditional higher-order specification. Then the system,

from now on denoted by US(FSp)*, consisting of all the axiom schemas and

It is interesting noting that US(PSp) is complete w.r.t. any positive conditional specifica-
tion PSp (and in general US(sp) is not w.r.t. non-positive sp), but the same counter-example
applies to the system CL,(sp) introduced in the sequel, that is seq-complete w.r.t. conditional
specifications. The point is that, due to the logical equivalence between strong equalities and
disjunctions (of a particular form), it is not necessary to deduce the equality of the application
of two functions to general terms representing a generic input in order to get their identity.
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inference rules of US(FSp) (see Sects. 2.4, 2.5) and of the following additional
inference rule:

*
fla, ) = g(ag, ooy )

where f,g € Tu(X — {x4,.. '7xn})|slx...mn—>s7 ;€ X,
is not complete for EMod(FSp) and the empty family of variables.
Proof. Consider the following specification

spec F'Sp, =

sorts s, (s — s)

constants
f,g of type (s — s)
e of type s

axioms
ar D(f)N f=g D D(e)
a: D(f(2)) > D(e)
a5 Digle))> D(e)
a; D(g)
as  D(f)

Then e is defined in each model A of FSp,; indeed either there exists an element
as.t. f4a) or g*(a) is defined, and in this case, because of ay and as, also e is
defined, or both f# and ¢* are defined, because of vy and as, and their result over

any possible assignment is undefined so that, because of the extensionality, f4 =

g* and hence D(e) follows from a;. But it easy to check that US(FSp)*t/D(e). O

However there is a logical simulation, i.e. a surjective map of institution, based
on a skolemization procedure of higher-order by strongly conditional partial al-
gebras, so that Props. 4.4.3 and 4.4.4 apply and hence an equationally complete
system for the higher-order models may be simulated by any equationally complete
system for strongly conditional partial models. The intuition of this construction
is that for each couple f, g of distinct functional elements a witness of their dif-
ference, i.e. an input (tuple) a s.t. f(a) # g¢(a), exists; thus it is sufficient to

introduce function symbols to denote the witnesses.

Def. 4.4.7 Denoting by PARp;, the subinstitution of PAR whose sentences
are finitary, let u: PHO — PAR (uF: FPHO — PARF,) be the simulation

consisting of:
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o 1, Signpy o — Signp p is defined by pg, (S, F) = (5, F'), where

S =5 and

F'=F Us=(s1 x.xsn—snp1)eS 1Tsii8 X 8 = s; [1=1,...,n}
and ,uESign(a, é) = (0,¢"), where ¢'(f) = ¢(f) for all f € F and ¢(x,,;) =
Lo(s),i-

o ufg :Senpyo — SenpARo,uESign is the natural transformation whose com-
ponents are embedding.

o 1 rroqi Modpar o ¥, — Modpyo is defined by

— dom(p")s is the full subcategory of Modpar (¢ si,, (0, ¢)) whose ob-
jects are the partial algebras A which satisfy the set th(u) of axioms

f(xS,l(fvg)v' . '7x5,n(f7.g)) = g(xS,l(fvg)v' . '7xs,n(f7.g)) 0 f =9
for all (s1 X ... X 8, = $,91) €5

— Let :X — pPg;, (X) be the signature embedding; then %), ,(A’) =
Modpro(t)(A) and p,, ,(R') = Modpro()(R'). In the sequel Ay
denotes Modpyo(t)(A’) and ')s, denotes Modpyo(t)(h'). a

Since u¥g,, is the identity and p,, ,; is a family of forgetful functors, it is
quite easy to check that p¥ is a simulation; the only non-trivial step is to check
that uf,;,, is surjective on the objects, i.e. that for every extensional algebra A
an expansion A’ of A exists (i.e. an algebra A’ s.t. A’y = A) s.t. A’ € [dom(pF)g).

Hence it is sufficient to define :1;’54; on A in such a way that A’ satisfies the axioms

f(xS,l(fvg)v . '7x5,n(f7.g)) = g(xS,l(fvg)v . '7xs,n(f7.g)) ) f =49

Since A is extensional, for all s = s; x ... X 5, — 5,41 and all ¢,¢ € s* either
¢ =1 or there exist a; € s fori = 1...ns.t. ¢(a1,...,a,) # ¥(ai,...,a,); in the
first case let xf;(qﬁ, ) be undefined for ¢ = 1...n, in the second one let xf;(qﬁ, )
be such an a; for : = 1...n. Then it is easy to check that A’ € dom(u”)s.

In order to get an equationally complete inference system for the partial higher-
order case by the application of the general pullback construction for the logical
simulation %, an equationally complete system for the partial strongly condi-
tional case has to be exhibit first.

Since the intuition behind the system and the completeness proof are non-
trivial, the next section is devoted to the introduction of the conditional system
CL,(sp), that is obtained by adding just one new rule to the system US(sp) of
the Chapter 2, Sect. 2.4.2.
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The CL,(sp) system

In order to get some intuition about the needed generalization of the system
US(sp), consider the following specification sp having free models for all families
of variables but s.t. Fr(US(sp), ) is not a model of sp.

spec sp, =

sorts s;, 8,

opns
a,b: — s
e:— 8y

axloms
a; D(a)D D(e)
as a=b > Dle)
az D(b) D D(e)

In the models of spy, D(a) or D(b) or a=b holds, by definition of strong
equality; so that because of aq, ay and ag also D(e) has to hold in the models of
spg, while US(spg)F/ D(e). Moreover for all families X of variables the free object
(Fr(X),m) for X in PMod(spg) is defined by:

Algebra Fr(X) =
SlFr(X) — X51
SzFr(X) — X52 U {.}
a™ X p(X) are undefined
eFr(X) — o

m(z) =a

The specification spy suggests that, to make US(sp) complete, a rule x is
needed, having basically the form

(A1 U{DM®)}) D e, (AU {D()}) D e, (AsU {t=t'}) De
(A1UA2UA3) D€

where t and t’ are ground terms. If ¢ and ' are not ground, the above rule has
obviously to be generalized by keeping track of the variables in ¢ and ¢’ in the way
introduced in Sect. 2.4.2.

However, since the logic considered here is infinitary, the above rule x has to
be generalized also to eliminate an infinite number of premises in one step.

Just in order to capture some intuition about the required generalization,
first consider a finitary case where there are more than one strong equalities to
eliminate (even though every finitary case can be handled by a finite number of

applications of %; see Sect. 4.4.1 below).
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spec sp;, =

sorts s;, 8,

opns
a,b, e, di— s
e:— Sy

axioms
a; D(a)AND(c) D D(e)
as a=bA D(c)D D(e)
az D(b)A D(c) D D(e)
ays D(a)AD(d) D D(e)
as a=bA D(d) D D(e)
as D(b)A D(d) D D(e)
ar D(a)Ne=d D D(e)
ag a=bAc=d D Dle)
ag D(b)Ae=d D D(e)

In all models of sp,, at least one among D(a) or D(b) or a=b holds, by defini-
tion of strong equality, and analogously at least one among D(¢) or D(d) or ¢=d
holds. Therefore in all models of sp,, the premises of at least one among « ... ag
hold and hence D(e) holds in the models of spy,,. O

Note that in all models of sp,, the premises of at least one axiom hold since
{prem(c;) | ¢ =1...9} is the set {D(a), D(b),a=b} x {D(c), D(d),c=d} and one
among {D(a), D(b),a=b} and one among {D(c), D(d),c=d} has to hold. Then
for a generic finitary case from a family {¢; | j = 1...n} of conditional formulas

an elementary formula ¢ is deduced iff:

o cons(¢;) =cforall j=1...n;

o {prem(¢;)|j=1...n} is the set

{D(ty), D(t}), ti=t1} x ... x {D(tn), D(t,.), t,n=t..}

m

for some t;,t: and 1 = 1...m.

Indeed in all models A one among D(t;), D(t%),t,=t! holds for all : = 1...m
and hence there exists j € {1...n} s.t. A =6 for all 6 € prem(¢;).

The point is that there is a set {¢; | j = 1...n} of conditional formulas with
the same consequence and s.t. the premises of the ¢; cannot be simultaneously
falsified, because any choice of one element in every prem(¢;) is always true,
containing the set {D(t), D(t'), t=t'}.

The above discussion is summarized in a formal statement.
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Def. 4.4.8 Let I' = {I'; | 7 € J} be a possibly non-countable set of sub-sets of
EForm(X, Var).

e Sec(I') denotes the set of all sections of ', where a section of I' is a subset
of EForm(X, Var) of the form {v; | j € J} for some ; € I'; for all j € J;

o ' is ininfluent iff for all U € Sec(I') there exist ¢,#' € Ty(Var) s.t.
D(t),D(t'),t =t € V.

For sp = (X, Ax), the inference system CL,(sp) (where the index v stands for
“variables”) consists of the axioms and inference rules of US(sp) and of the follow-

ing inference rule, where ©;, I'; are arbitrary countable subsets of EForm (X, Var),

¢ € EForm(X, Var):

{@jUF]‘36|j€J}
D(UjesVar(T';)) U (Ujes0;) D¢

Elimination {I'; | y € J} is ininfluent. O

The intuition that I' = {I'; | j € J} is ininfluent iff ' is, in some sense,
{D(t1), D(t}), 1=t} x ... x {D(tn), D(t),), tm=t.,} x ... is formalized by the
following proposition, that states that I' is ininfluent iff its sections are subsets of
the sections of a family of sets of the form {D(t), D(t'),t=t'}.

Prop. 4.4.9 Let I' = {I'; | j € J} be any family of sets of elementary formulas.
Then I' is ininfluent iff there exist a set I, either {1...%k} or IN, and terms ¢,
t: for © € I s.t. for every section o of R = {R(t;,t}) | 1 € I}, where R(t,t') =
{D(t), D(t"),t =t'}, there exists j € J s.t. I'; C 0.

Moreover if J and I'; for all j € J are finite, then [ is finite too.
Proof.

= Consider the set C' of all possible couples of terms appearing in I'; then
C' is denumerable at the most; fix an enumeration for C, so that ¢ =

{(t;,t}) | ¢ € I}, where [ is {1...k} if C is finite (in particular if J and I';
for all j € J are finite), otherwise / = IN.

Assume by contradiction that a section o of R = {R(#;,t}) | ¢ € I} exists
s.t. I'; € o does not hold for every j € J, i.e. there exists v, € I'; s.t. v; ¢ o
for every j € J. Thus, by definition, ¥ = {y; | y € J} is a section for
I' and ¥ No = (. Because of the ininfluence of T', there exists n € I s.t.
R(t,, 1)) € ¥, so that ¥ N o # (), as o is a section of R, contrary to the

construction of W.



4.4. BUILDING LOGICS 169

< I T'; = 0 for some j € J, then I is obviously ininfluent; otherwise let ¥ be a
section of I' and assume by contradiction that there do not exist terms ¢,
s.b. R(t,t") C W. So in particular for every ¢ € [ there exists o; € R(#;,1})
s.t. 0; ¢ U and hence ¥ No = (), where o is the section {o; | ¢ € I} of R. By
hypothesis there exists j € J s.t. ) £ I'; C o and hence, ¥ being a section
of I, W N # (), contrary to the construction of o. a

Prop. 4.4.10 The inference system CL,(sp) is a system for sp.
Proof. Since Prop. 2.4.10 proves that US(sp) is a system for sp, it is sufficient
to show that the elimination rule is sound.

Let A belong to PMod(sp) and A =y 0 for some valuation V for
VCLT(D(VCLT(U]‘GJF]‘)) U (U]‘GJG)J') D) 6)

and all § € (D(Var(U;e ;) U (Ujes0;)), and show that A |y e. To this end
it is sufficient to prove that there exists j € J s.t. A v 6 for all § € ©; U,
because A = (©; UT';) D e for all j € J by inductive hypothesis, and V is also a
valuation for Var(®, UT; D €) in A.

