∗

∗

In tro duction

instanc e variables

metho ds interfac e

b ehavior

T o w ards a classificati on of inheritance

relatio ns

Da vide Ancona, Egidio Astesiano and Elena Zucca

Dipartimen to di Informatica e Scienze dell’Informazione

Viale Benedetto XV, 3

16132 Geno v a (Italy)

This work has b een partially supp orted by ESPRIT-BRA WG ISCORE, Progetto Final-

izzato Sistemi Informatici e Calcolo Parallelo of C.N.R. and MURST-40% Mo delli e Sp ecifiche

di Sistemi Concorrenti

The central issue of this pap er is to provide an attempt at classifying inheritance

relations, by means of a new formal semantic mo del for classes and metho ds.

Admittely

, there are quite different ways of defining mo dels for classes and

inheritance ; in the last section we will recall some of them.

The view we take here is “roughly” to consider ob ject systems as data typ es

with state; more precisely

, in W egner’s words: “Ob jects are collections of op-

erations that share a state. The op erations determine the messages (calls) to

which the ob ject can resp ond, while the shared state is hidden from the outside

world and is accessible only to the ob ject’s op erations. V ariables representing

the internal state of an ob ject are called and its op erations

are called . Its collection of metho ds determines its and its

” [W eg87].

Thus we mo del a class as a dynamic ob ject system, called d-oid, where a

configuration of the system is a collection of sets, the sets of v alues and ob jects

existing at that time, with op erations over them (formally an algebra, called an

instant algebra); the state of an ob ject in a configuration is given by an element

in a set and its relation with the structure (the op erations of the algebra); a call

of a metho d in a configuration and with some actual parameters is mo delled by a

transformation of that configuration into another one, where the identity of the

ob jects is taken care by a map, that we call tracking map and which accounts for

a very abstract view of ob ject identity .

, ,

→

→

Σ = Σ

:

:

ST ACK NA T sig enrich by

sorts

opns

1.1 An in tro ductory example

1 Mo delling ob ject systems b y d-oids

stack nat b o ol

emptystack stack

top stack nat

Minimal r e gular

p ar ent view of the

heir c onservative

d-oid

ST ACK

D-oids can b e related by a notion of structure preserving map (a morphism

of d-oids) which gives them an appropriate mathematical structure (a category).

By exploiting the d-oid structure, we can make an attempt at analyzing differ-

ent kinds of inheritance relations, dep ending on different levels of freedom in

redefining metho ds.

In this pap er we essentially distinguish three kinds of inheritance in a hier-

archical order, but our analysis shows that, if we need, a much finer distinction

is p ossible. inheritance corresp onds to total freedom; to recover

from the heir a semantic structure similar to the parent (the

, with p ossibly different b ehaviour of the metho ds); to redefine

metho ds in a way that they b ehave as b efore on the parent view.

It should b e clear that our mo delization concerns a non-concurrent view of

ob jects, corresp onding to p ossible semantic mo dels for, say

, Eiffel, Smalltalk,

C++. By a different p ersp ective, we provide an up dating to the dynamic case of

the classical static data typ e approach by many-sorted algebras.

The first section presents our view of classes as d-oids, first by an intro duc-

tory example and then by a paradigmatic one that will b e used throughout the

following sections; the second part presents our prop osed classification and in the

conclusion we rep ort on some other results and related work.

In this section we present our formalization of a dynamically evolving system of

ob jects by means of a structure that we call . In the following we assume for

simplicit y a fixed algebraic framework for static data typ es; actually our work can

b e framed in a parameterized way on the top of any chosen algebraic framework

(e.g. total algebras, partial algebras, order-sorted algebras and so on). In the

formal definitions we refer to the standard total approach, whose definitions and

notations are listed in the app endix.

Our starting p oint is the sentence, that can b e found in many pap ers ab out the

ob ject oriented approach, that “an ob ject is a data typ e with state”. Hence we

illustrate our view of an ob ject (ob ject system) starting from a comparison with

the notion of (static) data typ e. As an example of static data typ e, let

denote the algebra of stacks of natural numb ers, over the signature

D

•

•

S T

→

→

→

⇒

⇒

NA T

NA T

:

:

Σ = Σ

:

:

:

dynsig enrich by

opns

dynopns push stack nat nat

p op stack stack

top nat

push nat

p op

NA T

ST ACK

emptystack top push p op

emptystack

emptystack

the interpr etation of the

op er ations is c onstant

stack

dynamic signatur e

stack where Σ denotes the signature of the algebra of natural numb ers.

F or the purp ose of the following discussion, we can see a static data typ e

(formally mo delled at an abstract level by a many-sorted algebra) consisting of:

an op erational interface to the outside, whose formal abstract counterpart

is the signature;

an implem entation part, whose formal abstract counterpart is the interpre-

tation of op eration symb ols in the algebra.

F rom the programming p oint of view, an example of software mo dule im-

plemen ting a static data typ e like is an Ada pack age. The pack age

sp ecification gives the op erational interface and contains the headings of Ada

functions for ev aluating , , , . The pack age b o dy gives

the implemen tation part and contains the b o dies of the ab ove functions. This

software mo dule can b e used by another mo dule throughout its interface (e.g. by

calling ). What we want to stress is that in this case many different

calls of a function, e.g. , within the user mo dule give the same result,

i.e. in the example an empty stack. In other words,

.

This mo delization of stacks using the data typ e notion is very well-known and

useful in many resp ects. However, what seems missing in that view is a formal

counterpart of the “dynamic nature” of a stack. In other words, the carrier of

sort in the data typ e ab ove lo oks in some sense as the set of all the p ossible

configurations of stacks, but there is no notion of a stack as a dynamically evolving

entity which can have different configurations at different times, while remaining

the same. A classical way of mo delling this dynamic view of a stack is to treat

it as a pro cess; here we remain closer to the data typ e view (see the conclusion).

A single stack of naturals can b e seen as an ob ject on which what we can do is

observing which is the top element, adding a new element on the top (push) and

removing the top element (p op). As a first try

, we can formalize that by what

we call a , as follows.

Note that the functionality of the op erations has changed: indeed, since we

are now considering a single stack ob ject, we do not need any more a sort .

•

•

⇒

1.2 Ob ject iden tit y and sharing d-oid

top

dynamic op er ations

top push

p op

top

top

the interpr etation of the op er ations is not c onstant

top

top

horizontal

vertic al structur e

stack

push stack nat

stack

In our approach an ob ject (data typ e with state), which will b e formally

mo delled by what we call a , consists of:

an op erational interface to the outside, whose formal counterpart is a dy-

namic signature. In this op erational interface we have now usual op erations

as b efore, which do not have side-effects on the ob ject, like , but also

what we call , whose effect is to change the configuration

of the ob ject;

an implemen tation part, whose formal abstract counterpart will b e the in-

terpretation of op eration symb ols in the d-oid.

