1ON THE EXISTENCE OF INITIAL MODELSFOR PARTIAL (HIGHER-ORDER) CONDITIONAL SPECIFICATIONSEgidio Astesiano and Maura CerioliDipartimento di Matematica - Universit� di GenovaVia L.B. Alberti 4 - 16132 Genova ItalyAbstract. Partial higher-order conditional specifications may not admit initial models, because of therequirement of extensionality, even when the axioms are positive conditional. The main aim of the paper is toinvestigate in full this phenomenon.If we are interested in term-generated initial models, then partial higher-order specifications can be seen asspecial cases of partial conditional specifications, i.e. specifications with axioms of the form �D � e, whereD is a denumerable set of equalities, e is an equality and equalities can be either strong or existential. Thuswe first study the existence of initial models for partial conditional specifications.The first result establishes that a necessary and sufficient condition for the existence of an initial model is theemptiness of a certain set of closed conditional formulae, which we call �naughty�. These naughty formulaecan be characterized w.r.t. a generic inference system complete w.r.t. closed existential equalities and theabove condition amounts to the impossibility of deducing those formulae within such a system. Then weexhibit a (necessarily infinitary) inference system which we show to be complete w.r.t closed equalities; theinitial model exists if and only if no naughty formula is derivable within this system and, when it exists, canbe characterized, as usual, by the congruence associated with the system.Finally, applying our general results to the case of higher-order specifications with positive conditionalaxioms, we obtain necessary and sufficient conditions for the existence of term-generated initial models inthat case.0 An overviewPartial algebraic specifications ([BW1, R, WB]) are one of the most interesting specification paradigms.Originally proposed as a support to the stepwise refinement procedure, they have found more recentlyinteresting applications to the specification of concurrency and of formal semantics of languages (see eg[BW2, AR1, AR2]).Higher-order specifications creep in naturally in the specification activity because of the applicationrequirements (see [AR1]) and of methodological considerations (see eg [M, MTW]).Unfortunately higher-order specifications present a rather different situation from the first-order case, due tothe extensionality requirement. The most striking feature is that the existence of initial model is notguaranteed, even if the axioms are in a form which looks a natural extension of the one that guarantees theexistence in the first-order case. Let us consider this problem in some more detail.A classical result [BW1] states that the initial partial model exists (and is term-generated) in the class of allpartial models, if the specification is positive conditional, i.e. the axioms have the form�i=1,...,n˚ti =e˚t’i˚�˚t˚=˚t’where =e and = denote respectively existential (the sides are both defined and equal) and strong (the sidesare either existentially equal or are both undefined) equality.

This work has been partly supported by CNR-Italy (Progetto Strategico �Software: ricerche di base e applicazione�) and˚MPI-40%

2This result can be generalized in two directions: in the axioms the conjunction may be infinitary and theconsequence may be an inequality; this situation is also the most general guaranteeing the existence of theinitial term-generated model (see [T] for references and the most general results in this direction).Consider now the case of higher-order specifications, where starting from some basic sorts we haveinductively functional sorts of the form s1 · � · sn˚fi s, the corresponding carriers in a model are requiredto be sets of partial functions and the axioms may of course contain equalities between terms of functionalsort. It is quite instructive to analyse a simple example, the specification To:basic sorts: soperation symbols: e:˚fi˚sf, g:˚s˚fi sfunctional sorts: s˚fi˚saxioms: D(f),˚D(g),˚f˚=e˚g˚�˚D(f(e))where we use definedness predicate D, and D(t) is equivalent to t˚=e˚t.Recall now that the term generated initial model I of To (and of any partial specification), if it exists, is suchthat an existential equality holds in I iff it holds in any model; in particular I is minimally defined: a termis defined in I iff it is defined in every model.Since clearly there exist models of To where f(e) is undefined and the same happens for g(e), both f(e)and g(e) should be undefined and hence equal in I. By partiality and extensionality, I being term-generated, we should conclude that f˚=˚g holds in I and this clearly contradicts I being a model, sincefrom the axioms we should conclude that f(e) is defined in I. It is not difficult to understand that all thetrouble comes from the fact that extensionality amounts to requiring that the term-generated models satisfythe supplementary axiom�t˛WS˚f(t)˚=˚g(t)˚�˚f˚=˚gwhere in the premise the equality is strong and this makes the axiom essentially non-positive conditional(essentially, since neither the definedness of f(t) nor of g(t) can be logically derived).Notice also that To does not admit an initial model tout-court, even if we drop the condition about beingterm-generated (see Remark in sec. 4).The To example suggests that the anomaly shown is not peculiar of higher-order specifications but istypical instead of conditional specifications, i.e. specifications where the axioms have the form �˚D˚�˚e,where D is a set of possibly strong equalities and e is an equality.Then if we confine ourselves to consider term-extensional models, i.e. models where two functions are equalif (and only if) they are equal on all term-generated arguments, we can express the (term-)extensionalityaxioms in the form�‘t˛WS˚f(‘t)˚=˚g(‘t)˚�˚f˚=˚gwhere ‘t˚=˚(t1,...,tn)which is conditional. Moreover higher-order specifications can be reduced to first-order specifications (see,e.g. [MTW]) by using the apply functions, so that a term f(t) is an abbreviation of apply(f,t). Thus we areled to consider the mentioned initiality problem in the (more general) framework of partial first-orderconditional specifications, with axioms of the form �˚D �˚e, where D is a denumerable set of equalities (notnecessarily existential) and e is an equality, and of course sorts are now only sorts of individual elements.We present in this paper a complete answer to the initiality problem for partial conditional specifications,giving necessary and sufficient conditions for the existence of the initial model (and as usual characterizingthat model, if it exists, as the quotient algebra w.r.t. the congruence associated with an inference system whichis complete w.r.t. closed equalities). Since the detailed mathematical treatment is technically rather difficult,we explain briefly the main underlying ideas, with the help of some examples.Anomalies similar to the one shown by the example To can be seen also in the following two examples(discussed in a more technical context at the end of sec. 1):spec T1sorts:sopns:a,˚b:˚fi˚saxioms:a˚=˚b˚�˚D(b)spec T2sorts:sopns:a,˚b,˚c, d:˚fi˚saxioms:D(c),˚D(d),˚a˚=˚b˚�˚c˚=˚d.The lack of the initial model for T1 is due to the particular form of the axiom a˚=˚b˚�˚D(b): since thereexist models where a is undefined and the same happens for b, if the initial model I exists, then aI and bIare both undefined and equal, so that the axiom, which would imply D(b), cannot be met. A partly similar

3situation is shown by T2; the combination of the three axioms D(c), D(d) and a˚=˚b˚�˚c˚=˚d produces asituation analogous to the one just discussed: if the initial model I exists, then not only aI and bI would beundefined and equal, but also cI and dI should be different, otherwise cI˚=˚bI, being an existential equality,should hold in every model what is patently false; hence the axiom a˚=˚b˚�˚c˚=˚d, which would imply c˚=˚d,cannot be met. Note that the axiom a˚=˚b˚�˚c˚=˚d in itself does not prevent the existence of an initial model(see remarks at the end of Sec. 1). Analogously the formula a ˚=˚b˚�˚D(b) of T1 would not create anyproblem if we could deduce from the axioms, say, that D(a) holds in every model, which would imply thata˚=˚b˚�˚D(b) is logically equivalent to a positive conditional axiom.Hence formulae like the two ones above are causing trouble in connection with what we can logically deducefrom the axioms (equivalently,what is true in every model); consequently we call them �naughty� w.r.t. thespecification. The first main result of the paper consists indeed in capturing precisely and formalizing thenotion of �naughty formula� for a specification and establishing (theorem 1.6) that the initial model existsif and only if the set of naughty formulae is empty. Then naughty formulae can be characterized as aparticular subset of the conditional formulae deducible within any inference system complete w.r.t. closedexistential equalities, and so the initial model exists iff we cannot derive any of these naughty formulae insuch a system. (second main result , theorem 2.8).All the above motivates our third main result showing an inference system complete w.r.t. closed (strong andexistential) equalities. First of all note that since the axioms may be infinitary (and this is essential, since wewant to handle also the term-extensionality axioms), the inference system is within infinitary logic (where nogeneral completeness result is available as for first-order theories). Moreover our aim has been to obtain asystem which reduces, for positive conditional specifications, to the one naturally associated with positiveconditional axioms; and indeed we add to that system only one inference rule which is rather intuitive in thefinitary case. Let us consider a finitary significant example.Consider the specification T4 defined bysort:sopns:a,˚b,˚c:˚fi˚saxioms:D(a)˚�˚a˚=˚b,˚D(b)˚�˚a˚=˚b,˚a˚=˚b˚�˚D(c).It is not difficult to show that T4 admits an initial model I, consisting of a one point carrier containing justthe value of c, with a and b undefined. Moreover a˚=˚b and D(c) hold in every model.However the usual inference system which is complete for positive conditional axioms (see def.˚2.2 for aninfinitary version) is not powerful enough to deduce a˚=˚b nor D(c) and hence the quotient algebra w.r.t.the congruence associated with the system is not a model.This limitation disappears if we can apply the following clearly sound rule (see Sec. 3).*˚�(Q1¨{D(t)})˚�˚a,˚�(Q2¨{D(t’)})˚�˚a,˚�(Q3¨{t˚=˚t’})˚�˚a˚�(Q1¨Q2¨Q3)˚�˚a˚