Since A |y 6 for all § € U;c;0;, it is sufficient to show that there exists j € J
s.b. A |y vy forall vy € T.

By contradiction assume that for every j &€ J, there exists v; € I'; s.t.
AEE paryy;.  Let W be the section {v; | 7 € J}; then, by definition of
U, AE paryy for all ©» € U, which contradicts the assumption that for all
U € Sec({l'; | j € J}) there exist £, € Tg(Var)|S s.t. D(t), DY), t=t' € ¥,
because if A pary D(t) and A pary D(t'), then A =y t=t'. O

Remark. Note that, because of rules 2b and 5 of CL,(sp), for all terms ¢, ¢,

all sets A of elementary formulas and all elementary formulas ¢
CLy(sp) F {i=t'} UA D e < CL,(sp) F {t'=t} UA D¢
and analogously

CL,(sp) F ADt=t' <= CL,(sp) - A D=t

i.e. t=t" and t'=t are interchangeable and hence in the sequel “...t=t'...7 is
regarded as an abbreviation for “ ...both t=t' and t'=t...” | or for “ ...{=t' or
t'=t...” and of similar phrases. a

Note that the elimination rule is clearly a generalization of rule x given above.

Now an example of use of elimination rule in an infinitary case is shown.
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spec sp, =

sorts sq, S5, S3

opns
a:— S
Uyt — Sy
as3: — 83
Ji,91:81 — 81
Jos 92182 — 89

axioms
ar {fi"(a1) = g1"(a1) [ n € N} D D(as)
ay {f."(az) = g."(az) | m € N} D D(as)
az Dy (21) A Dy,(22) D Dlas)

From a3, by the instantiation rule, for all ¢,7 € IN the following sentences

follow:
0% = (D(fi'(a1)) A D(f'(a2)) D D(as))
0% = (D(fi'(a1)) A D(g’(a2)) D D(as))
0% = (D(g1'(a1)) A D(fa’ (a2)) D D(as))
(D(g1' (1)) A D(g2’(az)) O D(as))

I = {prem(a;)}U{prem(az)}U{prem(0%,;;) | k =1...4;7,5 € N} is ininfluent
and hence from ay, ay and {prem(0%;;) | k= 1...4,4,57 € N}, by the elimination
rule, D(as) is deduced. Indeed let ¥ be a section of I'; by definition, in W there
are an element of prem(ay), say fi™(a1) = ¢1”(a1), an element of prem(az), say

f2"(a3) = g2"(az), and an element of prem(6*, ) for every k = 1...4 and hence
{D(flm( )) D(g1™(a1))} € W or {D(f2"(az2)), D(g2"(a2))} S W, by definition
of prem(0*,.,,). Therefore {D(f1™(a1)), D(g:1™(a1)), fi"(al) = 1™ (a1)} € ¥ or
{D(f:"(a2)), D(g2"(a2)), 2" (a2) = g2"(az)} € V. O

The CL,(sp) System

In order to show the seq-completeness of CL,(sp), the simpler deduction system
CLy(sp) is introduced first, where the elimination rule has been restricted to work
only on ground formulas, and it is shown that the seq-completeness of CL,(sp)
for sp and the empty family of variables implies the seq-completeness of CL,(sp)
for sp and every family of variables; to do this in particular in a preliminar lemma
deduction in CL,(sp) is proved to reduce to ground deduction in CL,(sp). Then
CLy(sp) is proved to be seq-complete for sp and the empty family of variables and
hence CL,(sp) is seq-complete.
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Def. 4.4.11 Let sp be (¥, Ax); the inference system CL,(sp) (where the index ¢
stands for “ground”) consists of the axioms and inference rules of US(sp) and
of the elimination rule restricted to work on sentences without variables, i.e.

of the following inference rule, where ©;, I'; are arbitrary countable subsets of

EForm(X,0), ¢ € EForm(%, §):

{@jUF]‘36|j€J}
(Ujes0;) D¢

Ground Elimination {I'; | 7 € J} is ininfluent

The seq-completeness of CL,(sp) w.r.t. the empty family of variables and sp will
be called gseq-completeness, and analogously eeq-completeness of CL,(sp) w.r.t.

the empty family of variables and sp will be called geeq-completeness. a

For the proof of both the gseq-completeness theorem and some of the inter-
mediate results it is crucial to show that CL,(sp) satisfies the deduction theorem,
which is well known and fundamental in classical logic, w.r.t. elementary ground

formulas, i.e. for all sets of elementary ground formulas I’
CLy (X, Az UT)FADe < CL,(sp)FT"UA D e for some " CT

Prop. 4.4.12 [Deduction Theorem] Let sp be the conditional specification
(X, Az) and T be a set of elementary ground formulas over ¥.

Then CL,(X, Az UT) A D eiff CL,(sp) F TV UA D¢, for some [V C T
Proof. Let sp’ be the conditional specification (¥, Az UT).

< Assume that CLy(sp) F I UA D e. Then, by definition of sp and sp’,
CLy(sp") F TV UA D ¢, too. Moreover CL,(sp’) = ~ for all v € I”, since
[ C T, and hence CL,(sp’) F A D ¢ follows too, by Modus Ponens rule,

since I'" is a set of ground formulas.

= The proof is by induction over the definition of CL,(sp’).

Proper axioms

— If (A D €) € Az, then CL,(sp) F A D € and hence the thesis
follows for I'" = {);

- If (A D ¢ € I, then A = §; now it is shown that
CL,(sp) F € D € for every ground elementary formula €, and hence
the thesis follows for I'" = {¢}.

* Let ¢ be the formula D(t), with ¢ € Ty,. Then
ClLy(sp) B D(t) ANt=t D D(t) by rule 4 and CL,(sp) F t=t
by rule 2a; so from rule 5 CL,(sp) = D(t) D D(t) follows too.
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* Let ¢ be the formula t=t', with ¢,#' € Tg,.  Then
CL,(sp) Ft=t' D t'=t and CL,(sp) k- t'=t D t=t' by rule 2b ;
so, by rule 5, CL,(sp) F t=t' D t=t' follows too.
Axioms 2...4 obvious, for IV = (.
Modus Ponens Assume that CL,(sp’) F A U Z=Z D € and
CLy(sp") F Ag D € for all £ € = so that CLy(sp’) deduces
D(Var(Z) — Var(A U UgezA¢ D €)) UA U UgeeA¢ D e

By inductive hypothesis, CL,(sp) F A U Z UTI” D € and
CLy(sp) F Ag UTE D € for all £ € = and some I, T, € I'. Thus

because of rule 5
CLy(5p) F D(Y) U AUT" U (UgeaA¢) U (Ugezls) D ¢

where Y = Var(Z) — Var(A UT" U (UgeeAg) U (Ugezly) D ) iee.
Y = Var(Z) — Var(A U (UgeeA¢) D ¢), because both I and I'; are
sets of ground formulas,; thus the thesis follows for I = I'" U Uge=l;.

Instantiation/Abstraction Assume that CL,(sp’) H A D € and denote
by v* the formula [t/ | € X, s € S]; so that
CLy(sp") F {D(t,)|r € X5, € S}U{8*6 € A} D€
By inductive hypothesis CL,(sp) F " UA D¢, with I C I'. Thus, by
rule 6,
CLy(sp) F{D(t:) |z € Xs,5 € S}U{" |6 A} U{y |veTl"} D€
i.e. , since every v € I'" is a ground formula,
CLy(sp) F{D(t;) |z € X5,5 € SFUT"U{6" |6 € A} D¢

and hence the thesis follows for IV = I".

Elimination Assume that (i) CL,(sp’) F A;UT; D efor all 7 € J and that
(ii) there exist ¢,t' € Ty s.t. D(t), D(t') and t=t’ belong to ¥ for all
U e Sec({l'; | j € J}), so that CL,(sp) F (UjesA;) D €. Because of (i)
and of the inductive hypothesis

CLy(sp) FTUT; UA; D e,

with T C T for all j € J. Thus, by (i) and elimination rule,
CLy(sp) B (Ujeal) U (UjesA;) D e, ie. the thesis follows for IV =
U]EJF; |:[
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Remark. Note that it is immaterial which variables are used in deduction
both by CL,(sp) and CL,(sp), because the a-rule of the A-calculus can be derived
by rules 5, 6 and 1. Therefore in the following the variables used during the proof
of any theorem by CL,(sp) are assumed w.l.o.g. not to be in X. a

Lemma 4.4.13 Let ¥ = (S, F) be a signature, sp = (¥, Az) be a conditional
specification and X be an S-sorted family of variables.

Let spy denote the conditional specification (Xx, Axx), where ¥y = (5, F U
{ops:— s | ¥ € Xi}ses) and Axy = Az U {D(op,) | * € X}, and ¢* denote
dlop/x | x € X] for all conditional formulas ¢.

For all conditional formulas A D €, CL,(spx) F A* D € implies CL,(sp) F
DX)UADe
Proof. Since rule 6 allows to arbitrary increase the definedness assertions in the
premises of any deduced formula, it is sufficient to prove that CL,(spy ) A* D €*
implies CL,(sp) b D(X")UA D efor some X’ C X. The proof is done by induction
on the definition of CL,(spy).

Proper axioms

o If (A De)€ Ax, then CL,(sp) = A D ¢, by definition.
e Otherwise (A D ¢) = D(op,) and the thesis follows by rule 1.

Axioms 2...4 obvious.

Modus Ponens Assume that CL,(spy) F ©* U I DO ¢ and
ClLy(spyx) F 0, D ~* for all vy € T'; then

Cly(spx)FE D(Z)U O™ UUer©0," D€

where

Z = Var(I") = Var(0* U (Uyer®%) D €).
Since Z N X = () by definition of Z, it is sufficient to show that
CL,(sp) F D(X)U D(Z) U O U (Uyer©,) D e

By inductive hypothesis, CL,(sp) F D(X) U © UT D € and
CLy(sp) F D(X)U®, D~ forall y € I'. Thus

CLy(sp)F D(X)UDY)UOU (Uyer©,) D e,
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because of rule 5 of CL,(sp), where Y is the set
Var(I') = Var(© U (U,er©,) D e).

Moreover Y U X = Z U X by definition of Y and Z and hence the thesis

follows.

Instantiation/Abstraction Assume that CL,(spx) F A* D €.

Then for all families 7 of variables (for CL,(sp)) and all
I'py ={D(t.) | z€ Z}, CLy(spx) b ¢, where ¢ is

Ppe U{o[t-/z ]z € Z]| 6 € A"} D [t-/2 | 2 € Z].

For all ¢, there exists one term ¢/ s.t. ¢.*=t.. Thus (n*[t./z | z € Z])* =
(n[tl/z | z € Z])* for all elementary formulas 1 and hence ¢ is also

(Fp )"V ({elt/2 [z € Z) |6 € A} D (e[t/= | z € Z])7,

where I'p., is {D(t,) | =z € Z}. By inductive hypothesis,
CLy(sp) F D(X)UA D ¢ thus, because of rule 6 of CL,(sp), CL,(sp) F ¢/,

where ¢ is
Uy U{O[tL/2 |2 € Z) | 6 e AUD(X)} D e[t,/z | z € Z].
Finally, since X N Z = (), because of the assumption that all variables in X

do not appear in any proof of CL,(sp), D(2)[t./z | z € Z] = D(x) for all
x € X, and hence

{8[t.)]z|z€ Z]| 6§ € AUDX)} = D(X)U{§[t./z |z € Z] |6 € A}
so that ¢ is
DX)UTh,, U{d[tl/z |z € Z] |6 € A} D e[tl/z | 2z € Z]
and hence the thesis follows.