F rom the programming p oint of view, an example of software mo dule imple-

menting an ob ject like a stack is again an Ada pack age. Indeed Ada is consid-

ered an ob ject based language in the W egner’s classification in [W eg87], since

it supp orts the ob ject notion (by means of the pack age construct). The pack-

age sp ecification gives the op erational interface and contains the headings of an

Ada function for ev aluating , and two Ada pro cedures for p erforming ,

. The pack age b o dy gives the implem entation part and contains the b o dies

of the ab ove subprograms. This software mo dule can b e used by another mo d-

ule throughout its interface (e.g. by calling ). However what is different in

this case is that now many different calls of a function, e.g. , within the user

mo dule give different result, i.e. in the example the current top of the stack. In

other words, : in a situation

in which the stack contains, e.g. , the sequence 1, 2, 3, the interpretation of

is 1; after p erforming e.g. a p op op eration, the interpretation of b ecomes 2.

Thus we are lo oking for a natural extension of the algebraic approach to the

formalization of data typ es, basically adding a new dimension, which is dynamics.

That means that in our view an ob ject (ob ject system) has b oth an

and a , that we are going to illustrate in the following. But, in

order to prevent misunderstandings, note already that in the case of many stack

ob jects, we should indicate to which stack the op erations are referred, hence we

would need to intro duce a sort and corresp ondingly we would have, say ,

: .)

The sort in the arguments is to indicate the stack on which we p erform

the op eration, while note that there is still no corresp onding target sort (contrary

to the static data typ e case), since the result is just a change of state and no v alue

is returned (the distinction the one b etween pro cedures and functions).

In this subsection we illustrate our approach, by means of some examples of

systems in which many ob jects exist. That allows us also to show how ob ject

identity and sharing are handled in a very natural way .

Σ

R

→

→

NA T

R

R

|

R

R

R R

R

Σ = Σ

:

:

NA T

r e ct

r e ct sig enrich by

sorts

opns

Horizon tal structure.

r e ct

length r e ct nat

width r e ct nat d-oid horizontal vertic al

r e ct

NA T

IA instant

algebr as

r e ct

As a first example of system with many ob jects, let us consider a universe

in which at each instant of time a finite numb er of “rectangles” exist, where

rectangles are instances of the following class definition.

W e now show how we build a semantic mo del of as a structure,

called , consisting of a (instant) and a (dynamic) part.

In each intermediate configuration in the life of the

system, there is a finite numb er of existing rectangles, each one with a given

length and width (two natural numb ers). However, many different rectangles

with the same couple of dimensions may exist in the system. In order to express

that, we mo del a configuration of the system as an algebra over the following

instant signature, where we have an explicit sort for rectangles: ( denotes

the d-oid structure that we are going to define)

W e have v arious p ossibilities in defining the configurations; our first choice

is a very abstract one: p ossible configurations of the system are Σ -algebras

such that:

(*) = , finite.

W e denote in the following by a class of such algebras, called

.

Note that we do not fix which is the carrier of sort in an instant algebra,

since we do not want to define a particular representation of rectangles; the only

requirement is that we can observe which is the length and which is the width of

a rectangle; moreover we require that is a finite set since we want that only

a finite numb er of rectangles exist in each configuration.

r e ct

r e ct nat

R R

R

R

R

R

′

′

′

R ′

R

R R R

R

<R,r,l>

< R,r,l>

V ertical structure.

{ }

⇒

⇒

⇒

⇒

R

∈ ∈ ∈

•

• | | → | |

⇒

R x

y R

R x, y x x y

y x, y

x

<R, r, l > R r R l R

R

f R R R

R R

f R R ,

<R, r, l >

IA

length width length

width

length width

setL ength r e ct nat

setWidth r e ct nat

double r e ct

new r e ct

setL ength

new

r e ct

setL ength

setL ength

IA

instant tuple in IA of arity r e ct nat

IA

setL ength

setL ength

setL ength setL ength

F or example, a configuration in which two rectangles exist, say with length

2, width 1 and with length 3, width 1, is mo delled by a Σ -algebra in

defined by (*) and = , ( ) = 2, ( ) = 1, ( ) = 3,

( ) = 1. Note that it do es not matter what are.

It is of primary imp ortance to note that the state of a single ob ject in a

configuration (e.g. of a rectangle) is mo delled not just by an element in a carrier

of the corresp onding instant algebra (e.g. ) but also by the current interpretation

of the op erations, giving the relationship with other ob jects (e.g. , ).

Note moreover that in this approach usual v alues (e.g. natural numb ers) can b e

viewed as “constant” ob jects, i.e. ob jects which always exist and never change.

W e consider now the dynamic (vertical) dimension of

the system. Accordingly with the metho d definitions given ab ove, the dynamic

evolution of the system of rectangles consists in four p ossible transformations

from a configuration to another: changing the length of some existing rectangle,

changing the width of some existing rectangle, doubling the dimensions of some

existing rectangle, creating a new rectangle in the system (which is initialized to

the “p ointwise” rectangle with b oth dimensions equal to zero).

W e formalize that by the following dynamic op erations:

:

:

:

:

Note that for example has no target sort, since the result is a

change of configuration and not a v alue; while gives, together with a new

configuration, also a new element of sort ; the distinction corresp onds to the

usual one b etween pro cedures and functions, say in Pascal.

Let us define the interpretation of, e.g. , in the d-oid mo delling

the system of rectangles. This interpretation will b e denoted by , and

asso ciates with each triple where , , (we call

such a triple an ):

a new instant algebra in , say , mo delling the configuration of the

system resulting by p erforming the dynamic op eration ;

a tracking map : showing how the elements of are transformed

when b ecomes .

F ormally

, we write

= :

where denotes the application of the dynamic op eration

interpreted in to the instant tuple .

I N

′ ′

′

′ ′

′

′

′

R

′

′

R

R ′

′

R

R R

R R R

R R

< R>

R R

R R

R

• ∈

• | | ⇒ | |

{ | ∈ }

∀ ∈

∀ ∈

R

⇒

∉

{ | ∈ } ∪ { }

∀

R ∈ ∅ nat

r e ct

r e ct r e ct

r e ct

r e ct

r e ct

r e ct r e ct

r e ct

<R , x, >

x R

R

f R R

f

f

R f r r R

f x f r r r R r x

f r r r R

R

<f R R , z >

z R

R f r r R z

z z

f r r r z

s

<B , b > D

R R setL ength

IA

id

length length length

width width

new

IA

new

length width

length length

width

c onstant dynamic op er ations

dop

empty

IA

F or example, assume that we want to mo del the effect of applying the dynamic

op eration to the instant tuple 3 , i.e. we change to 3 the length

of the rectangle in . W e have:

a new instant algebra ;

a tracking map :

such that

=

injective

= ( )

( ( )) = 3, ( ( )) = ( ), , =

( ( )) = ( ), .

