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Abstract

Multi-output learning deals with the challenge of estimating several related functions from a set
of training data, avoiding overfitting. Kernel methods exploit the properties of Reproducing Ker-
nel Hilbert Spaces that allow to reduce an infinite-dimensional problem into a finite-dimensional
one, while encoding some sort of prior information of the data generation process via kernel
functions. We study a class of regularized kernel methods for vector valued learning which are
based on filtering the spectrum of the kernel matrix. The proposed methods include Tikhonov
regularization as a special case, as well as interesting alternatives such as vector valued exten-
sions of L2 boosting. Computational properties are discussed for various examples of kernels
for vector valued functions and the benefits of iterative techniques are illustrated. General-
izing previous results for the scalar case, we show a finite sample bound for the excess risk
of the obtained estimator which allows to prove consistency both for vector valued regression
and multi-category classification. Finally, we present some promising results of the proposed
algorithms on synthetic examples and on two applications. The first tackles the problem of
estimating the liver iron overload in patients suffering from blood related diseases. The second
is a framework for reconstructing an active sensorial modality (grasping actions) from a passive
one (images of objects to be grasped). We show how both applications can be naturally modeled
as vector valued and multi-category problems that can be efficiently solved with the proposed
spectral filters.
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He would burn the essay after he had destroyed it by totally correcting it in the
exact opposite of what he had started out to say. (Thomas Bernhard, Correction)
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Chapter 1

Introduction

This thesis presents a class of regularized kernel methods for estimating vector valued functions
from a set of input-output examples, the training set. The spectral filters provide a powerful, and
yet easy-to-use, framework for learning different kinds of multi-output functions with excellent
generalization capabilities. In fact, they provide a stable and generalizing estimator by filtering-
out unstable components that could lead to fit the noise in the data. We studied their theoretical
properties that guarantee generalization and analyzed their algorithmic implementation showing
that they can be much faster than currently used alternatives. Our experimental analysis on
synthetic and real data confirms these results, although indicating the problematic issue of
choosing a proper kernel function for leveraging the relationships among the outputs.

1.1 Learning Multi-Output Functions

The framework. The problem of estimating a function from a set of examples goes under
the name of Supervised Learning and here we consider the approach of Statistical Learning
Theory (Vapnik, 2000) that, in few words, focuses upon finding an estimator that generalizes
(i.e. predicts correctly) as well as possible on new unseen examples, instead of trying to find a
probabilistic model of the data generation process.

The Statistical Learning Theory literature abounds with analyses of methods that deal with
scalar learning problems and in recent years many extensions have been proposed to allow
these methods to be applied to several multi-output contexts (see Section at the end of
the chapter for a short review). However it is not sufficiently clear how the underlying theory
extends to them. Despite some algorithms have been analyzed from a theoretical perspective,
especially Regularized Least Squares (De Vito and Caponnettd, 2005; Caponnetto and De Vita,
2007), and spaces of vector valued functions have been introduced and studied (Schwartz, 1964;
Carmeli et all, 2006), a general theory of multi-output supervised learning is still at its infancy.

Our goal is to show that a principled way to learn a multi-output function exploiting the re-
lationships between its components exists, is consistent and efficient, and often leads to more
accurate predictions. The proposed spectral filters rely on the theory of regularization and on
matrix valued kernels.



Why learning? Because quite often an explicit modeling of the process underlying a certain
experiment or measurement is unfeasible, due to the intrinsic complexity of the process itself or
due to our degree of ignorance on its mechanisms. Most importantly, in many cases, we are more
interested in finding a good predictive solution than in explaining the data generating process.

Consider for instance the following problem of face recognition. A video is recorded by a fixed
camera that films the entrance of a building. We desire a system that automatically identifies
the people allowed to enter the building and opens the door for them. From the video stream
the system must identify the images that contain a person and within such images locate the
region around the face. Then, from a pixel-based description of the face the system must be
able to recognize the person. Instead of determining beforehand which are the facial features
(expressed as functions of the pixels intensities) that differentiate a person from another, a
supervised learning model will use whatever information is available to accurately identify each
person. In order to do so, the face is described via general pixel-based features and the system
is trained on a set of examples for which we know the exact associations. The system then
learns the best classifier from a set of hypothesis that can be tuned to the given examples. A
good learning model must be capable of accurately classify new instances of faces even if it was
trained on a limited number of examples.

Why multi-output? Because most real-world applications, like the example above, have to
deal with multi-output functions. Apart from the estimation of a vector field, we also consider
multi-task problems where we have several scalar regression or classification problems (tasks) and
we suppose the tasks to be highly correlated. Furthermore, multi-class problems, for which the
goal is to categorize a given example into one of several classes, can be viewed as a multi-output
problem, where we want to leverage the relations among the classes. The standard approach to
deal with such situations is to learn each component or task independently and combine their
outputs. In this thesis we present a framework and a set of algorithms to learn multi-output
functions that leverage the structure of the outputs, in order to increase the accuracy of the
estimator or impose on it certain properties.

We now present three examples of multi-output problems to clarify the distinctions between
vector field estimation, multi-task learning and multi-class problems.

A straightforward example of vector field estimation is given by the common practical problem
in experimental physics of estimating a velocity field from scattered spatial measurements —
see Figure [[Jl1 We may know that the field has no sources or wells, hence its divergence is
zero everywhere. We can enforce this property by using an appropriate set of hypothesis and
suitable algorithms. Furthermore, we can estimate a general vector field and reconstruct its
divergence-free part and its curl-free part separately. These solutions cannot be achieved if
one estimates each component of the field independently (Macédo and Castra, 2008). Expected
advantages from the multi-output approach: learn a field with desired properties and be more
robust against measurement noise.

An example of multi-task regression problem is given by modeling consumer preferences, for
instance on a website like Amazon. We desire to train a model to predict the likelihood that
a given consumer will buy a particular book. We could try to estimate it from its previous
purchases only. A better approach is to leverage the similarities among buyers and correlate their
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Figure 1.1: Example of a vector field given by the sum of a divergence-free part and a curl-
free part. Complete field (left) and a random sampling of 100 examples, that may be used for
training a model to estimate the entire field.

purchases. We expect buyers with similar purchasing histories, or tastes, to behave similarly also
in relation to new books. We can then model each consumer as a component in a complicated
vector valued function whose inputs are features describing the books. The model is then learned
combining the buying histories of each consumer, in fact augmenting the training data available
for each task and therefore yielding better predictions. Expected advantages from the multi-
output approach: pool data across the tasks to augment the training sets available for each task
in order to increase prediction accuracy.

An example of a multi-class problem is object recognition in images. The goal is to identify
objects in images and classify them. A well-known dataset of images for object classification is
the Caltech-256 (Griffin et al., [2007), for which a hand-made hierarchy or taxonomy of objects
is provided and could be the key for designing better performing classifiers. In fact, it is reason-
able to think that objects within the same category are related and easier to distinguish from
objects in a different category. Despite multi-class problems could seemingly be viewed as scalar
problems where the outputs are simply the labels (e.g. 1, 2, etc) for each class, this point of view
would enforce an unnatural ordering among the classes. It could be the case that examples be-
longing, say, to class 3 are more similar to the examples in class 1 and in practice it is not feasible
to find an appropriate ordering of the labels. In order to avoid this issue, in Chapter B we show
how we can reformulate a multi-category problem as vector valued regression, assigning vector
labels to each class, and then use the tools for enforcing correlation among the components of
the vector valued function for exploiting the relations among the classes of objects. Expected
advantages from the multi-output approach: be able to learn with fewer training examples and
maintain relationships among the classes.

What is regularization theory? Usually, the examples we provide to a learning algorithm
are affected by measurement noise or incorrect labeling. Furthermore, the relationship between



input and output could be probabilistic, so that the underlying data generation process does
not associate a unique output to a given input. The straightforward approach to learning, also
called Empirical Risk Minimization, is to tune the parameters describing a function to make
it fit the training examples. However, this approach incurs in serious troubles if the candidate
function is too “flexible”: it will fit the noise in the data and lose the ability to generalize on
new examples, a problem commonly known as overfitting — see Figure
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Figure 1.2: A simple example showing the importance of regularization to avoid overfitting. We
consider the scalar regression problem of estimating a sine function (in blue) from randomly
sampled and noisy points. The regularized solution (right, in black) is less sensitive to noise and
better approximates the underlying function. The solution of empirical risk minimization (left,
in red) fits the training data and also the noise, resulting in a very oscillatory function that less
resembles the true function.

Regularization aims at achieving “noise-proof” estimators by regularizing (penalizing) functions
that are prone to overfitting, for instance functions that present high-frequency oscillations.
Another way of regularizing is to restrict the space of possible estimators, allowing only smooth
functions. The two approaches are equivalent and go under the name of Tikhonov and Ivanov
regularization respectively (see for example (Engl et al., [1996)), and both depend on one pa-
rameter, the reqularization parameter, that controls the trade-off between fitting the data and
choosing smoother estimates.

Spectral Filters. Instead of introducing a specific regularization term to penalize undesired
functions, spectral filters act directly on the solution of the empirical risk minimization to
change or eliminate the high-frequency contributions. These methods were firstly introduced in
the context of the Theory of Inverse Problems (Groetsch, [1984) and then have been analyzed
and applied for scalar learning problems (Caponnetta, 2006; [Yao et all,2007; [Bauer et all, [2007;
Lo Gerfo et _all, 2008).

In this thesis we study from the theoretical, algorithmic and experimental perspectives their
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extension to the multi-output setting.

In Chapter Bl we show that for spectral filters regularization is achieved by stabilizing the
solution under small perturbations of the training set. In other words, if we slightly perturb the
examples, the estimator returned by these algorithms is very similar to the one obtained from
the original examples. Interestingly, some of the spectral filters can be implemented as iterative
methods that are computationally very efficient, as we show in the experiments of Part II. These
methods mimic gradient descent techniques that minimize the empirical risk, but early stopping
the iterations ensures regularization is achieved. In other words, the number of iterations plays
the role of the regularization parameter: fewer iterations yield smoother functions.

The main theoretical property we investigated is consistency.

Consistency. If a method was provided with an infinite amount of training points, we expect
it to recover the best possible estimator, that is the estimator one could directly compute if one
knew the underlying model that generates the data. This property of a learning algorithm is
called consistency and it was shown that consistency can be achieved by controlling the com-
plexity of the hypothesis space (Vapnik, [1998) or using regularization techniques (Bauer et al.,
2007). We prove consistency for the spectral filters in the vector valued setting in a unified
framework for all algorithms and also show a bound on the difference between the generaliza-
tion error of the estimator obtained from a finite training set and the generalization error of
the best possible estimator. This bound decays to zero as the inverse of the square root of the
number of examples, ensuring consistency. In the multi-class setting, consistency is in relation
to the Bayes classifier, that is the best classifier if one knew the conditional probabilities for each
class. We prove Bayes consistency for the spectral filters using the vector valued reformulation
of a multi-category problem. In the multi-task case the analysis is complicated by the fact that
the training sets for each task might be different and of different cardinality and one could want
to assess the risk of each task and not overall. We reserve to future work the investigation of
these issues.

What are kernels? These algorithms perform non-parametric regression, that is they do
not seek an estimator from a parametric family of functions, but from an infinite-dimensional
hypothesis space of functions. The problem is made tractable due to the use of special spaces
of functions called Reproducing Kernel Hilbert spaces. These spaces are defined by a function
called kernel that takes as argument two input points and returns an operator that acts on the
output space.

In the scalar case, it is well known (Kimeldorf and Wahba, 1971; |Schélkopf and Smola, 12001)
that the solution of Empirical Risk Minimization and its regularized versions can be written as
a linear combination of the kernel function evaluated at the training points. A similar result
was recently proved for vector valued functions (Micchelli and Pontil, [2005), where they show
that the coefficients of the linear combination are elements of the output space and are given by
solving a system of equations. Due to these results, an infinite-dimensional problem is reduced
to a finite dimensional one that is possible to compute.

Many general-purpose kernels exist for scalar problems and among them the gaussian kernel
is perhaps the most widely used since, given enough points, a linear combination of gaussian
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kernels allows to well approximate any smooth function. In the case of vector valued functions,
the kernels also encode for the relations among the components, but no general off-the-shelf
kernel, like the gaussian for scalar problems, exists. We review several matrix valued kernels for
vector valued functions that have been proposed in the literature and, in particular, consider a
specific class of kernels that can be decomposed as the product of a scalar kernel and a positive
semi-definite matrix. We prove a theoretical result that allows to compute this type of matrix
valued kernels for several recently proposed regularization terms that directly penalize functions
whose components are not related in a specific manner. The importance of this results lies in
the fact that the spectral filters act only on the matrix composed of all pair-wise evaluations
of the kernel function on the training points. Therefore, the spectral filters can now be used to
compute the solution also for the learning problems that use these regularization terms.

1.2 Relevant literature on multi-output learning

Here we provide a generic review of the contributions upon which this thesis is build upon. More
specific references are given in each chapter.

Regularized kernel methods (Evgeniou et al.,2000; Schélkopf and Smola, 2001)) have been amply
studied and the connection between regularization and stability of learning algorithms, intro-
duced in (Bousquet and Elisseeff, 2002), is now widely used to assess consistency of learning
algorithms (Mukherjee et al., [2006; [Poggio et all, 2004). The connection between Inverse Prob-
lems and Learning Theory (De Vito et al., 2005b) has been exploited to extend spectral filters
to the scalar learning setting (Yao et al!, [2007; Bauer et all, 2007; Lo Gerfo et all, [2008)

Several recent works considered multi-output learning, especially multi-task, and proposed a va-
riety of approaches. Starting from the work of (Caruana (1997), related ideas have been developed

in the context of regularization methods (Argyriou et al., |2008b; lJacob et all, 2008), Bayesian
techniques - e.g. Gaussian processes (Boyle and Freanl, 2005; [Chai et all, 2009; [Alvarez et al.,
2009), collaborative filtering (Abernethy et al),2009) and online sequential learning (Abernethy et all,
2007).

The specific problem of learning a vector valued function has received considerably less attention
in machine learning. In statistics we mention the Curds & Whey method of Breiman and Friedman
(1997), Reduced Rank Regression (Izenman, 1975), Filtered Canonical y-variate Regression
(van der Merwe and Zidek, 1980) and Partial Least Squares (Wold et al), [1984). Interestingly,
a literature on statistical techniques for vector field estimation exists in the context of geo-
physics and goes under the name of kriging (or co-kriging) (Stein, [1999). Few attempts to
extend machine learning algorithms from the scalar to the vector setting have also been made.
For example some extensions of Support Vector Machines can be found in (Brudnak, 2006) or
(Vazquez and Walter, 2003). A study of vector valued learning with kernel methods is started
in (Micchelli and Pontil, 2005), where regularized least squares are analyzed from the compu-
tational point of view. The error analysis of vector valued Tikhonov regularization is given in
(De Vito and Caponnettd, 2005; |Caponnetto and De Vita, 2007).

Finally, we note that the use of vector valued kernels for multi-category classification has not
been analyzed yet, though we will see that it is implicit in methods such as multi-category Sup-
port Vector Machines (Lee et all, 2004). Algorithms for multi-category classification include so
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called single machines methods, as well as techniques that reduce the multi-class problems to a
family of binary problems, e.g. one versus all and all versus all (see (Tewari and Bartlett, 2005;
Rifkin and Klautau, 2004) for discussion and references). In our study we consider the results of
Tewari and Bartlett (2005) and Rifkin and Klautau (2004) as starting points for theoretical and
practical considerations. The former work shows that naive extensions of binary classification
algorithms to multiple classes might lead to inconsistent methods, and provide sufficient condi-
tions for a multi-class method to be Bayes consistent (see also (Zhang, 2004)). The latter work
presents a thorough experimental analysis, supporting the fact that a finely tuned one versus
all (OVA) scheme yields performances that are comparable or better than more complicated
approaches in most practical situations.

1.3 Contributions

e Thorough understanding of the differences of kernel methods when applied to vector val-
ued, multi-task and multi-class problems.

e Connection between certain regularizers on the components of the multi-output function
and a class of matrix valued kernels.

e Extension of spectral filtering methods to the multi-output case.

e Decomposition of the optimization problem for a particular class of kernels, obtaining a
great improvement in speed.

e Sound conversion of a multi-category problem into a vector valued one.
e Consistency results for vector valued learning and multi-class learning.

e Experimental applications and results.

1.4 Plan of the thesis

The thesis is dived in two parts. Part I formalizes the problem of vector valued learning,
introduces the spectral filters and deals with theoretical aspects.

In Chapter 2] we present and formalize the problem of learning, defining the mathematical
quantities required to evaluate the algorithms. We introduce our hypothesis spaces, Reproducing
Kernel Hilbert spaces of vector valued functions and discuss the properties of several matrix
valued kernels. Here we also present our first theoretical result, that connects the norm of a
vector valued function to a weighted sum of the scalar products between its components and
how this, in turn, allows to compute the kernels corresponding to several regularizers introduced
in the literature. We conclude the chapter reviewing the extension from scalar to vector valued
output for Tikhonov regularization.

In Chapter Bl we introduce the spectral algorithms subject of this thesis and discuss how they
achieve a regularized solution. We present our main result, the finite bound on the excess
risk of the estimators obtained with the spectral filters, and discuss how this bound leads to
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consistency. In Section we provide a decomposition scheme for a class of kernels that allows
to dramatically reduce the computational complexity of the learning problem. We conclude with
an analysis of the computational complexity of the proposed algorithms, taking into account the
cost of computing the optimal regularization parameter value.

In Chapter [4, we show how the proposed framework for estimating vector valued functions can
be applied to multi-task problems and discuss the differences between the two problems.

In Chapter Bl we present and analyze a scheme to represent and solve a multi-class problem as
a vector valued regression problem. This allow us to prove Bayes consistency for the proposed
methods exploiting the bound derived in Chapter B

In Part II, we present some applications of the spectral filters to synthetic data as well as to two
real world problems that have been tackled during the course of the doctoral research.

In Chapter [l ,we present a comparison between vector valued and multi-task learning and show
how the latter can benefit from the different training sets available for each task. Successively,
we apply the proposed methods to the estimation of a vector field with specific properties that
can be encoded in a matrix valued kernel. The vector field is obtained as the sum of a curl-free
part and a divergence-free part. We show how, using ad-hoc kernels, it is possible to improve
upon regressing each component of the field independently. A computational comparison of the
algorithms is also presented, offering a clear indication that iterative spectral filters are much
faster than Tikhonov regularization. We end the chapter with a comparison on a real dataset
of examination scores of students belonging to more than one hundred schools in the UK. Our
methods perform better than the current state-of-the-art algorithms.

Chapter [ presents and addresses the problem of estimating the iron overload in the liver of
patients suffering from Thalassemia or Hereditary Hemochromatosis. We show how this problem
can be formulated as vector valued regression and how prior information can be encoded in the
design of a specific matrix valued kernel. We report the results and the comparison with a
previous parametric model, currently used for diagnosis in parallel with our model.

Chapter 8 deals with the problem of estimating a proper hand configuration for grasping objects.
We consider an experimental situation in which a person is grasping several types of objects,
each of which can be grasped in different ways. A camera records an image of the object and
a sensorized glove measures the angles of the fingers joints. We present three scenarios that
differ on the approach to the problem, but they are all based on vector valued regression from
visual features, describing the appearance of the object, to the 22 sensors that represent the
hand configuration. A preliminary or subsequent multi-category classification is used either to
classify the objects or the grasp types. We show that using data recorded from several people it
is more difficult to enforce and exploit the correlation between the positions of each hand joint,
due to the variability of the grasping action among the volunteers.
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Chapter 2

Learning and Regularization

In this chapter we formalize the problem of learning a vector valued function from examples, set
the notation and define the mathematical objects of interest for the subsequent analysis.

In Section 2.1l we set the notation, formalize the supervised learning problem and discuss some
theoretical properties we require from learning algorithms. In Section 2.2 we define matrix
valued kernels and the corresponding Reproducing Kernel Hilbert Spaces (RKHS), that will
be used as hypothesis spaces of candidate estimators for the learning algorithms. In Section
2.3, we review several matrix valued kernels proposed in the literature and present our first
theoretical result, a proposition that connects a particular class of kernels to some regularizers
on the components of the vector valued function. This result allows to use spectral algorithms
for finding the estimator subject to these regularizers. We conclude the chapter presenting and
discussing the extension of Tikhonov regularization from the scalar to the vector valued case,
which will help us in understanding the main ideas behind the spectral filters proposed in the
next chapter.

2.1 Supervised Learning

Given only a finite number of examples z = {(x1,v1), ..., (Tn,yn)}, where z; € X and y; € Y for
all  =1,...,n, the problem of supervised learning amounts to inferring a function f, : X — ).
We call z the training set, X the input space and Y the output space. Here we will assume
that X C RP and )) = R? and that the data is identically and independently distributed (i.i.d.)
according to a fixed, but unknown probability distribution p(x,y) = px(z)p(y|x) on X x Y. It
follows that for a given input point x, more than one output y can be associated to it, due to
noise or other factors. The goal of a learning algorithm is to find, using only the data contained
in the training set z, the estimator f, that best approximates the probabilistic relationship
between X and ).

A good estimator, f, should generalize (i.e. predict correctly) on unseen examples and this
translates in having a small ezpected risk (or error)

1(f) = /X @) = wlipte. oy
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where we have chosen the square lOS to quantify the discrepancy between the predicted value
f(x) and the true value y. The expected risk can be seen as the average error obtained by the
candidate solution of the learning problem.