Elimination Assume that CL,(spx) = AT UTY D ¢ for all j € J and that for
all U € Sec({I't [ j € J}) there exist ¢,¢' € Te(X) s.t. D(t), D(¥') and t=t'
belong to W. Then, by inductive hypothesis, CL,(sp) F D(X)UA;UT; D€
for all j € J and, by definition of I'}, for all ¥ € Sec({I'; | j € J}) there exist
t,t' e Tx(X) s.t. D(t), D(t') and t=t' belong to W. Thus, by elimination rule
of CL,(sp), CL,(sp)F D(X) U (Ujes4;) D € follows, too. O
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Prop. 4.4.14 If CL,(sp) is gseq-complete for all conditional specifications sp,
then CL,(sp’) is seq-complete for all families of variables and all conditional spec-
ifications sp’.
Proof. Let ¥ = (S, F) be a signature, sp = (¥, Axz) be a conditional specifica-
tion and X be an S-sorted family of variables. Using the notation of Lemma 4.4.13,
it is shown that the gseq-completeness of CL,(spy) implies the seq-completeness
of CL,(sp) for X and sp.

Assume that CL,(spy) is gseq-complete, € is an elementary formula over ¥ =
(S, F)and X s.t. CL,(sp)t/ D(X') D eforevery X' C X and show that there exists
a model A s.t. A parD(X) D ¢, i.e. that there exists a valuation V: X — A

s.t. A |7£ PARy €
To this end it is sufficient to prove that there exists a model B of spy s.t.

B H parc®; indeed the thesis follows for A defined by s4 = s for all s € S,
op* = opP for all op € I (i.e. A is the Y-reduct of B) and V defined by V(z) =
op.®, which is well defined because of the axioms D(op,). In order to prove
that there exists such a model B, CL,(spy) being gseq-complete, it is sufficient
to show that CL,(spx)t/ €. Because of Lemma 4.4.13, if CL,(spx) b €*, then
CLy(sp) F D(X) D e and hence CLy(spx)H/ €, because CL,(sp)H/ D(X) De. O

Notation.  Since in this section the focus is mostly on ground formulas and
the system CL,(sp), some short notations is introduced first : in the sequel
EEq(CLy(sp),0) will be denoted by EEq(sp), NF(CLg(sp),0) by NF(CLg(sp))
and Fr(CL,(sp),0) by I(sp). O

In the literature, in the case both of partial positive conditional and of total
conditional specifications, any system L(sp) for sp is shown to be geeq-complete
by proving that [ = T/ =% (sp) is a model, since I = ¢ iff L(sp) F ¢ for all
¢ € EEq(sp,0). Unfortunately the same proof technique cannot be adopted in
the case of (possibly) non-positive conditional specifications, since in general they
do not have an initial model and if I € PMod(sp), then it is initial in PMod(sp)
(see e.g. Theorem 2.4.17). In other words it cannot be given a model which does
not satisfy all undeducible ground equalities, but for each undeducible ground
equality ¢ a model which does not satisty ¢ has to be exhibited. To do this,
first only those € € EEq(sp) s.t. CLy(sp)t/ € are considered and a model A,
of sp is built s.t. A, pare; in particular an enrichment sp, of sp is exhibited
s.b. CLy(sp.) H € and I(sp,) is a model of sp,, so that A, = I(sp,) £ pare and
obviously A, € PMod(sp), because sp, is an enrichment of sp.

Then for every n ¢ EEq(sp) s.t. CLy(sp) F/ n an enrichment sp, of sp s.t.
n € EEq(sp,) and CLy(sp, )t/ n is exhibited, so that the problem reduces to the
above case.
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Consider now the first problem, the building of such a sp.. As shown in
Sect. 2.4, I(sp) is not a model iff a naughty formula exists, i.e. a conditional
sentence that is an instantiation of an axiom of sp by defined terms (snfi) and
s.t. its premises hold in I(sp) (snfz) while its consequence does not (snfs). Thus
the intuitive idea is to try to clear out the set NF(CL,(sp)) of naughty formulas,
by adding as axioms of the enrichment suitable elementary formulas making false
snfy or snfs in the enriched specification for all formulas in NF(CLg(sp)) (the set
of these formulas is called a “resolving choice”). Obviously it is possible that in
the enriched specification a conditional formula is naughty, which in sp was not,
because it was not an instantiation of an axiom by defined terms, or because one
of its premises was not deducible; so that also the enriched specification has not
an initial model. Therefore a wider class of formulas has to be considered, the

“possibly naughty” formulas.
Def. 4.4.15

e For a given conditional specification sp, the set PNF(sp) (for Possibly
Naughty Formulas) consists of all ground conditional formulas ¢ s.t.
— CLy(sp) E &;
— CL,(sp)t/ cons(9).
e An r-choice (for resolving choice) C' is a set of ground elementary formulas
s.t. for all ¢ € PNF(sp)
(prem(¢) N EEq(sp)) € C implies that if cons(¢) ¢ C, then (t=t') €
prem(¢) — EEq(sp) exists s.t. both conditions:
— (t=t'), (t'=t) ¢ C and
— one between D(t) or D(t') belongs to C

hold.

e The set of all r-choices is denoted by R-Choice. a

The first intermediate result states that the resolving choices are really resolv-

ing, i.e. that the enriched specifications have initial model.

Lemma 4.4.16 For all conditional specifications sp = (X, Az) and all r-choices
C,NF(X,AxuC) = 0.

Proof. Let C be an r-choice for sp and sp’ be the conditional specification
(2, AzUC'); in order to show that NF(sp’) is empty assume that the conditions n f;
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and n f; hold for a conditional formula ¢ and the system CL,(sp’) and show that
the condition n fs does not hold. In particular it is shown that CL,(sp) F cons(¢)
or cons(¢) belongs to C.

From n fi, because of rules 5 and 6, CL,(sp’) F ¢ and hence, by the deduction
theorem, there exists a subset I' of C s.t. CL,(sp) F T' U prem(¢) O cons(¢).
Moreover, because of nfy, I(sp’) | 6 for all & € prem(¢) and hence, by def-
inition of I(sp’), CL,(sp’) & 6 for all &6 € prem(¢) N EEq(sp’). Thus, by the
deduction theorem, for all § € prem(¢) N EEq(sp’) a subset I's of C exists s.t.
CLy(sp) F T's D 6.

Thus, because of rule 5, CL,(sp) F ¢, where ¢ is the conditional formula

(I'U Useprem(é)neeqspn]l's) U (prem(¢) — EEq(sp')) O cons(¢).

Therefore either CL,(sp) F cons(¢) or ¢' € PNF(sp). Assume that ¢’ €
PNF(sp) and show that cons(¢) € C. By definition of sp and sp’, EEq(sp) C
EEq(sp’) and hence prem(¢’) N EEq(sp) C prem(¢’) N EEq(sp’); moreover, by
definition of ¢’,

prem(¢/) N EEq(Sp/) g (F U U5€pT€m(¢)ﬂEEq(sp’)F5) g 07

so that prem(¢’')NEEq(sp) C C. Thus, by definition of r-choice, either cons(¢’) €
C, or there exists (t=t') € prem(¢’) — EEq(sp) s.t. (t=t"), (t'=t) ¢ C and D(t) or
D(t') belongs to C.

Finally, by definition of ¢', for every (t=t') € (prem(¢’) — EEq(sp)) ei-
ther (1=t') € (I' U Useprem(¢)neEq(sp)]'s) and hence (i=t") € C, or (1=t') €
(prem(¢) — EEq(sp’)) and hence, by definition of EEq(sp’), neither D(t) € C
nor D(t') € C. Therefore, by definition of choice, cons(¢’) € C. O

Thus for all r-choices ', the enriched specification has an initial model; now
it is shown that for every ¢ € EEq(sp) s.t. CL,(sp)t/ € there exists at least one

r-choice s.t. also in the enriched specification ¢ does not hold.

Lemma 4.4.17 If sp = (X, Ax) is a conditional specification and € is an ele-
mentary ground formula s.t. CL,(sp) t/ €, then there exists an r-choice C s.t.
CLy (3, Az U C)H e.

Proof. Assume by contradiction that CL, (X, Az UC') I € for all r-choices C and

show that there exists a set © of conditional formulas s.t.
1. cons(0) = e for all § € O

2. CLy(sp) F 0 for all 6 € O;
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3. for every W € Sec({prem(0) | 0 € O}) there exist ¢, € Tk, s.t. D(t), D(t')
and t=t" belong to U;

thus, because of the elimination rule, CL,(sp) F €, contrary to the hypothesis.
Because of the assumption that CL,(X, Az U C') F € for all r-choices C' and of the
deduction theorem, for each r-choice C' there exists I'c € C s.t. CLy(sp) FT'¢ D ¢
let © be the set Ucer—choice R(I'c D €), where R(I'c D €) consists of the formulas
I'y UUqyer, Ay D e st

® Fl U FQ == FC,
® Fl N FQ = @
e (A, D)€ PNF(sp) for all v € I's.

Since CLy(sp) F + for all » € PNF(sp) and CL,(sp)t I'c D € for all r-choices C,
then, by rule 5, CL,(sp) F 6 for all § € ©; thus O satisfies conditions 1 and 2 and
hence it is sufficient to show that O satisfies also condition 3.

Again the proof is by contradiction: assume that condition 3 does not hold,
i.e. that there exists U € Sec({prem(0) | 0 € O}) s.t. for all £, ' € Tx), at least one
among D(t), D(t') and t=t' does not belong to W, and show that there exists § € ©
s.t. prem(0)NW = ), contrary to the assumption that ¥ € Sec({prem(0) | € O}).

In order to prove that there exists such a § an r-choice €' is built s.t. for all
v € C either v ¢ W, or there exists (A, D7) € PNF(sp) s.t. A, N ¥ = §; thus
0 = [(I'c — W)U Uerenud,] D € belongs to R(I'c D €) and hence to O, while
prem(6") N ¥ = 0.

Let C be Co U Cp, for Co = {y | (A D v) € PNF(sp),AN¥ = 0} and
Cp=A{D(t)|teTs,D(t) ¢ ¥}.

Thus for all v € C either v ¢ W, or there exists (A, D v) € PNF(sp) s.t.
A, NV¥ = and hence it is sufficient to show that C is a choice. Let y belong to
PNF(sp) s.t. prem(x) N EEq(sp) C C; then, by definition of choice, it is sufficient
to show that cons(y) € C, or * [there exists (t=t') € prem(x) — EEq(sp) s.t.
(t=t") ¢ C and D(t) or D(t') belongs to C']. Thus assume that % does not hold,
i.e. that for all (t=t') € prem(y)—EEq(sp) (t=t') € C, or both D(t) and D(#') do
not belong to C, and show that there exists x' € PNF(sp) s.t. prem(x') "W =0
and cons(x') = cons(y), so that cons(x’) € Cc and hence cons(x) € C. Since
CLy(sp) b 1 for all » € PNF(sp), R(¢») € PNF(sp) for all ©» € PNF(sp); so that
in order to built such a x’ it is sufficient to show that for all n € prem(y) N ¥
there exists (A, D 1) € PNF(sp) s.t. A, NV = @ and the thesis follows for

X' = [(prem(x) — V) U (Une(prem(neyQy)] D cons(x).
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Let n € prem(x) N ¥; show that n € C' and hence n € C NV = C¢ so that, by
definition of ', there exists (A, D n) € PNF(sp) s.t. A, NV =0 If n € EEq(sp),
then, because of the assumption prem(y) N EEq(sp) € C, n € C. Otherwise
n € prem(y) — EEq(sp) has the form t=t" and, because of the absurd hypothesis
on ¥ and t=t' € ¥, D(t) or D(t') does not belong to ¥, so that, because of
definition of Cp, D(t) or D(t') belongs to C'; thus, since (t=t') € C, or both D(t)
and D(t') do not belong to C', n = (t=t') € C. O

Finally it is possible to show the gseq-completeness of CL,(sp).