Note that in this way ob ject identity is mo delled in a very abstract way by

means of the tracking map ( there is no need of an explicit notion of “name”).

In the sequel we will show some particular case of the ab ove mo del in which we

use explicit names. The tracking map keeps trace of ob ject identity

, allowing to

recognize different states of a single ob ject during the evolution of the system.

Different informal assumptions on the notion of ob ject identity corresp ond to dif-

ferent formal assumptions on the tracking map. F or example, allowing creation,

deletion and equation (“the murderer is the butler”) of ob jects corresp onds to

non-surjective, partial and non-injective tracking maps, resp ectively

. As an ex-

ample of non-surjective tracking map, let us show the interpretation of in

. F or each instant algebra in ,

= :

where:

;

= ( ) ;

( ) = ( ) = 0;

( ( )) = ( ), = ;

analogously .

Finally

, let us intro duce , which intuitively cor-

resp ond to initial configurations of the system. A constant dynamic op eration

symb ol has an optional sort: we write :[ ] and its interpretation is a cou-

ple [ ] . F or example let us assume in the dynamic signature Σ of our

running example also a constant dynamic op eration symb ol, : . Its interpre-

tation in the d-oid can b e the defined as the Σ -algebra s.t. = .

Summarizing our mo del of a system of rectangles, what we have defined is:

R

R R

•

• R { }

R

R

∈ P × ×

∀ ∈

∈

∈ P

R R R R

R

R

R

∈ R

R

R

R

R

R

R

R

′ ′ ′ ′

R R dop DOP

r e ct fin

r e ct

r e ct

r e ct fin

Rectangles as couples with name.

Rectangles as pure names.

D ,

, dop

R

R

< n, l , w > R <n, l , w > l <n, l , w > w

<n, l , w >, <n, l , w > R l l w w

<R , x, > x <n, , > f

f x <n, , > <n, , >

f

l w <n, l , w >

n l w

R

R

R

DOP

DOP

setL ength setWidth double new empty

IA IA

dop

DOP dop dop

IA

IA

IA

Name

length width

Name

setL ength

IA

Name

setL ength a dynamic signature Σ which is a couple (Σ ) where Σ is the

instant signature and is the family of the dynamic op eration symb ols

( , , , , ).

a d-oid, which is a couple = ( ) where is the

class of the instant algebras and, for each dynamic op eration symb ol

in , is the interpretation of in .

W e recall that in the d-oid describ ed until now may b e any class of

Σ -algebras satisfying (*) and closed w.r.t. dynamic op erations. W e show now

two choices of leading to two more concrete mo dels particularly interesting

from the intuitive p oint of view.

In the first mo del, we define , the

class of the instant algebras, as the class of all the Σ -algebras such that (*)

holds and moreover

( I N I N),

, ( ) = , ( ) = ,

(**) if , then = , =

where is some infinite denumerable set of names. This mo del cor-

resp onds to the intuitive view of a rectangle as a triple consisting of the two

dimensions and of a name which must b e unique in the system (as guaranteed

by the assumption (**) ab ove). It is easy to adapt the ab ove definitions to

this particular case; for example, in the interpretation of the dynamic op eration

applied to 3 , with = 2 1 , the tracking map b ecomes

as follows:

maps = 2 1 into 3 1 ,

is the identity elsewhere.

With this choice, all the states of the same rectangle in different configurations

of the system keep the same name.

Note that in the preceding mo del the infor-

mation mo delled by and in the triple is “redundant” since the fact

that the rectangle whose name is has length and width is already mo delled

by the current interpretation of the op erations in . Hence a different mo del can

b e defined fixing as the class of all the Σ -algebras such that (*) holds

and moreover ( ).

This mo del corresp ond to the intuitive view of a rectangle just as a “name”,

while the information ab out the two dimensions is “stored” in the structure.

Other definitions must change consistently; for example, in the interpretation of

the dynamic op eration , the tracking map b ecomes the identity .

R

′

′

R

{ }

⇒

{ }

Sharing.

′ ′ ′ ′

′

′ ′ ′

′ ′ stack

ST ST ST ST

ST ST ST ST

stack

ST ST ST ST

ST

ST ST ST

ST ST x y z

x, y , z , u

x y z u

x z y z z u u

< , x, >

f

f x , f y , f z , f u , w

f x f y f z f u

w

f x f z f y f z f z f u

f u w w

x

y

IA

isomorphic

ST

ST

top top top top

r est r est r est r est

push ST

ST ST

ST

top top top top

top

r est r est r est

r est r est

These two mo dels (and all the other particular cases obtained by fixing the

choice of and the tracking maps) lo ok equiv alent, and indeed they can b e

shown to b e w.r.t. to a morphism notion which will b e given in the

following.

Before summarizing the formal definitions, we present one more

example, whose aim is to illustrate how ob jects with ob ject sub comp onents and

ob ject sharing can b e handled in this framework in a very natural way .

Let us turn again to the stack example of the b eginning, but allowing existence

of many stacks in the system, as for rectangles. In other words, we consider the

following class definition:

. . .

. . .

. . .

In this case, an ob ject in the system (a stack) has an ob ject sub comp onent

(its rest, which is in turn a stack). W e can mo del the system of stacks by a d-oid

defined analogously to for rectangles. A configuration in which, for example,

two stacks and have top 1, 2 resp ectively and share the same stack which

contains 3, 4 as rest can b e mo delled by an instant algebra as follows

= ;

( ) = 1, ( ) = 2, ( ) = 3, ( ) = 4;

( ) = , ( ) = , ( ) = , ( ) is undefined.

The effect of applying, e.g. , to the instant tuple 0 , is the

transformation:

:

where:

= ( ) ( ) ( ) ( ) ;

( ( )) = 0, ( ( )) = 2, ( ( )) = 1, ( ( )) = 3,

( ) = 4;

( ( )) = ( ), ( ( )) = ( ), ( ( )) = ( ),

( ( )) = , ( ) is undefined.

Note that, informally sp eaking, changing the stack has the side effect of

changing also the stack .

′ ′

1

1 1 i

n

n n

′ ′

•

•

Def. 1.1

Def. 1.2

1.3 F ormalization

1

1

1

1

1

1

1

... [ ]

1

1

... ...

[ ]

⋆

w ,s

n

n

n

s

n

⋆

w n i s

w ,s

w ,s

n

⋆

n

s s s

n w

s n

<A,a , ,a > <A,a , ,a >

s

s

∪ {•} • ∉

•

• × ∪

∈

⇒

⇒

∈

⊆ ∈

{ | ∈ ∈ ∀ }

∈

∈

⊆ ∈

∈ | | → | |

⇒ | | → | |

⊆ ∈ ∈

⇒

∈ ⇒

∈

⇒

⊆ ∈

∈ ∈

A A A A

D ,

S

S S S

w s

w s s

s s s s

s s , s

s s s s

D , S

w s s S

<A, a , , a > A , a A , i , , n .

D ,

w w s s .