In this framework, the ideal solution is the minimizer of the expected error, called the regression
function

fo(x) = /y yp(yl)dy.

However, we cannot directly compute it since the probability distribution p is unknown. What
we can do is to find a good approximation exploiting all we have, the training data. The
(conceptually) simplest approach is the Least Squares (LS) method that consists in computing
the minimizer of the empirical error

1(F) = + 3 1) — il (21)
i=1

in a given space ‘H of functions called hypothesis space. This method is more generally called
empirical risk minimization induction principle (ERM) when we allow other loss functions.

The choice of a proper hypothesis space is paramount to effectively address the problem of
learning. In the next section, we will introduce the Reproducing Kernel Hilbert spaces and we
will show why they have become de facto a natural choice in Statistical Learning Theory and its
applications. By restricting the range of possible solutions, we are also limiting ourselves from
finding the optimal regression function. Indeed, when we work in a particular hypothesis space,
the best attainable error is inf ey I(f). If the minimizer exists and belongs to H, we denote it
with fy.

We will focus on an important theoretical property of a learning algorithm, called consistency.
Consistency essentially means that, if more data is available for training, then the algorithm will
learn an estimator f, that will better approximate the best possible estimator in the hypothesis
space, f1;. The quality of the approximation can be evaluated considering the distribution of
the excess risk, I(f;) — I(fr). More precisely, we say that an estimator is consistent if, for all
positive €

Jim P [[1(f2) = 1(f)| = ¢] = 0

where P [ A] is the probability of event A according to the probability distribution p. A more
quantitative result is given by finite sample bounds,

PI(fz) —1(fr)l = el <mle,n), 0<n<1

that quantify the probability that the excess risk is greater than a fixed quantity €. This
probability usually depends on the amount of excess risk that we allow, ¢, and the number of
examples, n. For an algorithm to be consistent it is necessary that lim, ., n(e,n) = 0, for
any € > 0. These bounds provide insightful rates of convergence and allow the comparison of
different algorithms from a pure theoretical standpoint. That is, we prefer algorithms for which
n(e,n) decays faster to zero as n increases.

1Other loss functions V : Y x ) — R4 have been introduced in the literature, giving rise to algorithms with
different theoretical and practical properties (for reviews and comparisons see (Hastie et all, 12001; [Rosasco et all,
2004)).
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Since I(fy) will always be smaller than I(f,), we can use the probabilistic bound above to write
a bound on the expected risk that holds with probability greater than 1 —n

I(f2) <1(frn) +e(n,n)

where € depends also on constants defined by properties of the algorithm under considera-
tion. For the algorithm that yields f, to be consistent, we must have lim,,_,, €(n,n) = 0 and
lim,, o n(n) = 0. We will show that the class of algorithms for multi-output learning that we
propose is indeed consistent.

The main issue with ERM is that the minimization problem is ill-posed, which means that,
according to the definition of Hadamard (Hadamard, [1902), the solution not always exists,
it may not be unique and it does not depend continuously on the data. Within the theory
of inverse problems, ill-posedness has been tackled via regularization, that is restricting the
hypothesis space or favoring solutions with lower complexity. The norm of a function in H is
usually related to its complexity or smoothness. The smaller the norm, the simpler the solution.
In fact, one of the more standard approaches, Ivanov regularization (Ivanov,1976), amounts to
the following minimization problem

min Is(f). (2.2)

IIflln<R
Through the Lagrangian formulation of the Ivanov problem, we obtain the Tikhonov regular-
ization scheme (Tikhonov and Arsenin, [1977)

min (1s(F) + AlL/I) - (2.3

The second term is usually called penalty or regularization term and A the regularization pa-
rameter, that must be chosen according to prior information on the difficulty of the learning
problem or selected from the available data. For an appropriate choice of the parameters, A
and R, the two problems are equivalent. In his seminal work (Vapnik and Chervonenkis, 1974),
Vapnik directly tackled the problem of learning and suggested to compute the minimizer of the
empirical risk in a nested structure of hypothesis spaces of increasing complexity and called his
approach Structural Risk Minimization (SRM). His main argument was a bound on the expected
risk that depends on two terms. The first term is the empirical risk, while the second term de-
pends on a measure of the complexity of the hypothesis space and on the number of training
examples. If the training examples are scarce, the second term starts to dominate the two,
so that simply minimizing the empirical risk does not guarantee to have a small expected risk
and hence good generalization. Regularization and SRM are strongly connected. In fact, one
can see Ivanov or Tikhonov regularization as defining a nested structure of hypothesis spaces
M = {f € H : ||fllx < R}. Regularization can be extended by considering more general

penalties Q(f), besides ||f||x, that favor estimators with different behaviors.

Depending on the hypothesis space we consider, the penalty term can favor different classes of
functions. In the next section we will see that working in Reproducing Kernel Hilbert Spaces
(RKHS), we can link the regularization term directly to the kernel function, allowing us to tailor
the learning process to the type of problem we are dealing with. We will see how eventual prior
information on the probability distribution generating the data can guide us in the design of the
kernel function.
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We conclude noting that the connection between stability of learning algorithms and their gener-
alization abilities has allowed us to introduce learning schemes not directly based on regularized
empirical risk minimization. These methods find their motivation in the effort to offer a solution
to the learning problem that is stable with respect to small perturbations of the training data.
We will see that the spectral filters, topic of this thesis, exactly follow this principle.

2.2 Kernels and RKHS

In this section we recall some basic facts about Reproducing Kernel Hilbert Spaces and dis-
cuss the differences between the scalar and the vector valued case. For further details we
refer to (Aronszajn, 11950; [Schwartz, [1964; [Hein and Bousquet, 12004; Micchelli and Pontil, 2005;
Carmeli et _all, 2006).

We consider a compact input space X and a finite dimensional Euclidean output space Y = R¢
with norm || - ||4 and scalar product (-, ).

A Reproducing Kernel Hilbert Space (RKHS) is a Hilbert space H of functions, f : X — R
such that the evaluation maps ev, : f € H — f(x) are continuous and bounded. That is, for
some C > 0, we have

1f(@)lla = lleveflla < Call flln- (2.4)

Defining
[(z,s) = evgevy

we obtain a kernel I : X x X — B()), where B(}) is the space of linear and bounded operators
on Y, that is the space of d x d matrices, and ev}, is the adjoint@ of ev,. Note that ev}c belongs
to H for all ¢ € R,

The kernel I' has the reproducing property

<f($), C>d = <fa GU;C>[‘ = <f> ch>1‘ ’ (25)
for all ¢ € R? and = € X, where evic = Ty :=T'(-, 7)c.

In the special scalar case Y = R, B(R) is nothing more than R itself, so that the kernel, let us
call it K in the scalar case, is simply a real valued function of two arguments. In this case ev}
and, by definition, the kernel K have the reproducing property, for all z € X:

f(SC) = <f>6v;>K = <f’K:B>K’
where ev = K, := K(-,x).

1
The smallest constant C, for which (Z.4]) holds, is Cy < sup,cy [I'(z,2)|l5 5, where [|-[[yy is
the operator norm (absolute value in the scalar case). For the rest of our discussion, we assume
throughout that

sup [|I'(z, z)|ly,y = Kk < oo. (2.6)
rzeX

2Recall that the adjoint of a linear bounded operator A from some Hilbert space H into itself, is the unique
operator A such that (A" f,g), = (f, Ag),, forall f,geH
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Conversely, given a kernel I', that is a positive semi-definite symmetric function I' : X x X —
B(Y), a unique RKHS H (Aronszajn, [1950) can be defined. Positive semi-definiteness means
that for any integer n > 0 and any sets {z1,...,2,} C X, {y1,...,yn} C Y

n

> Wi T(ws, z5)yz)y > 0. (2.7)
ij=1

The scalar product induced by the kernel I' on the corresponding RKHS is

N M
<f, 9>F = Z Z <F(xj? xi)ci’ ﬁj>y )

i=1 j=1

for any f,g € H with f = Zf\il (-, z;)e; and g = Zjlef(-,xj)ﬁj.

Remark 1. It is interesting to note that, when Y = R?, any matrix valued kernel I" can be seen
as a scalar kernel, @ : (X, 1) x (X,II) — R, where II is the index set of the output components,
ie. II ={1,...,d}. More precisely, we can write I'(z,2")s, = Q((x,¥), (2',q)), for all I,q € II
and z,2’ € X. See (Hein and Bousquet, 2004) for more details.

2.3 Matrix Valued Kernels and Regularizers

Kernels and RKHS are tightly connected. For instance, a scalar valued linear kernel K (z,z') =
x -« defines a space of linear functions from X to R, while the gaussian kernel K, (x,2’) =

exp(—%) defines a RKHS which is dense in the space of square-integrable functions,

LX(X, px(x)dz) = {f : X — R| /sz(m)p;((m)dx < —l—oo},

with respect to any measure px(z)dz. In other words, we can approximate arbitrarily well any
function in L?(X, px (z)dx) with a linear combination of gaussian kernels. Apart from the linear
and gaussian kernels, many other scalar kernel functions are known in the literature and their
properties, both for theoretical analyses and for practical applications, amply discussed, see for
example (Hastie et al!, [2001; [Scholkopf and Smola, 2001; Hein and Bousquet, 2004).

Unlike the scalar case, in the vector valued case there are no natural off-the-shelf kernels. There
are no obvious extensions of gaussian or polynomial kernels and the choice of the kernel is
considerably more difficult. In the context of scalar Tikhonov regularization, the penalty term
or regularizer is usually a non-decreasing function of the norm of the estimator in the chosen
RKHS. The regularizer therefore directly depends on the choice of the kernel and vice-versa. In
other words, choosing a regularizer often defines the kernel (Smola et all, [1998). When dealing
with multi-output functions, one could write a regularizer based on the norms of each component
of the estimator. This approach will result in a diagonal matrix valued kernel, decomposable
in as many scalar kernels as the number of output components. More sophisticated approaches
design regularizes that couple together the norms of the components and in certain cases, which
we will review in the following, these regularizers give rise to proper matrix valued kernels. This
is the point of view that has been mainly considered for multi-output functions, especially in the
context of multi-task learning. Couplings among the different outputs are explicitly incorporated
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in the penalty. In the following, we review several regularizer choices from the perspective of
matrix valued kernels. This allows to use algorithms other than Tikhonov regularization, like
the spectral filters that manipulate the kernel matrix, which will be the topic of the next chapter.
Also, the connection between kernels and regularizers shows a common structure among different
regularizers.

Clearly, a matrix valued kernel can also be directly defined without passing through the definition
of a regularizer and examples are given at the end of the section.

A straightforward example of matrix valued kernel was proposed in (Micchelli and Pontil,
2005). This kernel imposes a common similarity structure between all the output components
and the strength of the similarity is controlled by a parameter w,

1 v - w
w 1 - w

Iy(z,2') = K(z,2") (w1l + (1 —w)I) = K(z,2) S (2.8)
w - w1

where 1 is the d x d matrix whose entries are all equal to 1, I is the d-dimensional identity
matrix and K is a scalar kernel on the input space X'. Setting w = 0 corresponds to treating all
components independently and the possible similarity among them is not exploited. Conversely,
w = 1 is equivalent to assuming that all components are identical and are described by the same
function.

A more general class of matrix valued kernels, which includes the aforementioned kernel as a
special case, is composed of kernels of the form:

[(z,2") = K(x,2")A (2.9)

where K is a scalar kernel on X' and A a positive semi-definite d x d matrix that encodes how
the outputs are related. This class of kernels allows to decouple the role played by input and
output spaces. The choice of the kernel K depends on the desired shape of the function with
respect to the input variables, while the choice of the matrix A depends on the relations among
the outputs. This information can be available in the form of a prior knowledge on the problem
at hand or can be potentially estimated from the training set.

The role of A can be better understood by recalling that any vector valued function belonging
to a RKHS can be expressed as f(z) = >, Iz, z;)c; = Y., K(z,2;)Ac; with ¢; € RY, so that
the /-th component is

ZK x,x;){es, Aci) ZZK (x,z; Agtcz,
i

where {ey }zl:l denotes the canonical basis of R¢ and ct € Ris the t-th component of ¢;. Therefore,
each f¢ belongs to Hy and it is a different linear combination of the same coefficients {c;}1,
which depends on the corresponding row of the matrix A. If A is the d-dimensional identity
matrix I, the linear combinations depend on the corresponding components of the coefficients
¢; and therefore each f¢ is independent to the others.
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Also the norm of the vector valued function, f, can be expressed in terms of the coefficients ¢;
and the matrix A,

n

(f,/ir= Z (ci, (@i, x5)cj)d
ij—=1

= Z(ciaK(xi7xj)ch>d

,J

= Y K(zi,z))(ci, Acj)a.

i7j

1£1IE

Expanding the matrix-vector product Ac; and the scalar product (-, -)q, we obtain

d
AR =D D K (@i a)ci Agc. (2.10)

i,j £,q=1

For the considered kernels (Z9), the similarity between the components can be evaluated by
their pairwise scalar products

(F D = Y K(wixj)(er, Aci)aleq, Acj)a

ij
d
= > N K(wi,x))ApciAgsc). (2.11)
ij ts=1

Given the simple calculations above, we immediately have the following proposition — see

(Sheldon, 2008).

Proposition 1. Let I' be a product kernel of the form in (2.9). Then the norm of any function,
f, in the corresponding RKHS can be written as

I1fIE = Z Al (K (2.12)
l,q=1

where AT is called the pseudo-inverse (Penrosd, [1953) of A and satisfies AATA = A.

Proof. We begin the proof by substituting in the right-hand-side of ([2.12]) the expression (2.11])
for the scalar product between two components, obtaining

ZZIA (f5 fk Zl tzl zle w1, 75)chci A Al Ags.
d 2¥) S d=

Noting that >, A}qus = (AT A)s and recalling that AT A is always symmetric (hence (ATA);, =
(ATA)g), we get

Z Al (K Z Z ZK (i, 5)ches Ap(ATA) g,

l,qg=1 i,j=1t,s=1 ¢
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From the above expression we can obtain the equation for the norm of the vector valued function,

using the fact that 2?21 A (ATA) g = (AATA)ys = Ay and remembering (Z10)

d n d
STALL =YY K a)de A = | fIR

l,q=1 i,j=1t,s=1

O

The above result immediately leads to the interpretation of many regularizers as defining matrix
valued kernels. We illustrate this recalling some examples.

In the following, we will consider a scalar kernel K, that defines a scalar RKHS Hy. We will
define a functional J on H% and we will prove that there exists a positive semi-definite matrix
A, such that H¢% contains the RKHS associated to the matrix valued kernel I'(-,-) = K(-,-)A

and J(f) = |IfII}-

Graph regularization. Following (Sheldon, 2008; Micchelli and Pontil, 2004), we define a
regularizer that, in addition to a standard regularization on the single components, forces
stronger or weaker similarity between them through a d x d positive weight matrix M.

Given a scalar kernel K, we define a functional on H%, by setting
1 d d
J() =5 DN = FlE Mg+ D I N M, (2.13)
l,q=1 /=1

where f = (f1,..., f%) and f* € Hg for any £ = 1,...,d. Since M is symmetric, the regularizer
J(f) can be rewritten as

d d
S (1715 Mag = (5, £ 1 Meg ) + S 1175 Mo

l,q=1 /=1
d d d
YOS D (U4 be)Mug = D (f DMy =
(=1 qg=1 l,q=1
d
Z <f£7fq>KLZq (214)
lg=1

where L = D — M, with Dy, = 044 (Zi:l My, + ng>. L is positive semi-definite, in fact, for
any vector v € R we have v Lv = vT(D — M)v = %le(v, —v;)2M;; + >, v2M;; > 0, since
by definition M;; > 0. Because L is positive semi-definite, also its pseudo-inverse LT is positive
semi-definite, therefore we can define the matrix valued kernel I'(z, ') = K (z,2')LT such that

||f||% = J(f) by Proposition [l

Output components partitioning. The regularizer proposed in (Evgeniou et al., 2005) is
based on the idea of grouping the components of the vector valued function into r disjoint
clusters and enforcing the components in each cluster to be similar. Following (Jacob et al,
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2008), we consider a partition of the set {1,...,d} composed by r disjoint clusters, and define
the matrix F as the d x r matrix, such that FE,. = 1 if the component ¢ belongs to cluster ¢ and
0 otherwise, so that we can have only one 1 in each row. From E we can compute

m., ifc=c

0 ifec#d
(ETE)CC’ = ZEscEsc/ = { . ?é /o
s

where m, is the number of components assigned to the cluster c. Note that (ET E).» = 0 when
¢ # , because each component can be assigned to only one cluster.

In particular, ETE is invertible and we have (ETE);C} = micécc/. We can also define the d x d
matrix M = E(ETE)"'ET such that

T
My, = Z Ew(ETE) ) Eye

c,c/'=1
1
= Z EZC _ch
c Me

{ LC if £ and ¢ belong to the same cluster

m,
0 otherwise

Furthermore, let I(c) be the index set of the components that belong to cluster c. We can then
consider the following regularizer that forces the components belonging to the same cluster ¢ to
be close to their mean f, = mic quI(C) 79,

_612 ST HK+eQchHf 1%
c=1¢el(c)

where €1, > 0 are two constants that weight the two terms. Using the definition of f, and
exploiting the properties of the matrix M, we can rewrite the regularizer as

0y Y <||ff||%<—2<ff,7c>+||?c||%<> Fe S mlllTl
c=1

c=1/¢el(c)

J(f)

ZQWHNZ > (et g

c= 1£q€I(C
d
= S allfk+ Z (e2 — e0){f", £9) My
(=1 £g=1
= Z f fq qu

where G, = €101y + (€2 — €1)M;,. Before defining the corresponding matrix valued kernel, we
must assess the positive definiteness of G = €114 (e —e;) M. The first term is simply the identity
matrix and so it is positive definite with the eigenvalue 1 with multiplicity d. Rearranging the
matrix M, permuting the indexes in order to place the indexes corresponding to the components
assigned to the same partition close to each other, we obtain a block diagonal matrix, where
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the elements of each block have the value mi

. It is now easy to see that such a matrix has r
eigenvectors composed on m,. elements of value one in the positions corresponding to a partition
and zero elsewhere. They all have the same eigenvalue equal to one. The rest of the eigenvectors
are orthogonal to these ones and have the eigenvalue equal to zero. Therefore the matrix M is
positive semi-definite. It follows that the matrix G is positive semi-definite if €2 > 0. Therefore,
defining I'(z,2’) = K(x,2')GT, we obtain a matrix valued kernel such that ||f||2 = J(f), by

Proposition [1

Common similarity. The simple matrix valued kernel (2.8]), that imposes a common simi-
larity between the output components, can also be viewed as a particular regularizer. In fact,

letting v = a simple calculation shows that the corresponding regularizer is

1
1—w+wd?
d
:’YZHJMHK‘F’Y—ZHJM——quHK (2.15)
(=1

It is composed of two terms: the first is a standard regularization term on the norm of each
component of the estimator; the second forces each f* to be close to the mean estimator across
the components, f = 52221 f2. To show that J(f) is the regularizer that corresponds to the
matrix valued kernel (2.8]), we can rewrite it as

d
T(f) = 7 D D0+

lg=1
b [t L S s 2zdjf“fq
M=o iz d
(=1 q,t=1 q=1
wd d ¢ w d ¢
= 7<1+T> Z (f5 F9)ouq T Z (f5 19
w l,q=1 wé,q:l
d
= U (B
l,q=1

To recover the matrix valued kernel, according to Proposition [I we must now compute the
pseudo-inverse of the matrix ﬁ(l — qywl), where 1 is the matrix whose elements are all equal
to one. We can proceed by using the eigen-decomposition according to the eigen-system of the
matrix 1 = UT DU, where the diagonal matrix of eigenvalues D has only one nonzero element
equal to d. Since I = UTIU for any U such that UTU = UUT =1, we have

— (I —~wl)=U"T
1—w( ywl)=U" SU,

where S = ﬁdiag(l —ywd, 1,...,1) = diag(v, ﬁ, ce ﬁ) Its pseudo-inverse is computed
by inverting the elements of S, obtaining

ST = diag(1 —w+wd,1 —w,...,1 —w) = (1 —w) I +wD
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Putting all together we have

(L(I—m))T _ yTsiy

UT((1 - w)I+wD)U
= (1-wI+wUTDU
= l1-wlI+wl

which is exactly the matrix that encodes the similarity between the components of the kernel

Z3).

Divergence free and curl free fields. The following two matrix valued kernels apply only for
vector fields whose input and output spaces have the same dimensions. In (Macédo and Castro,
2008), the problem of reconstructing divergence-free or curl-free vector fields is tackled by means
of the Support Vector Regression method, with ad-hoc matrix valued kernels based on ma-
trix valued radial basis functions. These kernels induce a similarity between the vector field
components that depends on the input points, and therefore cannot be reduced to the form
['(z,2') = K(x,2')A, with A not depending on x and z’. In fact, these kernels can be written

as I'(z,2') = K(z,2")A(z,2"), where K (z,2') = J—lgexp(—%) is the scalar gaussian kernel.
The divergence-free kernel is defined as

1 _le—z)?

Fdf(x,x') = —26 202 A$7$/ (2.16)
g

where, letting v = z — 2/,

g

1 o]
A1.71./ = ?U’UT + <(d — 1) -5 I,

with I the d x d identity matrix and vo! is equivalent to v @ v, that is a d x d matrix that
contains all pair-wise products between the components of v.