Theorem 4.4.18 The system CL,(sp) is gseq-complete w.r.t. sp.

Proof. Let € be an elementary ground formula, assume that CL,(sp)H € and
show that there exists a model A of sp = (X, Ax) s.t. AE page. The proof is
divided in two cases.

1. Let € belong to EEq(sp).

o If NF(ClLg(sp)) is empty, then A = Tx/ =9} is a model, because of
the Theorem 2.4.17, and, by construction of =“(*») A £ p 4re.

e Otherwise an r-choice C exists s.t. CL,(X, AzUC)H e, by Lemma4.4.17.
Moreover NF(CL,(sp")) is empty, where sp’ = (X, Az U C'), because
of Lemma 4.4.16; thus A = T/ =(*) is a model of sp’, because of
Theorem 2.4.17. Finally A belongs to PMod(sp), since PMod(sp’) C

PMod(sp) by definition of sp’, and moreover A £ pare, by definition
of A.

2. Let € have the form t=t', CL,(sp)t/ D(t), and CL,(sp)t/ D(t'); if there exists

a conditional specification sp’ s.t.

(a) PMod(sp') € PMod(sp);
(b) € € EEq(CLy(sp"));
(c) CLy(sp')H &

then, because of 1 and of conditions 2b and 2c, there exists a model A of sp’
s.t A pare and hence, because of 2a, A is also a model of sp which does

not satisfy e. Therefore it is sufficient to show that there exists such a sp’.

Let sp; be the specification (¥, Az U {D(¢)}) and sp, be the specification
(3, Az U {D(?")}); it is shown that CL,(sp,)H/t=t" or CL,(sp,)/t=t'. By
contradiction assume that CL,(sp,) F t=t" and CL,(sp,) i t=t" and prove
that CL,(sp) - t=t'.
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Because of the absurd hypothesis and of the deduction theorem, both
CLy(sp) F D(t) D t=t" and CLy(sp) F D(t') D t=t'; moreover, by rule 2.2b,
CLy(sp) F t=t' D t'=t and CLy(sp) - t'=t O t=t' and hence, by rule 5,
CLy(sp) b t=t" D t=t'. Thus, applying the elimination rule to the set
{D(t) D t=t',D(') D t=t',t=t" D t=t'}, CL,(sp) F t=t'. Therefore
CLy(spy) H/ t=t', and in this case let sp’ be sp;, or CL,(sp,)H t=t', and
in this case let sp’ be sp,. In any case sp’ satisfies conditions 2a, 2b, 2¢ by
definition. a

Theorem 4.4.19 Let sp be the conditional specification (¥, Az) and X be a
family of variables; the conditional system CL,(sp) is seq-complete for X and sp.
Proof. From Prop. 4.4.14, CL,(sp") being gseq-complete for all conditional spec-
ifications sp’, because of Theorem 4.4.18. a

Finitary Deduction

If all the axioms of a conditional specification sp have a finite set of premises, then
the system CL,(sp) can be specialized to obtain an seq-complete system whose
rules have a finitary number of premises and only deal with finitary formulas.
This is in particular the case for every finitary higher-order specification, because

the axioms introduced by the skolemization procedure are finitary.

Def. 4.4.20 Let sp = (X, Ax) be a conditional specification s.t. A is finite for all
A D ein Ax. Let CLs(sp) be the inference system consisting of the axioms in Az,
of the axioms 1...4 of CL,(sp) (definedness of variables, congruence, strictness,
definedness and equality) and of the following inference rules; where any formula

is assumed to be finitary:
5¢ Modus Ponens

AU{v}De Ay Dy
DWVar(y) = Var(AUA, De))U(AUA,) De

6 Instantiation/Abstraction

ADe
{D()}U{oft/a]| 6 € A} D elt/a]

where t € Tg(Var)|S,:1; e X,.
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75 Elimination

(A U{D()}) D e, (A U{D()}) D e, (AsU{t=t'}) D¢
D(Var(t=t")) U(A UA;UA3) De

The seq-completeness of CLy(sp) follows from the one of CL,(sp), because
CL,(sp) F A D e implies that there exists a finite ' C A s.t. CLg(sp) F ' D e
To prove this claim two intermediate results are needed. The first lemma is
stated in a merely combinatorial form and guarantees that every application of
the elimination rule to a possibly infinite set of finitary premises may be replaced
by an application of the elimination rule to a finite set of finitary premises. The
second lemma states that an application of the elimination rule to a finite set of
finitary premises can be replaced by a finite sequence of application of the rule of
finitary elimination 9;.

Notation. Let Val be a denumerable set of values, R C g, (Val) be a relation
over Val and I' be a (possibly more than denumerable) collection of subsets of
Val. It is denoted by Sec(I') the collection of all possible sections of T', i.e. of all
subsets o of Val s.t. 0 = {v, | v € I'} for some v, € 4 for each v € I, and say that
I' is R-ininfluent iff for every section o of I' there exists R € R s.t. R C o. a

Lemma 4.4.21 Let Val be a denumerable set of values, R C @pi,(Val) be a
relation over Val and I be a (possibly more than denumerable) collection of subsets
of Val. If T" is an R-ininfluent collection of subsets of Val s.t. v is finite for all
~v €I, then there exists an R-ininfluent finite subset of T

Proof. IfI'isfinite, then the thesis is trivial; thus assume that I' is infinite. Since
Val is denumerable and I' is a collection of finite subsets of Val, I' is denumerable,
too. Fix an enumeration for I' and denote I' = {T'; | « € IN}. Now a tree is built
whose finite paths are all and only the sections of {I'; | ¢ < n} for all n € IN which
do not contain any element of R and this tree is shown to be finite. The tree is

inductively defined as follows.

Ty is just the root, labeled by the empty set.

T,.11 1is the tree obtained from T), by the following rule:

for every leaf [ of T, let path(l) denote the set of the labels of the nodes
from the root to [; then to each leaf [ of T,, at depth n a son labeled {7} is
added for all v € T',, s.t. path(l) U {~} does not contain elements of R

(Note that in this way if at step &k a son has not be added to some leaf, then
at any further step, say n, this leaf is at depth & < n and hence no sons are

added any more).
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Assume by contradiction that there does not exist n € IN s.t. T}, = T,,41. Then
by construction an infinite tree is obtained, which is finitely branching, because
every ', is finite; hence, by the Konig lemma, there exists an infinite path. But
an infinite path, by construction, should be a section for I' which does not contain
any element of R, contrary to the assumption that I' is R-ininfluent. Therefore
there exists n € IN s.t. T; = Thyq. Finally IV = {I'g...T541} is R- ininfluent.
Indeed let {7o...7741} be a section for I’; then either there exists R € R s.t.
R C{vo...7a} or {v0...7va} is path(l) for some leaf [ of T and hence for each
v € 'z there exists R € R s.t. R C {yo...9a,7}, because T; = T 11, so that in
particular {~g...vs11} contains an element of R. Thus in both cases there exists
ReRst. RC{y...vns1} and hence I is R-ininfluent. O

Just to get the intuition of the construction of such trees T),, consider the

following simple example.
e Val = {a,b,c.d,e,...};

e R ={{a,b},{a,c,d}, {b,d}};
o I'y={a,b}; Ty ={b,c}; Ty ={a,d, e};...

Ty
U U

{a} {0}

{a} {0}

{c} {0} {c}
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T3
{}

U

{a} ’/////////{b}
{b}\\\\\\\\\x
{e}

{c} {c}

{c} {e} {e}

In order to show that an application of the elimination rule to a finite set of
finitary premises can be replaced by a finite sequence of applications of the rule

of finitary elimination 7;, a preliminary result is needed first.

Lemma 4.4.22 Let ©; UT'; D ¢ be conditional formulas for j = 1...k; if the
following conditions are satisfied, then ClLs(sp) = D(Y)U © D € holds for some
ﬁnite @ g Uj:l...kG)j and Y g VCLT(UjZlmkF]‘).

L. CLi(sp)F O, UL Defor y=1...k;

2. there exist terms ¢;, t/ for ¢+ = 1...n s.t. for each section ¢ of R =
{R(t;,t) | © = 1...n}, where R(t,t') = {D(1), D(t'),t = t'}, there exists

jEJS.t.F]‘gU.

Proof. The proof is done by induction over n.

e Let n be 1; then from condition 2 there exists j € {l...k} s.it. I'; = 0,
and in this case CLs(sp) F ©; D ¢, because of condition 1, so the thesis
follows for ® = O; and Y = (), or there are ji,j2,7j3 s.t. Iy, = {D(t1)},
Iy, = {D@)}, I';, = {t1i=t}} and in this case, because of rule T¢,
CL¢(sp) F D(Var(t;=t})) U (0,, UO;, UOB,,) D ¢ so the thesis follows
for Y = Var(t;=t}) and © = 0, UO,;, UO,,.
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o Assume that for all conditional formulas % UT% D ¢ for j = 1... %" sat-
isfying conditions 1 and 2 (for ¢ = 1...n) there exist @ C Uj=1..6 0
and Y C Var(Ujzi.pI%) st. CLg(sp) £ DY) U O D ¢ and that
{0, UT'; De|j=1...k} satisfies conditions 1 and 2 for n + 1.

Then for every section o of R = {R(t;,t}) | i =1...n} the sets A, and VU,
are defined as follows. Let oy be 0 U{D(t,41)}, 02 be s U{D(] )} and o3
be o U {t,41=t] ,,}; because of condition 2, there exist ji, jo,js € {1...k}
s.t. I, € oy for ¢ = 1,2,3. If there exists ¢ € {1,2,3} s.t. I';, C o, then
define ¥, = 0, and A, = T, so that CLs(sp) F A, UV, D ¢ from
condition 1 and A, C o by construction. Otherwise I';, = I', U{D(t.41)},
Ly, = 1% U{D(t,,,)} and I';, = I, U {t,31=t, 1 }; in this case define
U, =0;,U0;,U0,UDVar(t,y =1,,))and A, =T" UI" UI" ; also
in this case CLs(sp) F A, UW, D ¢, because of rule 7 and condition 1, and
A, C o by construction.

Thus the conditional formulas A, U W, D ¢ for all sections o of R satisfy
the condition 1 and condition 2 for R = {R(#;,%}) | i = 1...n}. Therefore,
because of the inductive hypothesis, there exist finite ©" C U,esec(r) ¥, and
Y' C Var(Useseqr)As) s.t. CLi(sp) F D(Y')U O D e.

Since both Var(Useseer)As) € Var(Uj=i.xl';) and Useser)¥s, C
Uj=1.40; U Var(t,y1=tl 1), CLy(sp) = D(Y)U O D ¢, where O =
O'— DWVar(lyys =1,,4)) and Y =Y U (0" — O). O

Lemma 4.4.23 If CLs(sp) F ©O; UL, Deforall y € J,I'={I';, | j € J} is
ininfluent and .J is finite, then CL¢(sp) F D(Y) U © D € holds for some finite
0 C U]‘GJ@]‘ and Y C VGT(U]‘GJF]‘).

Proof. By Prop. 4.4.9, I = {1...k} and terms ¢;, ¢! for ¢ € [ exist s.t. for every

K3

section o of R = {R(t;,t}) | © € I}, where R(t,t') = {D(t), D('),t = t'}, there

K3

exists 7 € J s.t. I'; € 0. Thus Lemma 4.4.22 applies. a

Theorem 4.4.24 Let sp = (¥, Ax) be a conditional specification s.t. A is finite
for all A D e in Az and X be a family of variables. The system CLg(sp) is
seq-complete for sp and X.

Proof. The proof relies over the seq-completeness of CL,(sp). Indeed it is shown
by induction over the rules of CL,(sp), that CL,(sp) F A D e implies that a finite
I' C A exists s.t. CLs(sp) F T' D €. Thus for every elementary formula € if A |=
D(X) D efor all A € PMod(sp), then CL,(sp) F D(X') D € for some X' C X,
because of the seq-completeness of CL,(sp), and hence CLs(sp) F D(Y') D € for a
finite Y C X’ C X. Consider the inductive proof.
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The proper axioms and the axioms 1...4 are common to both the systems and
have finitary premises, so that the thesis trivially follows.