A

A B <A, f , B > B f A B

f A B f A B

w s s S s S

m s s s

m

<A, a , , a > A f A B

s b B m <A, a , , a >

m m <f A B , b >

s S

m s m

B s b B

m <B , b > nul l

dynamic signatur e DOP

instant signatur e

DOP dynamic op er ation symb ols

dop DOP arity sort dop

dop

dop

dop DOP dop c onstant

sort dop dop dop

DOP

IA Alg

IA IA

DOP dop DOP

dop DOP

IA Alg IA tr ansformation of

(into ) IA

tr acking map

IA Alg (non-c onstant)

metho d (or dynamic op er ation ) over IA, of arity and sort

IA IA IA IA

IA

IA Alg c onstant metho d c onstant dynamic

op er ation IA IA IA IA

IA

In this subsection we give the formal definitions of dynamic signature and d-oid,

informally presented ab ove, together with a definition of d-oid morphism which

allows to give a category structure to d-oids and will b e used in the following

section for mo delling inheritance.

If is a set, then [ ] denotes , for some , which is called .

A is a couple Σ = (Σ ) where

Σ is a signature (called ), with sorts in ;

is a ( [ ]) [ ]-family of symb ols called ;

if , then , are called and of , resp ectively ,

and for = . . . , we write

: . . . , if is non-null

: . . . if is null;

if , then is called a dynamic op eration symb ol,

and is called of ; we write : , if is non-null, and : , if

is null.

Let in what follows Σ = (Σ ) b e a dynamic signature with sorts in .

Assume (Σ), and, for every = . . . , set

= . . . = 1 . . .

W e also assume, for simplifying the notation, that dynamic signatures have no

overloading, i.e. , for every dynamic signature Σ = (Σ ), if ,

and , then = and =

F or every (Σ) and for every , a

is a triple where , : , denoted by

: . The map : is called .

F or every (Σ), = . . . , and [ ], a

. . . , written

: (we write simply for ), is a function which asso ciates

with every . . . a transformation of , say : , and,

if is non-null, a v alue . The result of applying to . . . is

denoted by , and we write = : [ ] .

F or every (Σ), [ ], a (or

) over , of sort , written : (we write simply for ),

consists of an algebra , and, if is non-null, a v alue ; we write

= [ ] .

n

n

n

n

1

1

1

1

′

′

′

′

′ ′ ′ dop DOP

dop DOP

dop DOP

... [ ] 1

[ ]

1 1 ...

...

1

1

...

Def. 1.3

Def. 1.4

Def. 1.5 s s s n

s

A

A

A A

n n s s

< A,a , ,a >

A

A A n

n

<A ,a , ,a >

B

B A

B

D { }

• ⊆

• ⇒ ⇒

•

D D

→ ∈

∘ ∘

→

∈ → ∈

D D

D { }

D { }

D D D → D

•

→

• ⇒ ∈

⇒

→

⇒

→

∈

D

∈

D

D

′

′

D D

′

′ ′

′ ′ ′

′

D

∈

′ ′ D

∈

′ ′

′

D D ′ ′

′ ′

D

′

′ ′

D ′ ′ ′ ′

′

′

′

D , ,

s s s

s

ϕ

ϕ

ϕ A A A

ϕ ϕ

ϕ ϕ

A ϕ A A A

D

, ,

, ,

D ϕ ϕ

s

<A , a > <A , a >

ϕ A A ϕ a a

s s s <A, a , , a >

<f A B , b >

ϕ A A

ϕ a a ϕ a a

<f A B , b >

ϕ B B

ϕ f a f ϕ a a A

ϕ b b d-oid over DOP IA dop

IA Alg IA instant algebr as

dop IA IA dop

dop IA dop

IA

instant morphism

dop dop

IA IA instant mor-

phism fr om IA into IA , written IA IA

IA IA

IA dop

IA dop

-morphism fr om into

IA IA

dop

dop dop

dop IA

dop

dop

A Σ = (Σ ) is a couple = ( )

where:

(Σ) (the algebras in are called );

: , for : . . . [ ];

: , for : [ ].

The definition of morphism from a d-oid into a d-oid is rather straight-

forward (though sp elling out the details seems lengthy): consists of a family

of usual morphisms b etween Σ-algebras : , for every (called an

), which is moreover compatible with dynamic op erations; the

compatibility consists as usual in the inv ariance of the order of applying dynamic

op erations and morphisms (roughly we could write = ) and is

expressed by the comm utativit y of a diagram.

Given two classes , of instant algebras over Σ, an

: , is a function which asso ciates with

each instant algebra , a Σ-homomorphism : , with .

Given two d-oids and over Σ,

= ( )

= ( )

a Σ , written : , is an instant morphism

from into such that the following conditions hold:

for every : [ ],

if = [ ] , = [ ]

then : , [ ( ) = ];

for every : . . . [ ], . . . ,

if

= : [ ] ,

: ,

( ) = , . . . , ( ) = ,

= : [ ]

then

: ,

( ( )) = ( ( )), for every ;

[ ( ) = ].

1

′

→

→

•

•

1

1

1 1

1 n

n

n n

n

′ ′ ′

D D

′ ′

′ ′

F act. 1.6

Doid

2.1 Minimal inheritance n

A s s

n

B s

A s s

s s s s

A s s

n A A n A

1

1

...

1

[ ]

...

... ...

...

1 1

2 An analysis of inheritance relations

This diagram has b een pro duced using Paul T aylor’s pack age.

<A, a , , a > ϕ

<A , a , , a >

<B , b > ϕ

<B , b >

ϕ

ϕ <A, a , , a > <A , ϕ a , , ϕ a > ϕ A A

D

D dop dop

IA IA

D-oids over and their morphisms form a c ate gory, that we c al l

.

interfac e inheritanc e interfac e hier ar chy

implementation inheritanc e

The second condition can b e expressed by the comm utativity of a diagram :

. . . . . .

[ ] [ ]

where : is defined by:

( . . . ) = ( ) . . . ( ) for : .

Σ

( Σ)

Inheritance is essentially a mechanism for incremental programming and sharing

b ehaviors [Co o89 ]; in general, in ob ject oriented programming, inheritance allows

mo dification of existing mo dules (classes) in order to define a new mo dule which

shares some characteristics with parent mo dules. What changes among ob ject

oriented languages is the lib erty degree in mo difying classes.

Our goal is to study several p ossible kinds of inheritance relations that may

exist b etween two d-oids mo delling, resp ectively

, a parent and a heir class.

In our analysis we start with a very general notion of inheritance and we

refine it step by step, in order to get more sp ecialized form of inheritance until

obtaining a very strict inheritance relation.

A distinction b etween two primary meanings of inheritance has b een recom-

mended by many authors (see for example [JWB90] from the design p oint of

view):

(or ) denotes a classification of ob-

jects based on common external interfaces: an ob ject provides a sup erset

of the services provided by another ob ject;

denotes a mechanism by which ob ject imple-

mentations can b e organized to share descriptions.