Indeed recalling that a˚=˚b˚�˚a˚=˚b and instantiating * we can deduce a˚=˚b and hence D(c). Ourcomplete system adds to the usual conditional system just an infinitary version of rule * (see Def. 3.1).The first two main results completely settle the initiality question for conditional specifications. We can nowapply these results to positive conditional higher-order specifications, accordingly to our previous discussion.Restricting ourselves to consider term-extensional models, the extensionality axiom is just an infinitaryconditional axiom, the only one non-positive (for a positive conditional higher-order specification). Thus weget our fourth main result (theorem 4.5) which gives interesting necessary and sufficient conditions for theexistence of the (term-generated) initial model.The paper is organized as follows. The basic elementary definition about partial algebras are collected in ap-pendix. In the first section we present the basic properties of conditional specifications, introduce the notionof naughty formula and give the first main result. In the second, after defining conditional inference systemsand presenting one of them, we characterize the naughty formulae w.r.t. a conditional system and state thesecond main result. The third section introduces the extra rule to be added to the conditional system of sec. 2and proves in outline the completeness w.r.t. closed equalities of the resulting system. Finally the fourth andlast section applies the results to higher-order specifications and contains our fourth main result.With the exception of an outline of the proof of the completeness result of sec. 3, the proofs are omitted.

4There are a number of related topics which either cannot find room in this presentation or are still underinvestigation. Among the first ones, is the introduction of the l-abstraction mechanism for defining functionsand the extension of the completeness result to full equation deduction, generalizing and obtaining as aspecial case the corresponding Meseguer-Goguen [MG] completeness result for total algebras. Among theissues of further research are the consequences of the results when using higher-order specifications, andespecially the ways to achieve extensionality (e.g. by observational semantics).1 Conditional partial specifications and initial modelsIn the following we assume some familiarity with partial algebras (see [BW1, R, B]); however all the relevantdefinitions, concepts and results needed here are reported in appendix.Def. 1.1. Let S˚=˚(S,F) be a signature and X be a family of S-sorted variables.¥The set EForm(S,X) of elementary formulae over S and X is the set{˚D(t)˚|˚t˛WS(X)|s˚}˚¨˚{˚t˚=˚t’˚|˚t,t’˛WS(X)|s˚},where D denotes the definedness predicate (one for each sort; but sorts are omitted).Note that D(t) can be equivalently expressed by t˚=e˚t, where =e denotes existential equality: =e holdsiff both sides are defined and equal; hence elementary formulae are just equalities either strong orexistential.¥The set WForm(S,X) of conditional formulae is the set{˚�˚D˚�˚e˚|˚D˝EForm(S,X),˚D˚is˚countable,˚e˛EForm(S,X)˚}.If D is the empty set, then �˚D˚�˚e is an equivalent notation for the elementary formula e. (˚�˚D is anotation for the couple (�,D); see [K]˚)¥For every formula j let Var(j) denote the set of all variables which appear in j. A formula j iscalled closed iff Var(j) is empty.¥A positive conditional formula is a conditional formula �˚D˚�˚e s.t. for every t˚=˚t’ belonging to Deither D(t) or D(t’) belongs to D.¥If A is a partial algebra, j is a formula and V is a valuation for Var(j) in A, then we say that jholds for V in A (˚equivalently: is satisfied for V by A˚) and write A˚�V˚j accordingly to thefollowing definitions.¥A˚�V˚D(t) iff tA,V is defined;¥A˚�V˚t˚=˚t’ iff tA,V and t’A,V are either both defined and equal or both undefined;¥A˚�V˚�˚D˚�˚e iff A˚�V˚d for all d˚˛˚D implies that A˚�V˚e.We write A˚�˚j for a formula j and say that j holds in (˚equivalently: is satisfied by, is valid˚in˚) Aiff A˚�V˚j for all valuation V for Var(j) in A.˚�In the following a generic elementary formula will be denoted by e or h or g or d, while a genericconditional formula will be denoted by j or J or y ; moreover for all conditional formulaej˚=˚(�˚D˚�˚e) we denote D by prem(j) and e by cons(j); finally we will use some equivalent notations:�˚D1�˚�˚�˚Dn˚�˚e is the same as �˚(¨i=1�n˚Di)˚�˚e;e1˚�˚�˚�˚en˚�˚e is the same as �˚{˚e1,�,en˚}˚�˚e;where D1,�,˚Dn are sets of elementary formulae and e1,�,˚en,˚e are elementary formulae.Def. 1.2.¥A conditional type (also called conditional specification) consists of a signature S and of a set Ax ofconditional formulae over S. A generic conditional type will be denoted by T; the formulae belongingto Ax are called usually the axioms of T and are denoted by a.¥A positive conditional type is a conditional type s.t. all its axioms are positive conditional formulae; ageneric positive conditional type will be usually denoted by PT.¥For every conditional type T˚=˚(S,Ax), PMod(T) denotes the class of all models of T, ie the class ofS-algebras satisfying every formula of Ax, ie PMod(T)˚=˚{˚A˚|˚A˚˛˚PA(S),˚A˚�˚a,˚"˚a˚˛˚Ax˚}.

5¥For every conditional type T˚=˚(S,Ax), PGen(T) denotes the class of all term-generated models of T, iePGen(T)˚=˚Gen(PMod(T)).˚�Prop. 1.3. If C is a non-empty subclass of PMod(T) and either T is a positive conditional type, orC˚=˚MDef(C), then WS/KC is a model of T.˚�Theorem 1.4.1)If PT is a positive conditional type, then WS/KPMod(PT) is initial in PMod(PT).2)If T is a conditional type s.t. MDef(PGen(T)) is not empty, then WS/KMDef(PGen(T)) is initial inMDef(PGen(T)).3)A model I is initial in PMod(T) iff it is initial in PGen(T).4)If I is initial in PMod(T), then I˚˛˚MDef(PGen(T)).˚�Remarks.Conditional types are rather pathological w.r.t. positive conditional types. Remarks 1 and 2 below show thekey features of this pathological behaviour. In particular the remark 3 shows the intrinsic irreducibility ofconditional types to positive conditional types, even in the case when an initial model exists. remark 4 fromsame pathological examples extracts the essential idea for a solution of the problem of initiality, which ispresented in the next section.1.If T is a conditional type, then MDef(PGen(T)) may be empty and thus there may not be an initialmodel in PGen(T) and hence in PMod(T), as the following example shows.Let S = (S,F) be the signature defined by S = {˚s˚}, F = {˚a, b: fi s˚}, Ax consist only of the axioma˚=˚b˚�˚D(b) and T1 be the conditional type (S,Ax).We can define two models A and B by:sA˚=˚{˚1˚},aA˚=˚1,˚bA˚undefined;sB˚=˚sA,bB˚=˚1,˚aB˚undefined.Therefore, if C is an algebra s.t. tC˚˛˚sC iff (tB˚˛˚sB for all B˚˛˚PMod(T1)), then aC and bC areundefined; thus C˚�˚a˚=˚b and C˚�˚D(b), and hence C is not a model.2. If MDef(PGen(T)) is not empty, then there exists a model I initial in MDef(PGen(T)); however ingeneral this model is not initial in PGen(T), as the following example shows.Let S = (S,F) be the signature defined by S = {˚s˚} and F˚=˚{˚a,˚b,˚c,˚d:˚fi˚s˚}, Ax be the set of con-ditional formulae {˚D(c),˚D(d),˚a˚=˚b˚�˚c˚=˚d˚} and T2 be the conditional type (S,Ax).For any minimally defined model A, aA and bA are undefined and thus A � a = b. Thus allterm-generated and minimally defined models are isomorphic to I, defined by:sI = {˚1˚},cI˚=˚1,˚dI˚=˚1,˚aI,˚bI˚undefined,Therefore I is initial in MDef(PGen(T2)), but not in PGen(T2), because there exist modelsA˚˛˚PGen(T2) s.t. A � c˚=˚d.3.There exist classes PMod(T) admitting an initial model which are not definable by only positiveconditional formulae, as the following example shows.Let S be the signature ({˚s˚},{˚a,˚b,˚c,˚d:˚fi˚s˚}), Ax be the singleton set {˚a˚=˚b˚�˚c˚=˚d˚}, T be thetype (S,Ax). Then there exists a model I of T, which is initial in PMod(T) and is defined by:sI = ˘;aI,˚bI,˚cI,˚dI˚undefined.In order to show that there does not exist a positive conditional type PT s.t. PMod(PT)˚=˚PMod(T), it issufficient to show that there exists a subclass C of PMod(T) s.t. WS/KC˚ˇ ˚PMod(T), sinceWS/KC’˚˛˚PMod(PT) for all positive conditional types PT and all subclass C’ of PMod(PT), becauseof prop. 1.3.Let C be the class {˚A,B˚}, where A and B are defined by:sA˚=˚{˚¥,˚@˚};aA˚=˚¥,˚bA˚undefined,˚cA˚=˚@,˚dA˚undefined;sB˚=˚sA;aB˚undefined, ˚bB˚=˚¥, ˚cB˚=˚@, ˚dB˚undefined.Both are models of T. Then WS/KC is isomorphic to the algebra C defined by:sC˚=˚{˚¥˚},aC,˚bC,˚dC˚undefined,˚cC˚=˚¥.Thus WS/KC is not a model of T and hence there does not exist a positive conditional type PT s.t.PMod(PT)˚=˚PMod(T).

