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Abstract—In thepast,reconfigurablecomputinghasnotbeen
anoptionfor acceleratingscientificalgorithms(whichrequire
complex floating-pointoperations)andothersimilar applica-
tionsdueto limited Field ProgrammableGateArray (FPGA)
density. However, therapid increaseof FPGAdensitiesover
the pastseveral yearshasalteredthis situation. The central
goal of the ReconfigurableComputingApplication Devel-
opmentEnvironment(RCADE) is to capitalizeon theseim-
provements.ThroughRCADE,analgorithmis translatedinto
a dataflow design,which is thenimplementedon a reconfig-
urablecomputingplatformusinga “toolbox” of components.
Thispaperexpandsthis library of componentsby implement-
ing the following IEEE singleprecisionfloating-pointfunc-
tions: sine,cosine,arctangent,arcsine,arccosine,squareroot
andnaturallogarithm. Eachcomponentis designedaround
theCORDICshift-and-addalgorithms.A discussionof how
eachoperationis implementedis followedby ananalysisof
thespacerequirementsof eachcomponentoncurrentandfu-
ture Xilinx FPGAs. Performanceresultsare comparedfor
eachcomponentindividually andfor two exampleequations
againstseveralcurrentworkstations.
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1. INTRODUCTION

Reconfigurablecomputinghasprovento beextremelyuseful
atenhancingtheperformanceof many applicationsandalgo-
rithms over that of a workstationalone[1], [2], [3], [4] and
[5]. This successhasbeendifficult to copy for morecom-
plicatedscientific algorithmsdue to limited FPGA density.
Thesealgorithmstypically require a fractional representa-
tion (usuallyastandardIEEEfloating-pointformat)andhave
many complex elementaryoperations(i.e. trigonometricand
logarithmicfunctions).Thesefloating-pointoperationshave
proven to be too large to be performedon a single FPGA.
Attempts to overcomethis problem have usedfixed-point
representationsandreducedprecisionfloating-pointformats
[6]. Unfortunately, theseformatsare inconvenientand do
not have the dynamicrangeor precisionrequiredby many
algorithms.However, with the rapid increasein FPGAden-
sity, reconfigurablecomputingcannow overcometheseprob-
lems. Our previous work [7] hasdemonstratedthat FPGAs
cannow achievehighperformancewith simplefloating-point
operations,suchasmultiplication andaddition. For recon-
figurablecomputingto be a useful tool for scientific algo-
rithms, themorecomplex operationsmustalsobeavailable.
With a “toolbox” of these(and other) floating-pointopera-
tions,many scientificalgorithmscanbedirectly implemented
on currentreconfigurablecomputingplatforms.

This is the goal of the ReconfigurableComputingApplica-
tion DevelopmentEnvironment(RCADE).RCADEprovides
a “user friendly” meansto describean algorithm as a data
flow design. This designis then implementedon a recon-
figurablecomputingplatformusinga library of components.
Using RCADE, reconfigurablecomputingcanprovide non-
hardwaredesignersanalternativefor acceleratingalgorithms.
A completedescriptionof RCADEcanbefoundin [8], while



this paperfocuseson componentimplementation.This pa-
per discusses

�
implementingthe following floating-pointop-

erations:sine,cosine,arctangent,arcsine,arccosine,square
root, andnaturallogarithm. Eachoperationis designedasa
singlecomponentcapableof beinginterfacedwith any other
componentin theRCADE library without theneedfor addi-
tional control logic. This allows equationsto be easilycon-
structedin a dataflow design,by combiningtheseoperations
with previouslydevelopedmultiply, add/subtract,sumanddi-
vision components.

Eachof thecomponentsdescribedin this paperaredesigned
aroundthe CORDIC shift-and-addalgorithms. CORDIC is
a set of hardware efficient algorithmsthat usesonly shifts
andadd/subtractsto computea numberof trigonometricand
logarithmicfunctions. TheCORDICalgorithmsprovide the
corefor eachcomponent.Floating-pointextensionsareadded
beforeand after the CORDIC core to handleIEEE single-
precisionfloating-point values. This simplifies interfacing
componentswith the host programand typically provides
sufficient dynamicrangeandprecisionfor mostalgorithms.
High performanceis achieved throughfully pipelining each
component.