D

D

R

C

R

NA T

→

→

→

⇒

⇒

⇒

⇒

⇒

Example 2.1

Σ = Σ

:

:

:

:

:

:

:

:

dynsig enrich by

sorts

opns

dynopns minimal inheritanc e

r e ct

cub length width

double cub

length cub nat

width cub nat

height cub nat

setL ength cub

setWidth cub

double cub

new cub

setHeight cub

F rom the formal p oint of view, interface inheritance corresp onds to the mini-

mal requirement satisfied by any inheritance relation, i.e. a syntactic constraint:

the syntactic structure of the heir must include the one of the parent. W e call

the mo delization of this relation in our approach .

Consider the following class definition:

With resp ect to the class defined in the preceding section, this class

adds a new attribute ( ) and a new metho d ( ), and redefines two

of the old metho ds ( , ).

A dynamic signature corresp onding to this class definition is as follows:

Comparing this dynamic signature with the dynamic signature Σ of the

d-oid mo delling rectangles defined in the preceding section, we can see that in

this case the syntactic constraint is satisfied: the old signature is still present in

the new one, the only difference is that the sort has b een replaced by the

sort . Note that the arity of the static op erations and has b een

changed consistently

, otherwise our syntactic requirement should not hold.

F rom the programming p oint of view, that means that the services offered

to the external users by a rectangle (e.g. the op eration) are still offered

C

NA T

1 1

1

Σ n n

C

C

C

→

• →

• →

⇒ ⇒

→

C { }

• { | ∈ P × × ×

∀ ∈

∈ ⊃ }

Def. 2.2

Example 2.3

Example 2.4

′ ′ ′

′ ′

′

′

R C

R C

′ ′

C

C

∈

C C C

C |

′ ′ ′ ′ ′ ′

I D

I

D

D I I I

D I

I

D

D

1 dop DOP

1 cub fin

cub

cub

D , , D ,

σ D D σ D D

σ σ , σ

σ I

σ D

σ s s s σ s σ s σ s

σ s σ s

D D

σ D D

σ

σ

σ

σ

σ σ σ

,

D ,

C C , C ,

<c, l , w , h> C <c, l , w , h> l ,

<c, l , w , h> w ,

<c, l , w , h> h.

<c, l , w , h>, <c, l , w , h > C l l , w w , h h morphism of dynamic signatur es

DOP DOP

dynamic signatur e morphism fr om into

DOP DOP

dop

dop

r e ct cub

double

double

IA dop

DOP

IA NA

T Name

length

width

height by a cub oid, no matter which is the actual implementation of the service inside

the two classes. F ormally

, we can say that in every inheritance relation there

is a which is a functionality preserving family

of maps (p ossibly partial) sending sorts into sorts, and (static and dynamic)

op eration symb ols into symb ols of the corresp onding functionality .

Let Σ = (Σ ) Σ = (Σ ) b e two dynamic signatures; a

Σ Σ , written : Σ Σ , is a

couple = ( ) where:

: Σ Σ is a signature morphism; stands for “instant”;

: is a family of maps ( stands for “dynamic”) such that

( : . . . [ ]): ( ) . . . ( ) [ ( )],

( : [ ]):

[ ( )].

Considering the two dynamic signatures Σ and Σ , we can

define a dynamic signature morphism : Σ Σ in this way:

( ) = , the identity elsewhere;

the identity .

Usually we exp ect to b e injectiv e but not to b e surjective and the (main)

sort of the heir d-oid to b e mapp ed into the one of the parent. Besides, do es

not need to b e a total function: if there exists the p ossibility of hiding metho ds,

for instance, then dynamic signature morphisms may also b e partial. Assume to

hide the metho d in the d-oid class . Hence we have a dynamic

signature morphism equal to except that ( ) is not defined. Note

that in this case the informal assumption of having common external interfaces

holds in a restricted way

. However in the rest of the pap er we deal with total

morphisms, which are the usual case.

Consider now what happ ens at the semantic level, in the case of minimal

inheritance. W e start by giving an example of a p ossible reasonable mo del for

the class .

Let 1 = ( ) b e the d-oid over

Σ = (Σ ) defined as follows:

= = ( I N I N I N)

( ) =

( ) =

( ) =

= = = ;

1

[ ]

′

′

′

Def. 2.5

F act. 2.6

<C ,c >

C C C

C C C

σ

σ σ

σ

σ

σ σ

σ σ

σ

1

r e ct cub nat nat

dop DOP dop DOP

• ⇒

·

·

• · · · · · ·

R

C R

∈

D { } D { }

→

D D

D D

∈

{ | ∈ }

C ′

′

C

C | R

| |

|

D

∈

′ ′ D

∈

′ ′

′

′

′ ′

|

′ ′

′

|

′ ′ ′

′

| f C C

C C c c c

c c c

f

C

C

σ C

C

C

C C C C

C C

, , ,

D D σ D D

σ

μ

μ A A , A

μ A A σ double

length length height

width width height

IA

the r e duct via of

IA dop IA dop

minimal ly inherits via minimal inheri-

tanc e r elation fr om into

IA

IA IA

The minimal inheritanc e r elationship is tr ansitive.

IA

IA

= :

where = except that ( ) = ( ) ( )

( ) = ( ) ( )

is the identity .

Note that the representation chosen for cub oids is the analogous of the one given

in the previous section for rectangles (rectangles as triples). F rom now on we will

refer to that d-oid by . W e have omitted the definitions of the other dynamic

op erations of 1, b ecause of their similarity with the ones of .

At this p oint we can asso ciate with every instant algebra over the

instant signature Σ , an instant algebra over the instant signature Σ , called

(see the app endix for a formal definition), whose carriers

are the carriers of of the corresp onding sorts and whose op erations are derived

by those in ; hence

( ) = ( ) =

and the op erations of are as in .

W e can summarize now the ab ove discussion by the following formal definition.

Given two d-oids = ( ) = ( )

over Σ and Σ resp ectively

, a morphism of dynamic signatures : Σ Σ ,

we say that , and that there is a

.

W e denote by the induced reduct mapping s.t.

( ) = for

and by = ( ) the class of reducts via .

Notice that, as seen in the example, the usual syntactic construct of inheri-

tance canonically defines a morphism of dynamic signatures mapping the main

sort of the parent into the main sort of the heir.

What is missing until now is an asso ciation from into the class of instant

algebras of the parent d-oid, which will b e discussed in the following subsec-

tion.

′

C ′

′

C

2

[ ]

2

<C ,c >

C C σ

f C C

C C c c

f

Example 2.7

R C C

R C

R

R

C C

⇒

·

2.2 Regular inheritance

double

double

height height

double

double

In the previous example we have seen that a minim al inheritance relation exists

b etween and 1 regardless the semantic structure of 1, provided that there

exists a signature morphism which p ermits to recover the old syntactic structure

of the parent in the new one of the heir 1 . But what ab out the semantics of

? In the general case inheritance is a mechanism which do es not preserve the

semantics of mo dules, since, by using redefinition, the b ehavior of the redefined

metho ds may b e different from the b ehavior of the corresp onding old metho ds.