Assume that the premises of rule 5 have been deduced, i.e. that
CLy(sp) F AUT D eand CL,(sp) F A, D ~ for every v € I', and show that
CLs(sp) F T D € for a finite

" C(AUUyerA) U DVar(l) — Var((A U U,erA,) D e).

Because of the inductive hypothesis, CLs(sp) = A'UI" D ¢, for some finite ' C T’
and A" C A, and CLs(sp) B Al D v for every v € I' and some finite A’ C A,
Let I be {71 ...9.}; it is easy to check that applying n times the rule 5; the ~;
can be replaced one at a time by A’ and then, always by rule 5, the superfluous

variables (i.e. variables of 7 already occurring in A,)) can be removed so that
CLy(sp) F (A" U Uiz oA ) U D(Var(I") = Var((A'U Uiy 1AL ) D e) D e
and hence the thesis follows for
I'" = (A"UUiz1. o AL YU D(Var(I') — Var((A" U Uiz, AL).

Assume that the premise of rule 6 has been deduced, i.e. that CL,(sp) = A D ¢,
and show that there exists a finite

FC{D(t,) |z € X5, s € STU{d[t/a |z € X;,s€S5]|6€ A}

s.t. CLs(sp) F I' D e. Because of the inductive hypothesis, CL¢(sp) F 17 D e for
some finite I C A. It is easy to check that applying n times the rule 5, starting
from [V D €, the system CL(sp) deduces

{D(ts) ... Do)y UAA[tey /21, sty J2a] |7 €T} D €ltey /a1 - tey /2],

for {x1...z,} the variables of X appearing in IV D e.
Thus

CLi(sp) F{D(ty)... Dt ) U {Y[te/z |z € X] |y €T} Delts/a |z € X]

and I' = {D(t,,)...D(ts,)} U{~[te/2x | @ € X] | v € T"} is a finite subset
of {D(ty) | = € X5,8 € SU{[t/z | » € Xsys € S] | & € A}, because
{z1...2,} € X, and I'" C A is finite.

Thus the only non-trivial step is the elimination rule.
Assume that CL,(sp) F O, UL, D eforall y € J, that ' = {I'; | j € J} is
ininfluent and show that CL¢(sp) F D(Y) U © D € for some © C U;c;0; and
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Y C Var(Ujesl';). Because of the inductive hypothesis, CLs(sp) = ©5 UT" D ¢
follows from CL,(sp) F ©; UT; D ¢, where both ©) C ©; and I} C T'; are finite,
for all j € J.

Moreover I = (I, | j € J} is ininfluent, because I'; C T'; implies
Sec(I”) C Sec(I'). Thus, because of Lemma 4.4.21 for Val = EForm(X, X) and
R ={{D@®),D),t=t'} | t,t' € Tx(Var)}, a finite [ C J exists s.t. {I') | ¢ € [}
is ininfluent and hence, because of Lemma 4.4.23, CLs(sp) F D(Y)U O D ¢ for
some © C U;/0% and Y C Var(U;erI'). As I and both I', and O’ for every ¢ € [
are finite, also © and Y are finite; moreover © C U,;c;0! C UjeJG); C Ujes0; and
Y CVar(Uiel) € Var(U;e 1) so that the thesis follows. O

Functional Deduction

Since the skolemization axioms are finitary, the translation along p® of the in-
ference system CL¢(sp) yields a sound and complete system for every finitary
higher-order specification.

For the more general case of infinitary higher-order specifications, a sound and

complete system can be obtained by translating along u the system CL,(sp).

Def. 4.4.25 Let 'CPAR be the logic (SignpAR, SenpAR, MOdpAR, |:PAR7 |_CL)7
where I'tFepeo iff CL,((X,T)) F ¢, and Lpar,, be the logic
(SignpAR, SenpARFm, MOdpAR, |:PAR7 |_CLF)7 where F|_CLF2¢ iff CLf((Z, F)) F
¢. O

It is immediate to check that ¢y and F¢pp are entailment systems.

. . E
PI‘Op. 4.4.26 The 10g1C ,C]:pHo = (SlganO, Senpro, MOdeo, |:PAR7 |_CLFM )

is finitary equationally complete, i.e. for every either strong or existential equality
¢ on variables X and every set I' of finitary conditional sentences if Al=p 4z for
all v € I' implies AEpar D(X) D ¢, then FI—CLF“ED(X’) D ¢ for a finite X’ C X.
The logic Lpno = (Signpye, Senpro, Modpro, Epar, FCL“E) is equationally
complete, i.e. for every either strong or existential equality € on variables X and
every set I' of finitary conditional sentences if Afpary for all v € T' implies
Al=parD(X) D ¢, then T D(X) D e
Proof. Because of Prop. 4.4.4, that applies because u” is logical simulation, i.e.

a surjective map of institution. O
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4.5 Building Proof Calculi

By applying the general result to the adjunction between entailment systems and
proof calculi, an informative proof system is attached to any entailment system
&, provided a proof calculus P and a translation of £ into the entailment system

underlying P are given.

Prop. 4.5.1 Let PCale denote the category of proof calculi with maps of proof

calculi as arrows and FEnt denote the category of entailment systems with maps

of entailment systems as arrows.

Then the functor (_)f: Ent — PCalc, defined by

e (&) = (Sign, Sen,t, thm, Idset, j), where thm is the functor sending each
theory to the set of its theorems, described in Section 2.2 of [63], and j is

the natural subfunctor inclusion thm C Sen and

o (0,a)f =(9,q, Oyihm ), Where @y, is the restriction of « to the theorem of

the domain, for every map (®, a),

is the right adjoint of the forgetful functor ent: PCalc — Ent, defined by ent(P) =
(Sign, Sen,F) for every proof calculus
P = (Sign, Sen,t, P,Pr,7) and ent(®,a,v) = (®, ) for every map (P, a, ).

Moreover the unity of the adjunction for a proof calculus

P = (Sign, Sen,F, P, Pr,7) is the map (I/dsign, [ ds,,7), where 7 is now viewed
as a natural transformation =: proofs = thm.
Proof. Proposition 34 of [63]. O

Lemma 4.5.2 Let £ = (Sign,Sen,F) be an entailment system, P’ =
(Sign’, Sen’,F', P!, Pr',7") be a proof calculus and (®,«): & — ent(P’) be a map
of entailment systems. Then the following diagram is a pullback

(P, o, ajypm)

(&) (ent(P"))*

(]dSignadeenaﬂ-) (]dSign’adeen’aﬂ-/)

P P’
(®,0,7)
where P = (Sign, Sen,t, P,Pr, ), for P = proofs and Pr = Idget, and 7, v,
proofs are defined by the following pullback square.
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A\ thm ,
thm ——thm' o ®

7 7'

proofs —— proofs' o ®

Proof. Since limits in functor categories are obtained by pointwise evaluation
(see e.g. [48], theorem 25.6) and Set has pullbacks, the pullback of the second
square exists and is defined pointwise. Therefore, since every 7'z ) is surjective,
each 7y ) is also surjective.” Thus P is a proof calculus.

Moreover by definition (@, «,7) is a map from P into P’, because aspn, 0 T =
7'¢ 0 7, and (Idsign, [dse,, ) is a map from P into (€)*, because Ids., o 7 =
Jldsign © 7~ And obviously the first diagram commutes; thus it is sufficient to show
that any other pair of natural transformations that makes the diagram commute
factorizes in a unique way through P.

Assume that (®, o, apy ) o (Y, @, 7) = (Idsign, [dsen, 7)o (W', @, 7'), for some
P and (¥, @,7): P — (E)F, (¥, &, 7). P" — P

Since pullbacks in functor categories are computed pointwise, the following
diagram is a pullback, because it is the translation of the diagram defining proofs,

v, © along ¥ (recalling that & o U = ¥’):

O{|thmqj , ,
thm oW thm' oW
!
TP Ty
proofs o W proofs’ o W'
T
and hence, since Qpng © F = 7'y o 7 there exists a unique

Az proofs” = proofs o ¥ s.t. both 7¢ 04 = 7 and vy 05 = 7. Thus it is suf-
ficient to show that (¥, @,¥) is a map, i.e. that 7y 07 = a@o 7"

Since (¥, @,7) is a map, jy 07 = @ o 7", i.e., j being the identity on thm,
7 =@ o 7”; moreover, by definition of ¥, ¥ = my 07, so that rg 0y =@ox". O

>The property that the pullback of a surjective map in Set is also surjective is easy to check
directly, and follows also (by the axiom of choice) from the general fact that in any category
pullbacks of retracts are retracts, see e.g. [48], prop. 21.13
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Prop. 4.5.3 The category Ent admits generalization under the functors (_)* and
ent.
Proof. By Theorem 4.2.1, that applies because of Prop. 4.5.1 and Lemma4.5.2. O

Remark. Note that, since maps of proof calculi do not take in account the
internal structure of the proofs, any two proof calculi having the same underlying
entailment system and the same functor proofs and natural transformation = are
isomorphic. Therefore the factorization of proofs by P = proofs and Pr = [dget
is arbitrary. In particular this factorization forgets the proof structure and hence
is not always the best possible choice, but it is the only canonical choice that can

be made in the general case. a

Example 4.5.4 Consider again the example of the translation of many-sorted
into one-sorted logic from Example 4.4.5.

First the one-sorted entailment system ent(L.) is endowed with a proof struc-
ture to get a proof calculus PC. and then, using the map of entailment system
(b, a):ent(Ly) — ent(Lms), sketched in Example 4.4.5, a many sorted proof
calculus PCpys 1s built, by applying the above theorem.

Since the definition of the Birkhoff’s entailment system is done by induction,
there is at hand a natural structure for proofs in the one-sorted framework. Con-
sider, indeed, as proof structures just the proofs trees. Thus Struct, is the cate-
gory of algebras on a tree signature (i.e. an algebraic signature including the sort
trees and operations to define and deal with trees) and Pg: The, — Struct,
associate with every theory (X,I') the free algebra of trees whose nodes are
labeled on Sen,(X¥) and s.t. each leaf is in I' or is an equality axiom, i.e. is
one among t = ¢, t =t Dt =41, t = VAt =t" Dt =1 and
=t AN...ANt, =1 D flty,....tn) = f(t},...,1,), and for each node there
exists an inference rule among weakening, instantiation and modus ponens s.t.
the (label of the) node is the consequence and (the labels of) its sons are the
premises of this rule. It is easy to check that, by the freeness of P.(X,T), ev-
ery theories homomorphism in Thg, induces a homomorphic translation of proof
trees, so that P, is a functor.

Moreover Pr.:Struct; — Set associates every algebra with its tree carrier
and wz: proofs, = Sen, sends every proof tree into its root. By definition of g,
PC. = (Sign,, Seng,Fp, Pz, Pre,wc) is a proof calculus.

Thus by the above theorem, PCas = (Sign vs, Senms, =y Pus, Praus, Tms),
where Pys sends every many-sorted theory T' to the set of pairs consisting of a
theorem ¢ of T and a proof tree t for ®(T') s.t. the root of ¢ is a(¢), Prus is the
identity and was is the first projection.
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Note that the proof trees in Pys(7T) may be (and in general are) labeled on

one sorted sentences which are not the image of any many-sorted sentences. [

4.6 Building Logical Systems

Putting together the constructions for proof calculi and for logics, a logical system
can be built on top of any institution, endowing the models of a logic with an

entire proof calculus inherited from another logic.