6This counterexample could be presented using a different terminology. Note that sC˚=˚sA˚˙˚sB andhence the class of models of T is not closed w.r.t. the intersection of congruences and so it is not aquasi-variety, contrary to the fact that the classes of models of positive conditional types arequasi-varieties (see [T] for references and for a generalization of this results to arbitrary abstractalgebraic institutions).4.Let us consider again the types T1 and T2 of remarks 1 and 2 above. The lack of the initial model forT1 is due to the particular form of the axiom a˚=˚b˚�˚D(b): since there exist models where a isundefined and the same happens for b, if the initial model I exists, then aI and bI are both undefinedand equal, so that the axiom, which would imply D(b), cannot be met. A partly similar situation is shownby T2; the combination of the three axioms D(c), D(d) and a˚=˚b˚�˚c˚=˚d produces a situationanalogous to the one just discussed: if the initial model I exists, then not only aI and bI would beundefined and equal, but also cI and dI should be different, otherwise cI˚=˚dI, being an existentialequality, should hold in every model what is patently false; hence the axiom a˚=˚b˚�˚c˚=˚d, which wouldimply c˚=˚d, cannot be met. Note that the axiom a˚=˚b˚�˚c˚=˚d in itself does not prevent the existenceof an initial model as it is shown in remark 3. The formula a˚=˚b˚�˚c˚=˚d is causing trouble, we call it�naughty�, in connection with the other axioms. Now we will try to capture and formalize the notion of"naughty formula" for a specification and to show that the absence of naughty formulae is a necessaryand sufficient condition for the existence of the initial model.�Def. 1.5. Let be given a type T˚=˚(S,Ax).¥The set SEEq(T) is the set{˚D(t)˚|˚t˛WS˚}¨{˚t˚=˚t’˚|˚t,t’˛WS,˚either˚A˚�˚D(t)˚"A˛PMod(T)˚or˚A˚�˚D(t)˚"A˛PMod(T)˚}¥The set SNF(T), where SNF stands for Semantic Naughty Formulae, consists of all closed conditionalformulae �˚D˚�˚e s.t.1.� ˚D ˚� ˚e is a [tx/x˚|˚x˛ V a r ( a )] for some a ˚˛ ˚Ax and some tx˚˛ ˚ W S s.t. A˚�˚D(tx)"˚A˚˛˚PMod(T);2.A˚�˚d for all d˚˛˚D˙SEEq(T) and all A˚˛˚PMod(T);3.e˚˛˚SEEq(T) and there exists A˚˛˚PMod(T) s.t. A˚�˚e.˚�The notation SEEq stands for Semantic Existential Equations and is justified by the fact that we haverecalled in sec.˚1, that D(t) also can be expressed as an existential equation t˚=e˚t.Theorem 1.6. (Main Theorem 1) For every type T, there exists a model initial in PMod(T) iffSNF(T)˚=˚˘.˚�2 Initiality and logical deductionIn the following when referring to generic formulae and inference systems we consider formulae andinference systems within an infinitary logic which extends first-order logic by admitting denumerableconjunctions (, disjunctions) and quantification over denumerable sets of variables (see e.g.[K]). However wewill show that we can restrict ourselves to consider only conditional formulae.Def. 2.1. For a conditional type T˚=˚(S,Ax), a conditional system L(T), in the following abbreviated toc-system, is an inference system L(T) s.t.:cs1L(T)˚�˚a for all a˚˛˚Ax;cs2the family ”L(T)˚=˚{˚”L(T)s˚}s˛S, where”L(T)s˚=˚{˚(t,t’)˚|˚t,˚t’˚˛˚WS|s,˚L(T)˚�˚D(t),˚L(T)˚�˚D(t’),˚L(T)˚�˚t˚=˚t’˚},is a strict congruence over WS s.t. Dom(”L(T))˚=˚{˚t˚|˚t˚˛˚WS,˚L(T)˚�˚D(t)˚};cs3for any countable set of elementary formulae D, any elementary formula h, any family X ofvariables, and any closed term tx of appropriate sortL ( T ) ˚ � ˚� ˚D ˚� ˚h and L ( T ) ˚ �˚ D ( t x ) for all x˚˛ ˚ X s and s˚˛ ˚S impliesL(T)˚�˚�˚{˚d[{tx/x˚|˚x˛Xs,s˛S}]˚|˚d˚˛˚D˚}˚�˚h[{tx/x˚|˚x˛Xs,˚s˛S}];

7cs4for any countable sets of elementary closed formulae Q, G, Qg and any elementary closed formulaeL(T)˚�˚�˚Q˚�˚�˚G˚�˚e and L(T)˚�˚�˚Qg˚�˚g for all g ˛ G implies L(T)˚�˚�˚Q˚�˚�˚(¨g˛G˚Qg)˚�˚e;cs5is sound, ie for any formula j, L(T)˚�˚j implies M˚�˚j for all M˚˛˚PMod(T).˚�In order to make the presentation more concrete and to prepare the way to a completeness result, weintroduce, for the moment just as an example, a particular c-system, which is reminiscent of systems found inthe literature (see, e.g.˚[WB]); however the peculiar form of the axioms and inference rules will play a veryimportant technical role when dealing with completeness in the next section.Def. 2.2. The canonical c-system for a conditional type T = (S,Ax), denoted by CS(T), consists of theaxioms Ax and of the following axioms:1t = tt˚˛˚WS|s2t = t’ � t’ = tt,t’˚˛˚WS|s3t = t’ � t’ = t" � t = t"t,t’,t"˚˛˚WS|s4t1 = t’1 � tn = t’n � op(t1,...,tn) = op(t’1,...,t’n)ti˚˛˚WS|si,˚i=1�n, op:˚s1·� ·sn˚fi ˚s5D(op(t1,...,tn)) � D(ti)ti˚˛˚WS|si,˚i=1�n, op:˚s1·� ·sn˚fi ˚s6D(t) � t = t’ � D(t’).t,t’˚˛˚WS|s7˚�˚Q˚�˚�˚G˚�˚e,˚˚{�˚Qg˚�˚g˚|˚g˚˛˚G}˚�˚Q˚�˚�˚(¨g˛G˚Qg)˚�˚e˚

Q, Qg, G are arbitrary, countable subsets ofEForm(S,˘), e˛EForm(S,˘).8˚˚�˚D˚�˚h�{D(tx)˚|˚x˛Xs,s˛S}�{d[{tx/x|x˛Xs,s˛S}]˚|˚d˛D}�h[{tx/x|x˛Xs,s˛S}]