The next sectiongivesa brief backgroundon the CORDIC
shift-and-addalgorithmsandhow they cancomputetheabove
operations.Section3 describeshow theCORDICalgorithms
areextendedto handlefloating-pointvalues.Section4 details
the spacerequirementsfor eachoperationandcomparesthe
performanceof eachoperationandtwo exampleequationson
an AnnapolisMicrosystemsWildforce reconfigurablecom-
putingplatformwith thatof severalcurrentworkstations.Fi-
nally, our conclusionsand the direction of future work are
presented.

2. BACKGROUND

CORDICis a collectionof iterative shift-and-addalgorithms
which form an extremely efficient means of computing
trigonometric functions and other complex elementary
functions,suchassquareroot, naturallog andexponential.
They were originally introducedby Volder [9] and were
later expandedby Walther [10]. A numberof machines
have implementedCORDIC.Thebasesetof equationsis as
follows:

�	��

����������������������� � (1)����
 �!�"���$#%�&���	�	��� � (2)' ��
 � �(' � �)� ��*+� (3)

CORDIC operatesby performingmultiple iterationsof the
aboveequations.Thishastheeffectof rotatingavector , �.-/��0
throughoneof threecoordinatesystems.' is theanglegener-
atedby thevectordescribedby , �.-/��0 . Rotationof thevector

is controlledby �&� (either1 or -1). ��� is basedon the mode
of operationselected(rotationor vectoring).Whenin vector-
ing mode, � � = 1 if � �21 0 and-1 otherwise. For rotation
mode, � � = -1 if ' �%1 0 and1 otherwise(exceptfor 35476 � �
and 8:9�3 � � ). The coordinatesystemis selectedby � (circu-
lar, � = 1, linear, � = 0, andhyperbolic, � = -1). *+� is the
angleof rotationat eachiterationandis setby thecoordinate
systemused.As eachiterationof the CORDICequationsis
performed,either ' (rotationmode)or � (vectoringmode)is
drivento 0 andtheequationsin Table1 aregenerated.Each
coordinatesystemis usefulfor computingdifferentfunctions.
For thefunctionsof interest,thecircularandhyperbolicsys-
temsareused.

Table1 describesthe equationsgeneratedafter 6 iterations
for eachcoordinatesystemandmodeof operation.Table1
alsoprovidestheequationsfor ; � . ; � is thegainproduced
during the vector rotation. The gain mustbe accountedfor
in order to produceaccurateresults. Typically, one bit of
precisionis developedper iteration. As indicatedby Table
1, by selectingtheproperinitial values(while compensating
for thegain),thefunctionsof interestcanbecomputed.The
following sectionswill briefly describehow eachfunction is
generated.

2..1 Sine/Cosine

The sine and cosineof an input angleare computedusing
the rotationalmodeof operationandthe circular coordinate
system.Thecircularcoordinatesystemis usedfor all of the
trigonometricfunctions.FromTable1, by setting ��< to zero
theequationsreduceto:

�	�=� ; �?>:�@< 8:9�3 'A< (4)� � � ; � >B� < 354C6 ' < (5)

Therefore,with �@< = 1/; � , aftern iterationsof equations1, 2
and3, � � � 8B9�3 ' < and � � � 354C6 ' < .
2..2 Arctangent

The arctangent,D �FEHG 6 � � , ��<+IJ�@<A0 , canbe computedusing
thevectoringmodeof operation.FromTable1:

'+�K�"'A<L#%EHG 6 � � , ��<JIJ�@<A0 (6)

Therefore,by setting'A< = 0 andproperlyselecting��< and �@< ,
the EHG 6 � � of aninputargumentcanbecomputeddirectly.