The curl-free kernel is defined as

1 le—a/)i? — —\7T
e T (1_ (5” U‘T ) (m Jx ) > . (2.17)

It is possible to consider a convex linear combination of these two kernels to obtain a kernel for

learning any kind of vector field, while at the same time allowing to reconstruct its divergence-free
and curl-free parts separately (see (Macédo and Castro, 2008) and the experiments in Section
and Section [6.3] for more details).

Product of scalar kernels and operators. Another example of a class of kernels that cannot
be decomposed into the simple form I'(z.2’) = K(x,2')A, is given by kernels defined as I'(z,2) =
Yoty Ki(z,2')B;, with m > 1 and B; d x d positive semi-definite matrices (Micchelli and Pontil,
2005; \Caponnetto et al., 2008). Contrary to the case m = 1, it is impossible to reduce the kernel
I" to a diagonal one, unless all the matrices B; can be transformed in diagonal form by the same
transformation.
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Transformable kernels. In (Caponnetto et all, 2008), examples of several other operator
valued kernels (which become matrix valued kernels when ) = R?) are introduced. One such
example is given by kernels defined by transformations. For the purpose of our discussion, let
Y =R4 Ay = RP and T}, be a map (not necessarily linear) from X to Xy for p € {1,...,d} .
Then, given a continuous scalar kernel K : Xy x Xy — R, it is possible to define the following
matrix valued kernel for any z,2’ € X

d
[(z,2') = (K(Tpx,Tqaﬁ'))quI.

2.4 Tikhonov Regularization from the Scalar to the Vector Case

In this section, we start from the Tikhonov regularization (Tikhonov and Arsenin, 1977;/Wahba,
1990; |Girosi et al., [1995) in the scalar setting to illustrate the extension to the general vector
valued case. In particular we are interested in the role played by the kernel matrix.

Tikhonov regularization, also known as Regularized Least Squares (RLS) (Evgeniou et al., 2000)
or Ridge Regression (Hoerl and Kennard, [1970), belongs to the class of spectral filters that we
consider in this work. We devote a section to this algorithm because its derivation is straight-
forward and illustrates the main ingredients of spectral filtering. Furthermore, it allows us to
present the extension to the vector valued case of the regularized empirical risk functional in a
more detailed manner.

In the scalar case, Tikhonov regularization in a RKHS H, with a scalar kernel K, corresponds
to the minimization problem

f1g
i {5 D= Fe) ST 215)

Its minimizer f;' in H is unique due to the strict convexity of the functional and, thanks to the
Representer Theorem (Kimeldorf and Wahba, [1971; Girosi et al!, [1995), it can be written as

f2() = ZK(',Cﬂz’)Cz‘, G €ER Vi=1,...,n (2.19)
i=1

where the coefficients ¢ = (cy,...,¢,) remain to be determined. Substituting (2.19) in (2.I8])
and considering the output vector y = (y1,...,¥yn) and the n x n kernel (or Gram) matrix
K;; = K(z;,x;), we can rewrite the functional as

1

—||Ke—y 2+)\CTKC, 2.20
n

n

where || - ||, is the Euclidean norm in R"™. The minimizer is found by computing the derivative
with respect to ¢ and setting it equal to zero, obtaining the following condition

(K+ AnI)c=y. (2.21)

on the coefficients c, so that
c= K+l ly (2.22)
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In the case of vector valued output, i.e. ) = R?, the simplest idea is to consider a naive extension
of Tikhonov regularization, reducing the problem to learning each component independently.
Namely, the solution is assumed to belong to

H=Hi®Ha - Hyg, (2.23)
where the spaces Hi,Ha,...,Hr are endowed with norms ||-||,,..., | [|#,. It follows that
f=(fY . f and | fI3, = Z;l:l Hf]H%J This naive vector valued Tikhonov regularization

amounts to solving the following problem

1 — )
in<— — MIfIZ, b, 2.24
i {1 2 I Sl 11 (220
that can be rewritten as
1 n d ' d
min — I fI ()2 N jQ}.
e {n Z(y () jz:nf I,

In the expression above we can swap the sum over the components with the minimum, obtaining

d . 1 ) A ‘
> i {5200~ P A

It is now clear that the solution of the problem (224]) is equivalent to solving T' independent
scalar problems, one for each component of the output.

Within the framework of vector valued kernels, assumption (2.23)) corresponds to a special choice
of a matrix valued kernel I', namely a kernel of the form

Kiq(z,2") 0 0

0 Ko(z,z') --- 0

[(z,2") = . ( ) . .
0 0 oo Kyg(x, o))

Assuming each component to be independent to the others is a strong assumption and might
not reflect the real functional dependence among the data. Recently, a regularization scheme
of the form (224]) has been studied in (Micchelli and Pontil, 12005) for general matrix valued
kernels. In this case there is no straightforward decomposition of the problem and one of the
main results in (Micchelli and Pontil, 2005) is an extension to the vector valued case of the
Representer Theorem, which shows that the regularized solution can be written as

0= "T(,2)e;, aeR? Vi=1,.. n (2.25)
=1

The form of the estimator is essentially the same as in the scalar case, replacing the scalar valued
kernel K with the matrix valued one I' and using vector valued coefficients ¢; instead of scalar
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ones. The norm of the estimator can be computed as
A A oA
e = 42 f2)
= Z F xz Ci, Z xz Cz

= Zc, (xi, zj)c ;‘F
= CTI‘C (2.26)

where we have stacked the coefficients ¢; in the nd vector C = (cy, ..., ¢,) and the kernel matrix
T = (F(mivmj))ij:1 _, s an xn block matrix, where each block I'(zj,z;) is a d x d scalar
matrix, so that I' is a nd x nd scalar matrix. Indeed the presence of off-diagonal terms reflects

the dependence among the components. Similarly we can write the empirical risk as

Is(f)) = —Z lly: = J2 ()13
= = Z Ilyi — ZF(OCMJ‘)CJ‘H?J
i=1 j=1
1 2
= Y -TC, (2:27)
where Y is the nd vector where we concatenated the outputs (yi,...,yn). Summing the two

terms (2.20) and (227 and setting their derivative with respect to C equal to zero, we obtain
C=(T+mI)'Y. (2.28)

The coefficients of the estimator f,' are found by inverting the matrix (T' + AnI), which is
invertible since the penalty term ||f||% renders all eigenvalues of T' + Anl strictly greater than
zero and greater or equal than An. Therefore the penalty term has the effect of stabilizing the
inversion of the kernel matrix T'.
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Chapter 3

Spectral Filtering

In this chapter, we present the class of regularized kernel methods under study, referring to
(Caponnetto, 2006; [Yao et all, 2007; Bauer et al), 2007; Lo Gerfo et all, 2008) for the scalar
case. In Section B.I] we present the methods and discuss their motivation recalling Tikhonov
regularization, while in Section we analyze the derivation of one iterative algorithm, namely
the Landweber method. After presenting other examples of spectral filters, in Section B3] we
discuss our main theorem, a finite sample bound on the excess risk of the estimator, that leads
to consistency. The theorem is proved in Section [3.4]

The second main contribution, discussed in Section 3.5 is a decomposition scheme that allows,
for a specific class of kernels, to reduce the vector valued learning problem into d scalar learning
problems, greatly reducing the computational burden of the algorithms. In Section B.6] we
present bias-aware model selection procedures, in particular cross-validation and, finally, in
Section B.7], we discuss more in detail the computational complexity of the methods, taking into
consideration the model selection procedure adopted.

3.1 Beyond Tikhonov: Regularization via Spectral Filtering

We call these methods spectral regularization because they achieve a stable, hence generalizing,
solution by filtering out the unstable components of the kernel matrix, that is the directions
associated to small eigenvalues. Each algorithm corresponds to a specific filter function and in
general there is no natural interpretation in terms of penalized empirical risk minimization, that
is we cannot relate the regularization achieved by these algorithms to particular penalty terms
on the estimator.

More precisely, the solution of (unpenalized) empirical risk minimization can be written as in

([225)), that is

fa() = T(,z)a, eR? Vi=1...n, (3.1)
=1

where the coefficients ¢; are given by the solution of
rc=yY. (3.2)
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Comparing the above expression to the one obtained for Tikhonov regularization,
(T+mIC=Y,

we see that adding a penalty to the empirical risk has a stabilizing effect from a numerical point
of view, since it suppresses the weights of the components associated to the small eigenvalues
of the kernel matrix. This allows to look at Tikhonov regularization as performing a low pass
filtering of the kernel matrix, where high frequencies correspond to the small eigenvalues.

The interpretation of regularization as a way to restore stability is classical in ill-posed inverse
problems, where many algorithms, besides Tikhonov regularization, are used (Engl et all, [1996).
The connection between learning and regularization theory of ill-posed problems (De Vito et al.,
2005h) motivates considering spectral regularization techniques. In the scalar case this was done
in (Lo Gerfo et al., 2008; [Bauer et._all, 2007; |Caponnettd, 2006).

The idea is that other regularized matrices gy (T') besides (I' 4+ AnJ)~! can be defined. Here the
matrix valued function g, (I") is described by a scalar function gy using spectral calculus. More
precisely, if

r = Uusu”

is the eigen-decomposition of T', with UTU = UUT = I and S = diag(oy,...,0nq) is the
diagonal matrix whose elements are the eigenvalues of I', then

9r(S) = diag(gx(o1), -, 9r(0na))

and

gr(T) = Ugy(S)UT.
For example, in the case of Tikhonov regularization gy (o) = ﬁ
Suitable choices of filter functions g, define estimators of the form (2.25) with coefficients given
by

C=an(M)Y. (3.3)

From the computational perspective, a key point that we show in the following is that many
filter functions allow to compute the coefficients C without explicitly computing the eigen-
decomposition of T.

Remark 2. Note that in the scalar case, manipulations of the kernel matrix have been exten-
sively used to define (and learn) new kernels to be used in Tikhonov regularization - see for
example (Smola and Kondo1, 2003; (Chapelle et al!, 2003). In the approach we present, rather
than defining a new kernel, each spectral filter g\ defines an algorithm which is not based on
empirical risk minimization.

Clearly not all filter functions are admissible. Roughly speaking, an admissible filter function
should be such that gy(T') approximates I'"! as A decreases and its condition number should
increase as A decreases. In the next section we describe several examples and in Section [3.3] we
provide a formal definition. The latter will be the key to give an error analysis for the different
algorithms within a unified framework.
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3.2 Examples of Spectral Regularization Algorithms

We now describe several examples of algorithms that can be cast in the above framework.
Although the spectral algorithms have a similar flavor, they present different algorithmic and
theoretical properties. This can be seen, for example, comparing the computational complexities
of the algorithms, especially if we consider the cost of tuning the regularization parameter. Some
considerations along this line are given in Section B.7], whereas theoretical aspects are discussed
in the next section.

3.2.1 L2 Boosting

We start describing in some details vector valued L2 Boosting. In the scalar setting, this method
has been interpreted as a way to combine weak classifiers corresponding to splines functions at
the training set points (Biihlmann and Yu, 2002) and is called Landweber iteration in inverse
problem literature (Engl et all,11996). The method can also be seen as the gradient descent min-
imization of the empirical risk on the whole RKHS, with no further constraint. Regularization is
achieved by early stopping of the iterative procedure (Yao et al.,2007), hence the regularization
parameter is the number of iterations.

The coefficients ([B3.3) can be found by setting C° = 0 and considering for i = 1,...,t¢ the
following iteration

C'=C"l4yY-TC™, (3.4)

where the step size n must be chosen so that
|IT—nl| < 1. (3.5)

Therefore we can set n = 1/0p42, Where 0,4, is the maximum eigenvalue of the kernel matrix

T.

It is easy to see that (B is simply gradient descent if we use ([B.I)) to write the empirical risk
as (ignoring the constant 1/n)
ITC - Y|

Its gradient with respect to C is I'C — Y. Gradient descent minimization starts from the null
solution CY = 0 and at each iteration updates it by an amount proportional to the negative of
the gradient, that is exactly (3.4]).

The corresponding filter function can be found noting that

c’ =0

cl = gy

C? = Y +n(I—nr
C? = Y+ —1T
nY +n(I —n)Y))

Y + (I — 20T + ’THY

~— Y~ ~— ~—
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and indeed one can prove by induction (Engl et all,[1996) that the solution at the ¢t—th iteration

is given by
t—1

C'=n> I-90)'Y.
=0

Therefore, the corresponding filter function is g.(o) = n Zz;é(l —no)t. Interestingly, this filter
function has another interpretation that can be seen recalling that, given a matrix A, ||A|| € (0,1)
(| - || is the operator norm)
i 1
y—
2 A=
1=0

If we replace A with 1 —nI' and ||I — nT'|| < 1, we get
o
I =p) (I-nT)".
1=0
Therefore, the filter function of L2 Boosting corresponds to the truncated power series expansion
of D1,

Next, we briefly discuss three other methods.

3.2.2 Accelerated L2 Boosting

This method, also called the v-method, can be seen as an accelerated version of L2 boosting.
The coefficients are found by setting C° =0, wy = (4v 4+ 2)/(4v 4+ 1), C' = C* + L (Y —TC")
and considering for ¢ = 2,...,t the iteration given by

C' = C ! 4y (C! — C72) ¢ %(Y —rcit
(1—1)(2i —3)(2i +2v—1)
(1+2v—1)(2i +4v —1)(2i + 2v — 3)
2i+2v—1)(i+v—1)
(i+2v—1)(2i+4v—1)
The parameter v is usually set to 1. The iteration is composed of three terms: the solution at

U; =

W; =

the previous step, an inertia term that updates the solution in the same direction of the previous
update, and the gradient term. Differently from the L2 Boosting, here the coefficients u; and
w; change at each iteration, converging for ¢ — oo to 1 and 4 respectively. The corresponding
filter function is g;(0) = p(o) with p; a polynomial of degree ¢ — 1. The derivation of the filter
function is considerably more complicated and is given in (Engl et all,[1996), where this method
is also proven to be faster than L2 Boosting, because the regularization parameter is the inverse
square of the iteration number, rather than the inverse of the iteration number. In other words
the v-method can find in v/# steps the same solution found by L2 Boosting after ¢ steps.

3.2.3 Iterated Tikhonov

This method is a combination of Tikhonov regularization and L2 Boosting. We set C° = 0 and
consider for ¢ =0, ...,t the iteration

(T +nAI)C' =Y +nA\C L,
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Therefore, at each step, we obtain the solution
C' = (T +nAD)~' (Y +nAC1).
The corresponding filter function is:

(0 + An)t — (An)!
o(o+ An)t

gi(o) =

Obviously, this method is computationally very demanding, since at each iteration we have to
invert the matrix (I'+nAI). From another perspective, this methods requires to solve a Tikhonov
problem per each iteration. Differently from Tikhonov regularization, though, Iterated Tikhonov
is much more capable of exploiting the regularity of the solution (Lo Gerfo et al), 2008). This
ability is expressed by a parameter 7, called qualification number, whose precise definition will
be given in the next section, and plays an important role in the bound on the excess risk of the
estimator.

3.2.4 Truncated Singular Values Decomposition

This method, also called Spectral Cut-off, is equivalent to (kernel) principal component regres-
sion (Scholkopf and Smola, 2001) and is akin to a projection onto the first principal components
of the kernel matrix I, in a vector valued setting. The number of components depends on the
regularization parameter, X\. In fact, only the directions corresponding to eigenvalues greater
than \/n are kept, while the remaining discarded. The filter function is defined as

1 : A
= ifo>2
— o = n
9A(7) { 0 otherwise
The algorithm is based on the following simple idea. Perform the eigen-decomposition the kernel
matrix I' = USU7, where S = diag(o1,...,0nq4), with o; > o0;41. Replace the eigenvalues
smaller than the threshold A/n with 0. Then, the coefficients of the estimator are given by

C=g9M)Y,

where g5(T') = Ugx(S)UT and ¢)(S) = diag(1/01,...,1/0m,0,...), where o, is the smallest
eigenvalue greater or equal than A/n. A variant of the algorithm is obtained by fixing the
number of principal components to retain, instead of setting the threshold via A.

3.3 Excess Risk for Spectral Regularization

In this section, we present a finite sample bound on the excess risk of the estimators obtained
with spectral filters. The bound leads to consistency. In order to prove such a result in a unified
framework for the various algorithms, we need a formal definition of admissible filter function.
This definition is general, but it is given in terms of specific constants that might change from
one algorithm to the other (Bauer et all, 2007).

For the sake of simplicity, we assume that the minimizer of the expected risk belongs to H and
denote it with f,. The excess risk is defined as the difference between the expected risk of the
estimator f;' and the expected risk of f,, I(£}') — I(f,).
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Since I(f,) is the smallest expected risk, the excess risk measures how good a learning algorithm
is at producing estimators with small expected risk. A bound on the excess risk quantitatively
informs us on the quality of a learning algorithm (or in our case, a class of learning algorithms).
The bound we present depends on the number of training examples, n, and on several specific
constants that vary from one spectral filter to the other. If the bound decreases to zero as the
number of examples increases, we say that the algorithm is consistent.

Due to the use of the square loss, the bound on the excess risk also tells us how well the estimator
obtained with a certain algorithm approximates the best estimator, f,. In fact, we can write
the excess risk as

I(f) = 1(f,) = / (f2 (@) = y)?pyla) px (x)dyda — / (folz) — y)p(ylz) px (x)dydz.

XY XxY
Recalling that f,(z) = fy yp(y|z)dy, we obtain

1) - 1(f,) = /X (@) - £,(@)2px (@),

which corresponds to || £} — fP||%2(X,pX (2)dz)’ that is the squared distance between f;' and fpin
the space of square-integrable functions defined on (X, py(x)dx).

Before stating our theorem, we need to make some preliminary assumptions. More precisely,
the reproducing kernel is assumed to be bounded, recalling (2.6))

sup |I0(, @)y, = & < oo.
TeEX

The input space X is a separable metric space (not necessarily compact). The output space )
is a bounded set in R”, that is supyey |[yllr = M < oo.

Given the above assumptions, the definition of an admissible filter function is the following.
Definition 1. We say that a filter gy : [0,k*] — R, 0 < X\ < x2, is admissible if the following
conditions hold:

e There exists a constant D such that

sup |oga(o)] < D (36)
0<o<k?

o There exists a constant B such that

B
sw o) < 5 (37)
0<o<K?
o There exists a constant v such that
sup |1 —gx(o)o| <~y (3.8)

0<o<k?

o There exists a constant ¥ > 0, namely the qualification of the filter gy, such that, for any
v € (0,7], we have

sup [1—gr(o)olo” <7 A, (3.9)
0<o<kK?

where the constant v, > 0 does not depend on A.
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We refer to (Lo Gerfo et al), 2008; Bauer et al., 2007) for a discussion of the above conditions
and state our main theorem.

Theorem 1. Let z = {(z;,y;) € X x Y}, be a training set drawn i.i.d. according to p(x,y)
and let f) be the estimator obtained with a spectral filter gy according to (3:3). Assume U > %
and || follr < R. Given n > 0, choose the regularization parameter A, = A(n) as
1 4
An = —=2V2K%log—. 3.10
"= V2rllog_ (3.10)

If we let f, = f», then with probability greater than 1 — 1, we have

Clog4/n
ﬁ )

where C = 4v2(y + 7%)2/{2}22 +4v2(kM + R)*(B + vBD)?.

I(f2) = 1(fp) < (3.11)

The above result generalizes the analysis in (Bauer et all, 2007; (Caponnetto and De Vitd, 2007),
to which we refer for the computation of the constants corresponding to each algorithm, and it
leads to the following consistency result.

Theorem 2. Let z = {(z;,y;) € X x Y} be a training set drawn i.i.d. according to p and
f2 be the estimator obtained with a spectral filter gy according to (3.3). Assume T > % and
|l follr < R < 400. Choose the reqularization parameter A, = X(n) such that

11141_1 An = 0, (3.12)
hrf Anv/n = +oo. (3.13)

Let f, = f), then, for any € > 0,
lim P[I(fs)—1(f,) >¢]=0. (3.14)

n—-4o0o

We give the proofs of both theorems in the next section and add three remarks.

Our proof is based on the assumption that the minimizer f, of the expected risk belongs to H.
Even when the expected risk does not achieve a minimum in H, one can still show that there is
a parameter choice A, ensuring convergence to inf ey I(f) — see (Caponnetta, 2006).

Second, if we strengthen the assumptions on the problem we can obtain faster convergence rates.
For example, if Ly : L?(X, px (z)dz) — L*(X, px(z)dz),

(L f)(x) = / T(x,8)(s)pae(s)ds,

X

is the integral operator with kernel I', we can consider the assumption@ fo = Ltu for some

1
u € L*(X, px(z)dz). In this case, by choosing A, = n~ 2+1, we can replace the rate n=/2 in

27
(BII) with n~2+T, which is optimal in a minimax sense (Caponnetto and De Vitd, 2007).

'From the theory of RKHS we know that assuming that f, € H exists corresponds to the index r = 1/2.
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Third, the latter parameter choice depends on the unknown regularity index r and the question
arises whether we can achieve the same rate choosing A\ without any prior information on the
regression function f,, namely adaptively using only the information contained in the training
set. Indeed this is the case, since we can directly apply the results in (De Vito et all, 2008)
that propose a data-driven scheme to choose the regularizing parameter that yields optimal
convergence rates for the excess risk.