But what do es it mean comparing the b ehavior of two metho ds which act on

ob jects of different classes? In the following we try to formalize this, showing

that there are also situations in which the comparison do es not even make sense.

In the next examples the symb ol will denote the d-oid of rectangles as

triples defined in the previous section.

Consider the following class definition:

This class definition can b e mo delled by a d-oid 2 defined analogously to 1

ab ove, except that the interpretation of is as follows.

= : , where

= except that ( ) = 2 ( ),

is the identity .

In this case it is clear from the intuitive p oint of view that the b ehavior of the

defined metho d is different from the b ehavior of the corresp onding old

metho d. More precisely

, what allows us to do the comparison is that:

(i) it is p ossible to asso ciate with each cub oid its “rectangle part”;

(ii) it is p ossible to asso ciate with the new metho d (which act on

cub oids) its “rectangle version” (which acts on rectagles): it is a metho d

which has no effect at all and leaves unchanged the dimensions of the rect-

angle up on which was invoked.

σ

σ

2 2

′

|

|

1

r e ct cub

•

→

→

→

∘

→

→

× × × → × ×

∈

→

C R σ σ

σ σ

σ

σ

σ

σ

σ A σ

C σ

R C

R C

R

C C

R

′ ′

|

′

|

′

|

′

|

′

|

′

|

′

|

′

|

′

|

C

| μ

φ

φ

μ

μ φ φ

φ

φ A A φ A A

φ

ψ

ψ <n, l , w , h> <n, l , w >,

C

φ C R

R ψ C

ψ c c

ψ c c

μ

φ

μ double

double double

double

IA IA

IA IA

IA IA

IA

IA

IA IA

IA IA

Name Name

IA

width width

length length

At this p oint we are able to compare the dynamic op eration with the

rectangle version of and to conclude that the b ehavior of on

rectangles is different from the b ehavior of .

W e formalize now the ab ove requirements.

The minimal inheritance relation always guarantees the existence of the

map : , saying that we can recover from the heir an instant

structure over the parent signature. What we need now is to map

into the parent instant structure. This is done, as usual, admitting the exis-

tence of a family of structure preserving maps (formally

, Σ-homomorphisms,

see the app endix), i.e. what we call an instant morphism:

:

(we recall that asso ciates with each instant algebra in a homomor-

phic mapping into an instant algebra in ).

Note that in this case there exists a function

:

defined by = , where denotes, by abuse of notation, the function

:

defined by ( ) = if : .

In the last example, the function can b e defined in a straightforward way .

Let : I N I N I N I N I N b e the function defined by

( ) =

then, for each

:

where = ( )

( ( )) = ( )

( ( )) = ( )

Intuitively

, transforms every configuration in 2 in a configuration in

mapping each existing cub oid in a rectangle having the same length and

width. It can b e easily shown that in this case is bijective, but in general

we will not exp ect this. (Note also that turns to b e a total function; this

is not always the case.)

σ σ

σ σ σ σ

Def. 2.8

2

1 1 2 2

1 2

1 2

1 2

2

¯

¯

′

′

′

′ ′

′

′ ′

′

|

′

|

′

|

′

|

′

|

′

|

NA T

cub cub

dop DOP

dop DOP

σ

<A ,a >

<B ,b >

σ σ

A B

σ σ

σ σ A B C

σ

D

σ

•

D D

D

C

D

D

D { } D

{ }

→

• → D D

• →

• ∈ ∈

⇒

⇒

∀ ∈ ∈ ⊃

′

′ D

′

′

C

C

′

D

∈

′

′ D

∈

′ ′ ′

′

′ ′

′

|

′ ′ ′

D ′ ′ ′ ′

D ′ ′ ′ ′

′

|

′

|

′ ′

′

|

′

|

′ ′

|

′ ′

|

′ ′ ′

|

′ ′

|

′ μ

<C , c >, <C , c >

μ C C

C , C

c c

, D ,

, D ,

σ D D

σ D D

φ

A , B

σ <f A C , c >

σ <g B D , d >

φ A φ B

φ a φ b

φ C φ D

a A , b B φ a φ b φ f a φ g b r e gularity c ondition dop

IA

IA

IA

double

double

r e gular inheritanc e r elation fr om into

IA dop DOP

IA dop DOP

IA IA

dop DOP IA

dop

dop

W e are now able to express in a more precise way the requirement (ii)

informally stated ab ove.

Essentially what we ask is that, if is an heir of , then every metho d

in satisfies the following : if we apply to two

instant tuples in which have the same corresp ondent (formally

, the same

image via ), then we get two instant couples in which still have the

same corresp ondent in

F or example, in the case of the definition of , the regularity con-

dition is satisfied. Indeed if two instant couples have

the same image via , then and have the same Σ -part and the

carriers consists of elements which are the same as for what

concerns the rectangle part; moreover, and must have the same rect-

angle part. Thus, since the effect of is lo cal, i.e. a change of the

argument cub oid, then the results in the two cases are two configurations

still with the same rectangle view, and the two changed cub oids have still

the same rectangle part.

Notice, on the contrary

, that 1 clearly do es not meet this regularity con-

dition.

In this case, then we say that there is a

, as formally defined b elow.

Let = ( ) b e a d-oid over Σ = (Σ ), =

( ) b e a d-oid over Σ = (Σ ), and assume that there

exist : Σ Σ dynamic signature morphism s.t. the following conditions

hold:

: Σ Σ is a minimal inheritance relation from into ;

: is an instant morphism;

for every and for every

if

( ) = : [ ]

( ) = : [ ]

( ) = ( )

( ¯ ) = (

¯

)

then

* ( ) = ( )

** , ( ) = ( ) ( ( )) = ( ( ))

¯

¯

¯

( ) ( ¯ ) σ σ

σ σ

A

σ σ

σ σ dop DOP

dop DOP

Prop. 2.9

Example 2.10

C D

A σ A

<A ,a >

< φ A ,φ a >

B

A B

σ

′

|

′

|

′

′

|

′

|

′

′ ′

′

′

|

′

′

|

′

|

′

|

2.3 Conserv ativ e inheritance

D D

D D

D { } D

D { } D

D

• { | ∈ }

• ⇒

⇒

R C R C

R

′ ′

′

′

′ ′ D

∈

′

D

∈

′

′

|

D ′ ′ ′ ′

D

′ ′ ′

′ ′

|

′ φ c φ d ,

σ φ

, σ φ

, D

σ φ

φ A , φ φ

σ <f A B , b >

<f φ A φ B , φ b >

f

f φ a φ f a

φ r e gularly inherits via and r e gular

inheritanc e r elation fr om into

IA dop

IA dop view of

via and

IA A A

dop

dop

double

c onservative inheritanc e

c onservative

height

*** ( ) = ( )

then we say that and that there is a

.