2..3 Arcsine/Arccosine

The arcsineandarccosinerequirea manipulationof the ba-
sic cordicequations.Startingwith a unit vectoreitheron the



Table1: CORDICequations[11]

Coordinate rotation vectoring scale rotation
System mode mode factor, ; � angle,*+�
m = 1 �	�K� ; � , �	< 8B9�3 'A<�����< 3B4C6 'A<50 ���K� ; �NM , ��O< #%��O< 0 P2Q��RN<TS U #V� � O �

(circular) ���K� ; � , ��< 8:9�3 �@<L#%�@< 35476 'A<50 ���K�XW EHG 6 � � � � �'A�K�(W '+�Y�X'A<Z#[EHG 6 � � ��<+IJ�@< \ 1.64676 (n = 0 to ] )
m = 0 � � �"� < � � �"� < no scale

(linear) ���Y�X��<Z#%�@<A��< ���K�XW factor � � �'A�K�(W '+�K�X'A<Z#%��<+IJ�@<
m = -1 � � � ; � , � < 8:9�3+^ ' < #%� < 3B4C6.^ ' < 0 � � � ; � M , � O< ��� O< 0 P Q��R � S U #V� � O �

(hyperbolic) � � � ; � , � < 8:9�3+^ � < #%� < 3B4C6 ' < 0 � � �XW EHG 6.^ � � � � �' � �(W ' � �"' < #%EHG 6.^ � � � < IJ� < \ 0.82816 (n = 1 to ] )

positive x axis(arcsine)or on thepositive y axis(arccosine),
thevectoris rotateduntil its � , ��0 componentis equalto the
input angle. Insteadof usingthe sign of an intermediatere-
sult to control the directionof rotation, it is determinedby
whether� , �_0 is lessthan(greaterthan)theinputvalue,8 . For
the 354C6 � � usingthevectoringmode,theequationfor '+� from
Table1 becomes:

' � �X' < # 354C6 � �A` 8 I ,a; � >B� < 0cb (7)

where � � = 1 if � �=1 c and-1 otherwise.

By setting � < to 1/; � , � < to 0 and ' < to 0, the arcsineis
directly computed.Unfortunately, theaccuracy of the result
diminisheswith inputsof \ed 0.98or greater. As they axisis
approached,rotationdecisionsaremadeimproperlybecause
thegaincausesthevectorto besmallerthantheinput. Using
a “double iterationalgorithm” [12] cancorrectthis problem,
but it increasesthecomplexity. For our purposes,this lossof
accuracy is not critical. As largerFPGAsbecomeavailable,
this problemcanbecorrectedwith this algorithm.

For thearccosine,a few modificationsto theabovealgorithm
mustbemade.Insteadof comparingthe � componentto the
input, the � componentis compared.This produces:

' � �(' < # 8:9�3 � �A` 8 I ,a; � >5� < 0cb (8)

where � � = 1 if � �gf c and-1 otherwise.

Therefore,the 8:9�3 � � 8 is calculatedwhen � < = 0, � < = 1/; �
and ' < = h /2, Again, the accuracy of the resultdecreasesasd 1 is approachedandthe samecorrective measurescanbe
introduced.

2..4 SquareRootandNatural Logarithm

While thecircularcoordinatesystemis usefulfor computing
trigonometricfunctions,thehyperboliccoordinatesystemis
usedfor theotherfunctionsof interest(squareroot andnatu-
ral log). For thehyperbolicsystem,m = -1 in thebaseequa-
tions. Additionally, insteadof startingiterationsat n = 0, for
the hyperbolicsystemiterationsmuststartat n = 1. Certain
iterationsmustalsoberepeated(n = 4, 13,40,...,k,3k+1,...) or
the vectorwill not converge. This generatesthe hyperbolic
equationsin Table1 for eachmodeof operation.As canbe
seen,thesamemethodscanbe usedto calculate354C6.^ , 8B9�3A^
and EHG 6.^ � � aswereusedfor 354C6 , 8B9�3 and EHG 6 � � . From[10]:

S i � M , � O ��� O 0 (9)

where� < = i + 1/4 and � < = i - 1/4

and, j
6 i �X�k>5EHG 6.^ � ��l � < I+� <:m (10)

where�@< = i + 1 and ��< = i - 1

By usingthe vectoringmodeof operationfrom Table1, the
squareroot andnaturallog canbe directly computed. The
squareroot of a value( i ) is generatedby setting � < � i #U I l n ; O� m and ��<o� i � U I l n ; O� m . ��� is thenequalto S i after
n iterations.(As anaddedbenefit,sincethe vectoringmode
is used,and '+� is notneeded,1/3of theadder/subtractorscan
beeliminated.)