3.4 Proofs of the error estimates

3.4.1 Kernel Matrix and Extension Operators

Before presenting the proofs of the bound on the excess risk, Theorem [Il and on the consistency,
Theorem 2] we first recall the definitions of some operators based on the kernel.

Given a Reproducing Kernel Hilbert Space (RKHS) H C {f : X — R}, for any set of n points
in X, x = (x1,...,2,) € X", we introduce the sampling operator Sy : H — R™ defined by
(Sxf) == (f(x1),..., f(xn)), where f(z;) € R? for any x; € X. The sampling operator essentially
associates to a function in the hypothesis space H a vector containing the values of the function
evaluated at each point z; of x. In R™ we consider vectors of the form C = (cy,...,¢,), with
c; € RY, for all i = 1,...,n and, for two such vectors C and C' = (ci,...,c,), we define the

scalar product as
n

<C, Cl>nd = l Z<Ci, C;>d.

n-
i=1
The adjoint of the sampling operator, S : R™ — H, can be computed observing that, for any

C=(e1,...,¢n) and any f € H,

n n

* 1 1
<SXC? f>7‘[ = <C? Sxf>nd — E ;(Cia f(xl)>d — E Zzl<rmlcza f>7'(
Therefore, for any C € R™, we have
s:0=13 e (3.15)
X - n — Ti™-1y .

which is a function in H that takes as argument a point in X and returns a vector in R%,
1 n
(S%C)(w) =~ ;F(mi, )¢
1=

Note that this is the same formulation as the one given by the Representer Theorem for the
minimizers of particular convex learning functionals, that depend on n examples {(x;, y;)}- ;.

The kernel matrix I' is defined as I';; = I'(z;,x;) for z;,2; € x and, using the reproducing
property (23], it can be written as I' = nSxS%. To check this fact, we first observe that, for
any i = 1,...,n and for any C € R™, (T'C); = > i1 D(@i,zj)cj. Secondly, using (B.15), we

compute (nSx(SxC)); = > 7 I'(wi, x5)c;. 1t follows that I' = nSySx.
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If we define T, :=T',I'} : H — H, and T := % Z?:l T,, = S5%5%, then the operator Tx : H — 'H
applied to any f € H yields
Tuf = SSxf
= Si(f(z1),-.., f(zn))

It follows that

1 n
(Tef) @) = = 3T, (),
i=1
which allows us to interpret Ty as a natural out of sample extension of the kernel matrix I.

Indeed, Tx and %I‘ are positive Hilbert-Schmidt operators with the same eigenvalues, for more
details see (Caponnetto and De Vita, 2007). In fact, let u; € R™ with i = 1,...,m, m < nd,
be the eigenvectors of %1" associated to strictly positive eigenvalues o; > 0. For ¢ > m, we have
%I‘ui = 0. For ¢« < m, we can associate to each u; a corresponding eigenfunction of T,

1
fi=

such that T f; = o, f;. At the same time

Siu;  i=1,...,m. (3.16)

u; = xfi 1= 1,...,m. (317)

In fact, using the first expression, we get Tx f; = SESxfi = %S;SXS;ui. But u; is an eigenvector
of SxS%, so that SxSju; = ou;. Performing another substitution, we obtain T f; = ﬁS;Jui
and, using again ([B.16]), we get the eigenfunction equation for Tx, Tx f; = o f;. Using the second
expression (3.I7)), we obtain the eigenvector equation for %I‘.

The operator Ty can be viewed as a discretized version of T' = [ v Topx(x)dx, where py is the
marginal probability distribution on the input space. Recall that p(x,y) = p(y|z)px(z). T is a
positive and Hilbert-Schmidt operator and

(Tf)(x) = /X T(z,2!)f(2' Yo (a')de,

which justifies considering the kernel matrix I'" as an empirical proxy of the integral operator T’
with kernel T'.

3.4.2 Proofs

The proofs of Theorem [Il and Theorem [l are based on the following lemmas.

First we show that the estimator can be written in a form which is more suitable for theoretical
studies.

Lemma 1. The estimator obtained with a spectral filter can be written as
f2 = 9\ (Tx)ha,
with hy, = SXY = 1 S Toyi

T n
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Proof. We first rewrite the solution of the empirical risk minimization principle as C = (g) - %
Secondly, we write the coefficient of the solution obtained with a spectral filter as C = g (%) %
The estimator itself can now be written as f,' = Skg (%) Y = Sign (SxS%)Y
If we now consider the eigen-system (uy, ..., u,q) of SxSx, we have that g)(SxSx)w; = ga(0i)u;,
therefore

nd

Sen (S8 Y = 3 Ston(SxSpui Y, whg
=1
nd
= ) Siaa(o)u(Y, u)na
=1

Since Siu; = 0 for ¢ > m, we can truncate the sum at the m-th term, and recalling (3.16]) that
fi= \/%S;ui, for i =1,...,m, we obtain

nd m
> Sign(e)uilY Wihna = D> Voiga(09) £i(Y, Wi)ng

i=1 =1
Observing that gy(o;) fi = ga(Tx) fi, we get

m

Z\/Eg)\ (oF} fZ<Y uz nd ZQA \/_fz Y uz>
gA(Tx)Z\/U_ifi<Yaui>nd
i=1

T) Y SiuilY, u)ng
=1

We can now extend the sum up to nd, since for m < i < nd, the terms Sju; are equal to zero,
which yields

nd nd
(T) Y Siui (Y, udng = ga(T)S5 Y (Y, ui)ng
i=1 i=1
= g)\(Tx)hz

O

Let us introduce the operator h = T [, and recall the following lemma from (De Vito et al.,
2005a).

Lemma 2. Let k =sup,cy ||[I'(z,2)||y,y, M = supyey||y|lad and 0 <n < 1. For any n € N let
Gy ={z € (X x V)" ¢ ||h = hyllng < 01, |IT — Tid]| < b2},

with
1 4
01 :==01(n,n) = EQﬁﬁMbgﬁ
1 4
(52 = (52(”777) = %2\/§I€210g5

40



then
Pr(G,)>1-n.

For the proof of the main theorem, we need to introduce the operator h = Ty f, and the following
lemma.

Lemma 3. Let k = sup,cy |[I'(z, 2)||y,y, M = supyey||ylla and || fo||n < R. For any0 <n <1
and n € N let
Gy ={z € (X x V)"t [[h = halln < b3, ||T = Tx[| < 02},

with
1 ) 4
d3 :=01(n,n) = %2\/5(/4 R+ /ﬁM)logE
1 4
02 :=02(n,m) = %2\/5%21%;
then

Pr(G,) >1—n.

Proof. We only need to prove that ||h — h,||x < 03 with probability greater than 1 — 7, since
the rest is directly derived from Lemma 2]

Using the triangle inequality, we have
17— hallr < [1h = Rll3 + [[h = halln,

where the second term is bounded by d; from Lemma 2l The first term can be bounded in the
following way, using again Lemma [2] and the hypothesis that || f,||x < R,

Ik =hllwe = [|Txfp = Tfplln
< T =Tl foll#
< Rés.

Combining the bounds on the two terms, we have that with probability greater than 1 —

|h = halln < ROz + 61

1 4
= —2V2(K:R+ kM log— = d3.
Vn ( ) 7

We are now ready to state the following theorem.
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Theorem 3. Letn € N and 0 <n <1 and assume that v > 1, A <1 and

1 4
A > —2v2k%og-. 3.18
vn 7 (3.18)

Also assume that f, € H, ||follr < R and M = supyey||yl|a. Let f, be the estimator obtained
with a spectral filter g\ from a training set z. Then with probability at least 1 —n we have

1(f2) = 1(fp) <2(v + 'y%)zx\R2 + 2% (3.19)

where C = C(n,k, M,R,B, D) = S(HZM + RQR)z(B + vV BD)Q(log%)2 does not depend on A and

n.

Proof. From Proposition 2 in (De Vito and Caponnetto, 2005) we have that

I(f) =1(f,) = IVT(f = f,)IIf (3:20)
for all f € H.

We assume throughout that z € G, as given in the previous lemma, so that the above inequal-
ities hold true with probability at least 1 — n. We consider the following error decomposition

IVT(f2 = IR < 20VT (2 = IIE A+ 2AVT (A = fo)IIE (3.21)

where f* = gx(Tx)h. The first term is called the sample error, while the second approximation
error. We now separately bound the two terms in the right-hand side. The first term can be
decomposed as

VT(f; = 1) = VTgA(Tx)(hy — h) = (3.22)
= /Toega(T) (hy — B) + (VT — /To)gr(Tx) (hy — 1)
The inequality
INT = VTx|l < VIIT = Txl| < /02 < VX (3.23)

follows from Theorem 1 in (Mathé and Pereverzev, 2002), Lemma [B] and assumption (3.I8]).
Furthermore, using the properties (8.6) and ([3.7) of an admissible filter and standard results of
spectral theory, it is easy to show that

IV Tson(TWl| < % (3.24)

Using these two results, (8:23]) and (B:24)), property (8.7)), we can bound the norm of (3:22]) using
Lemma

1
IVT(f) = f)llr < —=(B + VBD)d3 (3.25)
VA
We now deal with the second term in the r.h.s of (B2I]). We can write

VT(f,— ) = VT = g\(T)T)/,
= \/— \/_ I —g\(T; )fp
V(I = gA(Ty)T: )fp (3.26)
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We can bound this term using (3.23]) and the following properties of admissible filters, that can
be derived from ([B.8) and (B3],

I =L)< v,
17 = AN GITIVTll < 73 VA,

to obtain

IVT(f* = folle < (v +72)VAR (3.27)

The estimate in (3.19) follows plugging (8.27) and (3.25]) into (3:2I]) and using the definition of
5.

0

We are now ready to give the proof of Theorem [II

Proof. From Theorem [3] we have that the bound on the excess risk

C
I(£2) = 10fp) < 20y +73) AR + 21

is composed of two terms. The first term depends on A, while the second on )\—1n In order to

get the best error, we should choose the value of A which guarantees that the two terms tend to
zero with the same order in n. That is

lim A = 0
n—o00
li L _ 0
s =
A
lim T = c¢c>0
n—o0 ——
n

It then follows that

weo(d)

and, in order to be consistent with condition ([B.I8]), we can choose the following value for A,

1 4
A = —2v2k%log—.
TR
Substituting A, in (319]) we get the rate (3.11]). O

Now we give the proof of the consistency result, Theorem 2l

Proof. Let choose n > 0 such that condition (3I0])
1 4
Ap = —2v2K%log—
n=Rtvalog,
of Theorem [I] holds. Hence, we must set

_Anyn
Np = de 2v2s2,
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Due to hypothesis (3.13)), lim,,— 4o Any/n = +00, we have that lim, 7, = 0 and thanks to
Theorem [I] we have
Clog%

vn

P|I(f,) - I(f,) < > 1= 1.

Observe now that

Clog-+
lim .

n—-+oo \/ﬁ - 07

since

log 2
— I — )22,
vn

and lim,_, 1 o A\, = 0 for hypothesis (3.12)).

Clog -2

—n”T’ < ¢ for n > n.. Putting all together we have

PUI(fz) = 1(fp) > el = 1=P[I(fz) = I(f,) <]

<1-P|I(f) - I(f,) <

Therefore it exists a n. > 0 such that

and the thesis follows since lim;,,_. . 7, = 0.

3.5 Eigen-decomposition for Matrix-valued Kernels

Before discussing complexity issues, we describe some specific properties of kernels of the form
I'(z,2") = K(z,2')A, with K a scalar kernel and A a positive semi-definite d x d matrix — see
Section 2.3l The main point we make is that, for this class of kernels, we can use the eigen-
system of the matrix A to define a new coordinate system where the problem can be solved in
a easier way.

We start observing that, if we denote with u1, ..., uq € R? the orthonormal basis of eigenvectors
of A, given any vector C = (c1,...,¢c,), with ¢; € R?, we have that ¢; = Z;l:l (ci,uj),u; and
d .
C=> &au, (3.28)
j=1
where & = ((c1,u;) 4, - .., (cn,u;),) and @ is the tensor product.
Similarly
d
Y =) i ®u, (3.29)
j=1
with 3/ = ((y1,4;)y,---» (Un,u;),). The above transformations are simply rotations in the

output space. Moreover, for the considered class of kernels, the kernel matrix I' is given by the
tensor product of the n x n scalar kernel matrix K and A4, that isI' = K ® A.

If we denote with \;,v; (i = 1,...,n), the eigenvalues and eigenvectors of K respectively and
with o; (j =1,...,d) the eigenvalues of A, we have the following result.
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Proposition 2. The solution of the vector valued problem C = gx\(T')Y can be obtained by
solving d scalar problems
& = g\(o;K)7, j=1,...,d (3.30)

Proof. Substituting (3:28) and (3:29) into C = ¢,(T')Y, we obtain
d . d .
ZE‘] Qu; = Zg,\(K®A)gj] @ Uj.
j=1 g=1

Working in the eigen-system v; ® uj (i = 1,...,n and j = 1,...,d) of the matrix K ® A and
recalling that the spectral filters operate on the eigenvalues of the kernel matrix, we have

d d n
ZEJ ®uj = ZZQA()\N]‘)@?jaWWi ® uj.
j=1

j=1i=1

Considering only the eigenvectors of the matrix A, we obtain
n . .
> aa (o )@ vivi = ga(o; K.
i=1
Therefore, we now have
d d
Y Ieu=> goK)F @u,
j=1 j=1

and, since the eigenvectors u; are orthonormal, the two sides of the equation must be equal term
by term. It follows that

& =g (K, j=1,....d (3.31)
O
The above equation shows that in the new coordinate system {u1,...,uq}, we have to solve d

essentially independent problems. Indeed, after rotating the outputs (and the coefficients) the
only coupling is the rescaling of each kernel matrix by o;. For example, in the case of Tikhonov
regularization, the j-th component is found solving

. . Y 7

& = (0K + )Y = (K + Zn1) L

gj gj
and we see that the scaling term is changing the scale of the regularization parameter and
of the outputs. The above calculation shows that all kernels of this form allow for a simple
implementation at the price of the eigen-decomposition of the matrix A. Also, it shows that the
coupling among the different tasks can be seen as a rotation and rescaling of the output points.

3.6 Model Selection

In practice, the choice of a consistent algorithm is not sufficient to guarantee good results.
It is therefore essential to introduce a robust methodology to select the model parameter not
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Figure 3.1: Data splitting for large data sets

susceptible of selection bias [3]. Therefore, we need a robust estimate of the generalization error.
In general, the error obtained on an independent data set, i.e. not seen during the learning phase,
is used as an estimate of the generalization error.

Ideally, if the data set size is sufficiently large, we can perform hold-out validation and testing,
by splitting the samples into training, validation and test set, see Figure Bl This allows
us to run the algorithm on the training set for different values of the parameter, each time
evaluating the error committed on the (independent) validation set. Validation error is thus an
unbiased estimate of the prediction error and can be minimized to obtain the optimal value of
the parameter. Finally, a good estimate of the algorithm performance is provided by the error
committed on the test set by the solution obtained with the optimal parameter.

In most cases, however, the number of available samples does not allow for such a hold-out
procedure, and some expediency is needed for guaranteeing unbiased parameter selection. Gen-
eralization error is thus estimated by “resampling” the data set; the most common resampling
technique is cross-validation m, ). Cross-validation (leave-one-out or k-fold cross-
validation) is a form of iterative hold-out testing which repeatedly uses part of the available
data to fit the model, and a different part to validate it. We now show how to apply cross-
validation for model selection in two conditions that differ in data size.

A first, and very common, situation is found when the number of available samples allows only
for one hold-out procedure, and the samples are hence partioned into two sets, one will be used
for training and validation, while the other will be used for testing; due to the absence of an
independent data set for validation, cross-validation is applied to the the first set of data to
estimate the generalization error, see Figure The data set is initially divided in training and
test set. The training set is further partitioned in k£ subsamples ¥y,..., ¥ with k& depending
on the cardinality of the training set. In Stage I, for each subsample ¥;, a model is first built
using as training set the remaining k& — 1 subsamples with the parameter (e.g. regularization
parameter, number of iterations or kernel parameter) ranging on a grid in the parameters space,
and then validated on ¥;. For each parameter value the validation error is estimated as the
average error over the k subsamples. Finally, the optimal parameter valueis selected as the
minimizer of the validation error. In Stage II, a model is built on the entire training set with
the optimal parameter and the generalization error is evaluated on the remaining test set.
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Figure 3.2: Data splitting for intermediate data sets

A second, extreme situation, is found whenever the data is so scarce that we cannot split it in
two sets, training and test, without them containing too few samples. In this case, we apply a
protocol based on two steps of cross-validation: we first split the data set in B subsets, using
B — 1 subsets for training and the remaining for testing. The current training set is further
divided in k subsets, used for cross-validation for model selection, as sketched in Figure
The optimal parameter value is then used to train a predictive model in the entire training set
of B — 1 subsets and its generalization error assessed on the test set, composed of the remaining
part. The procedure is repeated until all B subsets are used for testing and the overall model
assessment is given by the average of the test errors computed for each split.

~
K-fold
cv

| TR: [
| TS,

TS1,k
|

model selection

J

K-fold
| TRs }[ cv }* Errs

| model selection
TSe

B-fold CV model assessment

Figure 3.3: The bias-aware model selection and assessment protocol applied when dealing with
very small data sets.
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We thus obtain a unbiased estimate of the generalization error of a predictive model trained
on the data set, although losing the uniqueness of the estimator. In fact, the protocol provides
us with B different estimators. However, the aim of this protocol is to use the estimated
generalization error for comparison with other models. If one is only interested in building
a predictive model, a single loop of cross-validation is sufficient to select the optimal model
parameter value.

3.7 Regularization Path and Complexity

In this section we discuss the time complexity of the different algorithms. In particular we
compare Tikhonov regularization with accelerated L2 boosting, since, in the scalar case, this
algorithm was shown to be fast and reliable (Lo Gerfo et all, 2008). In practice, when consider-
ing the complexity of a learning algorithm that depends on one regularization parameter, it is
important to take into account the cost of finding the optimal parameter value. The set of solu-
tions corresponding to many different regularization parameter values is called the reqularization
path and, using this terminology, we are interested in discussing the complexity corresponding
to the whole regularization path.

For Tikhonov regularization, in general we have to run the algorithm for any new value of the
regularization parameter. For iterative algorithms each step of the algorithm corresponds to a
solution for a value of the regularization parameter, so that at step N we have computed the
entire regularization path up to N. Further, for each iteration, iterative methods require only
matrix vector multiplication. This means that, in general, if we consider N parameter values we
will have O(N (nd)3) time complexity for Tikhonov regularization and O(N(nd)?) for iterative
methods.

In the special case of kernels of the form I'(z, 2') = K (z,2") A, with A positive semi-definite, the
complexity of the problem can be drastically reduced. Given the result in the previous section,
we can diagonalize the matrix A and then work in a new coordinate system where the kernel
matrix is block diagonal and all the blocks are the same, up to a rescaling. In this case the
complexity of the multi-output algorithm is essentially the same as the one of a single scalar
problem — O(Nn?) for Tikhonov and O(Nn?) for iterative methods — plus the cost of computing
the eigen-decomposition of A which is O(d?).

We add two comments. First, we note that for Tikhonov regularization, we can further reduce
the complexity from O(Nn?) to O(n?) choosing the regularization parameter with Leave One
Out Cross Validation (LOO) as described in (Rifkin and Lippert, 2007). Second, we observe
that for iterative methods we also have to take into account the cost of fixing the step size. As
discussed for the Landweber iteration (see Section [B.2)), the step size can be chosen as 1/0.,44
where 0,4, is the maximum eigenvalue of the kernel matrix induced by I', so that we have to
add the cost of computing the maximum eigenvalue (O’Leary et al., [1979).
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Chapter 4

Spectral Regularization in
Multi-task Learning

In this chapter we discuss the use of spectral regularization methods for a general multi-task
problem. The latter problem has been proposed in the machine learning literature in (Caruana,
1997) and has recently received a certain attention. Besides methods based on the use of
regularization to enforce correlation among the tasks (see references in the introduction and
(Evgeniou et al., 2005; ICaponnetto et al), 2008; [Micchelli and Pontil, 2004)), it is worth men-
tioning a growing literature based on Bayesian techniques and Gaussian processes in particular
— see for example (Bonilla et al), 2007; |Chai et al., 2009).

In multi-task learning (MTL) the goal is to learn several correlated scalar problems simultane-
ously. For each task j = 1,...,d we are given a training set of n; examples, S; = (xij,yij)?il.
The examples are often assumed to belong to the same space RP x R. The main difference
between multi-task and vector valued learning is that in multi-task learning the training sets for
each task can be different, while in vector valued learning the input examples are the same for
every component — see Figure 411

As in vector valued learning, we believe that if there exists a strong correlation among the tasks,
by learning all of them simultaneously with a proper matrix valued kernel, we can improve the
prediction abilities of the learned model. Furthermore, if the input space is the same for all tasks
and each task has different input points, we can essentially augment the training set for each
task by considering all training points simultaneously. As we will see in the experiments, this is
a major contribution towards improving independent models trained for each task. On the other
hand, this effect is appreciable only in multi-task learning, since in vector valued problems, the
input examples are the same for every component of the output vector field.

To use spectral regularization techniques for multi-task problems we need to slightly adapt the
derivation we proposed for learning vector valued functions. This is essentially due to the fact
that, although we can simply view tasks as components of a vector valued function, now each
task can have different input points. The description of vector valued RKHS given in Remark [l
turns out to be useful, since it allows to work component-wise.