If = ( ) regularly inherits via and , then

we can define a d-oid

¯

= ( ) over Σ, called the

, in this way:

= = ( )

if ( ) = : [ ]

then = : ( ) ( )[ ( )]

where is defined as follow:

( ( )) = ( ( ))

Note that the view of the heir d-oid in the parent d-oid is different from the

parent d-oid since the interpretation of metho ds are different. Referring to the

preceding example of and 2, in the view of 2 the interpretation of

is a metho d which leaves a rectangle unchanged, while in it is a metho d that

doubles the two dimensions.

In other words, it do es not happ en that metho ds in the parent view of the

heir and metho ds in the parent have “analogous” effects; from the formal p oint of

view, that corresp onds to the fact that the instant morphism do es not resp ect

metho ds, i.e. is not required to b e a morphism of d-oids.

W e will illustrate in next subsection the case in which this further condition

is required, which corresp onds to what we call .

In the preceding subsection we have shown an example of regular inheritance

relation which was not , in the sense that the b ehavior of a redefined

metho d over the parent view of the heir was different from the old one.

W e show now an example of conserv ative inheritance.

Consider the following class declaration

. . .

3

3

C

′

Def. 2.11

,

, D ,

, D ,

σ φ σ φ

σ φ

π

C

C

∈

C C

R C

D

∈

′

′ D

∈

′ ′ ′ ′

′

′

′

3 dop DOP

3 1

1

dop DOP

dop DOP

Related w ork and conclusion double

double

length width

height

C { }

R

C R

C R

C R

R C R

R

D { } D

{ } D

D D D D

D D

D D

IA dop

IA IA

IA IA

IA dop DOP

IA dop DOP

c onservatively inherits via and c onservative

inheritanc e r elation fr om into

. . .

Let us fix our attention on the usual metho d : this dynamic op eration

has the effect of doubling all the three dimensions of the cub oid up on which is

invoked. It is quite evident that the metho ds is regular: the attributes

inherited from the class of rectangles and do not dep end on the

new attribute , so we can forget the new attribute and obtain a metho d

on the class which is, exactly

, the same metho d defined in .

It is easy to check that also the other redefined metho ds of are regular

and, when reduced to the class , they coincide with the old ones.

F rom the formal p oint of view we have that, if 3 = ( )

is a p ossible mo del of the class where = , then the view of

3 is exactly , b ecause of the particular corresp ondence b etween and ;

in general, what we exp ect in the case of a conserv ative inheritance relation, is

something less strict: for example, there may exists some form of restriction on

the class of instant algebras of 3 s.t. not all the instant algebras of have a

counterpart in 3 and not all the rectangles of an instant algebra of are the

image of a cub oid in the corresp onding instant algebra.

F ormally what we ask is that the view of 3 b e a sub-d-oid of (formally ,

in the category sense of sub-ob ject, i.e. there is an injective morphism from the

sub-d-oid into ).

Let = ( ) b e a d-oid over Σ = (Σ ), =

( ) b e a d-oid over Σ = (Σ ); if regularly inherits

via and and the view of via and is a sub-d-oid of , then we say

that and that there is a

.

First of all we say cleraly and loudly

, in all mo desty

, that we do not pretend by this

approach to present an ideal and comprehensiv e mo del of classes and inheritance.

The aim is much narrower: to upgrade the classical static data typ e approach

to a rather natural treatment of dynamic entities, in the case that dynamics

is p erformed by metho d invok ation and not by interaction among the ob jects,

say by comm unication and synchronization mec hanisms. F or example, it is well

known that we could mo del a stack ob ject as a pro cess; this is the approach taken

in the Edinburgh CCS and -calculus scho ol, in the dutch pro cess algebra scho ol and, in the context of algebraic sp ecification of concurrency

, by the dynamic

sp ecification/SMoLCS approach (see [AGRZ89] and [EGS92 ], also for references

to other work).

The d-oid formalism has b een intro duced by two of the authors in [AZ92a],

where it is shown that d-oids can provide a semantic mo del for a kernel language

for defining metho ds. The mathematical foundations of the theory of d-oids, as

dynamic data typ es, is presented in [AZ92b].

The idea of mo delling each configuration as an algebra is not new: it has b een

used in the COLD language (see [WB87], part I I), for long time within the struc-

tural inductive semantics (see [Ast90]) and also muc h emphasized in the evolving

algebra approach (see e.g. [Gur91 ]). The novelty of the prop osed approach is

twofold. First we emb o dy the dynamics (the evolution) into the structure: a

d-oid is an overall structure which covers b oth static and dynamic asp ects in a

uniform way

, extending the usual data typ e concept. The second novelty lies in

the way we formalize metho d calls as transformations with the notion of tracking

map, which plays a fundamental role in the definition of semantics.

What we do here is in the spirit of the “languages for data directed design”,

discussed in [W ag91 ]; from this viewp oint classes are a way of defining data and

inheritance is a to ol for building classes incrementally .

Semantics of incremen tal definition of classes is ouside of the scop e of this

pap er and will b e the sub ject of a forthcoming one. Then the problem of metho d

redefinition and its link with the semantics of “self ” is handled by assigning a

class a (comp ositional) semantics, consisting of a family of d-oids parameterized

over the semantics of the parent classand of the metho ds that can b e redefined.

This parameterization is, in a very different and purely applicative setting, also

at the ro ot of the Co ok’s approach (see [Co o89 ], [W eg87 ]). Clearly our mo del

departs dramatically from the applicative approach, since we want to deal with

states and we feel that without this it is difficult to capture the essence of ob jecst

and metho ds as they are understo o d in most real life settings.

Some very interesting work in the line of the abstract data typ e approach

has b een presented in [GM87] and more recently in [Bre91]. The difference is

that we have an abstract notion of state and the dynamics, via the notion of

metho ds, is incorp orated in the structure; while in those approaches everything

was mo delled by a reduction to a classical static data typ e view. In the field of

the ob ject oriented data bases, the work of Beeri (see [Bee91]) presents a very

interesting abstract data typ e approach to mo del query languages; we feel that

d-oids could provide a key for extending his work to treat also up date languages

and related issues.

The fact that we are not treating ob jects as pro cesses do es not mean that we

underestimate the imp ortant issue of concurrency (see indeed the work by some of

us, e.g. in [AGRZ89]); simply the d-oid mo del has different target, the case with-

out comm unication and explicit parallelism (as in Eiffel, C++ and Smalltalk).