D is an arbitrary, count-a b l e s u b s e t o f EForm(S,Var),h˛EForm(S,Var),tx˛WS|s for all x˛Xs.Remarks.1Notice that CS(T) is really a c-system. First of all it is trivial to verify properties cs1, cs2, cs3, cs4. So,in order to show that CS(T) is a c-system for T, we only have to show that it is sound. Since thesoundness of rules 1 to 7 is obvious, we only show the soundness of rule 8.Let A be a model of T, y* denote, for all formulae y, the formula y[{tx/x˚|˚x˛Xs,s˛S}], Y be theset Var(�˚D˚�˚h), Y* be Var(�˚{˚D(tx)˚|˚x˛X˚}˚�˚�˚{˚d*˚|˚d˛D˚}˚�˚h*), ie, since tx˚˛˚WS for allx˚˛˚X, Y*˚=˚Var(�˚{˚d*˚|˚d˛D˚}˚�˚h*)˚=˚Y˚-˚X and V be a valuation for Y* in A. Let us assume thatA˚�V˚d* for all d˚˛˚D and A˚�V˚D(tx) for all x˚˛˚X and show that A˚�V˚h*. Let V’ be defined byV’(y)˚=˚V(y) for all y˚˛˚Y* and V’(x)˚=˚txA for all x˚˛˚X˚˙˚Var(�˚D˚�˚h). First of all we show thatV’ is a valuation for Y in A. Since X˚˙˚Y*˚=˚˘, V’ is a (partial) function from X into A; so we onlyhave to show that it is total. Let y˚˛˚Y; then either y˚˛˚Y*, and in this case V’(y)˚=˚V(y) and soV’(y)˚˛˚A, since V is a valuation, or y˚˛˚X, and in this case V’(y)˚=˚tyA and so, since we have assumedA˚�V˚D(ty), tyA˚˛˚A.By definition of V’ and V, we also have that A˚�V˚y* iff A˚�V’˚y for all formulae y and hence,since we have assumed that A˚�V˚d* for all d˚˛˚D, we also have that A˚�V’˚d for all d˚˛˚D; moreover, byinductive hypothesis, A˚�V’˚�˚D˚�˚h and hence A˚�V’˚h ie A˚�V˚h*.2.Notice that the variables only may appear in the axioms of Ax and in rule 8. Thus in order to eliminatevariables from a formula we must apply rule 8, which disposes of the problems of unsoundness formany-sorted deduction noted by Goguen and Meseguer (see [MG]).˚�

8Def. 2.3. For a given conditional type T, a c-system L(T)¥is complete w.r.t. a set Q of formulae iff for any J˚˛˚Q, if M˚�˚J "˚M ˛ PMod(T), then L(T)˚�˚J.¥is EEq-complete iff it is complete w.r.t. the set SEEq(T); equivalently L(T) is EEq-complete iff it iscomplete w.r.t the set EEq(L(T))˚=˚{D(t)˚|˚t˛WS|s}¨{t=t’˚|˚t,t’˛WS|s,˚either˚L(T)˚�˚D(t)˚or˚L(T)˚�˚D(t’)}.˚�Remark. Notice that for every c-system L(T) completeness w.r.t. EEq(L(T)) and w.r.t. SEEq(T) are reallyequivalent. Indeed, since every c-system L(T) is sound, if L(T)˚�˚D(t), then A˚�˚D(t) for all A˚˛˚PMod(T)and hence EEq(L(T))˚˝˚SEEq(T). Conversely assume that L(T) is complete w.r.t. EEq(L(T)); thus inparticular if A˚�˚D(t) for all A˚˛˚PMod(T), then L(T)˚�˚D(t) and hence{˚t˚=˚t’˚|˚t,˚t’˚˛WS,˚either˚A˚�˚D(t)˚"˚A˛PMod(T)˚or˚A˚�˚D(t)˚"˚A˛PMod(T)˚}˚˝{˚t˚=˚t’˚|˚t,˚t’˚˛˚WS|s,˚either˚L(T)˚�˚D(t)˚or˚L(T)˚�˚D(t’)˚},ie SEEq(T)˚˝˚EEq(L(T)).˚�Notice now that, since ”L(T) is a congruence because of condition cs2 of def. 2.1, we can define thealgebra WS/”L(T). Thus we state a proposition which is useful in the following and is a slight generalizationof well-known results for total algebras.Prop. 2.4. The algebra WS/”L(T) is a model of T iff it is initial in PMod(T).˚�It is now convenient to give a notion of naughty formula related to a c-system, since it allows us to connectthe initial model with logical inference systems. Def. 2.5. For a given T and a c-system L(T), the set NF(L(T)) (NF for Naughty Formulae) consists of allclosed conditional formulae j s.t.nf1˚j is a[tx/x˚|˚x˛Var(a)] for some a˚˛˚Ax and tx˚˛˚WS s.t. L(T)˚�˚D(tx);nf2˚L(T)˚�˚d for all d˚˛˚prem(j)˚˙˚EEq(L(T));nf3˚L(T)˚�˚cons(j) and cons(j)˚˛˚EEq(L(T)).˚�Prop. 2.6. For all EEq-complete c-systems L(T) we have NF(L(T))˚=˚SNF(T).˚�Theorem 2.7. Let L(T) be a c-system. The set NF(L(T)) is empty iff WS/”L(T) is a model of T.˚�Putting together prop. 2.4, prop. 2.6 and theorem 2.7 we get our second main result.Theorem 2.8.(Main theorem 2) Let T be a conditional type. For every c-system L(T) the following condi-tions are equivalent:1)the set NF(L(T)) is empty;2)the algebra WS/”L(T) is a model of T;3)the algebra WS/”L(T) is initial in PMod(T).Moreover, if L(T) is EEq-complete then each one of the above conditions is equivalent to4)there exists an initial model in PMod(T).˚�It is easy to obtain the well-known initiality result for positive conditional types [BW1] as a corollary of theabove results; for that we state an intermediate result.Prop. 2.9. Let T˚=˚(S,Ax) be a conditional type, L(T) be a c-system and A be the algebra WS/”L(T); thenA˚�˚a for all positive conditional axioms a of Ax.˚�Corollary 2.10 [BW1]. Let PT˚=˚(S,Ax) be a positive conditional type, L(PT) be a c-system; then thealgebra WS/”L(PT) is initial in PMod(PT).˚�Remark. If we consider a positive conditional type PT, then we have seen that the algebra WS/”L(PT) is theinitial model of PT for every c-system L(PT) for PT. However if we consider a conditional type T, even ifthere exists an initial model in PMod(T), a generic c-system L(T) is too poor for WS/”L(T) being the initialmodel of T; for instance, even if there exists an initial model in PMod(T), WS/”CS(T) is not in general amodel of T, as the following example shows.Let T4 be the conditional type (S,Ax), where S is the signature ({˚s˚},{˚a,˚b,˚c:˚fi˚s˚}) and Ax is the set{˚D(a)˚�˚a˚=˚b,˚D(b)˚�˚a˚=˚b,˚a˚=˚b˚�˚D(c)˚}.