The naturallog is alsocomputedusing the vectoringmode
of operation. With ' < = 0 and � < � i + 1 and � < � i -
1, ' � � �O ,

j
6 i ). Therefore,a 1 bit left shift of ' � produces

the ln i . (Also of note, *Jp can also be computed. *Jp �
354C6.^ i # 8:9�3+^ i . However, extendingthis to floating-point
wasnot feasible,at this time.)



Table2: Rangeof Valid Inputs

Function Domainof
Convergence

sine/cosine d 1.74EHG 6 � � d ]354C6 � � I 8:9�3 � � d 0.98S i [0.03,2.42]
ln i [0.10,9.58]

2..5 Rangeof Valid Inputs

Table 2 describesthe rangeof valid inputs for eachopera-
tion. For sineandcosine,this rangecanbemisleading.Both
arevalid for anentireperiodof eachfunction(- h I�� to h I�� ).
Therefore,it is only a matterof reducingthe input into the
valid rangein order to computethe sineandcosinefor any
value. However, sinceeachcomponentis fully pipelinedfor
performance,wewereforcedto limit theinputsto asetrange
(selectedas0 to 2h ). For thearcsineandarccosine,therange
of valid inputs is alreadylimited to a [-1, +1] by the func-
tions themselves. While the single iteration approachdoes
notcompletelycover this range,it is sufficient for thesetests.

For the arctangent,there is no specifiedvalid range. The
CORDICalgorithmwill computecorrectresultsprovidedthe
ratio ��<+I+�	< = input value. However, hardwaredesigncon-
straintsof bit lengthsanddataformatdo limit thearctangent
component’s range.Theabsolutevalueof themaximumin-
put allowedis determinedby themaximum ��< andminimum�@< possiblefrom the dataformat. Any input valuesgreater
thanthismaximummustbeconsideredas d ] andarecalcu-
latedby setting� < to 0.

For naturallog andsquareroot,therangeof valid inputsfrom
Table2 arelimiting for fixed-pointformats. However, for a
floating-pointformat, this is not a problem. Themantissais
usuallyonthebinaryrangeof [1.0,2.0).This falls in thevalid
rangefor theCORDICalgorithms.For bothcases,zeroand
negative inputsaretreatedasexceptions.

2..6 Precision

The precisionis determinedby 2 factors: the angularerror
andthe truncationerror [5]. SinceCORDIC works through
rotatinga vector, the largestpotentialerror occurswhenthe
next to last iterationproducesthecorrectresult.Thefinal ro-
tationwould thenproducetheworstcaseangularerrorequal
to the last rotation angleand the correctresult. Therefore,
thenumberof iterationsis theprimarydeterminantof theac-
curacy. Sufficient iterationsmustbeperformedsuchthat the
maximumangularerror is lessthan the requiredprecision.
Onebit of precisionis typically producedperiteration[5].

mantissaexp (+127)S

Figure1: IEEE singleprecisionfloating-pointformat

To asmallerdegree,theaccuracy is affectedby thetruncation
of intermediateresultsdueto limited storage(i.e., from the
right shiftedtermsat eachiteration). Someerror from trun-
cation is unavoidablesinceit is impractical to maintainall
significantbits throughoutthe computation.The truncation
of intermediateresultsproduceslog(2L) of error for L itera-
tions[10]. To eliminatethiserror, thedatamustbepaddedon
theright by thesamenumberof bits androundedat theend.

For singleprecisionfloating-pointvalues(with a 24 bit man-
tissa),24 bits of precisionare required. This producesap-
proximately 24 iterationsand 4.5 bits of padding. These
guidelineswere usedfor the initial designof eachcompo-
nent.Experimentationwasthenusedto optimizethenumber
of iterationsandpaddingbits to establishtherequiredpreci-
sionwhile minimizing thesizeof eachcomponent.