One of the topics for future work will b e to relate d-oids to the pro cess view taken

References

An inte gr ate d

algebr aic appr o ach to the sp e cific ation of data typ es, pr o c esses and

obje cts

F ormal description of pr o gr amming c onc epts

F ourth International Work-

shop on F oundations of Mo dels and L anguages for Data and Obje cts

- Mo del ling Datab ase Dynamics

9th ADT Workshop

Datab ase Engine ering

Algebr aic sp e cific ation te chniques in obje ct oriente d pr o gr am-

ming envir onment

A denotational semantics of inheritanc e

R e c ent T r ends in Data by many authors in a setting still closed to the abstract data typ e approach, but

with ob jects as pro cesses, whose state is represented by a term in the context of

an overall algebraic sp ecification. Among them, the dynamic sp ecifications (or

algebraic transition systems) of [AGRZ89], with their evolution as pro cesses with

identity and sharing (the entity algebras of [Reg91]) and the very much related

approach with a rewriting flavour of rewriting logic in [Mes90].

Finally

, a much broader and very interesting view of classes and inheritance

is taken in [EGS92 ], where ob jects are seen as pro cesses but related to a class by

means of ob ject templates. The relationship with that work is an interesting but

demanding issue, that we plane to pursue in the context of the ESPRIT-BRA

WG ISCORE.

[AGRZ89] E. Astesiano, A. Giovini, G. Reggio, and E. Zucca.

, pages 91–116 . Numb er 394 in Lecture Notes in Computer

Science. Springer V erlag, Berlin, 1989.

[Ast90] E. Astesiano. Inductive and op erational semantics. In E. J. Neuhold

and M. Paul, editors, ,

Berlin, 1990. Springer V erlag.

[AZ92a] E. Astesiano and E. Zucca. A semantic mo del for dynamic systems.

In U.W. Lip eck and B. Thalheim, editors,

, V olkse (Germany), Octob er 1992.

[AZ92b] E. Astesiano and E. Zucca. T owards a theory of dynamic data typ es.

In , Caldes de Malavella, Octob er 1992. full pap er

in preparation.

[Bee91] C. Beeri. Theoretical foundations for o o db’s - a p ersonal p ersp ective.

, 1991. to app ear.

[Bre91] R. Breu.

. PhD thesis, Universit¨ at Passau - TU M ¨ unchen,

Berlin, 1991.

[Co o89] W. Co ok. . PhD thesis, Brown

University

, 1989.

[EGS92] H. D. Ehrich, M. Gogolla, and A. Sernadas. Ob jects and their sp ec-

ification. In C. Choppy M. Bidoit, editor,

′

′

′ ′

1

1

× ∈

→

∈ ∈

App endix

A

⋆

w ,s n

n

w ,s w ,s

A A

S, S

S S w s s

s s s.

S, w w

s s

T yp e Sp e cific ation

Unifying functional, obje ct-oriente d

and r elational pr o gr amming with lo gic al semantics

Bul letin of

the EA TCS

Communic ations of the ACM

ECOOP-

OOPSLA ’90 Confer enc e on Obje ct-Orient e d Pr o gr amming

7th Workshop on

Sp e cific ation of Abstr act Data T yp es

Algebr aic Metho ds: The ory,

T o ols and Applic ations

Pr o c.

OOPSLA ’87

id

signatur e OP sort symb ols OP

op er ation symb ols op OP

op

OP op OP op OP

, numb er 655 in Lecture Notes in Computer Sci-

ence, Berlin, 1992. Springer V erlag.

[GM87] J.A. Goguen and J. Meseguer.

, pages 417–477.

MIT Press, 1987.

[Gur91] Y. Gurevich. Evolving algebras, a tutorial intro duction.

, (43):264–284 , 1991.

[JWB90] Ralph E. Johnson and Reb ecca J. Wirfs-Bro ck. Surveying current

research in ob ject-oriented design. ,

33(9):104– 124 , septemb er 1990.

[Mes90] J. Meseguer. A logical theory of concurrent ob jects. In

, pages

101–11 5, Ottawa (Canada), o ctob er 1990. ACM.

[Reg91] G. Reggio. Entities: Institutions for dynamic systems. In H. Ehrig,

K.P . Jantke, F. Orejas, and H. Reichel, editors,

, numb er 534 in Lecture Notes in

Computer Science, Berlin, 1991. Springer V erlag.

[W ag91] E. G. W agner. Some mathematical thoughts on languages for data

directed design. T echnical Rep ort RC 16686 (73950), IBM Research

Division, 1991.

[WB87] M. Wirsing and J. A. Bergstra, editors.

. Numb er 394 in Lecture Notes in Computer

Science. Springer V erlag, Berlin, 1987.

[W eg87] P . W egner. Dimensions of ob ject based language design. In

, pages 168–18 2, 1987.

If is a set, then denotes the identity of .

A is a couple Σ = ( ), where is a set of and

is a -indexed family of . If , = . . . ,

then we write

: . . .

W e assume, for simplifying the notation, that signatures have no overloading,

i.e. , for every signature Σ = ( ), if , , then =

and = .

′

–

–

1

1

1

1 op OP

n

n

n

n

1 1

1

1 1

1 1

( )

1 1

1 1

Σ

′ ′

′

′

∈

′ ′ ′

′ ′

|

′

′ ′

|

′

|

→

• →

• →

→ →

| | { }

• | | ∈ | |

• → × · · · × →

→

• ∈ →

• → ∈ ∈

→

∈

→ ∈ ∈

→

S O

S

O

O

n

S S

n

S

S O

A

s

s

n

A

s s s

s s s

n s n s

s

A

n

B

s s n

σ

s

σ s

n s n s

A

n

A

n

ι σ σ

<σ , σ >

σ S S

σ

σ s s s σ s σ s σ s

σ σ σ

S, A A ,

A S s S A

s A

s s s A A A

A

A B A B

A B S

s S A B

s s s a A a A

a , , a a , , a

σ A

A σ A A

s S A A

s s s a A a A

a , , a σ a , , a .

ι A

A signatur e morphism fr om into , written

OP OP

op

algebr a over OP -algeb r a op

c arrier

of sort

op op the interpr e-

tation of op in

Alg

-homomorphism fr om into , wher e , ar e algebr as over , written

f

f

op

f op op f f

r e duct

of , written

op

op op

A Σ Σ : Σ Σ , is a couple

where:

: ;

: is a family of functions s.t.

( : . . . ): ( ) . . . ( ) ( )

.

W e will often write simply instead of , .

An Σ = ( ), also called Σ , is a couple = ( )

where:

is a -indexed family of sets; for each , is called the

and denoted also by ;

for each : . . . , : is called

(Σ) denotes the class of the algebras over Σ.

A Σ Σ

: , is a -indexed family of functions s.t. :

for each , : ,

for each : . . . , , . . . , ,

( ( . . . )) = ( ( ) . . . ( ))

If : Σ Σ is a signature morphism, an algebra over Σ , then the

w.r.t. , is the algebra over Σ defined as follows:

for each , = ;

for each : . . . in Σ, , . . . , ,

( . . . ) = ( ) ( . . . )

In particular, if : Σ Σ is the emb edding, then we write also instead

of