9Then the formulae a˚=˚b and D(c) hold in every model of T4, while CS(T4)˚�˚a˚=˚b and henceCS(T4)˚�˚D(c). Moreover there exists an initial model of T4, which is isomorphic to the algebra A definedby: sA˚=˚{˚¥˚}, aA, bA are undefined, cA˚=˚¥.˚�Another interesting consequence of the above results is the following proposition.Prop. 2.11. Let T be the conditional type (S,Ax), L(T) be an EEq-complete c-system and T+ be theconditional type (S,Ax¨Ax+), where Ax+ is the set EForm(S,˘)-SEEq(T).1. The following conditions are equivalent:a1MDef(PMod(T)) is not empty;a2L(T)˚�˚D(t) iff L(T+)˚�˚D(t) for all t˚˛˚WS;a3WSL(T+) is initial in MDef(PMod(T)).2.There exists an initial model in PMod(T) iff ( L(T)˚�˚e iff L(T+)˚�˚e for all e˚˛˚SEEq(T)).˚�Remark.˚We shortly show that the well-known theory of total types, ie of the types whose models are onlytotal algebras, and its results of initiality can be seen as a particular case of partial types. First of all we notethat the (total) models of a total type TT˚=˚(S ,Ax) are exactly the (partial) models of the typePar(TT)˚=˚(S,Ax¨AxTot), where AxTot˚=˚{˚D(op(x1,�,xn))˚|˚op˚˛˚F(s1�sn,s)˚} and xi are variables ofsuitable sort. Moreover if A and B are total algebras, the condition in order to p˚=˚{˚ps:˚sA˚fi˚sB˚} be ahomomorphism, since opA ( a 1 ,� , a n ) is always defined, can be rewritten as follows:psn+1(opA(a1�an))˚=˚opB(ps1(a1)�psn(an)); thus every homomorphism between total algebras is really ahomomorphism as defined in the theory of total algebras (˚see [MG,pg.465]˚). Therefore the study of theinitial model of TT in the framework of total algebras is completely equivalent to the study of initial modelof Par(TT) in this framework. Finally note that for every total type TT and every c-system L(Par(TT)) forPar(TT), because of AxTot, L(T)˚�˚D(t) for all closed term t, and hence NF(L(Par(TT)) is empty;therefore the algebra WS/”L(Par(TT)) is the initial model in PMod(Par(TT)), because of theorem 2.7.˚�3 A complete conditional systemThis section is devoted to the third main result of the paper. We exhibit a complete conditional system andthus, instantiating the second main result, we can say that a necessary and sufficient condition for theexistence of the initial model is the absence of formulae which are naughty w.r.t. the exhibited system. Amost interesting feature of this system is that it is obtained by adding just one new rule to the canonicalconditional system of the previous section. This new rule takes a very intuitive and simple form in the case ofaxioms with finitary premises, while the generalization to infinitary premises is rather subtle and tricky. So weintroduce the basic ideas by discussing a finitary example.Consider again the simple example T4 already seen (remark after corollary 2.10). Let S be the signature({˚s˚},{˚a,˚b,˚c:˚fi ˚s˚}), Ax be the set {˚D(a)˚�˚a˚=˚b,˚D(b)˚�˚a˚=˚b,˚a˚=˚b˚�˚D(c)˚} and T4 be theconditional type (S,Ax). Then A˚�˚a˚=˚b for every model A of T, since either a and b are bothundefined, and hence equal, or at least one of them is defined and hence, because of the axioms, both aredefined and equal. Thus we can think of adding to the canonical c-system the following rule*˚�(Q1¨{D(t)})˚�˚e,˚�(Q2¨{D(t’)})˚�˚e,˚�(Q3¨{t˚=˚t’})˚�˚e˚�(Q1¨Q2¨Q3)˚�˚e˚ t,˚t’˛ W S |s, Q 1 , Q 2 , Q 3 arearbitrary finite subsets ofEForm(S,˘), e˛EForm(S,˘).Rule * holds in first order logic since from the premises we can infer�(D1¨{˚D(t)˚})˚�˚�(D2¨{˚D(t’)˚})˚�˚�(D3¨{˚t˚=˚t’˚})˚�˚eand thus also �˚(D1¨D2¨D3)˚�˚(�˚{˚D(t),˚D(t’),˚t˚=˚t’˚})˚�˚e and finally, since �˚{˚D(t),˚D(t’),˚t˚=˚t’˚} islogically valid, � ˚(D 1¨ D 2¨ D 3)˚� ˚e. If we add * to rules 1�8 of C S (T4) then clearly we get*,˚CS(T4)˚�˚a˚=˚b which we could not get simply in CS(T4).However we have to work within infinitary logic and hence we generalize rule * to the case of infinitarypremises.

10Def. 3.1. The inference system associated with T = (S,Ax), denoted CL(T) (˚or simply CL when there is noambiguity˚) consists of the axioms and inference rules of CS(T) and of the following inference rule:9˚{�Qj˚�˚�Gj˚�˚e˚|˚j˛J}�˚(¨j˛J˚Qj)˚�˚e

J is an arbitrary set (possibly more than countable), Qj,˚Gj are arbitrary countablesubsets of EForm(S,˘), e˛EForm(S,˘)." ˚Y ˛ F u l l I n t e r ( G ) $ ˚t,t’˛ W S s.t. D(t),˚D(t’),˚t˚=˚t’˚˛ ˚Y , whereFullInter(G)˚=˚{˚Y ˚|˚Y˝(¨ j˛J˚Gj),˚Y ˙ Gj˚„˚˘ ,˚"˚j˛J˚}.˚�Prop. 3.2. The inference system CL(T) is a c-system for T.˚�Remark. Notice that rule 9 is clearly a generalization of rule * given above. Now we show an example of useof rule 9 in an infinitary case.Let S be the signature ({˚s1,˚s2,˚s3˚},{˚aj:˚fi˚sj;˚fi,˚gi:˚si˚fi˚si˚|˚i˚=˚1,2,˚j˚=˚1,2,3˚}), xi belong to Varsi fori˚=˚1,2, Ax be the set {˚a 1 ,˚a 2 ,˚a 3 ˚}, where a 1 ˚ = ˚ ( ˚ D ( x 1 ) ˚ � ˚ D ( x 2 ) ˚ � ˚ D ( a 3 ) ˚ ) , ai+1˚=˚(˚�˚{˚fin(ai)˚=˚gin(ai)˚|˚n˚˛˚N˚}˚�˚D(a3)˚) for i=1,2. From a1, by rule 7, we deduceJ1i,j˚=˚(˚D(f1i(a1))˚�˚D(f2j(a2)˚)˚�˚D(a3)˚);J2i,j˚=˚(˚D(f1i(a1))˚�˚D(g2j(a2)˚)˚�˚D(a3)˚);J3i,j˚=˚(˚D(g1i(a1))˚�˚D(f2j(a2)˚)˚�˚D(a3)˚);J4i,j˚=˚(˚D(g1i(a1))˚�˚D(g2j(a2)˚)˚�˚D(a3)˚);for all i,˚j˚˛˚N. Thus from a2, a3 and {˚Jki,j˚|˚k˚=˚1,�,4,˚i,˚j˚˛˚N˚}, by rule 9, we deduce D(a3); indeed letJ be the set {˚prem(a2)˚}˚¨˚{˚prem(a3)˚}˚¨˚{˚prem(Jki,j)˚|˚k˚=˚1,�,4;˚i,˚j˚˛˚N˚} and Y belong toFullInter({G|G˛J}) then, since, by definition of FullInter({G|G˛J}), {˚prem(e2)˚}˚˙ ˚Y ˚„˚˘ and{˚prem(e3)˚}˚˙˚Y˚„˚˘, there exist m,˚n˚˛˚N s.t. (˚f1m(a1)˚=˚g1m(a1)˚),˚(˚f2n(a2)˚=˚g2n(a2)˚)˚˛˚Y; moreover,since, by definition of FullInter({G|G˛J}), prem(Jkm,n)˚˙˚Y˚„˚˘ for k˚=˚1,�,4, we have that:{˚D(f1m(a1)),˚D(f2n(a2))˚}˚˙˚Y˚„˚˘,{˚D(f1m(a1)),˚D(g2n(a2))˚}˚˙˚Y˚„˚˘,{˚D(g1m(a1)),˚D(f2n(a2))˚}˚˙˚Y˚„˚˘ ,{˚D(g1m(a1)),˚D(g2n(a2))˚}˚˙˚Y˚„˚˘; thus either {˚D(f1m(a1)),˚D(g1m(a1))˚}˚˝˚Y or {˚D(f2n(a2)),˚D(g2n(a2))˚}˚˝˚Y and hence either{˚D(f1m(a1)),D(g1m(a1)),f1m(a1)˚=˚g1m(a1)˚}˚˝˚Y or {˚D(f2n(a2)),D(g2n(a2)),f2n(a2)˚=˚g2n(a2)˚}˚˝˚Y. ˚�We now proceed to show in outline the relative completeness of CL(T) w.r.t. the closed elementaryformulae. We need some definitions and preliminary results (whose proofs are omitted).Def. 3.3.¥For a given conditional type T, the set PNF(T) (for Possibly Naughty Formulae) consists of all closedconditional formulae j s.t.¥CL(T)˚� j;¥CL(T)˚� cons(j).¥An r-choice (for resolving choice) C is a set of closed elementary formulae s.t.for all j˚˛˚PNF(T), if (prem(j)˙EEq(CL(T)))˚˝˚C, then either cons(j)˚˛˚C, or there exists(t˚=˚t’)˚˛˚prem(j)-EEq(CL(T)) s.t. (t˚=˚t’),˚(t’˚=˚t)˚ˇ˚C and either D(t) or D(t’) belongs to C.¥The set of all r-choices is denoted by R-Choice. �Prop. 3.4. (Deduction Theorem) Let T be the conditional type (S,Ax) and G be a set of elementaryclosed formulae. Then CL(S,Ax¨G)˚�˚�˚Q˚�˚e iff CL(T)˚�˚�˚Q˚�˚�˚D˚�˚e, for an opportune D˚˝˚G.˚�Prop. 3.5. Let T be the conditional type (S,Ax). For every r-choice C the set NF(CL(S,Ax¨C)) isempty.˚�Prop. 3.6. If T˚=˚(S,Ax) is a conditional type and e is an elementary closed formula s.t. CL(T)˚�˚e, thenthere exists an r-choice C s.t. CL(S,Ax¨C)˚�˚e.˚�Theorem 3.7.(Main theorem 3) The system CL(T) is complete w.r.t. the elementary closed formulae.Proof. Let e be an elementary closed formula and assume that CL(T)˚�˚e. We divide the proof in two cases.aLet e belong to EEq(CL(T)); we show that there exists a model A of T˚=˚(S,Ax) s.t. A˚�˚e.¥If NF(CL(T)) is empty, then A = WS/”CL(T) is a model, because of the theorem 2.7, and, byconstruction of ”CL(T), A˚�˚e.