3. COMPONENT IMPLEMENTATION

The previous sectiondescribeshow to usethe CORDIC al-
gorithmsto computeeachfunctionfrom fixed-pointdata.For
floating-pointdata,extensionsmustbeaddedto thisCORDIC
core.Figure1 showstheIEEEsingleprecisionfloating-point
formatasdescribedby ANSI/IEEE Standard754-1985[13].
Themostsignificantbit is thesignbit, S.Thenext 8 bits are
for theexponent,E, in excess-127notation.Thefinal 23 bits
are the mantissa,M. The mantissahasan implicit 1 as its
mostsignificantbit (for mostcases).Therefore,for mostval-
ues,thenumberrepresentedis � U+q * ��r � � Ots * (1.M). Zerois
representedby all zeros.Thereareotherelementsto thisstan-
dard(i.e. NaN, Infinity, etc.). However, in orderto keepthe
componentdesignsstraightforward (without numerousspe-
cial conditions),theseexceptionalcasesarenothandled.The
completestandardcanbeimplementedin futurerevisions.

Figure2 is abasicblockdiagramwhichis applicablefor each
component.Thereare3 stepsto eachcomponent.The first
is to convert thefloating-pointinput into a fixed-pointformat
(i.e., to provide theproperinputsto theCORDICcore).The
next stepusestheCORDICshift-and-addstagesto compute
theapplicablefunction.Finally, theresultfrom theCORDIC
sectionis convertedbackinto floating-pointformat. This in-
cludestwo’s complementconversion(asnecessary),normal-
ization,roundingandexceptionhandling.Thefollowing sec-
tionsdescribeeachcomponent’s implementationin morede-
tail.



Pre-CORDIC extension:
floating-point to fixed-point
conversion; 2’s complement

conversion, as necessary

CORDIC shift-and-add

Post-CORDIC extension:
fixed-point to floating-point
conversion; normalization,

conversion, as necessary
32 32stages

data-outdata-in
and 2’s complement

Figure2: Block Diagramof floating-pointCORDICfunctions

Table3: ExtendingSine/Cosinefor 0 to 2h
Quadrant,Q Sine Cosine

0 sinD cosD
1 cosD -sinD
2 -sinD -cosD
3 -cosD sin D

3..1 Sine/Cosine

For the sineandcosinecomponents,the first stepis to con-
vert thefloating-pointinput into fixed-pointfor theCORDIC
shift-and-addstages. The rangeof valid inputs is 0 to 2h .
The mantissais directly latchedinto the the following for-
mat: xxx.xxxxx...x. A 3 stagebarrelshifter is usedto right
shift the mantissaby 129 - E bits. This properlyaligns the
decimalpoint. However, the CORDIC stagesrequirean in-
puton therangeof � h /2 to h /2. Therefore,theinputangleis
reducedto theform ,7u > h I��L#%vw0 , suchthat v is between0
and h /2 and u is theinput quadrant.u is savedfor lateruse
and v is theinput to theCORDICstages.

Using the CORDIC algorithm, both the sine and cosineofv are computed. No extra logic is requiredbecausethe
CORDICalgorithmcomputesbothfunctionssimultaneously.
The valueof u is usedto latch the properoutput. Table3
indicateswhichoutputof theCORDICstagesshouldbeused
dependingon thevalueof u . Sincethesineandcosineof all
anglesbetween0 and h /2 arepositive, theresultantsignand
mantissaarelatcheddirectly.

Once the output is latched, it is then normalized to
1.xxxxx...x, if possible.Theresultantexponentis computed
basedon how many bits the mantissais left shifted during
normalization. Normalization requires4 stages. Finally,
rounding and exception handling is performedand the re-
sult is output. Theoverall componentrequires38 stages:12
stagesto convert to andfrom floating-pointand26 CORDIC
stages.