Recall that according to Remark [, we can view a RKHS of vector valued functions f : X — R?,
as defined by a (joint) kernel @ : (X x II) x (X x II) — R, where IT = {1,...,d} is the index set
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Figure 4.1: Comparison of a multi-task and a vector valued learning problem. We consider
a simplified situation in which there are only two tasks/components and they are the same
function. In the multi-task case, the tasks can be sampled at different input points, whereas in
the vector valued case the components are sampled at the same input points.

of the output components and we have grouped X with II in order to emphasize that the kernel
takes as input two points, each of whom is specified by two variables.

A function in this RKHS can be written as

f(.%',t) - Z Q((.%’,t), (x’iati))cia

with norm

17117 = D Qs ty), (wis t)eics,
i7j
where ¢; € R and t¢; represents which task point z; belongs to. The functions f(-,t) = f!(-) are

simply the components corresponding to each task and the above notation can be thought of as
a component-wise definition of a vector valued function.

In view of the above representation, it is natural to reindex the training set points for all tasks
into a single training set, associating to each example x; a task indicator t;. Hence we consider
the training set {(z1,v1,t1),..., (zN,yn,tn)} with N = z;l:l n; and where, if the points are
ordered task-wise, example (z1,y1,t1) is example (x11,y11) in the previous notation.

Instead of considering the sum of the empirical errors for each task (or combined empirical error)

d 1 nj ‘
> (E > (wij - fj(%‘))2> ,

j=1 J =1

we consider the overall empirical error
1N
N > (i — flaita).
i=1
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The difference between the two approaches is on the weight they put on the errors for each task.
A task with very few examples contributes more to the combined empirical error than to the
overall empirical error. If the tasks are provided with the same number of examples the two
errors differ only by the factor d.

The representer theorem ensures that the solution of (overall) empirical risk minimization is of

the form N
f(x, t) = ft(x) = Z Q((x’ t)’ ('Iia tz))cl
i=1
with coefficients given by
rc=Y

where C = (c1,...,¢en), Tij = Q((4, ), (x,t5)) and Y = (y1,...,yn).

Directly inverting the matrix I' leads to an unstable solution with very poor generalizing per-
formance, in other words it overfits the training data. The spectral filters proposed in this
dissertation tackle these issues by filtering its unstable components and are an alternative to
Tikhonov regularization. The solution is obtained as

C= g)\(F)Y,

where g, is one of the spectral filter described in Section

We observe that, in general, differently to vector valued regression, the matrix I' is not a block
matrix, since we compute only those entries corresponding to the tasks to which examples x; and
x;j belongs to. If they belonged to all tasks, then we would recover the d x d block I'(x;, z;) that
we obtain with a matrix valued kernel for vector valued functions. For the same reason, when the
kernel is Q((z,t), («',t")) = K(x,2") Ay the kernel matrix is no longer the Kronecker product
between the scalar kernel matrix K and A. This implies that it is no longer possible to decompose
the multi-task learning problem into d scalar learning problems using the technique described in
the end of Section B.7l Therefore, as we will show with some experiments on synthetic data in
Section and real data in Section [6.4], iterative methods might be considerably more efficient
than Tikhonov regularization, that requires to directly invert the N x N kernel matrix I'.

We conclude noting that, since the sampling procedures are somewhat different, the error anal-
yses for multi-task and vector valued learning are also different. The latter case is closer to
the scalar setting and was amply discussed in the previous chapter, whereas in the multi-task
case the situation is more complex: one might have different cardinalities for the various tasks
or be interested to evaluate performances for each task individually. Most of the few analyses
(Maurer, 2006a/b; [Lounici et all, 2009) consider linear regression or classification tasks, equal
number of examples for each task and evaluate the average performance across all tasks. We
reserve to future work the error analysis for multi-task learning.
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Chapter 5

Multi-category Classification as
Learning a Vector Valued Function

In this chapter we analyze multi-class problems in the framework of vector valued learning.

Multi-class, also called multi-category, problems are ubiquitous in applications. While a number
of different algorithms have been proposed over the years, a theory of multi-class learning is at the
beginning and most algorithms come with no theoretical guarantees in terms of generalization
properties. In Section 5.1l we shortly review some previous approaches to multi-class learning,
while in Section we show that approaches based on vector valued learning are natural and
help to understand the multi-class problem. In particular, we show how spectral regularization
methods for vector valued learning can be used to build multi-classification rules that are Bayes
consistent. We also present a thorough comparison with a recently proposed multi-class method
that transforms the multi-category problem into a vector valued one, but does not completely
leverage the vector valued framework. We conclude the chapter with the proof of the Bayes
consistency theorem for spectral filters in the multi-class setting.

5.1 Previous approaches to multi-class problems

The algorithms previously proposed in the literature can be roughly divided into three classes.
The first comprises methods based on nearest neighbor strategies (Hastie et al), 2001). These
techniques are appealing for their simplicity, but are considered to be prone to over-fitting,
especially in the presence of high dimensional data. The second class includes approaches where
the multi-class problem is reduced to a family of binary classification problems, e.g. one versus
all, where we train a binary classification model to separate one class from all the others, or
all versus all (also called all pairs), where we train a binary classifier for every pair of classes.
Finally, the third class corresponds to the so called single machine approaches. Extensive list
of references can be found in (Rifkin and Klautau, 2004). The latter work gives a detailed
discussion and exhaustive experimental comparisons, suggesting that one versus all might be a
winning strategy both from the point of view of performances and computations (see discussion

below).

From a theoretical point of view, the analysis of methods based on (penalized or constrained)
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empirical risk minimization was started in (Tewari and Bartlett, 2005; [Zhang, 2004). A main
message of these works is that straightforward extensions of binary classification approaches
might lead to methods that fail to have the property of Bayes consistency. The latter can be
probably considered as a minimal theoretical requirement for a good classification rule.

In this chapter, we argue that multi-category classification can be naturally modeled as the
problem of learning a vector valued function, obtained by associating each class to an appropriate
coding vector. A basic observation supporting this approach is that when we describe the classes
using a finite set of scalar labels, we are introducing an unnatural ordering among them, which
is avoided by adopting a vector coding. Besides this fact, the idea of considering multi-category
classification as the problem of learning a vector valued function is appealing since it opens the
route to exploit the correlation which is present among the considered classes, and can be the
key towards designing more efficient multi-class learning machines.

To better explain this last observation, we recall that among the proposed approaches to solve
multi-class problems, one of the simplest, and seemingly effective, is the so called one versus all
approach where a classifier is learned to discriminate each individual class from all the others.
Each classifier returns a value that should quantify the affinity of an input to the corresponding
output class, so that the input can be assigned to the class with highest affinity. Though
extremely simple, in this method each class is learned independently to the others and the
possible information about the correlation among the classes is not exploited. Indeed in several
practical problems the classes are organized in homogenous groups or hierarchies. The intuition
is that exploiting such an information might lead to better performances. Here we illustrate
how this can be done using the framework of vector valued learning.

5.2 Multi-class as a vector valued problem

Let us start by fixing some basic concepts and notation. In multi-category classification the
examples belong to either one of d classes, that is we can set IT = {1,2,...,d} and let p(j|z),
with 7 = 1,...,d, denote the conditional probability distribution for each class. The training
set z = {(zj,y:)},, with z; € X and y; € II is composed of pairs of input points and the
corresponding class labels. A classifier is a function ¢ : X — TII, assigning each input point to
one of the d classes. The classification performance can be measured via the misclassification
error
R(e) = P[(z.y) € X x I1: e(x) # 4],

that is the probability that the classifier predicts the wrong class. We can rewrite the misclas-
sification error as

d
Rc) = /X S Lietoreiy o) (@),
j=1

where 174, is the indicator function of the set A. Since c is an arbitrary function, we can
compute the minimizer of the misclassification error by minimizing the error for each point x
with respect to c(z)

d
argmin' > 1u(ey45,0(il) = argmin (1 — ple(x)|e))
c(z)ell =1 c(z)ell
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The minimum is obviously achieved when the classifier ¢ returns the class with highest condi-
tional probability. We call the minimizer of the misclassification error the Bayes rule, defined
as
b(x) = argmax p(j|z). (5.1)
j=1,...,d
and R(b) is called Bayes misclassification error.

Bayes consistency is then the property of a learning algorithm to return an estimator ¢, : X — II
whose misclassification error converges to the Bayes misclassification error as the number of
training examples increase. It is therefore an essential property of any supervised method for
classification, since we are guaranteed that we will tend to the minimum possible classification
error providing more and more training examples. Below we give a formal definition of Bayes
consistency.

Definition 2. Bayes Consistency. An algorithm is said to be Bayes consistent if the estimator
¢z satisfies
lim P[R(c;) — R(b) >¢] =0 (5.2)

n—-4oo

for any € > 0.

A standard approach for binary classification is based on viewing classification as a regression
problem with binary values. Following this idea we might consider a real valued function to fit the
labels IT = {1,2,...,d}, but we would force an unnatural ordering among the classes. Another
possibility is to define a coding, that is a one-to-one map C : Il — Y where J = {/1,...,44}
is a set of d distinct coding vectors Ej € R? for j = 1,...,d. For example ¢; = (1,0,0,...,0),
{3 = (0,1,0,...,0) and so on. Once we fix a coding, we can use algorithms for vector valued
regression to learn from the data whose outputs are given by the coding vectors. In practice,
the algorithm will return an estimator that takes values in the whole space R?, rather than in
the set of coding vectors. Therefore, we need to define a classification rule that takes as input a
vector in R? and returns one of the d labels IT = {1,2,...,d}. In the binary case, a classification
rule is usually defined by taking the sign of the estimator. In the vector valued case there is no
obvious strategy.

In summary the use of vector valued learning for multi-class problems requires the following
choices:

1. a coding scheme,
2. a vector learning algorithm,

3. a classification rule.

If we measure errors using the square loss, a simple calculation guides us through some of the
above choices. Given a vector valued function f : X — R?, we can use upper indexes to indicate
vector components, so that the square loss can be written as ||{ — f(z)||3 = Z?Zl(@j — fi(x))2.
Note that, since the coding is a one-to-one map, the conditional probability distribution p(y|x)
is concentrated on the Ejs and the conditional probability distribution for each coding vector Ej
is given by p(j|x) for all j =1,...,d.
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Therefore, the expected risk can be written as

I(f) = /X o= T@lptulrpx(rydyds = / Zue @)l p () de

and is minimized by the regression function, f,, that we can express as

d
fo@) = (£ (@), 12(@) . fa)) = /y yp(ylz)dy Z plila).

Given a general coding
01 = (a,b,...,b), 5= (ba,b,....b),..., bg=(b,b,...,ba), a>b, (5.3)

we can write the r-th component of the regression function as

d d
fr@) = > Gplile) = bp(jla) + ap(r|z)
J=1 JF#r

bo(jle) — bpr + ap, = (a— b)p(r]) + b,

I
,M&

<
Il
—_

where we used the fact that Z;‘l:1 p(jlz) = 1. Tt follows that each component of the regres-
sion function is proportional to the conditional probability of the corresponding label, so that,
recalling the definition of the Bayes rule, we have

b(z) = argmax fg(m) (5.4)
j=1,....d

The above calculation is simple, but shows us three useful facts. First, vector learning algorithms
approximating the regression function can be used to learn the Bayes rule for a multi-class
problem. Second, in this view the choice of the coding can be quite general, see (5.3]). Third,
once we obtained an estimator for the regression function, Equation (5.4 shows that the natural
way to define a classification rule is to take the argmax of the components of the estimator.

The above discussion shows that, provided a coding of the form (5.3]), we can use spectral
regularization methods to solve multi-class problems and use (B.4]) to obtain a classification rule.
We recall that the vector valued estimator obtained with a spectral filter is f,' = g\(I')Y, where
I" is the Gram matrix computed on the training input examples and Y = (y1,...,y,) is the
nd-dimensional vector where we concatenate the vector codes assigned to each example of the
training set. The spectral filters gy are characterized by the constants presented in Section B3l
Here, we are interested in the qualification number 7 ([B.9]) that controls how well a spectral
filter can exploit the regularity of the regression function (Bauer et all, [2006). Equation (5.4))
and the fact that spectral regularization algorithms approximate the regression function, suggest
that Bayes consistency can be achieved by spectral regularization methods. Indeed this can be
proved using the results in Section B3] in (Tewari and Bartlett, 2005) and (Zhang, 2004).
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Theorem 4. Let z = {(x;,y;) € X x I}, where Il = {1,...,d}, be a training set drawn i.i.d.
according to p(x,y) and let C : 11 — Y C R? be a coding map from class labels to coding vectors.
Consider the training set 2’ = {(x;,C(y;)) € X x Y} . Let fyr : X — RY be the vector valued
estimator obtained with a spectral filter gy of qualification number v > % Assume f, € H and
supgex ||I'(z,2)||y,y = k < 0o. Choose the reqularization parameter A, = X(n) such that

lim A, = 0 (5.5)
n—-4o0o
lim A\,v/n = +oo. (5.6)
n—-4oo

If we let b be the Bayes rule (1), fr = :‘/" and ¢, = argmax;_; g4 fg,, then

lim P[R(cs) — R(b) > €] =0, (5.7)

n—-4o0o

for any € > 0.

We add three comments. First, the proof of the above result is given in the next section and
is based on the bound given in Theorem [l together with a so called comparison result (Zhang,
2004) relating expected risk and misclassification error. Second, we note that the above result
allows us to derive Bayes consistency, but no convergence rates, since they would depend on
the specific form of 1. Further investigations are left to future work. Third, in the above
result we made the simplifying assumption that f, is in ‘H. In fact, if the kernel is universal
(Caponnetto et all,[2008) such an assumption can be dropped and (universal) Bayes consistency
can be proved with similar techniques (Caponnetto, 2006).

5.2.1 Comparison with (Lee et al., 2004)

For loss functions other than the square loss the above conclusions are not so straightforward.
One of the few cases where similar results are available is the variation of the hinge loss studied
in (Lee et all, 2004), where they develop a multi-category Support Vector Machine (SVM).
Comparisons with this choice of the loss give further information. In fact, for this loss function,
it is proved in (Lee et al., 2004) that the minimizer of the corresponding expected error is the
Bayes rule itself. Such a result is based on a specific choice of the coding, that satisfies > y Zg =0,
for all coding vector ¢;,7 = 1,...,d.. This constraint is not needed for the square loss, though
we note that for the square loss and the general coding (5.3]), the regression function satisfies

f(x) =a+(d—1)p,

d
=1

J

so that, if we take a = 1 and b = —1/(d — 1), the coding proposed in (Lee et all, 2004), the
sum-to-zero constraint is guaranteed. Clearly there is actually no particular reason why this
coding should be preferred to any other coding of the form (5.3]). Also, for the multi-class hinge
loss, there is no obvious reason why taking the maximum component of an estimator should be a
good strategy to build a classification rule. The relation with the conditional probabilities does
not hold anymore and the magnitude of the estimator components have no clear interpretation
(see (Zhang, 2004) for related results and discussions). Finally, the multi-category SVM has a
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straightforward interpretation in terms of vector valued regression. In fact, we recall that in our
notation such an algorithm is defined by

mm—ZZWﬂ %+Wﬂﬁst2ﬂm—,izywn

J n
fren i=1 j=1 7=1

where V' is the modified hinge loss. Inspecting the form of the above functional, and in particular
the form of the penalty, it is clear that we are considering a reproducing kernel Hilbert space of
vector valued functions where there is no coupling among the components. The only coupling
among the components of the estimator is enforced by the sum-to-zero constraint. If we drop
such a constraint and consider the square loss we have the following problem

i — J 7|2
J{glé%{n;; P (i)? + A N5
where £y, is the coding vector associated to the class the example z; belongs to. For a general
coding of the form (5.3]), the optimization can be done independently for each component and
corresponds to classifying a given class against all the others. It is then obvious that, by taking
the maximum of each component, we recover the simple one versus all scheme, albeit with a
common regularizing parameter for all classes.

5.2.2 Considerations

In the case of the square loss, it is clear that to go beyond one versus all, and try to enforce
some kind of correlation among the classes, different penalties have to be considered. The kernels
and penalties given in Section 23] are a step towards this direction. In particular for kernels
of the form (29), the matrix A can viewed as encoding the class correlations. The choice of A
is therefore crucial. In certain problems the matrix A can be defined using prior information.
A fine example of this situation is the object recognition dataset Caltech-256 (Griffin et all,
2007), where images of 256 object categories are collected. A hand-made taxonomy relating the
categories is available and can be exploited to design the matrix A to be used, for example, with
the graph-regularization kernel given in Section 2.3l Note that empirically estimating the matrix
A seems to be much harder in multi-category classification than in vector valued regression. In
vector valued regression one can, as a first attempt, resort to the classical Pearson correlation
between the components of the vector valued function, while in multi-category classification the
outputs are user defined and do not bear any information.

5.3 Proof of Theorem [4

Proof. The proof follows from the bound given in Theorem [l together with a, so called, compar-
ison result relating expected risk and misclassification error. More precisely, from Corollary 26
n (Zhang, 2004) (see also (Tewari and Bartlett, 2005)), and since we assume f, € H, we have
that

R(ez) — R(V) < 6(1(f) — 1(1,)), (5.8)

where 1) is a concave function that goes to zero at the origin.
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Now, we can choose 7 such that condition (B.10])
1 4
Ap = —2v2K%log—
N V2rtlog 1
of Theorem [I holds. Hence, we must set

_dnva
Np = de 2v2s2,

Due to hypothesis ([B.6]), lim;,— 100 Any/n = +00, we have that lim,, .~ 7, = 0 and, thanks to
Theorem [I, we have

Clog+
P [I(fz/)—f(fp) < ""] > 1 =1y

Using (5.8)), we obtain

Observe now that

since

and lim,,_, ;o Ay, = 0 for hypothesis (5.5]). It follows that, since 1) goes to zero at the origin,

i Clog% 0
Y\ TR ) T

4

Clog =
8 i > < ¢ for n > n.. Putting all together we have

Therefore, it exists a n. > 0 such that ¢ < Tn

P[R(cz) — R(b) > ¢] = 1-P[R(c;) - R(b) <¢)]

<1 P[R( ) R(b)<¢<010g%>]<
> 11— Cz) — > \/’ﬁ =S Tn

and the thesis follows because lim, o 1, = 0. O
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Chapter 6

Synthetic Data

In this chapter we present some empirical results using spectral regularization algorithms on
sinthetic data and on a widely used dataset for multi-task learning.

In Section [6.T] we consider an academic example aimed at showing a computational comparison
of the various methods while illustrating the differences between multi-task and vector valued
learning.

In Section and [6.3] we present some artificial examples of 2D vector fields for which our
approach outperforms regressing on each component independently with the same filter function.
Our simulations of 2D vector fields recall the flow of an incompressible fluid. A common practical
problem in experimental physics is that of estimating a velocity field from scattered spatial
measurements. Using kernel functions tailored for physical vector fields (see Section 2.3]), we
show how this problem can be effectively solved.

Finally, in Section [6.4] we present the results obtained with spectral filters on a dataset widely
used to compare multi-task learning algorithms.

6.1 Vector Valued Regression vs Multi-task learning

We consider an academic situation where each task is given by the same function plus a task
specific perturbation. More precisely, we study the case where the input space is the interval [0, 1]
and we have four tasks. Each task t = 1,...,4, is given by a target function f; = feom + o fpert,t
corrupted by normal noise of variance 0.01. The target function common to all tasks is feom =
sin(2mx). The weight « is set to be equal to 0.6. The perturbation function is generated with
three gaussians of width ¢ = 0.1 centered at z; = 0.1, zo = 0.4 and x3 = 0.7 and multiplied
by coefficients that vary from one task to the other. We have designed these perturbations
to yield tasks that are still strongly related by the common target function, but also present
local differences, as shown in Figure Despite from the plot, it may appear that the tasks are
simply shifted versions of the common sine function, an approach based on computing the sample
covariance to estimate the phase differences will not succeed in this case. Notwithstanding the
simplicity of this example, we believe it is illustrative of the different behaviors of the multi-task
and vector valued settings.
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Figure 6.1: The four tasks/components, before being affected by gaussian noise of variance 0.01, used
to compare multi-task and vector valued learning. The tasks are generated perturbing the common task
(a sine function) with three gaussians of width 0.1, centered in 21 = 0.05, 2o = 0.4 and 23 = 0.7. The
gaussians are multiplied with task specific coefficients.

Since the performance of the spectral filters is very similar, we choose the v-method to illus-
trate the typical behavior. In the multi-task case each task is uniformly randomly sampled in
different input points, whereas in the vector valued case the input points are the same for all
the components and still uniformly sampled in the interval [0, 1]. We use the kernel (28]

Ty(z,2") = Ko(z,2") (w1l + (1 — w)I)

that imposes a common similarity among all components, adopting a gaussian kernel for its scalar
part. The width of the gaussian kernel is a reference distance for assigning the similarity between
two input points. As an heuristic, we use the mean distance from each point of the training set to
its k nearest neighbors, where k is equal to 10% of the number of training points. This distance
measure is an estimate of the average neighborhood width and it allows to consider the points
within this neighborhood size as very similar, that is K,(z,2’) > 0.6, if z,2' are two points
within the neighborhood. The parameter w and the regularization parameter were selected on a
validation set of the same size of the training set. The performance of the algorithm is measured
by the mean squared error (MSE) on an independent test set, as a function of the number of
training set points available for each task/component. To evaluate the average performance and
its variance, we run the simulation 10 times for each training and validation set size, resampling
both sets. The performance obtained using matrix valued kernels, that exploit the relationship
between the tasks or the components, is compared against the performance of using the same
filter function to estimate each task or component independently with the a gaussian kernel of
same width.