11¥Otherwise there exists an r-choice C s.t. CL(S,Ax¨ C)˚�˚e, because of prop. 3.6. MoreoverNF(CL(T’)) is empty, where T’˚=˚(S,Ax¨C), because of prop. 3.5; thus A˚=˚WS/”CL(T’) is a modelof T’, because of theorem 2.7. Finally A belongs to PMod(T), since PMod(T’)˚˝˚PMod(T) bydefinition of T’, and A˚�˚e, by definition of A.bLet e have the form t˚=˚t’, CL(T)˚�˚D(t), and CL(T)˚�˚D(t’); if there exists a conditional type T’ s.t.1.PMod(T’)˚˝˚PMod(T);2.e˚˛˚EEq(CL(T’));3.CL(T’)˚�˚e;then, because of a and of conditions 2 and 3, there exists a model A of T’ s.t A˚�˚e and hence, becauseof 1, A is also a model of T which does not satisfy e. Therefore we only have to show that there existssuch a T’. Let T1 be the type (S,Ax¨{D(t)}) and T2 be the type (S,Ax¨{D(t’)}); we show that eitherCL(T1)˚�˚t˚=˚t’ or CL(T2)˚�˚t˚=˚t’. By contradiction we assume that CL(T1)˚�˚t˚=˚t’ and CL(T2)˚�˚t˚=˚t’and prove that C L (T)˚�˚t˚=˚t’. By the absurd hypothesis, because of prop. 3.4, we haveCL(T)˚�˚D(t)˚�˚t˚=˚t’ and CL(T)˚�˚D(t’)˚�˚t˚=˚t’; moreover by rule 2 we have that CL(T)˚�˚t˚=˚t’˚�˚t’˚=˚tand CL(T)˚�˚t’˚=˚t˚�˚t˚=˚t’ and hence by rule 7 we also have that CL(T)˚�˚t˚=˚t’˚�˚t˚=˚t’. Thus, applyingrule 9 to the set {˚D(t)˚�˚t˚=˚t’,˚D(t’)˚�˚t˚=˚t’,˚t˚=˚t’˚�˚t˚=˚t’˚}, we have CL(T)˚�˚t˚=˚t’. Therefore eitherCL(T1)˚�˚t˚=˚t’, and in this case let T’ be T1, or CL(T2)˚�˚t˚=˚t’, and in this case let T’ be T2. In anycase T’ satisfies conditions 1, 2, 3 by definition.˚�Putting together theorem 2.8 and theorem 3.7, we get the following conclusive result about initiality.Theorem 3.8. The following conditions are equivalent:1.the set NF(CL(T)) is empty;2.the algebra WS/”CL(T) is a model of T;3.the algebra WS/”CL(T) is initial in PMod(T);4.there exists a model which is initial in PMod(T).˚�4 Higher-order typesIn this section we apply the results to higher-order specifications. After reducing higher-order specificationsto particular classes of first-order specifications (see [MTW]), we consider positive conditional higher-ordertypes, ie higher-order specifications where the only non-positive axioms are the axioms ofterm-extensionality: two functions are equal iff they coincide over all arguments which are values of terms(clearly term-extensionality coincides with ex-tensionality for term-generated models). As an application ofour previous main results, we obtain necessary and sufficient conditions for the existence of initial models ofhigher-order specifications (theorem 4.5 and corollary 4.7). Def. 4.1.¥If S is a set, then the set Sfi of functional sorts over S is inductively defined by: S˚˝˚Sfi and ifs1,�,sn,sn+1˚˛˚Sfi, then s˚=˚(s1·�·sn˚fi˚sn+1)˚˛˚Sfi for all n˚‡˚1.¥A higher-order signature consists of a set S of basic sorts and of a family F of sets of operationsymbols, F˚=˚{˚F(L,s)˚}s˛Sfi. A generic higher-order signature will be denoted by FS.¥ Let FS˚=˚(S,F) be a higher-order signature. The associated extended signature is the (first-order)signature defined by E(FS)˚=˚(Sfi,F˚¨˚Fapply), where Fapply is the family{˚Fapply(s˚s1�sn,sn+1)˚}n‡1,s=(s1·�·snfisn+1)˛Sfi, with Fapply(ss1�sn,sn+1)˚=˚{˚applys˚}.We will often use the infix notation for the applys operators, ie we will write f(a1 ,� , a n ) forapplys(f,a1,�,an), dropping the sort indexes where there is no ambiguity.¥ Let FS˚=˚(S,F) be a higher-order signature. A higher-order partial algebra A on FS is a partialalgebra on E(FS) which satisfies the following extensionality condition:for all s˚=˚(s1·�·sn˚fi˚sn+1)˚˛˚Sfi, with n˚‡˚1 and for all f,˚g˚˛˚sA,if for all ai˚˛˚siA, i=1,�,n, f(a1,�,an)˚=˚g(a1,�,an), then f˚=˚g.

12A higher-order partial algebra on a higher-order signature FS is called an FS-algebra. We denote byPFA(FS) the class of all FS-algebras.˚�Remarks. Let PT be a positive (higher-order) conditional type (E(FS),Ax) and Fun-Mod(PT) be theclass PMod(PT)˚˙˚PFA(FS).1In general there does not exist an E(FS)-algebra initial in Fun-Mod(PT), as the following exampleshows.Let PT be the positive type (E(FS1),Ax1), where FS1 is the signature ({s},{e:˚fi˚s;˚f,g:˚fi˚(s˚fi˚s)})and Ax1 is the set {D(f),˚D(g),˚D(f)˚�˚f˚=˚g˚�˚D(f(e))}.Assume by contradiction that I is initial in Fun-Mod(PT).Let F and G be the FS1-algebras defined bysF˚=˚{¥};˚(s˚fi˚s)F˚=˚{j,x}, where j(¥) is undefined and x(¥)˚=˚¥; eF˚=˚¥;˚fF˚=˚x,˚gF˚=˚j.sG˚=˚sF;˚(s˚fi˚s)G˚=˚(s˚fi˚s)F; eG ˚=˚¥;˚fG˚=˚j;˚gG˚=˚x.Both F and G belong obviously to Fun-Mod(PT); thus there exist two homomorphisms pF:˚I˚fi˚Fand pG:˚I˚fi˚G.Since homomorphisms are total functions, for all a˚˛˚sI, pF(a)˚=˚¥ and hence gI(a) must be undefined,since gF (¥) is undefined and gI(a)˚˛ ˚sI implies, by definition of homomorphism,pF(gI(a))˚=e˚gF(pF(a))˚=e˚gF(¥). Analogously pG(a)˚=˚¥ and hence, since fG(¥) also is undefined, fI(a)is undefined too. Thus for all a˚˛˚sI we have that both fI(a) and gI(a) are undefined and hencefI(a)˚= gI(a) for all a˚˛˚sI, ie fI˚=˚gI. Therefore fI˚=˚gI and, since fI is totally undefined, (f(e))I isundefined, contrary to the assumption that I, belonging to Fun-Mod(PT), satisfies the axiomD(f)˚�˚f˚=˚g˚�˚D(f(e)).2In general there does not exist a conditional type T s.t. Fun-Mod(PT)˚=˚PMod(T); indeed, if A is ahigher-order algebra, then in general WE(FS)/KA is not higher-order (consider for instance the algebrasF and G of the example above) while for every conditional type T˚=˚(S,Ax) and every model B of Tthe algebra WS/KB is a model of T too.Therefore we restrict the class of higher-order algebras to the only algebras satisfying a strongercondition of extensionality; this condition is the weakest compatible wih the requirement that, for anyPT, the models of PT satisfying this condition are exactly all the partial models of an suitableconditional type T.˚�Def. 4.2. An FS-algebra A is term—extensional ifffor any f,˚g˚˛˚sA with s˚=˚(s1·�·sn˚fi˚sn+1) and n˚‡˚1,if for all ti˚˛˚WE(FS)|si, with i˚=˚1,...,n, f(t1A,...,tnA)˚=˚g(t1A,...,tnA), then f˚=˚g.˚Def. 4.3.¥A (positive) conditional higher-order type (also higher-order specification) (P)FT˚=˚(FS,Ax) consists ofa higher-order signature FS and a set Ax of (positive) conditional axioms over E(FS).A generic (positive) higher-order type will be denoted by (P)FT.¥Let FT be the conditional higher-order type (FS ,Ax) and T be the conditional type(E(FS),Ax˚¨˚Axext), where Axext is the set{˚�˚{˚f(t1,�,tn)˚=˚g(t1,�,tn)˚|˚ti˚˛˚WS|si ,˚i=1,�,n˚}˚�˚f˚=˚g |˚(s1·�·sn˚fi˚sn+1)˚˛˚Sfi }, and f,˚g arevariables of sort (s1·�·sn˚fi˚sn+1). Then the class FMod(FT) of the higher-order models of FT isdefined by FMod(FT)˚=˚PMod(T), ie it is the class of all term-extensional models of FT. �Remarks. Although the positive conditional higher-order types are a very special case of conditional types,since they have only one kind of (non-positive) conditional axioms, they have all the limitations ofconditional types, as the following examples show.Let PFT be a positive conditional higher-order type.1.In general there does not exist an initial model in Gen(FMod(PFT)). Indeed, with the notations of theprevious remark, let PFT be the higher-order type (FS1,Ax1). Since F and G are term-generated,then F and G are term-extensional and hence F,˚G˚˛˚Gen(FMod(PFT)). Thus, since we have seen that