Prop. 4.6.1 Denote by LogSys the category of logical systems with maps of log-
ical systems as arrows and by Inst the category of institutions with maps of

institutions as arrows. Then the functor (_)°: Inst — LogSys, defined by

o (I) = (Sign, Sen, Mod, b, thm, Idset, j), where I'm¢ iff A = ¢ for ev-
ery model A s.t. A E v Vy € I', thm is the functor sending each the-
ory to its theorems (validity closure), described in Section 2.2 of [63],

and j is the natural subfunctor inclusion thm C Sen for every institution

7T = (Sign, Sen, Mod, |=) and

o (®,0,8) = (®,0a,,a)mnm), Where a|u,, is the restriction of a to the theorem

of the domain, for every map (®, a, 3),

is the right adjoint of the forgetful functor inst: LogSys — Inst, defined by
inst(S) = (Sign, Sen, Mod, =) for every  logical system
S = (Sign, Sen, Mod, &, |=, P,Pr, 7) and inst(®, o, 3,7v) = (, a, 3) for every map
(@, 0, B,7).

Moreover the wunity of the adjunction for a logical system
S = (Sign, Sen, Mod,\-, |=, P,Pr,x) is the map (Idsign, [dsen, Idrei, ), where

7 is now viewed as a natural transformation =: proofs = thm.

Proof. Propositions 37 and 31 of [63]. a
Lemma 4.6.2 Let T = (Sign, Sen, Mod,|=) be an institution,
S = (Sign/,Sen’, Mod' .\ =", P', Pr',x’) be a logical system and

(®,0,3): T — inst(S’') be a map of institutions. Then the following diagram
is a pullback
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((I)v a, ﬂv a|thm)

(7) (ent(S))

(Idsign, Idsen, Idnrod, ™) (Idsign’, {dsenr, Idpoqr, 7)
S S’
(®7 a? 677)

where § = (Sign, Sen, Mod, -, =, P,Pr,x), for i defined by I' by ¢ iff both
ax(l) Fo(s.0) ax(¢) and I' Ex ¢, P = proofs and Pr = [dget, and x, 7, proofs
are defined by the following pullback square.

A\ thm
thm ——thm’ o ®

7 7'

proofs —— proofs' o ®

Proof. Because of Lemmas 4.5.2 and 4.4.2. O

Theorem 4.6.3 The category Inst admits generalization under the functors (_)°

and inst.
Proof. By Theorem 4.2.1, that applies because of Prop. 4.6.1 and Lemma4.6.2. O



192 CHAPTER 4. TRANSLATING TOOLS



Chapter 5

Structured Specification

Algebraic specifications are a tool to support the development of programs from
the informal definition of the main points of the program input/output behaviour
to a concrete description of a possible realization of this behaviour, through dif-

ferent levels of abstraction.

At each level two mechanisms are largely recognized to be essential: the ca-
pability of structuring specifications, because plain collections of data type and
function names together with large sets of axioms on them becomes quickly un-
readable and unmanageable as well as unstructured programs are, and the notion
of implementation of a specification by another, that supports the reuse of speci-
fication modules. In this context the word “implementation” suggests the use of
general functions to tailor already existing specifications to a new aim (like re-
naming or introduction of symbols, discarding of superfluous semantic elements or
quotient of carriers, as in the paradigmatic cases of the implementation of stacks
by arrays with pointer or of sets by lists) more than fixing decisional details and
specializing the specification. In the practice the general operations used to re-
late specifications with their implementations are part of the language used to
structure specifications, so that the two aspects are strictly related. Whereas the
notion of implementation between two levels of abstraction mostly corresponds to
the intuitive idea of tuning the behaviour of the program to be specified, for ex-
ample by introducing error messages, or modifying the structure of a sub-module,
for instance by requiring the submodule itself is obtained as a structured speci-
fication; in this sense implementation becomes refinement and, disregarding the
language differences due to the different levels, can be simply represented as a
model inclusion; indeed fixing more details decreases the number of satisfactory

models.

Since the ultimate goal of any algebraic specification is to produce an abstract

193
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description of the programs that correctly solve a problem (hopefully in such
a way that it is trivial to derive from the description one of those programs),
the semantics of a specification is a class of models, but in order to be able to
reason and work on specifications, a (possibly finite) syntactic description should
be adopted and the reasonable candidate is the language of the expressions on
the (names of the) structuring operations. In many structuring languages the
operations on (the model classes of ) theories yield (a specification that is denoted
also by) a theory, too; this leads to consider theories as semantics of the language
(with the flavor of a term algebra) and has originated a debate about what a
specification is. Here it seems preferable to use the word “specification” to denote
the semantics, following for example [95, 85], and “language expression” to denote
the syntactic counterpart.

Due to the proliferation of algebraic formalisms, the structuring languages
needs to be generalized and potentiated to deal with specifications expressed in
several frameworks. A first step in this direction was made by Sannella and
Tarlecki (see e.g. [84]) with the definition of institution independent languages to
structure specifications, this concept is crucial in proving properties of composed
specifications based on the structure of the specifications and disregarding the
actual formalism chosen to realize the arguments. But with the goal of reusing
the specifications, or also better having a library of specifications on the shelf ready
to be used, a stronger notion has to be introduced, that allows to put together
specifications defined in several institutions by means of the structuring operators.
Simulations provide a tool to translate specifications and hence make in some
sense immaterial the original framework, but to make precise the irrelevance of
these translations, the structuring language (or more precisely its interpretation)
has to behave uniformly on the different institutions so that the simulations are
homomorphisms of this algebraic structure imposed on institutions.

In practice the different levels of abstraction a program specification goes
through are, or could be better, represented by different algebraic formalisms and
it seems quite a technical restriction to have a notion of implementation restrained
to one institution. Simulations allow to generalize it to relate specifications defined

in different institutions.

5.1 Simulations and modularity

The modularity principle requires the ability of “putting together” specifications,
by means of structuring operations; moreover, following the loose approach to

support stepwise refinement, any specification is a collection of its possible real-
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izations. Thus the simulations, which deal only with the basic objects of a frame
(i.e. signatures, sentences and models) have to be generalized to work on specifi-
cations, i.e. classes of models, and the compatibility with structuring operations

has to be investigated.

5.1.1 Basic Specifications

Informally a specification is the collection of the admissible models of a data type;

formally it is completely determined by a class of algebras over a signature.

Def. 5.1.1 Let 7 = (Sign, Sen, Mod, |=) be an institution. The specification
functor, Specy: Sign — Cat®? is the composition of Mod with the power functor,

i.e.

o Specr(X) is the partially ordered category w.r.t. the class inclusion having
as objects p(|Mod(Y¥)|), for all ¥ € |Sign|;

o Specr(o)(sp) = {Mod(c)(A) | A € sp} for all o € Sign(¥4,%,) and all
sp € Specy(Xs). O

It is worth noting that the above construction is a particular case of building
a new kind of objects starting from the ones explicitly given in the definition of
institution, like models, signatures and so on. In the next subsection the problem
will be faced from a more general point of view.

Having built a new kind of objects, a new component of the simulation dealing
with them has to be defined and is called from now on fig,e., possibly decorated.
As the construction of specifications relies on algebras, the modularity principle

requires that g, is analogously based on fipr4.

Def. 5.1.2 Let y: 7 — I’ be a simulation. The specification simulation associated
with Ly is the partially natural transformation
[ispec: Specy o i — Specy defined by: if sp’ = paroas ™' © faroas(sp’), then
[hspees (SP') = piatodx(sp'), else figpecs(sp’) is undefined. If no ambiguity arises
fispecs. Will be denoted by fispe. or, simply, by p. a

Remark.
e The condition sp’ = pareas ™" © finroas (sp’) can be rephrased as

— sp’ Cdom(p)g, that guarantees sp’ C paroay ™" © pivrods (sp’), and
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— A" € sp’ and piarods (A') = pameas(B') imply B’ € sp’, that guarantees

sp’ 2 ,UModz_l O fiMods(5P").

e Since yu is surjective on models, there exists exactly one sp’ € Specy, (pu(X))
for each sp € Specy(¥) s.t. pspeex(sp’) = sp. Such an sp’ consists of
{A" | u(A") € sp}. This formalizes the intuitive idea that an institution is
simulated by another if each of its specifications corresponds to one and only
one specification of the other institution. It is also worth noting that the
partial-naturality of ps,.. guarantees the naturality of its inverse (i.e. the

family of the inverse of any ,uSpecE)-

e The condition sp’ = fipreax ™" © paroas(sp’) required for the definedness of
ftspecs (sp') 1s sufficient to preserve the validity relation extended to specifi-
cations. Indeed, defining sp = ¢ iff A | ¢ for all A € sp, if sp’ =" p(é),
then u(sp’) = ¢, because A" ' u(¢) implies u(A’) | ¢ for any A’ s.t.
((A") is defined, by definition of simulation. But in general piyo45(sp") E ¢
does not imply sp’ ' p(¢), because A’ may exist s.t. A" | 'u(¢) and p(A’)
is not defined, so that the condition of validity preservation of simulations
does not apply. Of course the totality of pas.ay over sp’, guaranteed by
sp' = UMody, T © HMods(8p), is not necessary in the general case, but in

many significant cases is needed.

The composition of the specification components associated with two compos-

able simulations is the specification component associated with their composition.

Prop. 5.1.3 Let 7 = (Sign, Sen, Mod, =), 7' = (Sign’, Sen’, Mod’, |=') and
I" = (Sign”, Sen”, Mod",=") be institutions and w:Z — I’ and v:I' — I”
be simulations; then (v o u)
¥ € |Sign|.

Proof. It is trivial to see that if the domains of (v o p)

Spees: fispeey © VSpee,o, () for every signature

Spees: and of pispeey O
VSpec g (S) coincide, then (v o ,u)specz = HSpees; O Vspee, g, (s): Thus it is sufficient
to show that the two functions are defined on the same specifications.

(sp”) is defined; then by

"

Let sp” be an Z"-specification s.t. (Z/OIM)SPBCE
definition, v o piyous ™ (V 0 fiaroas(sp”)) = sp”, ie. for every A” € sp
both ﬂModE(VModMSign(E)(A//)) is defined and if ”ModE(VModMSign(E)(A//)) =
fiMods (VModyg,,, 2y (B”)), then B” € sp”. Then a fortiori for every A” € sp” both
VModusz'gn(E)(A”) is defined and if VModusz'gn(E)(A”) — 1/]\405[“31‘9”(2)(B//)7 then B” €
sp” and hence VSpec s (S) is defined on sp”. Let sp’ denote VSpee,, .. (E)(sp”) =
ign . ign .
{A" | A = VModMSign(E)(A//)vA// € sp”}; since ﬂModE(VModMSign(E)(A//)) is de-
fined for every A” € sp”, pipoas(A’) is defined for every A’ € sp’ and if
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tniods (A) = pinfods (B') for A" = (Z/MOdMSign(E)(AH)) € sp’ and some B’, then,
since VModjug;yn(S) is surjective, B" exists s.t. B’ = VModusz'gn(E)(B”)v so that
ﬂModE(VModusign(E)(A//)) = ﬂModE(VModusign(E)(B//)) and hence B" & Sp”, that
guarantees B’ = l/MOdMSign(g)(B") € sp’. Therefore pigpecy, is defined on sp’.

Vice versa let VSpeeygion () be defined on sp” and figpe.y, be defined on
Sp/ = Z/Specﬂsign
fined and belongs to sp’ so that ﬂModE(VModMSign(E)(A//)) is defined too. More-

(E)(sp"); then for every A” € sp”, Vimodaug,,,(z)(A”) is de-

over if /LMOdE(VMOdMSign(E)(AH)) = HModz(VModusign(E)(B”)) for A" € sp”, then

VMOdMSign(E)(BH) S Sp/7 because USpecy, is defined on Splv and hence B” < Sp”,

because sp’ = VSpec,, . (E)(Sp”)- =
ign

5.1.2 Structured Specifications

In order to define operations on specifications in a way consistent with a frame
that allows the development of the different modules (inputs of the operations)

in different institutions, an institution independent metalanguage is needed (see

e.g. [84]).