We show the results for multi-task learning case in Figure (left). We observe that exploiting
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Figure 6.2: Results for the multi-task case (left) and for the vector valued case (right) using the v-method
with a maximum of 200 iterations. Solid lines represent average test error, while dotted lines show the
average test error plus/minus one standard deviation. The test error is evaluated on an independent test
set of 1000 examples as the mean squared error on all examples, counting the components of the vector
valued function as different points. For the multi-task case, the training points are sampled independently
for each task, whereas in the vector valued case the training points are the same for all the components.
The experiments are run 10 times for each training set cardinality, with different sampling of the training
and validation examples.

the coupling among the tasks is significantly advantageous. The median of the selected values
for the kernel parameter w is 0.6, indicating that the validation process selects an intermediate
correlation between the tasks. The results for vector valued learning are given in Figure
(right), where we see that there is no gain in using a not-diagonal kernel.

We repeated the experiments with different filter functions in order to compare their com-
putational efficiencies. In Figure (left) we report the time required to select the optimal
regularization parameter on the validation set in the multi-task case. The vector valued case
presented the same behavior (plot not shown). The algorithms are Tikhonov regularization with
25 regularization parameter values, Landweber iteration with a maximum of 1000 iterations and
v-method with a maximum of 200 iterations. The number of parameters was chosen so that
the validation error achieves the minimum within the range. As expected from the complexity
consideration of Section B.7, the v-method is outperforming the other methods. In Figure
(right) we report the time required to select the optimal regularization parameter via Leave One
Out Cross Validation (LOO) in the vector valued scenario. In this case it is possible to exploit
the results of Section and the closed form solution for the LOO error for Tikhonov regu-
larization. Indeed, Tikhonov regularization combined with these two results is faster than the
iterative algorithms, which require to evaluate the regularization path for each LOO loop. Note
that this sort of computational advantage is not applicable if one is dealing with a multi-task
problem.
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Figure 6.3: Time needed to select the best regularization parameter for different algorithms and settings.
In the left panel are reported the times required to select the regularization parameter for the multi-task
setting with respect to the number of training examples. The regularization parameter is chosen on a
validation set of the same size of the training set. On the right are shown the times needed to select the
regularization parameter via Leave One Out Cross Validation on the training set only. We implemented
the optimization described in Section and the closed form solution to compute the LOO errors for
Tikhonov. The range of the parameters evaluated is 25 values for Tikhonov, a maximum of 1000 iterations
for Landweber and 200 iterations for the v-method. The computations were performed with MATLAB
on a laptop with 2GB of RAM and a 2GHz Intel Core 2 Duo CPU.

6.2 2D Vector Field composed of a divergence-free part and a
curl-free part

The following set of simulations are aimed at showing the advantages of using the divergence
and curl-free kernels, (216 and ([2.I7) respectively, for the estimation of a 2-dimensional vector
field defined on a 2-dimensional input space. By adopting a convex combination of the two
kernels, weighted by a parameter 7, it is possible to reconstruct the divergence-free and curl-free
parts of the field (Macédo and Castra, 2008).

The vector field is generated from a scalar field defined by the sum of 5 gaussians centered at
(0,0), (1,0), (0,1), (—1,0) and (0, —1) respectively. The covariances are all set to be diagonal,
namely 0.451, where I is the 2 x 2 identity matrix. We compute the gradient of the scalar field
and the field perpendicular to it, applying a m/2 rotation. We consider a convex combination
of these two vector fields, controlled by a parameter v. One instance of the resulting field for
~ = 0.5 is shown in Figure [6.4] while examples for v = 0,0.3,0.6, 1 are shown in Figure 6.5

We compare our vector valued regression approach with estimating each component of the field
independently. We use the v-method, which is the fastest algorithm when the matrix valued
kernel is not of the form I' = KA. We adopt a 5-fold cross validation to select the optimal
number of iterations and the parameter 4. The scalar kernel is a gaussian kernel of width 0.8.
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Figure 6.4: Visualization of the first artificial 2-dimensional vector field for v = 0.5

Firstly, we consider the noiseless case. The vector field is constructed specifying a value of the
parameter vy, which we vary from 0 to 1 at 0.1 increments. The field is then computed on
a 70 x 70 points grid over the square [—2,2] x [—2,2]. The models are trained on a uniform
random sample of points from this grid and their predictions on the whole grid (except the
training points) compared to the correct field. The number of training examples is varied from
10 to 1000 at 10 examples increments until 100 examples, after that the increments become
larger for computational economy. For each cardinality of the training set, the training and
prediction process is repeated 10 times with a different randomization of the training points.

Following (I&ﬂ‘_mn_&t_aij, |_19_9_4ﬂ), we use an angular measure of error to compare two fields. If v, =
(v},v2) and v, = (v},v?) are the original and estimated fields, we consider the transformation

V=0 = [T (v',v2,1). The error measure is then

1
71}271
err = arccos(ve - Vo). (6.1)

This error measure was derived by interpreting the vector field as a velocity field and it is
convenient because it handles large and small signals without the amplification inherent in a
relative measure of vector differences.

The results for the noiseless case are reported in Figure [6.6, which clearly shows the advantage
of using a vector valued approach with the combination of curl-free and divergence-free kernels.
We present only the results for the field generated with v = 0 and v = 0.5 since for the
remaining fields the errors are set within these two examples. The prediction errors of the
proposed approach via the v-method are always lower than the errors obtained by regressing
on each component independently, even when the training set is very large. The average value
of the estimated parameter 4, shown in Figure 6.7, converges to the true value of v as the
number of training points increases, indicating that it is possible for the model to learn the field
decomposition in an automatic way.

We then consider the case with normal noise whose standard deviation is independent from the
signal and is chosen to be 0.3. We follow the same experimental protocol adopted for the noiseless
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Figure 6.5: Visualization of the first artificial 2-dimensional vector field for several values of the param-
eter v that balances the divergence-free and the curl-free parts.
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Figure 6.6: Vector field 1 - noiseless case. Test errors for the proposed vector valued approach and
for learning each component of the field independently as a function of the number of training points
used for learning. Solid lines represent average test error, while dotted lines show the average test error
plus/minus one standard deviation of the corresponding error. The test error is evaluated according to
the error measure (6.1]).
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Figure 6.7: Vector field 1 - Noiseless case. Estimated values for the parameter 4 balancing the divergence-
free and the curl-free kernels. As the training sets become larger the estimated value better approximates
the true value v. Note, however, the tendency to stray towards the value 0.5 for fields that are not
completely divergence-free or curl-free.
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Figure 6.8: Vector field 1 corrupted by independent noise of standard deviation 0.3. Test errors for the
proposed vector valued approach and for learning each component of the field independently as a function
of the number of training points used for learning. Solid lines represent average test error, while dotted
lines show the average test error plus/minus one standard deviation of the corresponding error. The test
error is evaluated according to the error measure ([G.1]).
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Figure 6.9: Vector field 1 - Independent noise of width 0.3. Estimated values for the parameter 4
balancing the divergence-free and the curl-free kernels. As the training sets become larger the estimated
value better approximates the true value ~.
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case. The results are reported in Figure and indicate that also in the presence of noise the
proposed approach consistently outperforms regressing on each component independently. The
advantage is stronger when fewer training points are available, but it is still present even at
higher training set cardinalities. Again, the estimated value for the parameter 4, that weighs
the contributions of the two kernels, well approximates the true value used for the creation of
the vector field, indicating that it is possible for the model to learn the field decomposition in
an automatic way also in presence of noise (see Figure [6.9]).

It is now interesting to apply this approach to a vector field that is not directly given as the
sum of a divergence-free and a curl-free part, but that satisfies the hypotheses of the Helmholtz
Theorem on the decomposition of a vector field (Arfken and Weber, 2005).

6.3 Generic 2D Vector Field

The Helmholtz Theorem states that a vector field, which is twice continuously differentiable and
which vanishes faster than 1/r at infinity (r is the distance from the origin), can be decomposed
as the sum of a gradient-free part and a curl-free part (Arfken and Weber, 2005). Therefore, if
we are dealing with such a vector field, we expect to be able to estimate it via a combination of
the divergence-free and curl-free kernels. This second artificial experiment aims at showing that,
when the vector field satisfies the assumptions of the Helmholtz Theorem, it is indeed possible
to obtain a better estimate using these kernels than treating each component independently.

On a grid of 70 x 70 points within [—2,2] x [—2, 2], we generate a vector field whose components
are given by

vi(z,y) = 2sin(3z)sin(1.5y)
v2(z,y) = 2cos(3y)cos(1.5z)

In order to enforce the decay at infinity the field is multiplied to a gaussian function centered
at the origin and of width 1.2. The field without noise is shown in Figure [6.10

We follow the same experimental protocol adopted for the previous artificial experiments. In
this case there is no field parameter to vary, but only the amount of noise which we consider
proportional to the signal. This means that for each point of the field, the standard deviation
of the noise added to the field in that point is proportional to the magnitude of the field. The
results for the noiseless and noisy cases are shown in Figure We can still see an advantage
in using the proposed vector valued approach with a combination of the divergence-free and curl-
free kernels, but the gain drops to insignificant as the number of training examples increases.
However, in Figure [6.12] relative to the noisy case, we note how the estimated weight of the
combination of the two kernels is stable and offers a clue on the nature of the vector field. It is
then possible to reconstruct the decomposition of the field into a divergence-free and a curl-free
part, as shown in Figure [6.13l
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Figure 6.10: Visualization of the second artificial vector field without noise.
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Figure 6.11: Vector field 2. Test errors for the proposed vector valued approach and for learning each
component of the field independently in the noiseless case (left) and when the standard deviation of the
noise is equal to 20% of the field magnitude (right). The test error is evaluated according to the error
measure ([G.I) and is plotted against the number of training examples used for learning.
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Figure 6.12: Vector field 2 with proportional noise (noise standard deviation equal to 20% of field
magnitude.) Estimated value for the parameter v that balances the divergence-free and the curl-free
kernels as a function of the number of training points used for learning.
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Figure 6.13: (Top-left) Original vector field, (top-right) learned field from a noisy sample of 100 examples
affected by proportional noise of width 0.2. (Bottom row) Decomposition of the learned field into a

divergence-free part (left) and a curl-free part (right).
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6.4 School data

This dataset from the Inner London Education Authorit has been used in previous works on
multi-task learning (Bakker and Heskes, [2003; Evgeniou et all,2005; |Argyriou et all,2008a) and
has become a standard benchmark over the recent years. It consists of the examination scores of
15362 students from 139 secondary schools in London during the years 1985, 1986 and 1987. One
can define 139 tasks or regression problems, corresponding to predicting student performance in
each school. The input data for each student consist of school attributes and personal attributes.
The school attributes are: percentage of students eligible for free school meals, percentage of
students in VR band one (highest band in a verbal reasoning test), school gender (male, female
or mixed) and school denomination. Student specific attributes are: gender, VR band (can take
the values 1, 2 or 3) and ethnic group (among 13 possible values). Following the literature,
we converted the categorical attributes using one binary variable for each possible attribute
value, but we only considered student specific attributes. Each student is thus characterized
by a feature vector of 19 bits. The school attributes could be used to define a similarity score
between the schools, which we reserve to possible future work. For now, we are only interested
in comparing the results and computation times of the Landweber, r-method and Tikhonov
algorithm using the simple common similarity kernel (2.8))

Fy(z,2') = K(z,2") (w1 + (1 — w)I).

We randomly selected 60% of students from each school and divided their data equally into three
sets: training, validation and test. Each set has 3124 students and, on average, 22 students per
school. The validation set is used to select the regularization parameter and the value of the
parameter w that forces the tasks to be more or less related (a higher value of w corresponds to
higher similarity among the tasks). On the test set we evaluated the generalizing performance of
the three algorithms using the measure of explained variance from (Bakker and Heskesd, 2003).
Explained variance is defined as one minus the mean squared test error over the total variance
of the data (across all tasks). We opted for a gaussian scalar kernel whose width was chosen to
be the mean distance from each training point to its k nearest neighbors, where & is set to be
20% of the cardinality of the training set.

In Table we report the test performance and the time needed to select the optimal param-
eters on the validation set (without taking into account the time needed to compute the kernel
matrices, because these are common to all algorithms). The range of the parameter omega is
[0,1] and was sampled at 0.1 intervals. The three algorithms, despite being trained only on
20% of the available data, plus an additional 20% for parameter selection, perform consistently
and similarly to the reported results in (Argyriou et al., 2008a), which obtains a performance
of 26.4% + 1.9%. The results in (Argyriou et al., 2008a) were achieved using 75% of the data
for training and adopting a 15-fold cross validation to select the regularizing parameter. In
the previous works no computation time is reported, while from our results the v-method is at
least three orders of magnitude faster than Tikhonov and more than one order of magnitude
faster than Landweber. Obviously the validation time depends on the number of iterations or
the number of values of the regularizing parameter to evaluate. For Landweber, after a first
preliminary assessment, we opted for a maximum of 3000 iterations while for the v-method a

! Available at http://www.mlwin.com/intro/datasets.html
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maximum of only 150 iterations. For Tikhonov, we choose 30 values sampled geometrically in
the interval [10~%,1072]. Furthermore for Tikhonov there is also the double issue of choosing the
range and the grain, since in some occasions (as we have experienced) a good value might reside
just between the values we are testing. Conversely, iterative methods could seen as rough, not
allowing a finer exploration of parameter space, but this is not the case, since one can choose a
smaller step size.

Algorithm | Performance | Model Selection Time [10* sec]
v-method 26% 13

Landweber 22% 259

Tikhonov 25% 2026

Table 6.1: Performance as measured by the explained variance and model selection time for the
Landweber, v-method and Tikhonov algorithms on the School dataset. The multi-task feature
learning method proposed in (Argyriou et al., [20084) obtains a performance of 26.4% + 1.9%.
The computations were performed on a desktop computer with 4GB RAM and 2.2Ghz dual-core
processor

6.5 Considerations

From these preliminary experiments, it is evident that matrix valued kernels that exploit the
relationship among the components of the vector valued function (or the tasks in a multi-task
scenario), combined with an efficient spectral filter, such as the v-method, provide a competitive
alternative to simpler regression schemes that treat each component independently. Even when
the prediction accuracy is not much improved (e.g. in the second vector field example), the
computational speed-up provided by iterative spectral filters and the decomposition scheme for
matrix valued kernels of the form I' = K A, can be seen as essential steps towards designing more
appropriate multi-output kernels, since they allow to compare different kernels in a shorter time.
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Chapter 7

Magnetic Iron Detector

In this chapter we present the application of the proposed vector valued framework for the
estimation of a signal that allows to assess the iron overload in the liver of patients affected by
Thalassemia or Hereditary Hemochromatosis. After introducing the measurement challenge and
discussing a previous model to estimate the iron overload, in Section [.3] we present our approach
that is based on, first, designing a proper feature map to exploit the reasonable correlation we
expect from the measures, and then computing the corresponding matrix valued kernel in order
to apply the spectral filters. The experimental protocol outlined in Section is applied and
results are discussed in Section [7.4]

7.1 Introduction

Iron (Fe) is essential to human life, but is toxic in excessive amounts. There are several diseases
characterized by liver iron overload, such as Thalassemia or Hereditary Hemochromatosis. The
accurate assessment of body iron excess is therefore essential for managing the therapies for
these diseases. Each disease is characterized by a different mechanism of iron accumulation.
For thalassemia patients iron overload is induced by periodical blood transfusions, while for
hemochromatosis patients it is induced by an incorrect dietary absorption of iron.

The invasive liver biopsy is still considered the best way to perform iron overload evaluation,
but being a local measure, it is affected by large errors due to the heterogeneous distribution of
iron deposition in the liver. Moreover, not many patients allow frequent biopsies to assess the
progression of the therapy.

Recently, Marinelli and colleagues (Marinelli et al!, 2007) have developed a room-temperature
biosusceptometer, the Magnetic Iron Detector (MID), which measures the variation of a magnetic
field at different positions along the axis that crosses the patient’s liver. This instrument allows
the non-invasive assessment of the iron overload in the whole liver. Given an estimate of the
background signal of a patient, that is the signal that would be generated in absence of iron
overload, it is possible to recover the iron burden by comparing the estimated signal from the
measured signal.

In order to estimate the background signal, Marinelli and coworkers (Marinelli et all, 2006) have

7



PATIENT 3 R - Eddy Current Sgnal 3 -
Magnetization Signal

_ —n
D} 1

20 1 15 20
A x [em]
EDDY
CURRENT
MAGNETIZATION .5 | 1V
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volunteer.

developed a statistical parametric model that is currently used at the “E.O. Ospedali Galliera”
Hospital in Genoa, Italy. As we will better explain in the following, the measurement generates
two signals, shown in Figure [[.1.2] of which only the magnetization signal depends on the liver
iron content. To reduce the common dependencies on the geometry of the body of the patient,
the model estimates the ratio R(z) between the two signals and has been trained on two datasets
of 84 and 142 healthy volunteers, respectively. The core idea behind their approach is that the
magnetization signal of a well-treated patient is indistinguishable from the one generated by a
healthy volunteer with the same biometric features, see Figure [LT.Il Furthermore, they assume
that the ratio R(z) of the two signals, in the range between -8cm and 8cm, which include the
greatest contributions from the liver, resembles a parabola.

We reformulate this problem in the context of supervised learning presenting a method to trans-
form a curve fitting task into a vector valued regression model. Since the measures are always
taken at fixed positions along the measurement axis, they can be thought of as components of a
vector and a high correlation among them can be assumed, since they lie on a parabola with an
approximation error smaller than the actual prediction error of the parametric model. In this
way we eschew from directly estimating the magnetization curve. Our vector valued regression
model simultaneously estimates the five measures of the background signal. The correlation be-
tween these points is introduced by an appropriate kernel, which is non-linear in the biometric
features and quadratic in the measurement positions.

7.2 Liver Iron Overload Estimation

The biosusceptometer is composed of an AC magnetic source and a pickup coil which measures
the electromotive force (emf) produced by the oscillation of the magnetic field flux, as shown in
Figure 1.3l A body placed between the magnet and the pickup slightly modifies the flux and
therefore the emf measured: the amount of the variation depends on the magnetic properties of
the body, on its geometry and on its positioning in the field. The emf produced in the pickup
by the field is about 4V and the diamagnetic signal of a body is about —4uV. A moderate
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7.1.3: Magnet and pickup configuration. 7.1.4: Weight function ¢(7) and its cross section in
the direction A and B.

Figure 7.1: When the patient is positioned between the magnet and the pickup a emf is produced by
the magnetization on the tissues of the patient. With this positioning, the whole liver falls in the region
where the function g(7) is greater.

iron overload adds a paramagnetic contribution of about 0.4uV. The symmetry of the system
and the use of synchronous detection, via two pickups, make this difficult measurement feasible
(Marinelli et al., 2006).

A sample of susceptibility y, placed between the magnet and one of the pickups, generates the
signal

V= /V XA (7.1)

The weight function g(7) is reported in Figure [[.IT.4F all body tissues contribute to the signal
generation, but the major contribution comes from those between the magnet and the pick up
coil (measurement region).

The patient lies supine on a stretcher, such that in the measurement region the liver center of
mass crosses the magnetic field axis. The magnetic track of the patient is the complete scan of
the magnetic properties of the body section. It is composed of the measurements of the magnetic
signal 4cm apart. Position x = Ocm corresponds to the center of the body; negative positions
indicate the liver side, while positive positions the spleen side. Figure[Z.T.Tlreports the magnetic
tracks of a healthy volunteer and of a patient with similar anthropometric features: the liver
iron overload produces an evident variation of the signal in the left part of the track.

Due to the oscillating magnetic field, the magnetic signal generated by the human body has
two independent sources: the magnetization signal, from the diamagnetic and paramagnetic
properties of the tissues, and the eddy current signal, from their electrical conductivity. For
each patient a double track is recorded (an example is shown in Figure [[.1.2)), but only the
magnetization signal depends on the iron overload.

The aim of our research is to find a model which best approximates the magnetization signal
of a healthy volunteer (background signal) from its anthropometric data and the eddy current
signal. The iron overload can be evaluated by computing the difference between the measured
magnetization signal and the estimate of the background signal. Therefore, by increasing the
prediction accuracy of the model, we increase our ability to detect slight iron overloads. However,
the maximum accuracy we can obtain is limited by the measurement error, mainly due to the
positioning of the patient on the stretcher. This error is about 150nV and corresponds to an
iron overload of ~ 0.4g.
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7.3 Supervised Learning Approach

7.3.1 Designing the feature map

For each volunteer i = 1,...,84 or 142, we consider only the 5 measures y;; at positions t; =
{—8,—-4,0,4,8}cm. The measures can be thought as the components of a five-dimensional vector
and approximately lie on a parabola, hence we can model them as y;; = f (Xi)k + €ir, Where
x; € RP is the biometric data of the volunteer i as measured by p features, €;;. represents the
noise and

Fx:)* = co(xi) + e1 (i)t + ca(xi)13. (7.2)
If we assume that the coefficients ¢; depend linearly on x

cj(x) = B, - x, j=0,1,2

we can introduce the vector valued feature map, ¢ : RP — R5*3P
X | Xt Xt%
X | xto xt%
ox)=| x|xts|xt3 |. (7.3)
X | xty | xt3
X | Xts xt%

Let us define B as the vector obtained by concatenating the coeflicient vectors 3;.