13for any algebra I if there exist two homomorphisms pF:˚I˚fi˚F and pG:˚I˚fi˚G, then I does not satisfythe axiom D(f)˚�˚f˚=˚g˚�˚D(f(e)), there does not exist an initial model in Gen(FMod(PFT)).2.Even if there exists a model I initial in MDef(Gen(FMod(PFT))), in general this model is not initial inGen(FMod(PFT)).Let PFTMD be the higher-order type (FSMD,AxMD), where FSMD is the signature (SMD,FMD),S M D ˚=˚{˚s˚}, FM D ˚ = ˚ { ˚ e 1 , ˚ e 2 :˚fi ˚ s ; ˚ f , ˚ g : ˚ fi ˚ ( s ˚ fi ˚s)˚} and AxM D is the set{˚D(e1),˚D(e2),˚D(f),˚D(g),˚D(f)˚�˚f˚=˚g˚�˚e1˚=˚e2˚}.For any minimally defined higher-order model A and any closed term t, f(t) and g(t) are undefined;thus A˚�˚f˚=˚g. Therefore every minimally defined model is isomorphic to I, defined by:sI˚=˚{˚1˚}, (s˚fi˚s)I˚=˚{˚j˚}, where j(1) is undefined, e1I˚=˚1, e2I˚=˚1, fI˚=˚j, gI˚=˚j,which is initial in MDef(Gen(Mod(PFTMD))), but not in Gen(Mod(PFTMD)), because there existmodels A s.t. A˚�˚f˚=˚g and so A˚�˚e1˚=˚e2.˚�Thus we explore the existence of initial models for positive conditional higher-order types.Def. 4.4. Let FT be the conditional higher-order type (FS,Ax) and T be the conditional type(E(FS),Ax¨Axext).¥A c-system for FT is a c-system for T. In the following a generic c-system will be denoted by FL(FT).¥The system FCL(FT) is the system CL(T).˚�Theorem 4.5(Main theorem 4). Let PFT be a positive conditional higher-order type and FL(PFT) be ac-system for PFT. The following conditions are equivalent.1.The algebra WE(FS)/”FL(PFT) is initial in FMod(PFT).2.For all f,˚g˚˛˚WE(FS)|(s1·� ·snfi sn+1), n˚‡˚1, s.t. FL(PFT)˚�˚D(f) and FL(PFT)˚�˚D(g) eitherFL(PFT)˚�˚f˚=˚g, or there exist ti˚˛˚WE(FS)|si, i=1,�,n, s.t.FL(PFT)˚�˚f(t1,�,tn)˚=˚g(t1,�,tn) and(either FL(PFT)˚�˚D(f(t1,�,tn)) or FL(PFT)˚�˚D(g(t1,�,tn))).Moreover if FL(PFT) is EEq-complete, then the conditions above are also equivalent to the following:3)there exists a model of PFT which is initial in FMod(PFT).˚�Since we know that FCL(PFT) is complete we can instantiate theorem 4.5Prop. 4.6. Let PFT be a positive conditional higher-order type. The following conditions are equivalent.1)for all f,˚g˚˛˚WE(FS)|(s1·�·snfisn+1), n˚‡˚1, s.t. FCL(PFT)˚�˚D(f) and FCL(PFT)˚�˚D(g) eitherFCL(PFT)˚�˚f˚=˚g, or there exist ti˚˛˚WE(FS)|si, i=1,�,n, s.t. FCL(PFT)˚�˚f(t1,�,tn)˚=˚g(t1,�,tn) and(either FCL(PFT)˚�˚D(f(t1,�,tn)) or FCL(PFT)˚�˚D(g(t1,�,tn)));2)the algebra WE(FS)/”FCL(PFT) is initial in FMod(PFT);3)there exists a model of PFT which is initial in FMod(PFT).˚�Remark. Note that for any functional type PFT˚=˚(FS,Ax) and any couple (j,x) of total functions, ie offunctions s.t. FCL(PFT)˚�˚D(j(x1,�,xn)) and FCL(PFT)˚�˚D(x(x1,�,xn))), the condition 1 of prop. 4.6 issatisfied, since for all ti˚˛˚WE(FS)|si, i=1,�,n, FCL(PFT)˚�˚D(j(t1,�,tn)) and FCL(PFT)˚�˚D(x(t1,�,tn)).Thus, in particular, if we want give a specification for a set of total functions, then we have that condition 1of prop.˚4.6 holds for all f,˚g˚˛ ˚ W E(F S )|(s1· � · snfi sn+1), n˚‡ ˚1, s.t. F C L (PFT)˚�˚D(f) andFCL(PFT)˚�˚D(g) and hence there exists an initial model of the specification.Acknowledgements. We wish to thank Y.Gurevich for a long and helpful discussion of the content of thispaper and M.Borga for some useful information on related mathematical logic issues.References[AR1]Astesiano, E.; Reggio, G. �SMoLCS-Driven Concurrent Calculi�, (invited paper) Proc.TAPSOFT�87, vol.1, Berlin, Springer Verlag, 1987 (Lecture Notes in Computer Science n. 249),pp. 169—201.

14[AR2]Astesiano, E.; Reggio, G. �An Outline of the SMoLCS Methodology�, (invited paper)Mathematical Models for the Semantics of Parallelism, Proc. Advanced School on MathematicalModels of Parallelism (Venturini Zilli, M. ed.), Berlin, Springer Verlag, 1987 (Lecture Notes inComputer Science n. 280), pp. 81-113.[B]Burmeister, P. A Model Theoretic Oriented Approach to Partial Algebras, Berlin, Akademie-Verlag, 1986, pp. 1-319.[BW1]Broy, M.; Wirsing, M. �Partial abstract types�, Acta Informatica 18 (1982), 47-64.[BW2]Broy, M.; Wirsing, M. �On the algebraic specification of finitary infinite communicatingsequential processes�, Proc. IFIP TC2 Working Conference on "Formal Description ofProgramming Concepts II", Garmisch 1982.[K]Keisler, H.J. Model Theory for Infinitary Logic, Amsterdam - London, North-Holland PublishingCompany, 1971, pp. �1-208.[M]M�ller, B. �Algebraic Specification with Higher-Order Operations�, Proc. IFIP TC 2 WorkingConference on Program Specification and Transformation, Bad Tolz F.R.G. 1986 (Meertens,L.G.L.T. ed.), Amsterdam-New York-Oxford-Tokyo, North-Holland Publ. Company, 1987.[MG]Meseguer, J.; Goguen, J.A. �Initiality, Induction and Computability�, Algebraic Methods inSemantics, Cambridge, edited by M.Nivat and J.Reynolds, Cambridge University Press, 1985,pp.459-540.[MTW]M�ller B., Tarlecki A., Wirsing M. �Algebraic Specification with Built-in DomainConstructions�, Proceeding of CAAP �88 (Nancy France, March 1988), edited by Dauchet M.and Nivat M., Berlin, Springer-Verlag, 1988, pp. 132-148.[R]Reichel H. Initial Computability, Algebraic Specifications, and Partial Algebras, Berlin (D.D.R.),Akademie-Verlag, 1986.[T]Tarlecki A. �Quasi-varieties in Abstract Algebraic Institutions�, Journal of Computer andSystem Science, n. 33 (1986), pp. 333 - 360.[WB]Wirsing, M.; Broy, M. An analysis of semantic models for algebraic specifications, InternationalSummer School Theoretical Foundation of Programming Methodology, Munich. Germany 28/7- 9/8, 1981.Appendix: Basic definitions and results on partial algebrasWe start with a short collection of basic notions and results, which are well known. However we need to reportthem here, in order to fix the notation and also because sometimes there are subtle differences; for example,the notion of congruence differs from the one in [B]. The notation here coincides more or less with that usedby Goguen and Meseguer [MG] and Broy and Wirsing [BW1].Proofs are omitted since they are straightforward adaptation of well known proofs for total algebras (seeanyway [B], [MG]).In the following the symbol = will always denote strong equality, ie if p and q are expressions in themetalanguage, then p˚=˚q holds iff either both p and q are undefined, or both are defined and equal.Moreover the word "family" will stay in general for "indexed family", where the indexes are clear from thecontext.A signature (S,F) consists of a countable set S of sorts and of a family F˚=˚{ Fw }w˛S*·S of sets ofoperation symbols. We also write op:˚s1·�·sn˚fi˚s for op˛F(s1�sn,s). A generic signature will be denotedby S.A partial algebra A on a signature S = (S,F) consists of a family { sA }s˛S of sets, the carriers, andof a family { opA }op˛Fw,w˛S*·S of partial functions, the interpretations of operation symbols, s.t. if w =(L,s), with s ˛ S, then either opA is undefined or opA˚˛˚sA, and if w˚=˚(s1�sn,sn+1), where n˚‡˚1, thenopA:˚s1A·�·snA˚fi˚sn+1A. Often we denote the partial algebra A by the couple ({˚sA˚},{˚opA˚}), omittingthe quantifications about s and op which are associated with the signature. A partial algebra over asignature S is called a S-algebra. We denote by PA(S) the class of all S-algebras.A particular example of algebra is the term-algebra, defined in the usual way; in the following we willdenote the term-algebra over a signature S and a family X of variables by WS(X), or shortly WS if X isthe empty set, and WS(X)|s will be called the set of the terms of sort s.