The ST-institution independent metalanguage

The following metalanguage was introduced by Sannella and Tarlecki in [84] and
is a core of basic specification building functions, carefully chosen to be able to
express the more common operations of specification metalanguages, more than
a friendly syntax designed to be used by profanes.

The provided operations are the following:

<3, Ar> takes in input a signature X and a set of Y-sentences Az and yields the
class of ¥-models that satisfy the sentences in Ax. This is the basic kind of
specification in any specification building language and corresponds to the

capability of axiomatize at least the elementary data types.

Uiersp; takesin input an [-indexed family of specifications sp; on the same signa-
ture ¥ and yields the class of ¥-models that belong to each sp,, i.e. its model
class is the intersection of the model classes of the sp,. By this operation
the specification of a collection of symbols can be developed independently
and then the wanted models are obtained as the intersection of the classes of
structures where one symbol is correctly specified and the others are freely
realized.

derive from sp by o takes in input a specification sp on a signature ¥ and a

signature morphism o: ¥ — ¥ and yields the class of YX/-models that are the
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translation along o of some model of sp; working on standard signatures with
sorts and operation symbols, this operation allows to hide and/or rename

some sorts or operation symbols.

translate sp by o takes in input a specification sp on a signature ¥ and a sig-
nature morphism o: ¥ — ¥’ and yields the class of ¥’-models whose transla-
tions along o belong to sp. This operation corresponds to freely expanding
the models of a specifications by any possible interpretation of the extra
symbols in ¥ — ¥ and is very powerful in combination with the sum op-
eration, because it allows to develop independently submodules, translate
them on the union of their signature and then, using the sum, keeping only
the models that restricted on any basic signature are good models of that

feature.

iso close sp takes in input a specification sp on a signature ¥ and yields the
class of ¥-models that are isomorphic to any of the models of sp. Note
that not only for a generic institution the validity is not required to be
isomorphism independent and hence basic specifications could be non closed
under isomorphism, but also the derive operation may cause the lack of

closure under isomorphism.

minimal sp w.r.t. ¢ takes in input a specification sp on a signature ¥ and a
signature morphism o: Y — Y and yields the class of Y-models which are
minimal extensions of their o-reducts, i.e. of all M s.t. for any submodel N of
M (i.e. any domain N of a monomorphism with codomain M) if Mod(o)(N)
and Mod(c)(M) are isomorphic, then M and N are isomorphic too. In the
many sorted institution, for the particular case of ¥’ the empty signature,
the above condition corresponds to the restriction of models to the ones
that do not have proper subalgebras, i.e. to the term-generated models. Un-
fortunately in both the partial and the non-strict framework this operation
does not capture the common notion of term-generated, because the no-
tion of subalgebra in those frames correspond to the categorical definition

of regular subobject instead of (plain) subobject.

abstract sp w.r.t. ® via o takes in input a specification sp on a signature ¥, a
signature morphism o:% — ¥’ and a set ® of ¥'-sentences and yields the
class of ¥-models which are ®-equivalent to any model of sp, where A and
B are ®-equivalent, denoted by A =% B, iff for every ¢ € ®, every A’ s.t.
Mod(o)(A") = A and every B’ s.t. Mod(o)(B') = B:

Al |:2/ ¢ — B’ |:2/ 0.
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The intuition behind the abstract operation is to enlarge the model class,
by regarding as models all the structures that behave as models w.r.t. a set
of sentences. The sentences are expressed on a larger signature, so that the
extra-symbols can be used as variables; in the particular case of standard
signature for ¥’ the enrichment of ¥ by some constant symbols, A’ |y ¢
for every A’ s.t. Mod(c)(A’) = A corresponds to the classical notion of sat-
isfaction A =y v ¢ for every valuation V:¥' — ¥ — A, but in non-standard

cases this operation allows to express strange and powerful requirements.

Abstracting from the example of the institution independent language of San-
nella and Tarlecki, it is not difficult to intuit what is in general an institution
independent metalanguage. The sorts of this metalanguage may be both basic,
i.e. implicitly defined by the concept of institution, like the sort of signatures, of
models and so on, and derived, i.e. built from the basic ones using categorical and
set-theoretic concepts, like the specifications coming from the algebras applying
the power functor. Analogously the operations of this metalanguage are defined
only involving the usual categorical and set-theoretic language, so that the in-
terpretation of sorts and operations in any institution is standard. While it is
clear what a metalanguage based on categorical and set-theoretical language is,
the only way to define it completely formally seems to be explicitly enumerating
which sorts and operations are allowed, that clearly is unnecessary restrictive;
thus the treatment here is limited to a semi-formal level and a scheme of con-
struction of a generic metalanguage is proposed, using as paradigmatic examples
the operations of [84].

A building scheme for an institution independent language

Let X be a set of variables', which will be evaluated in |Sign| for all institutions

7T = (Sign, Sen, Mod, |=).

e Starting from the elements of X a set M.S of metasorts is built, only using
categorical and set-theoretical concepts; for example for any 1,3y € X

consider the metasort Sign(X;, ¥3) of signature morphisms from ¥; into ;.

o A set M F of metaoperations of arity in M S is built, only using categorical
and set-theoretical concepts; for example for any ¥ € X consider the meta-
operation mod: Sen(X) — Spec(Y), associating with any set of sentences
the class of its models.

1Since in any known significant example, the language is based only on metavariables of sort
signatures, here the variables are just a plain set for sake of simplicity; but there are no problems
using a family of variables sets indexed on the basic elements of institutions.
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e Given an institution Z = (Sign,Sen, Mod,|=) and a valuation
V:X — |Sign|, with each symbol of MS and each operation symbol in
MF' the corresponding standard interpretation is associated; for example
(Sign(X, o)) BV = Sign(V (1), V(X,)) and
(mod):V: Sen(X) — Specz(X) on Az yields {A | A | a, for all « € Az}. O

For each new sort its translation along a generic simulation p has to be defined,
as in the case of specifications, where pg,.. had been defined to translate them.
Analogously to the definition of the metalanguage, in order to define the new
components of simulations, symbols to denote the simulation components dealing
with signatures, sentences and models, are introduced, that will be evaluated to
the components of the actual simulation, and used to formally define the new
components of a generic simulation by means of the categorical and set-theoretic

metalanguage.

Simulation Independent Metalanguages

With the help of a metalanguage, institutions are provided of algebraic struc-
ture; thus conditions have to be investigated to guarantee that the simulations
are behaving like homomorphisms of this new structure. The formulation of the
condition of homomorphism is a bit complicated by the possible partiality and
the countervariance of the components (like for models and specifications).

In the sequel both the symbol for the component of metasort s of a simulation

and its evaluation on a concrete simulation will be denoted by ;.

Def. 5.1.4 Let y:7 — I’ be a simulation and L = (M S, M F') be an institution
independent metalanguage on variables X.

Then p is an L-homomorphism iff for all valuations V: X — |Sign| and all
op € MF,, . ,if a; is related by pu to @t for i = 1...n, then op™V(ay,...,a,)

is related by p to op™ *°V(d!, ..., d’), where two elements a and a’ of the same

y O,
metasort s are related by p iff one of them is the image of the other one along .

Let L be an institution independent metalanguage and M be a class of sim-
ulations. Then L is M-independent iff p is an L-homomorphism for each p € M
and it is simulation independent iff 1 is an L-homomorphism for every simulation

. |

It is easy to check that L-homomorphisms are well behaving w.r.t. the com-
position of simulations, the union and the operational closure of languages, i.e.
that if both pu:Z — 7' and v:Z" — I" are L-homomorphisms, then v o u is an

L-homomorphism, too, and if y:Z — 7’ is both an L;-homomorphism and an
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Ly-homomorphism, then it is also an L’-homomorphism for both L' = L; U L,
and L’ the operational closure of L;. In particular, due to the preservation of
simulation independence by operational closure, by adding parameterization in
A-calculus style to a simulation independent language, a simulation independent
language is obtained, too.

Of course the notion of simulation independent metalanguage is the main
concept, because such a metalanguage guarantees a level of abstraction useful
for defining in hierarchical way specifications, without losing the possibility of
changing institution. Moreover most (all except minimal) of the institution inde-
pendent operations presented in [84] are, or can be generalized to become, really
simulation independent. However some quite usual operations are not simulation
independent, but are M-independent for a wide class of simulations satistying
some extra-conditions.

The three institution independent operations sum, basic and minimal from
[84], are paradigmatic examples of operations which respectively are, can be gen-
eralized to become and intrinsically are not simulation independent.

The sum operation, is institution independent; indeed

.V
Userp(sp;)

is the following class
sp = {A| for every i € I there is Al € sp, s.t.A = u(Al)};

Since only specifications closed w.r.t. the simulation are mapped and pu(Al) =
A = pu(AY) for every 4,5 € I, A} € sp; for every i,5 € I and hence A € Uiersp;.
Therefore

sp={A|3JA" € Ujersp;,s.t. A= pu(A)}

i.e.

)LV I’,Vou)‘

Userpt(sp; = (1(Usersp;

Also the translate is simulation independent, as it is easy (as well as boring)
to check directly.

On the other hand there are operations which are not simulation independent
only because their definition, as it stands, is not sufficiently powerful, but which
can be rephrased in a more general way; consider for example the basic operation;
then it is not simulation independent. Indeed the basic specification <X, >
without axioms is the translation of the domain of the simulation, which is not,
in general, the model class of <u(X), u(0)>.
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More generally <¥, Az> is translation of the intersection of dom(u)y and
<u(X), p(Az)>. To make the basic operation simulation independent there are

at least two possibilities (the difference between them is quite a matter of taste):

e using an extra variable of sort Spec(X), playing the role of the domain of

the simulation:

Models(_) in_: Sen(X) x Spec(X) — Spec(X) is defined by

Models(Az) insp = {A| A€ sp, A aforall a € Az};

e using an extra variable of sort Functp[Mod(¥) — C], the partial functor
from Mod(X) into a generic category C, playing the role of the simulation
itself:

Models(_) in dom(.): Sen(X) X Functp[Mod(X) — C] — Spec(¥) is defined
by

Models(Ax) in dom(F)= {A| F(A) defined, A |= a for all a € Az},

In both cases < ¥, Az > can be defined using the new operator:
< X, Az >= Models(Ax) in Mod(X)

and

< ¥, Az >= Models(Az) in dom(Idpa(z)y)-

Note that both generalizations are simulation independent. Indeed let p be a

simulation from 7 into Z'; then it is easy to check that
Models(Ax) in p(sp)

is the class

p({A] A€ sp, AE" u(a) for all o € Az}).

To show that also the second possibility is simulation independent, the component
of simulation for the new sort s = Functp[Mod(X) — C] has to be defined first.
By definition s»¥ = [Mod(V (X)) — Clp and s7'#°V = [Mod' (0 V(X)) — Clp;
thus partial functors with domain Mod(V (X)) have to be translated into partial
functors with domain Mod'(y o V(X)).

Since p: Mod'(yr o V(X)) — Mod(V (X)) is a partial functor, too, the com-

position with g does the job and hence the new component ps is _o p. From
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the definition of pg, the simulation independence of the second version of basic

specifications follows; indeed it is easy to check that
Models(Ax) in dom(F')

is the class

p(Models(p(Ax)) in dom(F o p)).

Note that in both cases the auxiliary elements used to define the specification
< ¥, Az > in terms of the simulation independent operations Models(-) in_ and
Models(-) in dom(_), i.e. Mod(X) and Idp4(x), are not expressions of the meta-

language and indeed neither is simulation independent.