3..2 Arctangent

As describedin section2..2, the CORDIC stagesrequire2
inputs to computethe arctangent,�@< and ��< , where ��<JI+�	<

= input value. ��< could be setequalto the input valuewith�@< setequalto 1, but that would severely limit the rangeof
inputs. In orderto give a full rangeof inputs, �	< and ��< are
setbasedon theinputvalue.Whenthe x input x 1 2.0,

�g� U�y W (11)

�Y�"�gG 6 E 4H3+3 Gkz{� � | � O/s � r } y (12)

Whenthe x input x�~ 2.0,

��� U�y W�z{���.| r � � Ots } (13)

�Y�X��G 6 E 4H3+3 G y (14)

Thisprovidesthemaximumrangeof inputs.

The same3 stagebarrelshifter is usedto performthe right
shifting of either �	< or ��< by the valueof xE-127x . The last
stageprior to theCORDICstagesperformsa two’s comple-
mentconversionof y basedon the input sign. �@< and ��< are
then input to the CORDIC stages.The first stageafter the
CORDIC sectionperformsa two’s complementconversion
of the result,asnecessary. The samenormalization,round-
ing andhandlingof exceptionsconvertstheresultto floating-
point. Thearctangentcomponentrequires36 stages,includ-
ing 24 CORDICstages.

3..3 Arcsine/Arccosine

The floating-pointextensionsfor the arcsineand arccosine
componentsoperatein muchthesamemannerasthesineand
cosine. The only differencesare in the fixed-point format
and the needto handlenegative inputs and outputsfor the
CORDIC sections. For the pre-CORDICsection,the input
valueis latchedinto thefollowing format: x.xx...x. Thedeci-
malpoint is alignedusingthesame3 stagebarrelshifter. The
input to the barrelshifter is 127 - E. After the barrelshifter,
the two’s complementis taken for negative inputs. The first
stepin the post-CORDICsectionis to take the two’s com-
plementof theresult,if negative,andto latchthesignof the
result. The restof the post-CORDICsectionis identical to
the sign andcosine. The arcsineandarccosinecomponents
have24CORDICstagesand36 overall.

3..4 SquareRoot

The squareroot componenttakes a slightly different path
from the previous components.It is not necessaryto align



themantissa’s decimalpoint or to performa long normaliza-
tion process.An elementof thefloating-pointrepresentation
is usedto simplify the computation.Becausefloating-point
valuesarerepresentedin base2, it is simpleto computethe
resultantexponentif theinputexponentis even(resultantex-
ponentprior to normalizationof the mantissa= E/2). The
pre-CORDICstageneedsonly to shift the mantissaso that
theexponentis madeevenwhile themantissaremainsin the
valid range. (An input of zero is handledasan exception.)
Themantissais initially on therange[1.0,2.0).Therefore,if
theexponentis odd, themantissais right shifted1 bit and1
is addedto the exponent.The mantissais now on the range
[0.5,2.0),which is still in thevalid range,andtheexponentis
even.Themantissaprovidestheinput to theCORDICstages.
Simultaneously, the unnormalizedresultantexponentis cal-
culatedby first subtracting127 (to convert from excess-127
notation).Theexponentis right shiftedby 1 bit to divideby 2
andconvertedbackinto excess-127notationby adding127.
This valueis thenpassedthroughthepipelineto bereunited
with its mantissa.The post-CORDICsectiononly requires
onenormalizationstagesincetheresultantmantissais on the
range[S y�� = 0.707, S � y W = 1.414). The final stageshandle
exceptions,roundingandoutput the result. Throughexper-
imentation,it wasdeterminedthat only 20 CORDIC stages
wererequired,with 29 total stages.

3..5 Natural Logarithm

Similar to the squareroot, an elementof the floating-point
representationis usedto assistcomputation.It is known that:

j
6�,7� z{� r 0�� j

6�,�� 0�# j
6�, � r 0 (15)

Using this equation,the naturallog of a floating-pointnum-
ber can be computedusing a combinationof the CORDIC
algorithmandanadder. Sincetheexponentis only 8 bits,it is
feasibleto storetheln( ��� ) for i from -127to 128in memory.
Exponentsof -127and128(0and255in excess-127notation)
arereservedfor specialvalues(i.e. ] andzero)andcanbe
dealtwith bystoringtheappropriateadderinputsfor thoseex-
ceptionsin theirassociatedmemorylocations.Therefore,the
CORDICalgorithmis usedto computetheln(M), theln( ��r )
is readfrom memoryand a floating-pointadderis usedto
computethe final result. Figure3 is a block diagramof the
naturallog component.