The vector valued estimator can be rewritten as a linear combination of these new features

f(x) = p(x)8, BeRY, (7.4)

and the corresponding empirical risk is:
Z lyi — o(x)B]12s.

From the vector valued feature map ¢ we can calculate the corresponding matrix valued kernel.
Following (Caponnetto et all, 2008)

(T(@,2"))pg = Z Ppe(@)pqe(@
= (ac -2l )(1+ tytg + tﬁtﬁ)-

We can this matrix valued kernel to compute the Gram matrix and apply the spectral filters as
discussed in Chapter Bl The kernel is of the form I'(z,2’) = K(z,2")A, with K(z,2') =z - 2’
and Apg = 1+t,t, + tf,tg. Thus, we can replace the scalar linear kernel K, with other non-linear
scalar kernels, without having to go through the design of the corresponding feature maps.

Our aim is to compare the performance of the MID parametric model versus the vector valued
model estimated via the v-method and a scalar model trained for each measurement position
independently, again with the v-method.
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Feature | Description

1 Eddy current at -12 cm

2 Eddy current at -8 cm

3 Eddy current at -4 cm

4 Eddy current at 0 cm

5 Eddy current at 4 cm

6 Eddy current at 8 cm

7 Eddy current at 12 cm

8 Thorax section area at 0 cm
9 Thorax section area at 18 cm
10 Thorax section area at -18 cm
11 Thorax height at 0 cm

12 Thorax height at 18 cm

13 Thorax height at -18 cm

14 Adam’s apple position

15 Navel position

16 Age

17 Height

18 Weight

19 Thorax circumference

20 Circumference under ribs arch
21 BMI (Body Mass Index)

22 Body area

Table 7.1: Anthropometric features used

7.3.2 Model selection and assessment

We adopt an experimental protocol in order to select the model parameters and assess the
generalization capabilities of our method in an unbiased way. We perform two nested loops of
K-fold Cross Validation. Higher values of K reduce the bias of the estimator, since the model
is trained on more data, but increase its variance, since fewer data are used for testing. On the
other hand, more splits imply more computations, which require more time.

The inner loop is a 5-fold Cross Validation and is performed to select the number of iterations
and the width of the gaussian kernel chosen for the scalar part of the matrix valued kernel.
For each value of the parameters, an estimate of the generalization error is computed. The
values that minimize the error are used for training. The outer loop is a LOO Cross Validation
evaluating the performance of the models. The estimate of the generalization error is the mean
of the K = n empirical errors.

7.4 Results

The first data set is composed of 84 healthy volunteers represented by vectors of features which
are reported in Table[Z.4l The second data set is composed of 142 volunteers whose features are
the ones reported in Table [ 4] with the addition of the estimates of the magnetic track obtained
considering the shape of the volunteer as filled with water. Note that from now on we will refer
to n as the number of examples in the training set within the innermost loop of CV.
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The features are highly inhomogeneous and can lead to numerical problems, therefore we decided
to normalize our data. We set the columns of the n x p data matrix X = (x1,...,%,)7, to have
zero mean and fixed range and changed the variable ¢ from {—8, —4,0, 4,8} to {—1,—0.5,0,0.5, 1},
since it only represents a label for the components of the vector y. In the test phase, we apply
the normalizing factors computed on the training set to the test data to avoid biased results,
that could easily be obtained if we normalized the entire dataset at once.

For model selection and assessment we used the experimental protocol outlined in Section [7.3.2]
The model parameters to be selected are the width of the scalar gaussian kernel, among 16
values, and the number of iterations for the v-method, setting the maximum to 150.

We report the values of parameters selected during the cross validation in Table [[2l Note that
the values correspond to the median of the parameters for each model learned during each loop
of the outer LOO cross validation.

Dataset Model Position [cm] | Iterations | o

Vector Valued n.a. 53 1.45

-8 81 2.58

—4 148 3.87

84 volunteers Independent 0 94 2.59
4 74 2.56

8 47 1.72

Vector Valued n.a. 65 0.96

-8 93 2.16

—4 88 2.16

142 volunteers | 1 40 ondent 0 135 3.22
4 148 3.23

8 105 1.44

Table 7.2: Selected parameters

In Figure we report the box plots for the LOO errors distributions on the 84 volunteers
and the 142 volunteers datasets respectively, compared with the model in use at the “E.O.
Ospedali Galliera” Hospital. It is evident that the vector valued approach does not bring any
significant advantage over regressing on each measurement position independently. This may
be due to many factors and still requires a thorough investigation. Obviously, the first culprit
could be the parabolic feature map we designed, that imposes a too strong relationship among
the measures. It might be that the parabolic assumption is valid on average, but for many
volunteers it may not hold with a good approximation and thus it leads to predictions that are
wrong. Furthermore, the experimental protocol we adopted to select the number of iterations
for the v-method and the width of the scalar gaussian kernel, in the vector valued case selects
parameters that yield the best average error across all five components. Regressing on each
component independently may allow to tailor the model parameters more accurately for each
measurement position. However, the v-method in the vector valued case, as well as in the scalar
case, performs better than the parametric model developed by the researchers working with
Prof. Marinelli. Our models show fewer outliers and improve on the second dataset, while the
parametric model performs worse, probably due to the increased heterogeneity of the volunteers.

Our model regressing on each component independently is starting to be used alongside the para-
metric model in the hospital, since it has been shown to predict more accurately the background

82



signal for those patients that are particularly different from the volunteer population used to
train the models. This assessment has been carried out visually by experts at the hospital that
have acquired a strong experience on this problem. This evaluation confirms the expectation
that the v-method achieves a better generalization ability on samples not seen during training.

The accuracies obtained with these methods correspond to a precision in the iron overload
estimation of about 0.8¢g. Iron overload lower than 1g is considered mild: currently no model
is capable to detect this kind of iron burden.

Accuracy comparison on 84 volunteers

Accuracy comparison on 142 volunteers
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Figure 7.2: LOO errors distributions on the two datasets.
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Chapter 8

Multi-modal Learning

In this chapter we present a theoretical framework for Multi-modal learning, that is, learning
from patterns associated with very different kinds of sensors (e.g. video and audio). Our aim is
to reconstruct an active modality, i.e. a sensorial pattern associated with grasping actions, from
a passive one, i.e. a pattern describing the visual appearance of the object to be grasped. The
grasping action is recorded by a special glove with sensors that register the spatial configuration
of the hand. The output is therefore vector valued and we are interested in applying the
proposed vector valued learning algorithms to this problems. However, since the relationship
between input and output is many-to-many, that is an object can be grasped in more than
one way, we have devised three data analysis workflows that decompose the problem in simpler
steps. We show experimental results first on a simplified scenario, where the mapping between
objects and grasps is one-to-one and then in a more complex scenario, offering two approaches.
Our results indicate that it is indeed possible to accurately reconstruct the grasping action from
the visual description, but that it is not straightforward to exploit the correlations that exist
among the positions of the fingers.

This chapter is structured as follows. In the first Section we introduce the concept of multi-
modality and relevant references. We propose our theoretical framework in Section B2 dis-
cussing the vision unit in Section B3l In Section 8.4 we present our experimental setup, the
data acquisition procedure and the datasets we work with. The simpler scenario is tackled in
Section [RAl while in Section B we present our first approach on the more complex scenario
that consists in first classifying the grasp type and then estimating the correct hand posture. In
Section we propose the alternative approach to first classify the object and then, knowing
which grasp types are appropriate for that object category, estimate the hand configuration.

8.1 Introduction

Multi-modal learning, that is, learning from sensorial patterns associated with very different
kinds of sensors, is paramount for biological systems. Coupled acoustic and visual information
is essential, for instance, for animals to determine whether they are facing a predator or a prey.
From the point of view of artificial intelligence, multi-modal learning is a potentially excellent
way of enriching the input space of pattern recognition problems which could be otherwise more
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difficult.

Indeed, sensorial inputs are available to biological systems in an endless, inextricably mixed flow
coming from various sensorial apparatuses. It is not completely clear, then, how this information
can be used to improve pattern recognition methods. For example, one could argue that the sight
of a certain kind of predator is generally associated with a particular set of sounds and smells, and
that animals learn to associate these multi-modal patterns during their infanthood; later on, this
fact is employed in recognizing the associated danger in a dramatically improved way. It seems
apparent, then, that there is a mapping among sensorial modalities; e.g., the auditory stimulus
corresponding to a predator should be reconstructible from its visual appearance. Therefore,
even though not all modalities are always available, it should be possible to recover one from
another, to various degrees of precision.

Here we focus upon active perception modalities vs. passive ones. By active modality we mean
perception arising from the action an agent performs in its environment, while, by passive
modality, we mean perception of stimuli which are independent from the agent’s will. Our
paradigmatic case is grasping: objects must be grasped in the right way in order to use them
as desired, but visual information only about an object is seldom sufficient to determine what
kind of grasp to apply. Therefore the action of grasping must be reconstructed when the object
is seen, so that the correct action can be performed.

In order to reconstruct actions from perception, we draw inspiration from the work on mirror
neurons (Gallese et _all, [1996; [Rizzolatti and Craigherd, 2004). Mirror neurons are clusters of
neural cells which will fire if, and only if, an agent grasps an object or sees the same object
grasped by another agent; they encode the semantics of an action associated to an object, and
form the basis of internal models of actions, by which animals reconstruct the grasping and
can therefore plan the grasp with greater robustness and effectiveness. Following the path laid
out, e.g., in (Metta et al), |2006; |Castellini et all,|2007), where perception-action maps have been
built into artificial systems, we hereby propose a theoretical framework for multi-modal learning
in which an active modality is reconstructed via statistical regression from a passive modality.
In the worked example, visual patterns describing the sight of an object are used to reconstruct
the related grasping postures of the hand. This framework can be theoretically extended to any
such active-passive coupling.

Grasping classification is a keystone of many robotics applications. Different methods have
been proposed in the literature according to the amount of prior knowledge available and the
input data at disposal. Focusing on methods that exploit visual information at some level,
a rather common approach starts from the computation of a full 3D model of the object to
be grasped, with a subsequent association of an appropriate grasp type. Machine learning
methods have been applied to this setting — see for instance (Pelossof et all, 2004), where a
SVM regression model is built to estimate the optimal grasp from a set of synthetic objects.
A practical problem with this approach, otherwise effective, is that often a 3D model of the
object is not available nor easy to compute. Some methods based on 2D visual cues have been
proposed (Piater, 2000; [Saxena et al., 2006). Grasp classification is a loose definition that may
refer to associating a grasp type from a pre-defined taxonomy to an object, or may be based
on the explicit estimation of measurements modeling the grasp (e.g. describing the relative
angles between joints). Our data-driven approach is related to the latter choice: it allows us
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to learn a hand configuration appropriate to grasp a given object. A recent trend of robotic
grasping relies on gathering some understanding on the models for human grasping. In this
work we refer to human grasp classification (i.e. our data are originated by grasping actions
performed by humans) and discuss how a possible grasp appropriate for an object may be
estimated before actual grasping occur. If a mapping from human to robot grasping is available,
the proposed work may be applied to human-oriented robotic grasp learning — see, for instance,

id, [2004).

8.2 A theoretical framework for multi-modal learning

As outlined in the introduction to this chapter, we assume that there exists a mapping between
sets of patterns belonging to different modalities — here we focus upon the relations which exist
between a passive and an active modality. In the aforementioned example dealing with objects
(as seen) and grasping them, something like what is shown in Figure is sought for.

OBJECTS . ./ . . GRrasp !
/. MAPPING '* ' pESCRIPTION '

|
| .
I DESCRIPTION
I

" OBJECTS

|
\

Figure 8.1: An instance of the framework we propose: estimating a mapping between appropriate
visual descriptions of objects and classes of grasp actions.

In general, active modalities are not available to a biological system during the prediction phase,
but only during the training phase. A paradigmatic example is that of a human infant learning
how to grasp an object: by repeatedly trying to apply, e.g., a cylindric grasp to a bottle, he
will learn not only to do it more and more efficiently, but also that a bottle is better be grasped
cylindrically when moving it or bringing it close to the mouth. Later on, the sight of a bottle
will remind the young human what one of the correct grasps is for that particular object. A
perception-to-action map (PAM) is the equivalent of such training for a biological system: a
model to reconstruct an active modality from a passive one. The PAM of our example is a
mapping from visual features of an object to motor features of the grasping action used for that
object. In general such a map is many-to-many: both a hammer and a bottle can be grasped
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Figure 8.2: A schema of the vision unit. First, suitable frames are extracted from the sequence
and objects are located by means of background subtraction (BS). SIFT descriptors of a set
of random points are used as inputs for a clustering step to get to the final visual vocabulary.
Finally, each image is represented with respect to the vocabulary adopting a nearest neighbor
(NN) strategy (see text for details).

cylindricall, and as well a mug can be handled either cylindrically or by the handle. In the first
application that we present in Section 8.5, we make the simplifying assumption that for a specific
object there is just one acceptable grasping action — the PAM is one-to-one. In Section B.7]
and Section [B.6, we present the experiments performed on a more complicated scenario where
the PAM is many-to-many. A PAM is useful in passive pattern recognition (e.g., classifying
an object just by seeing it) since it augments the input space with PAM-reconstructed active
patterns (e.g., classifying the same object from its sight and the associated grasp). Here we focus
upon a simpler problem, namely that of checking whether, given the visual features of an object,
the PAM-reconstructed grasp is similar to the one associated with that particular object. For
example, we might train a model to reconstruct a pinch grip (hand posture) from the visual
features of a pen; then in the prediction phase, given the visual features of another pen, will the
reconstructed hand posture of a pinch grip look like a true pinch grip?

In particular, what is needed is: (i) a wision unit to extract visual features from an image or
a series of images, (i7) a proper workflow to deal with a many-to-many PAM and exploit prior
information, and (iii) a regression unit to build the PAM.

lthe nomenclature of grasp types loosely follows that of Cutkosky (m, )
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8.3 Vision unit

As we will discuss in Section B4l the system gathers, as one input, a video sequence acting
as spectator, whose focus is on object appearance. The goal of the vision unit is to process
the signal to obtain a global model of a set of given objects. Figure shows the pipeline of
the vision unit when considering only one object (the same procedure is applied to the whole
set of objects). Among the sequence, we first select the frames showing only the object with-
out any occlusion, then we locate more precisely its position by means of a simple background
subtraction. We adopt an approach based on local features to describe image structures: due
to their popularity a rich variety of local measurements have been proposed in the literature
(Harris and Stephens, 1988; IMikolajczyk and Schmid, 2004; [Lowe, [2004) and applied success-
fully to objects recognition and categorization problems (see (Csurka et al., 2004; [Ferrari et al.,
2006) just to name a few). Local approaches typically include two distinct steps: keypoints
extraction and description. However, in our case, a keypoint based-representation often ends up
into a poor description due to the limited size of the images. We thus built our representation
by extracting enough random points to guarantee a more homogenous sampling. We chose to
adopt SIFT descriptors (Lowd, 2004; IMikolajczyk and Schmid, 2005) to model image patches
around these points, obtaining a set of words for each image.

To avoid redundancy and include some global information in our model, we follow the well-known
bag-of-words approach (Csurka et all, 2004). In particular, we apply a clustering algorithm,
namely k-means (Hartigan and Wong, 1979), to the words extracted from every image, building
a global vocabulary of k words, containing SIFT descriptions of all known objects. Image repre-
sentation is obtained as frequency histograms of visual words, selecting for each random point
extracted from the image the most similar visual word as nearest neighbor. A normalization
step is applied in order to set the sum of the frequencies obtained for each image equal to one.

8.4 Experimental setup

Data were collected in a highly controlled environment, using two Watec WAT-202D color
cameras for the images and a 22-sensors Immersion CyberGlov for the hand posture. An
ascension Flock-Of-Birds magnetic tracker mounted on the subject’s wrist, and a standard force
sensing resistor glued to the subject’s thumb were used to determine the hand position and
speed, and the instant of contact with the object.

The cameras return two video sequences, one placed laterally with focus on the object (the
spectator) and one placed in front of the subject (observing the actor). We process only the
spectator video sequence, because it supplies all the information required for preliminary testing.
The video sequence is acquired at 25Hz by each camera, while the glove is sampled at 100Hz.
Since the three devices are independent of one another, a system of common time-stamps was
used in order to synchronize the data.

The CyberGlove returns 22 8-bit numbers linearly related to the angles of the subject’s hand
joints. The resolution of the sensors is on average about 0.5 degree. The sensors describe the
position of the three phalanxes of each finger (for the thumb, rotation and two phalanxes), the

thtp ://wuw.cyberglovesystems.com
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Figure 8.3: (Top row) The objects used in our experiments: (left to right) ball, pen, duck, pig,
hammer, tape, lego. (Bottom row) The grasp types we consider: (left to right) cylindric power
grasp, flat grasp, pinch grip, spherical and tripodal grip.

four finger-to-finger abductions, the palm arch, the wrist pitch and the wrist yaw.

Among the motor data, it is reasonable to consider only the 22 measures of hand joints as the
most relevant for accurately describing the intrinsic properties of each grasping type. When a
grasp occurs the pressure on the force sensing resistor increases, causing the signal to vary, hence
fixing the time-stamp of the event. Concurrently the values on each hand joint are stored as
our output data. By synchronizing motor data and video sequence we select as input data the
frame showing the object without clutter, going back along the sequence from the time-stamp
in which the event occurs for a fixed amount of frames (see Figure B2 left). Our data are thus
generated as pairs of image descriptors and sensor-motor values, respectively input and output
data used to learn the models.

Setting 1. For the preliminary experiments of Section BH] we considered 7 objects and 5
grasping types identified by different hand postures (see Figure and Table BJ]) with a one-
to-one PAM, that is every object was associated to a unique grasp type. 2 volunteers have joined
the experiment: for each object, the volunteer was asked to perform the required grasping action
20 times, so that the total data collected amounts to 280 (image, sensors data) examples.

Object Ball Pen Duck Pig Hammer Tape Lego
Grasp type | Spherical | Pinch | Tripodal | Cylindrical Flat Spherical | Pinch

Table 8.1: The one-to-one object-to-grasp type associations for the simpler Setting 1.

Setting 2. For the experiments in Section B7] and Section B.6], the problem is complicated
by a many-to-many object-to-grasp type map, using the same objects and grasp types of the
simpler setup. The data was collected from the actions performed by 20 volunteers grasping
7 objects with 5 grasp types in 13 different (object, grasp) pairs. Since each subject repeats
a given (object, grasp) action 20 times, each pair is associated to 400 examples and the whole
dataset contains 5200 grasping actions. The dataset is called VMGdB and more details are

%http://slipguru.disi.unige.it/Research/VMGdB/
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given in (Noceti et al), 2009b). Table reports the 13 (object, grasp) pairs included in the
dataset and the number of examples recorded per each.

Tripodal Spherical Pinch Cylindrical Flat
BALL 400 400 - - -
PEN 400 - 400 - -
DUCK 400 - 400 - -
PIG - - - 400 -
HAMMER - - - - 400
TAPE 400 400 400 - -
LEGO - - 400 - 400

Table 8.2: The (object,grasp) pairs included in the VMGdB (Noceti et all, 2009b).

8.5 A simpler problem

In this section we deal with the estimation of the correct hand posture for grasping one of the
7 objects in the simpler Setting 1, where each object is associated to a single grasp type. This
setting is quite straightforward, since it only requires to train a vector valued model from the
visual description of an object onto the appropriate hand configuration to grasp it. We first
describe the regression model we used, followed by the discussion of the experimental protocol
and results.

8.5.1 Methods
Regression model

The mapping between object description and grasp description (Fig. B]) corresponds to a vector
valued regression problem. We aim at estimating a function from feature vectors describing
images of objects to sensor values, able to generalize on new data. We use the v-method to train
a vector valued model adopting the simple common similarity kernel (2.8]) (see Section 2.3])

I'y(z,2") = K(z,2')(wl + (1 — w)I),

where K is a gaussian kernel, and compare its performance against independent models for each
sensor trained with the v-method. In order to render the magnitudes of the values recorded
for each sensor more homogeneous, we normalized the measures diving by the constant factor
255 - 22, so that the sum of the components of each measurement vector is less than 1.

Experimental Protocol

We compare four different image representations, based on bag-of-words descriptors where the
frequency histograms are computed for 20 and 50 words vocabularies on the entire image or
on its four quadrants and then concatenated. We call the representations W20, W20conc,
W50 and W50conc. We consider two settings to evaluate the prediction performance of the
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proposed algorithms. In the first setting (V1-V2) we build a training set with the data from
the first volunteer and a test set with the data of the second volunteer (140 examples each).
In the second setting (MIXED), we mix the data of both volunteers and perform a 5-fold cross
validation (5-CV) to assess the performance of the algorithms. For both settings an internal
5-CV for each split of the external validation is used to select the stopping iteration for the
v-method and the value of the parameter w that controls the similarity we are enforcing among
the components of the vector valued function. The width of the gaussian kernel was computed
on the training set as the mean of the euclidean distances between each input example and its
k neighbors, where k is equal to 10% of the training examples.