[t is worth noting that the basic operation as defined in [84], is M-independent,
for M the class of logical simulations, i.e. of surjective maps of institutions, chang-
ing, as it seems natural for such a class, the definition of the simulation component
dealing with theories. Indeed logical maps translate any Z-theory th into a Z'-
theory th' containing not only the translation of the axioms of th but also the
axioms describing the domain of the simulation; using this translation is immedi-

ate to check the homomorphism condition.

The same techniques described to make the basic operation simulation inde-

pendent can be applied to the abstract, derive and isoclose operations.

Finally the operations whose definition largely involves categorical properties
of their arguments are not, nor can be made, simulation independent, because a
generic simulation does not preserve categorical properties. Thus these operations
can be at most M-independent for a suitable class M of simulations preserving
the needed properties and hence have to be dropped when building a simulation
independent language. Consider, for example, as a generalization of the reachable
operation of ASL, the minimal operation of [84]. It takes in input a specification
sp; on a signature ¥y together with a signature morphism o from ¥ into ¥; and
yields in output the subclass of sp; of o-minimal models, where a model A is
o-minimal iff it contains (to within isomorphism) no proper submodels from sp;
with an isomorphic o-reduct, i.e. iff any monomorphism m: B — A, s.t. its o-
reduct Mod(c)(m): Mod(c)(B) — Mod(o)(A) is an isomorphism in Mod(Y), is
an isomorphism in Mod(X¥1), too. Then to have that minimal is preserved by
a simulation, both monomorphisms and isomorphisms have to be preserved and
reflected, which is not true in the general case. Therefore minimal is not (nor can

be made) simulation independent.
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5.2 Implementation

In the literature a concept of implementation is largely used in different contexts,
which is based on the idea of refinement. So a specification sp, implements a spec-
ifications sp;, denoted by sp; ~ sps, iff in sp, more details have been fixed and
hence sps has less models than sp;, i.e. sps C sp; (see e.g. [86, 95]); this concept
may also be extended to functions on specifications and hence to parameterized

specifications. For an introductive exposition of the subject see e.g. section 8.1

of [95].
Def. 5.2.1

o A specification sp, implements a specifications sp;, denoted by sp; ~ spo,

iff both sp; and sp, are on the same signature and sps C sp;.

o Let f,g:Spec; — Spec; be functions on specifications; then f implements
g, denoted by g ~ f iff g(sp) ~ f(sp) for all specifications sp.

o Let p; = AX : Xpy,.sps(2) and ps = AX 1 Ypy,.sp2(-) be terms of the same
sort on some (institution independent) metalanguage; then p, implements

p;, denoted by p; ~» po, ifl sp;[sp] ~ spa[sp] for all specifications sp. O

Prop. 5.2.2 Let sp, sp; and sp, be specifications and p;, p» be parameterized
specifications in a metalanguage whose specification-building operations are mono-

tonic w.r.t. the set-inclusion.
1. If sp ~ sp; and sp; ~ sps, then sp ~» sps;

2. If sp ~ sp;, p; ~ pe and sp is an actual parameter of p; (i.e. p;(sp) is

defined), then p; (sp) ~ p2(sp;).
Proof. See fact. 8.1.1 of [95]. O

5.2.1 Simulations and the third dimension of implemen-
tation

Since figpe. 1s monotonic w.r.t. the set inclusion for all simulations p, the imple-
mentation relation is translated by simulation from the old to the new frame.
Moreover it is also preserved in the opposite direction, because the definedness of
fispec(sp’) implies sp’ = pspee™" 0 prspec(sp’). Thus the restriction of the old imple-
mentation relation to the domain of pg,.. coincides with the new implementation
relation.
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Prop. 5.2.3 Let 1:Z — I' be a simulation, sp}; and sp, belong to
Specr, (11(X)) s.t. both u(sp)) and u(spl,) are defined; then sp) ~~ spl, iff

fspec(sp] ) ~ frspec(sps).
Proof. If sp) ~ sp,, then sp, C sp} and hence

[tspec(sP5) = piaroa(sph) € parod(spy) = tspec(sp))

i.e. /Lspec(Sp;) > ,USpec(Sp,/?)‘
Vice versa if fispec(sp)) ~>  fspec(sph), then NMod_l(ﬂSPSC(Sp,/@)) -
fintod” (frspec(sp))), i-e., by the condition of definedness of pispec,

5Py = fatod” (Hspec(5P%)) C tintod™ (spec(P))) = 5p)

and hence sp, ~ sp,. a

Using simulations the concept of implementation is generalized, involving mod-

els in two institutions.

Def. 5.2.4 Let y:7 — I’ be a simulation, sp € Spec;(X) and sp’ € Specy (pu(X));
then sp is p-implemented by sp’, denoted by spLsp!, iff sp’ C dom(u) and
fiarod(sp’) € sp.

Let f:Specs(Sh) — Spees(Sy) and f' Speer(p(S1) — Speer(u(S2)
be functions; then f is p-implemented by f', denoted by f5f, iff
Fsp) S '(paroa™ (sp)) for all sp € Specz(X).

Let p; = AX : Ypar.sps(2) and ps = AX @ Xpy,.sp2(-) be terms of the same
sort on some institution independent metalanguage; then p; is p-implemented by
po, denoted by p;Spo, iff p, TV L p, TV for all valuations V for the free variables
of p; and p, in 7. a

Note that in the particular case that 7 = 7’ and p is the identity, < coincides
with ~» and hence every result for -5 applies also to ~».
The vertical and horizontal composability for the usual implementation rela-

tion can be generalized to deal with simulations as follows.

Prop. 5.2.5 Let Z, 7’ and I” be institutions, u:Z — I’ and v:Z' — I" be

simulations. The following conditions hold:

1. splsp’ and sp'Lsp” implies sp~Ssp” for all sp € Specs(X), all sp’ €
Specy (p(X)) and all sp” € Specy.(v(p(X))).

2. splsp’ and f5f implies f(sp)S f'(sp’) for all sp € Specy(¥y), all
sp’ € Specp(p(X1)) all monotonic f:Specy(X1) —  Specy(¥2) and
7 Specg ((S1) — Speer(n(52)).
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Proof.
1. Since sp’ C dom(p) and varoa(sp”) C sp’, sp” C dom(v o p). Moreover if
Sp”\y»Sp”, then VMOdMsz'gn(E)(Sp") s

so that pasoas (Z/MOdMSign(E) (sp"))

C sp', and if spsp’, then pasoas (sp’) C sp,

C sp, i.e. sp-Fsp.

2. By definition of &, it is sufficient to show that paroas(f/(sp’)) € f(sp).
By definition of &, f& " implies that f'(uareas " (sps )5 f(spr), so that
s P (inioas=(sp1)) € flsps) for all sp € Speeg(Sy); thus, for
P = fiods(P)s finsoas (f' (Batoas ™ (fiaroas (597))) € f(paroas(sp')). Since
splsp’, sp’ C dom(p) and hence sp’ C pnroas  (fiaroax(sp’)), so that
F'(sp") € f'(pnsoas, (aroas (sp’))), because f’ is monotonic. Finally from
spsp’ ) e, pnroas (sp') € sp, and from the monotony of f, the thesis fol-

lows. O

Thus a more suggestive diagram than the usual one can be proposed, where
every path is an implementation (possibly via simulation) arrow and three dimen-
sions are present: horizontally and vertically moving within an institution, while

along the third dimension different institutions are connected.

7 7 7 7
S5Ps Do p,@(Sp,@)
“ “ “
Sp2 P2 P2 (Sp,@)
7 7 7 7
5Py P P (sz )
“ “ “
SPi1 Pi1 Pi1 (sz)

It is worth noting the difference between this approach and the one in [16].
Indeed here implementation is defined as a relation between specifications in differ-
ent institutions, while in [16] an institution is proposed whose sentences represent

the implementation inside a basic institution.



Chapter 6

Conclusions and Future Work

In this thesis two main streams are coexisting: on one side, the problem of the
translation of tools and results from one formalism into another one is approached,
together with the analysis of the nature of relationships between formalisms; on
the other side some results and tools in concrete algebraic frameworks are pre-
sented, in particular some classical logical and categorical notions for partial con-

ditional (higher-order) specifications and for non-strict don’t care algebras.

This duality of levels corresponds to a firm believe that all studies should be
developed at a level as abstract as possible and that, from this point of view,
the theory of institutions (general logic) is a powerful instrument to investigate
the common ground behind algebraic specification formalisms and to relate and
compare specifications defined in different frameworks. However details have to
be fixed in order to produce concrete results, like defining inference systems or
characterizing necessary and sufficient conditions for an initial object to exist.
Accordingly with that principle, also future work continuating this thesis can be

split in “at institution level” and “at ground algebraic level”.

As institution morphisms capture the idea of building richer and more com-
plex institutions assembling simpler one by means of categorical constructions,
it would be interesting to analyze whether these constructions are compatible
with the notion of implementation represented by simulations. In other words, if
an institution 7 is obtained by applying an operation to some basic institutions
7Z,...1,, that are simulated by some others 7’;...Z’,, then does the result of the
same operation on Z'y...Z', simulates Z7 This problem is the paraphrase of the
vertical and horizontal composition for specification languages, where institutions
correspond to specifications and simulations to implementation. If conditions can
be found in order to have a positive answer, then a first step is taken in the

direction of having a modular approach to the definition of complex institutions.

207
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Much in the same direction, an analysis of the abstract operations needed to
build institutions and possibly a collection of such operations on the shelf to-
gether with the properties that are preserved by them, would be useful and would
clarify the expressive power of the institution formalism. In [30], starting from
some concrete examples in concurrency, a preliminary attempt in this direction is
proposed. But another interesting case could be, for example, the construction of
the observational institution, where satisfaction is substituted with observational

validity w.r.t. a set of experiments.

Until now simulations have been used to compare and translate results from
the classical algebraic specifications field; it should be investigated whether sim-
ulations are also able to deal with more exotic problems, like the preservation
of properties of concurrent systems. In order to explore this possibility the first
problem is the correct definition of the involved institutions in a way that the con-
current paradigms under investigation can be naturally seen as such institutions
and that the interesting properties play the role of sentences. Since in concurrency
theory it is not uncommon to prove that a property is satisfied, or to add a feature
to a system by some kind of translation (consider just as an example [65]), the

concrete example to start from are at hand.

Another non-classical argument to test the power of simulation is the problem
of the implementation of concrete data types, i.e. of individual algebras. Roughly
speaking the idea is to realize a data type A on a signature ¥ using an (already
defined) algebra A’ on some signature ', by representing each operation of ¥ by
a derived (term) operation on ¥/ and by an abstraction function from A’ into A.
The abstraction function is surjective and partial, because elements of A’ may
exist that are not representing any object of A, and behaves like some sort of
homomorphism (w.r.t. the higher-level signature ¥) on its domain. Depending
on the rigorous definition of the informal idea of “homomorphism-like”, different
notion of implementation are captured. In the third chapter a correspondence
between this notion of implementation and simulation is informally sketched (for
the variant where the abstraction function is, in partial algebra terminology, a
strong homomorphism), but it would be worth to investigate whether other vari-
ations of the concept of abstraction can be rephrased in institution language and
to enrich the treatment using the sentence components (that in the third chapter
are empty) of the institutions representing the lower-level and the higher-level
algebra to preserve semantic properties, in order to refine the idea of “correct

representation” of a concrete data type by another one.

An easier task is the study of the class of simulations preserving some inter-

esting categorical properties, like the existence of terminal objects, (co)limits and
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such, as has been done for initiality developing the notion of categorical simula-
tion. Analogously the analysis of the category of institutions with simulations as
arrows should be developed.

On a more concrete side, the relationships between the partial paradigm and
the treatment of errors and exception handling should be investigated and possibly
lead to the definition of an integrated algebraic framework where non-termination,
incompletely defined functions, error recovery and “true” non-strictness are avail-
able at a time, keeping distinct the logically different kinds of partiality /non-

strictness.
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