The ln(M) is computedsimilarly to the previous compo-
nents. The mantissais directly latchedfrom the input and
no decimalalignmentis required. This provides the input
for the CORDIC stages.The CORDIC sectionrequires26
stagesto producethe desiredprecision. Sincethe ln(M) =
2* EHG 6 � � , ��IJ��0 , themultiplicationis performedby a 1 bit left
shift of ' � . Thisvalueis thennormalizedandconvertedback
into afloating-pointvaluein thesamemannerasthesineand
cosinecomponent.This output,ln(M), is usedasoneof the
adderinputs.

floating-point
adder

memory interface

On-board
Memory

E ln(2  )E

ln(M)CORDIC
calculation
of ln(M)data_in

data_out

Figure3: Block Diagramof Wildforceboard

rotation angle forrotation angle for
iteration i iteration i+1

z[i]

y[i]

x[i]

+/-

+/- z[i+1]+/-

y[i+1]+/-

x[i+1]+/-

+/-

d[i] d[i+1]

right

shifted

right

shifted

Figure4: CommonCORDICadd/subtractstages



The other input to the adder(ln( ��r )) is from memory. The
Xilinx� 4000seriesFPGAshave anon-chipmemorycapabil-
ity. However, a 256x32bit on-chipROM would requirean
unacceptablenumberof CLBs and addressingwould limit
maximumclock rate. Instead,an off-chip SRAM provided
by the implementationplatform is usedfor the look-up ta-
ble. Theexponentprovidesthememoryaddressfor thevalue
of the ln( ��r ). Thememoryinterfacehas2 16x32bit FIFOs
to buffer the memoryaddressesand dataso that the mem-
ory doesnot becomea bottleneck.Thememorydatais then
matchedwith the correspondingln(M) resultat the input to
theadder. Theresultof theadderis thentheln(M* ��r ).

3..6 CommonStructures

Sincethesamebasicoverall designis usedto computeeach
function,many of the sameinternalcomponentsarereused.
The most obvious of theseare the CORDIC shift-and-add
stages.Figure4 shows a diagramof 2 shift-and-addstages.
Eachstagerequires3 adder/subtractors(exceptfor thesquare
rootcomponentwhichdoesnotneedthez component).Since
this is apipelineddesign,separateshiftinghardwareis notre-
quired.For eachstage,thenumberof bits to shift is constant.
Therefore,the shifting is performedby hardwiringthe shift
at the input to the adjacentadder/subtractor. Anotherbene-
fit to the pipelineddesignis that a ROM is not requiredto
storethe * � data. Eachstagealwaysusesthe same* � data
(basedon the stage)and thesevaluesare hardwiredto the
appropriateinput for the z adder/subtractors.Thesestages
only differ betweencomponentsby theadder/subtractorsize,
adder/subtractorcontrol ( �&� ) andthe numberof bits shifted
in eachstage(circularvs. hyperbolic).

Another commoninternal componentis the 3 stagebarrel
shifter for the pre-CORDICsection. This componentuses
3 stagesto right shift themantissaby 0 to 24bits. It performs
this by utilizing 3 4-to-1 multiplexers. The total numberof
bits to beshiftedprovidestheinput for themultiplexers.For
thesineandcosinecomponents,this is 129-E.For thearctan-
gent,it is the x_� � U ��� x andfor the arcsineandarccosine
componentsit is 127-E.Thefirst multiplexer shiftsby either
0, 1, 2 or 3 bits basedon the 2 low-order bits of the con-
trol input. Thesecondmultiplexershiftsby 0, 4, 8 or 12 bits
basedon bits2 and3 andthethird multiplexershiftsby 0, 16
or shifts in all zerosbasedon bit 3 anda combinationof the
higherorderbits. Thebarrelshifter is usedby all 5 trigono-
metriccomponents.