15Let A and B be two S-algebras and p be a family of total functions p˚=˚{˚ps }s˛S, s.t. ps:˚sA fi sB.Then p is a homomorphism iff for any op˚˛˚F(s1�sn,sn+1), n ‡ 0, and any ai ˛ siA, i = 1,�,n,opA(a1,�,an)˚˛˚sn+1A implies psn+1(opA(a1,�,an))˚=˚opB(ps1(a1),�,psn(an)).Note that the homomorphisms are composable and that the identity is always a homomorphism; thus we candefine a category C having S-algebras as its objects and homomorphisms as its morphisms; compositionand identity are composition and identity as maps.Two algebras A and B are isomorphic iff there exist two homomorphisms {˚ps˚}s˛S from A into Band {˚qs˚}s˛S from B into A, s.t. psßqs˚=˚idsB and qsßps˚=˚idsA for all s˚˛˚S.Let A be a S-algebra, X˚=˚{˚Xs˚}s˛S be a family of S-sorted variables and V˚=˚{˚Vs:˚Xs˚fi˚sA˚}s˛S,be a family of total functions, called a valuation for X in A. Then the natural interpretation of terms w.r.t.A and V, denoted by evalA,V, is defined by the following clauses, where we write tA,V for evalA,V(t):-xA,V˚=˚Vs(x), for all x˚˛˚Xs; opA,V˚=˚opA, for all op˚˛˚Fw, with w˚=˚(L,s);-(op(t1,�,tn))A,V˚=˚opA(t1A,V,�,tnA,V) for all op˚˛˚F(s1�sn,sn+1), n˚‡ 1, and all ti˚˛˚WS(X)|si.When restricted to WS, evalA,V is denoted by evalA and, correspondingly, tA,V becomes tA. If evalA issurjective, then A is called term-generated. Note that it is easy to show, by structural induction, that if Aand B are two S-algebras and p:˚A˚fi ˚B is a homomorphism, then p(tA)˚=˚tB for all closed termst˚˛˚WS|s s.t. tA˚˛˚sA and hence if A is term-generated there exists at most one homomorphism from Ainto B.Let A be a S-algebra. The kernel of the natural interpretation of closed terms, denoted by KA, is thefamily {˚KAs˚}s˛S, where KAs˚=˚{˚(t,t’)˚|˚t,˚t’˚˛˚WS|s,˚tA, ˚t’A˚˛ sA˚and˚tA˚=˚t’A˚}.˚Given a signature S˚=˚(F,S) and a S-algebra A, a congruence ” over A is a family of binary relations{˚”s˚}s˛S satisfying the following conditions (where we omit the obvious quantifications over sorts):C1) ”s˚˝˚sA·sA, and ”s is symmetric, transitive and relatively reflexive, ie if (a,a’)˚˛˚”s,then (a,a)˚˛˚”s; in the following we denote by Dom(”s) the set {˚a˚|˚(a,a)˚˛˚”s˚} and we definea˚”Ds˚a’ iff either a˚”s˚a’ or a,˚a’˚ˇ˚Dom(”s);C2) for any w˚=˚(s1�sn,sn+1), op˚˛˚Fw and ai,˚ai’˚˛˚siA, i˚=˚1�n,if a˚”si˚ai’ for i˚=˚1�n, then opA(a1,�,an)˚”Dsn+1˚opA(a’1,�,a’n).A congruence is strict if it also satisfiesC3) for any op˚˛˚Fw, with w˚=˚(s1�sn,sn+1) and n˚‡˚1, and any ai˚˛˚siA for i=1,...,n,˚if opA(a1,�,an)˚˛˚Dom(”sn+1), then ai˚˛˚Dom(”si), for i=1,�,n.Let ” be a congruence over a S-algebra A; let [a] denote the equivalence class of a in ”s for alls˚˛˚S and all a˚˛˚sA. The quotient algebra of A w.r.t. ”, denoted by A/”, is defined by:- sA/”˚=˚{˚[a]˚|˚a˚˛˚Dom(”s)˚}, for all s˚˛˚S;-opA/”([a1],�,[an])˚=˚[opA(a1,�,an)] if opA(a1,�,an)˚˛˚Dom(”sn+1), otherwise opA/”([a1],�,[an]) isundefined, for all op˚˛˚F(s1�sn,sn+1), ai˚˛˚Dom(”si), i˚=˚1�n.For every family ”˚=˚{˚”i˚}i˛I of congruences over a S-algebra A we denote by ˙(”) the family{˚˙i˛I˚”is˚}s˛S. Notice that for all families ”˚=˚{˚”i˚}i˛I of (strict) congruences over a S-algebra A thefamily ˙(”) is a (strict) congruence over A, as it is easy to check.Notice also that if ” is a strict congruence, then for every term t˚˛˚WS(X)|s and every valuation V for Xin A/” we have that [tA,V’]˚=˚tA/”,V, where V’ is a valuation for X in A s.t. [V’(x)]˚=˚V(x), as it easy toshow by structural induction. Thus if A is term-generated, then also A/” is term-generated.Let C be a non-empty subclass of PA(S).¥MDef(C) is the subclass of C defined by:{˚A˚|˚A˚˛˚C˚s.t.˚for˚all˚s˚˛˚S,˚for˚all˚t˚˛˚WS|s,˚if˚tA˚˛˚sA,˚then˚tB˚˛˚sB˚"˚B˚˛˚C˚}.¥Gen(C) is the subclass of C defined by: {˚A˚|˚A˚˛˚C˚s.t.˚A˚is˚term-generated˚}.¥KC is the congruence defined by ˙({˚KA˚|˚A˚˛˚C˚}).¥A S-algebra I is initial in C iff I˚˛˚C and " B˚˛˚C $ a unique homomorphism from I into B.Now we can state some results on the existence and the characterization of the initial model for a class C ofalgebras.

16Prop. A. Let C be a non-empty subclass of PA(S).(1)˚If I is initial in C, then KI˚=˚KC, ie for all s˚˛˚S(i1) "˚t˚˛˚WS|s, tI˚˛˚sI iff (tB˚˛˚sB for all B˚˛˚C), or, equivalently, I˚˛˚MDef(C).(i2) "˚t,˚t’˚˛˚WS|s s.t. tI,˚t’I˚˛˚sI, tI˚=˚t’I iff (tB˚=˚t’B for all B˚˛˚C).(2)˚If there exists an algebra I˚˛˚C isomorphic to WS/KC, then it is initial in C.(3)˚If for all A˚˛˚C there exists B˚˛C isomorphic to WS/KA, then the following conditions are equivalent(a)I is initial in C;(b)I is initial in Gen(C);(c)I is isomorphic to WS/KC and I˚˛˚C.˚