8.5.2 Results

Table B3] summarizes the prediction errors evaluated according to the square loss on all 22
components. The values for the second setting are markedly lower because mixing the data of
both volunteers reduces the variance between training and test sets in each split of the 5-CV.
Therefore, if we aim at building a model generalizing on several people, it is crucial to collect
data from a large variety of volunteers (even though other issues arise, see Section B.0]).

We observe that the regression model does not perform better than regressing on each sensor
independently. Obviously, the relationships that might exist among the sensors is not as simple
as the one imposed by the chosen matrix valued kernel. A more thorough investigation of the
relations among the sensor values during each grasping action is required in order to design a
custom matrix valued kernel to exploit them.

Setting | Representation | Vector Valued [10~*] | Independent [10~%]
W20conc 15.2 15.1
W20 11.5 11.9
vi-v2 W50conc 12.6 12.6
W50 13.3 13.5
W20conc 1.9+04 20+£04
W20 24+£04 26+£04
MIXED W50conc 1.9+0.3 20£0.2
W50 23+0.7 23=£0.6

Table 8.3: Prediction accuracies of the v-method for the vector valued and the independent
model, for the two settings and four representations. The accuracy is expressed as mean square
error over all sensors. In the MIXED scenario the associated standard deviation is reported as
well.

Finally, in order to understand the quality of the predictions produced by the regression models,
we aim at classifying the grasp type given the estimated sensor values. We consider only the
MIXED setting, the dictionary with 50 words and the histogram computed on each of the four
quadrants of the image, W50conc, and the predictions of the vector valued model. The input data
are the sensor measures and the output data are the grasp classes, represented with 5-dimensional
coding vectors (e.g. the tripodal grasp type is associated to the vector (1,0,0,0,0) and so
on). We train a RLS multi-category classifier in a One-vs-All configuration, that is training
a regressor independently on each component of the multi-class coding vector, see Chapter
and (Rifkin et all, 2003). A 5-fold cross validation is performed to select the regularization
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parameter, A. For each split of the cross validation we use as training set the actual set of
measures from the sensors paired with the corresponding vector coding for the grasp type, while
as test set we use the estimates obtained with the vector valued regression model. The grasp
classifier obtains an average prediction accuracy of 99.6%. This result indicates that the vector
valued regression model performs well, predicting hand configurations very similar to the true
ones and that almost perfectly characterize the different grasp types, confirming the validity of
the idea underlying the proposed framework.

8.6 Learning the object type and the grasp

Here we consider the Setting 2, where the mapping between objects and grasp types is many-
to-many. We explicitly use such mapping to decompose the hand posture estimation problem in
two steps, since the approach adopted in the simpler one-to-one setting of the previous Section
(and in (Noceti et all, [2009a)), to learn a vector valued model on all training examples will fail
in this case. In fact, the regression model would average all the hand postures associated to the
same object, yielding a configuration that does not represent any actual grasp (although it could
carry information on the object volume). We also describe a procedure to evaluate the goodness
of the predicted posture, that allows us to gain some understanding on the peculiarities of a
given grasp type.

Our workflow is as follows. First, we classify the object. Secondly, knowing the object type, we
activate only the regressors tailored to that object. This allows to estimate the measurements
vector describing the hand position for the grasps associated with that specific object, see Figure
[R4l (a). The validation phase is based on comparing the estimated measurement vectors obtained
with the activated regressors against the true hand postures from the test set and marking a
correct estimation if the prediction closest to the true measures corresponds to the correct object
and grasp type. The whole procedure is data-driven and is based on the v-method, that we use
for both estimating the object class and predicting an appropriate hand posture.

Even though the prediction of the correct hand posture is a natural vector valued regression
problem, in this section we treat each sensor independently, for two reasons. Firstly, a prelimi-
nary data analysis phase, see Section B.G.1] shows that there is not much correlation among the
sensor values when we consider the data aggregated from several volunteers. Secondly, treating
the components independently allows us to assess the relevance of each sensor for different grasp
types applied to different objects. Consequently, we can evaluate the quality of the predicted
hand posture taking into account the importance of each sensor.

8.6.1 Data and methods

We consider the Setting 2 and the dataset VM GdB. We do not apply any preprocessing to the
sensor measurements, but a visual inspection of the data allows to draw some observations on
inter-subject variability. In Figure[8.5] (top-left) we report the distribution of the values of sensor
14 measured for the actions performed with the tripodal grasp on the ball by all the subjects.
Selecting only the action performed by subject 1 (top-middle) and 2 (top-right), we note that
their distributions, although more peaked, differ significantly. This is not the case for sensor 21
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Figure 8.4: A schema of the pipeline: (a) the object classification step activates only the appro-
priate (object, grasp) regressors. (b) a more general pipeline used to validate all the regressors.

during the actions performed on the pen with the tripodal grasp. The overall distribution of its
values, represented in Figure (bottom-left) is more peaked and remains peaked around the
same value even when we select subject 2 (bottom-middle) and 4 (bottom-right). It follows that
sensor 21 in the (pen, tripodal) pair is less subject to inter-subject variability and we can expect
to predict its values more accurately than for sensor 14 for the (ball, tripodal) pair.

Object: Ball - Grasp: Tripodal -~ Component 14 Object: Ball - Grasp: Tripodal - Component 14 — Subject 1 Object: Ball - Grasp: Tripodal — Component 14 - Subject 2
1 4

1
1
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Figure 8.5: Top row: Distribution of values for sensor 14 for the (Ball,Tripodal) pair: all
subjects (left), specific for subject 1 (center) and subject 2 (right). Bottom row: Distribution
of values for sensor 21 for the (Pen,Tripodal) pair: all subjects (left), specific for subject 2
(center) and subject 4 (right).
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Object: Duck- Subject: 2

Object: Tape- Subject: 2

Object: Tape

Figure 8.6: Color-coded distances among motor data. Grasping actions on Duck by subject 2
only (left), all the grasping actions for Duck (middle-left), grasping actions on Tape by subject
2 only (middle-right), all the grasping actions for Tape (right)

In Figure we observe the euclidean distances between measurements vectors obtained from
different grasping actions. We chose two different objects (duck and tape) to illustrate a common
property of the data. The duck can be grasped in two different ways (tripodal and pinch) and
this is evident if we observe the matrix of distances evaluated on subject 2 shown in Figure
(left). However this pattern does not emerge on the distances matrix evaluated on all subjects
(sorted by grasp type). The tape can be grasped in three different ways (tripodal, spherical
and pinch). Again, the differences among the grasps are evident if we observe just one subject.
Conversely, this differentiation almost disappears when taking into account all the subjects, but
for the pinch grasp, which is clearly more different than the tripodal or spherical grasp for all
subjects.

To cope with the inter-subject variability of the sensor measurements, we apply a weighting
scheme in the validation procedure. More relevance is assigned to those sensors whose values
vary less from one subject to the other and therefore we can predict more accurately, see Section
3.0.2i

Regression model

Differently than the approach discussed in the previous Section and in dBﬁJd@ssmm_eL_alJ, [2Q1d),
we treat each sensor independently. This allows us to tailor the regressors for each sensor,
evaluate which of them are most informative and discard those sensors that are mostly noise,
due to inter-subject variability or irrelevance for the grasp type under consideration, as detailed
in Section

For every (object, grasp)y pair, denoted by index k, each sensor £ = 1,...,22 is associated to
a regression function f,f : RP — R trained on a set of examples {(z;,y¢)}",, where input
vectors z; € RP are p—dimensional visual features describing an object and yf € R is the sensor
measurement corresponding to the grasping action performed on it.

Classification model

As shown in Figure[84l (a), a classification step is performed before the grasp estimation. The ob-
ject classifier associates to a p-dimensional input vector of visual features the label of the depicted
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object. We solve this multi-category problem with a common one-vs-all approach. Each object
class is described with a coding vector: for object 1 we associate the vector (1,0,0,0,0,0,0), to
object 2 the vector (0,1,0,0,0,0,0) and so on. We train an independent regressor for each com-
ponent of these output vectors, using the v-method. Given a new input example, we compute
the predictions for all the classifiers and assign the example to the class corresponding to the
regressor with highest output.

8.6.2 Training and validation of the regressors

For each of the 13 (object, grasp) pairs, the available data are divided in 300 examples for
training and the remaining 100 for testing (the latter participate to a unique test set of 1300
data). We use the v-method with a gaussian kernel to train a regressor f,f for each sensor
¢ =1,...,22. The kernel parameter and the number of iterations are selected via 5-fold cross
validation on the training set. The regressor is then trained again on the whole training set of
300 data with the best combination of parameters. In order to evaluate the effectiveness of the
estimated grasp, we compare it with ground truth, weighting the sensors in order to favor the
most meaningful for the case. An interesting side effect of the adopted distance is that we gain
some understanding on the sensors relevant for a given grasp. The predictions on the training
set are compared with the correct measurements and the average square error Etr(ff) for each

£=1,...,22 is computed. To each regressor f,f we assign a score
Etr(ff)
Wk = ——7
Ok

where o0y, are the standard deviations of the training values of each sensor. The scores wy ¢
are in the range [0,1] — a small value of wy, ¢ indicates that the corresponding regressor f,f is
predicting well.

Following the general evaluation pipeline shown in Figure B4l (b), given a test example z;,

for each pair k, the regressors fr = ( f,i, e ,?2) are used to predict the hand configurations
Vii = (Ql}m, e ,gjii) = (fX(zy),..., f7*(x;)). We assess the estimates computing a weighted

distance between the predicted vector y ; and the correct vector y;,

= (W) — 90)°
A (2
d(§riyi) =Y (1—- wk,e)T’Z- (8.1)
/=1 k0

This distance confers more weight to those components that the regressors are able to predict
more accurately (Figure bottom) and less to the ones that perhaps are more noisy or less
relevant for that specific grasp type (Figure top). We then sort the regressors fi according
to this distance and select the one whose prediction y} ; is closest to the actual value y;. Since
the selected regressor corresponds to a specific (object, grasp)y+ pair, we can associate to the
example z; a predicted object category O] and a grasp type G.

8.6.3 Results

The general evaluation workflow shown in Figure [84] (b) is applied to all 1300 test data. By
comparing the estimated objects O] and grasps G with the real object category O; and grasp
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type G;, we can compute the average object classification error and the average grasp classifica-
tion error, which are 27.6% and 14.8% respectively. Note that if one were to estimate the object
and the grasp by chance, taking into account the different frequencies for each object and grasp
type, the errors would be 84.0% and 75.7% respectively.

The pipeline summarized in Figure R4 (a) is evaluated by first predicting the object class for the
test example x;, with an accuracy of 99.4%, and then activating only the regressors associated
with that object. Finding the closest prediction to the real value, according to the weighted
distance (8]), we obtain an average grasp classification error of 9.2%, improving on the accuracy
of 14.9% obtained without pre-activation of the appropriate regressors. Table [84] summarizes
the results.

without activation with activation

Grasp 14.8 9.2
Object 27.6 -
(0,G) pair 32.3 9.2

Table 8.4: Classification errors for the two settings (a) and (b) - see Figure R4

8.7 Learning the grasp type and the grasp

In this section we propose an alternative approach to deal with the complexity of Setting 2.
We use the many-to-many perception-to-action map (PAM) to train a vector valued multi-label
classifier that predicts the most probable grasp type(s) associated to an image of an unknown
object, without explicitly classifying the image into an object category. The most likely grasp(s)
activate a visuo-motor regression module trained on pairs (object, grasp) related to a specific
grasp type. In other words, we have a vector valued regressor to estimate the hand postures
for the tripodal grasp type for all the objects that can be grasped with it, one for the spherical
grasp type and so on. The regression module returns an estimate of the hand position for the
grasp type(s) most appropriate for the (unknown) object under consideration. This final step is
implicitly related to the object affordance, that is, the same grasp type (say, tripodal) applied
to different objects will originate different hand positions, closely related to the object’s size and
consistency.

8.7.1 Data and Methods

The available 5200 data are organized in training and test sets as follows. Each group of 400
grasp actions is divided in two, where 200 actions are used for testing. From the remaining 200
actions we draw with no repetitions 10 actions for 10 times. We thus obtain 10 different training
sets of 130 examples each, allowing us to check the dependence of the solution with respect to
the specific data choice, and a test set of 2600 examples.

We use the Wh0conc visual representation, that corresponds to a dictionary containing 50 visual
words whose frequencies are computed on the four quadrants of each image and then concate-
nated, resulting in a feature vector with 200 elements. Hence, each element corresponds to the
relative frequency of a word of the dictionary in one of the four quadrants of the image. We
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adopted a simple normalization of the measurements acquired by the CyberGlove, dividing each
element by 22 - 255, so that every element, and the norm, of the measurement vector is less or

equal to 1.
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Figure 8.7: A schema of the two statistical learning modules. On the left the multi-category
classifier associating to a visual representation the most likely grasp types; on the right the 5
vector valued regressors (one per grasp type) associating to visual representations measurements
of hand positions.

The learning system consists of a cascade of two learning modules, that rely on vector valued
models trained with the v-method. More specifically, see Figure B the first module consists of a
multi-category classifier. The multi-class problem is transformed into a vector valued regression
problem by assigning to the examples of each class a vector valued coding, see Chapter [ for
more details. For instance, examples associated with tripodal grasp (grasp 1) are given the coding
(1,0,0,0,0). We use the v-method to train five independent regressor for each component of
the coding vectors. The optimal number of iterations and the width of the gaussian kernel used
are chosen via a 5-CV on the training set. Given a new example, the classifier will estimate
the probabilities associated to each grasp type and return the most probable grasp type or the
grasp types whose probabilities are greater than a fixed threshold. The value of the threshold
is varied during the experiments to assess the relationship between recall and specificity.

The second module consists of 5 vector valued regressors, one for each grasp type. Each regressor
is trained only on examples that correspond to its specific grasp type. The models are trained
using the v-method and the simple common similarity kernel

Iy(z,2") = K(z,2')(wl + (1 — w)I),

with K a gaussian kernel. The optimal number of iterations and the kernel parameter w are
selected via a 5-CV on the training set. The width of the gaussian kernel is chosen as the average
distance of each training point from its 10 nearest neighbors.

In the testing phase, a new visual representation of a given object is associated to a grasp type
by module 1, which in turn activates the corresponding regressor in module 2. The final outcome
is a vector estimating the hand posture specific for that (object, grasp) pair.
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8.7.2 Results

We tested the classification performance of the first module by considering whether the most
probable grasp type returned by the multi-category classifier is at least one of the possible grasp
types associated to the given object. The average classification error over the 10 samplings of
the training sets is 6.4% 4 1.5%.

A more detailed assessment of the grasp classifier is presented in Figure The R.O.C. curve on
the left side is computed varying the threshold on the probabilities returned by the first module
and counting a false negative when a grasp type associated to that object has an estimated
probability lower than the threshold. Conversely, for computing the r.o.c. curve on the right
side, we consider a false negative only when none of the probabilities corresponding to the

admissible grasp types are greater than the threshold.
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Figure 8.8: R.O.C. curves evaluating the grasp classifier performance. FPR stands for False
Positive Rate and T PR for True Positive Rate. The higher the T'PR for corresponding F'PR
the better the model.

In order to give a preliminary assessment of the overall system performance, we used a simple
Nearest-Neighbor (NN) procedure. For each example in the test set, we computed its NN in
the training set according to the Euclidean distance between the estimated and the true hand
postures. We then compared the object and grasp classes of the NN with the true classes of
the test example under consideration. We obtain an object recall rate of 52.6% + 4.2% and a
grasp recall rate of 50.8% + 1.8%. These results are better than a random guess (14% and 20%,
respectively), but suggest that a more appropriate measure is needed to evaluate the regression
module or perhaps that the inter-subjects variations disrupt the correlation between objects and
hand posture (see the discussion in the previous section on inter-subject variability).
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Chapter 9

Conclusions

This thesis presented a unifying framework for dealing with multi-output problems using ma-
trix valued kernels and spectral filters. Spectral filters are algorithms for supervised learning
that yield a regularized estimator by filtering out the unstable components of the kernel matrix.
Some of the filters can be implemented as iterative algorithms that achieve very good compu-
tational performance, while retaining excellent generalizing abilities, as we demonstrated both
theoretically and with numerical experiments.

We discussed the main differences between vector valued, multi-task and multi-class learning
problems and showed how to use the spectral filters in each case. Our main theoretical result
for vector valued learning is a finite bound on the excess risk of the estimator obtained with
the spectral filters. The bound directly leads to consistency for all the algorithms. In other
words, we are guaranteed that the solutions obtained with any spectral filter will approximate
the best solution in the hypothesis space better and better as the number of training examples
increases. Bayes consistency was proven for the multi-class extension that transforms a multi-
category problem into the equivalent vector valued one of estimating a coding vector for each
class and then applying a classification rule. This result guarantees that, as the number of
training examples increases, the spectral filters yield a classifier that tends to the Bayes rule,
that is the classification rule that assigns a data point to the class with the highest conditional
probability. In the multi-task case, the error analysis is complicated by the fact that the training
sets for each task might be different and of different cardinality and one could want to assess the
risk of each task and not overall. We reserve to future work the investigation of these questions.

We reviewed several matrix valued kernels proposed recently in the literature, focusing on kernels
that can be decomposed as the product of a scalar kernel on the input space and a positive semi-
definite matrix of size equal to the number of dimensions of the output space. We established
a connection between these kernels and regularizers on the components of the vector valued
function. This result allows to apply spectral filters for the minimization of functionals that
contain such regularizers, because the spectral filters act only on the kernel matrix computed
on the training examples.

For the same class of kernels, we proposed a decomposition of the vector valued regression
problem, that allows to dramatically reduce the computational burden of the algorithms. The
experiments on synthetic and real data indeed show the computational advantage of using the
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iterative spectral filters, especially the v-method. Only when one chooses a Leave-One-Out
procedure to select the optimal regularization parameter, Tikhonov regularization is again the
fastest due to the results of Rifkin and Lippert (2007).

Our experiments on synthetic data showed that, for vector valued learning, exploiting the cor-
relation among the outputs is much less straightforward than in multi-task learning, where we
can essentially pool information from the training sets of each task. Only in the case of very
strong prior information, like imposing a vector field to be divergence-free or curl-free or be a
combination of two parts with those properties, it was possible to obtain a tangible advantage
in using a vector valued approach. This may be due to the fact than when prior information is
not available or strong enough, regressing on each component independently allows for a much
more accurate fine tuning of the models.

In Chapter [7 we tackled the problem of estimating the liver iron overload from measurements
obtained with the Magnetic Iron Detector, a non-invasive room-temperature biosusceptometer
that is currently in use at the “E.O. Galliera” hospital in Genoa, Italy. A vector valued regression
model is trained in order to estimate the background signal of the patients, that is the signal
that would be obtained in absence of iron overload. From the difference between the measured
and the estimated signal it is possible to recover the iron overload. The accuracy we obtained
with a custom matrix valued kernel must be improved in order to be able to detect slight iron
overloads and the experimental analysis shows that imposing a quadratic relationship among the
measures might be unsatisfactory. In fact, we obtained the same precision with a model trained
independently on each component. Future work will be focused on how to better translate into
a proper matrix valued kernel the correlations that obviously exist among the measures, with
the aim of increasing the prediction accuracy.

The framework for multi-modal learning that we proposed in Chapter Bl is an effective tool
for augmenting the input space of learning models with reconstructed patterns from active
modalities. For our paradigmatic case of grasping actions, we showed how we can deal with
a many-to-many perception-to-action map, decomposing the estimation problem into simpler
steps that use either multi-category classification or vector valued regression. We also presented
effective evaluation schemes in order to realistically assess the performance of the entire workflow
pipeline. Despite there exists much correlation among the outputs, that is among the relative
positions of the fingers during the grasping actions, we observed that this correlation is disrupted
by the inter-subject variability. However one cannot escape from this issue if the goal is to create
a model that is not specific for a unique volunteer.

The main issue that emerged from the research presented in this thesis is the choice of the
kernel. Differently than in the scalar case, where the gaussian kernel is the first choice for almost
any problem, in the multi-output case there are no natural off-the-shelf kernels. One has to resort
to his/her own intuition or knowledge of the problem in order to choose a kernel and, even in
this case, the chosen kernel might depend on so many parameters, that it becomes unrealistic to
select all of them in an unbiased data-driven manner. Despite the point of view of the regularizers
offers slightly more insight on the regularization that is imposed on the components of the vector
valued function, it remains difficult to assess to which degree such a regularization really encodes
for the true underlying relationship among the components. Therefore, we believe that much
research must be devoted to devise a procedure to either properly incorporate prior information
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in the kernel, kernel design, or estimate a kernel from the data, kernel learning. Although quite
few works recently addressed the kernel learning problem for scalar outputs (see m

|20Q_4ﬂ |Mmhs—1llumd_ﬂml;ﬂ |ZDD1|) and references therein), its extension to the multi-output case
is still at its beginning (lZLen_am:lﬂné h‘ampﬁmﬁnd_ﬂh&hkd |20Dﬁ

This challenge will greatly benefit from the speed with which iterative spectral filters can com-

pute the solution to multi-output problems for any given kernel.

As a final note, we would like to suggest that it could be possible to extend the spectral filters

to deal with matrix completion problems (IQaknd_eﬁ_and_RLaﬂ, |20_Qd; klamiﬁs_and_]ﬂﬂhﬂ, |2M)_g),

where the aim is to reconstruct a matrix with missing values. Spectral filters could be used

to obtained regularized matrices with specific properties that are commonly exploited for these
problems, such as having low rank or small trace norm.
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