The otherprimary sharedcomponentis the 4 stagenormal-
izationunit. It is utilizedby all of thecomponents,exceptthe
squareroot. Thefirst 3 stagesuse4-to-1multiplexersto nor-
malizeby 0, 1, 4 or 8 bits. Thefinal stagenormalizesby 0, 1,
2 or 3 bits. Therefore,any value(28 bits long or less)canbe
normalizedin 4 stages.Thefirst 3 stagesoperateby checking
for a ‘1’ in thehighorderbit, in the4 highestorderbitsandin
the8 highestorderbits. Basedon theseconditions,themul-
tiplexer shifts thevalue. After 3 stages,if thevaluecontains

Table4: MaximumComponentClockRates

Function/ Max Clock BoardClock
Equation Rate(MHz) Rate(MHz)354C6 I 8B9�3 27.7 33EHG 6 � � 26.6 333B4C6 � � I 8B9�3 � � 18.5 33S i 38.2 33

ln i 24.9 33

a ‘1’, thehighestorder‘1’ will bein the4 highestorderbits.
The last stagethen finishesthe normalization. In conjunc-
tion, the resultantexponentis adjustedby the sameamount
as the mantissais left shifted in eachstage,producingthe
normalizedresultantexponent. Additionally, standardcom-
ponentsfrom theXilinx designlibrary (i.e. adder/subtractors,
subtractors,multiplexers,etc.) areusedto minimizecompo-
nentsize(CLBsused)andmaximizeperformance(maximum
clock rate).

4. PERFORMANCE

4..1 ImplementationPlatform

The reconfigurablecomputing platform used to test each
component was the Annapolis Microsystems Wildforce
board. This board contains5 Xilinx 4062 FPGAs with 1
MB of SRAM per FPGA. Oneof the FPGAsservesas the
Control ProcessingElementwhile the other 4 are the Sys-
tolic ProcessingElements.Eachof the4 SPEsareintercon-
nectedby a 36 bit wide by-directionalconnection.Eachend
of the systolic array is connectedto a bi-directional36 bit,
512 deepFIFO. The CPEis alsoconnectedto a 36 bit, 512
deepFIFO. The CPEandthe SPEsarealso interconnected
througha crossbar. Figure5 is a block diagram.The board
communicateswith the hostcomputerthroughthe PCI bus,
providing high speedI/O. The hostcomputeris a 233 MHz
PentiumII.

4..2 ResourceUtilization

Theflip-flop andlook-uptableutilization for eachindividual
componentareprovidedin Table5. Table5 alsoincludesin-
formationfor apreviouslydesignedfully pipelinedmultiplier
andadder/subtractor. At a minimum,at leastonecomponent
will fit onasingleFPGA.(Eachcomponentwassuccessfully
placedandroutedfor aXilinx 4062xlFPGA).With 4 FPGAs
on theWildforce board,equationsof at least4 functionscan
beevaluated.With thenext generationof FPGAs,3 to 4 times
asmany componentscanbeplacedoneachFPGA,asdemon-
stratedby the utilization numbersfor the 40250xvFPGAs.
Therefore,large complicatedequations(typical in scientific
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algorithms)canbe evaluatedon a reconfigurablecomputing
platform.

Eachcomponentwasdesignedin VHDL usingacombination
of behavioral andstructuralconstructs.TheSynopsysFPGA
Compilerwasusedfor componentsynthesisandthe Xilinx
M1.5 toolsperformedplaceandroute.Table4 lists themaxi-
mumclock ratesasgivenby theplaceandroutetoolsandthe
clock rateastestedon theWildforce board. In orderto con-
sumedataasfastasit canbeinput, thecomponentclock rate
mustbe at least33 MHz. Little benefitis derived from any
fasterclockrate.Whileonly thesquarerootcomponentmeets
this minimum clock rateasreportedby the placeandroute
tools,all componentsweresuccessfullytestedat 33 MHz on
theboard.

4..3 ComponentPerformance

Component performance was evaluated by comparison
againstseveralcurrentworkstations,a300MHz SunUltra10,
a233MHz PentiumII anda500MHz Alpha21164.Individ-
ualcomponentswereevaluatedby comparingthetimeto per-
form � O < computationsfor eachfunction. For theWildforce
boardimplementation,eachcomponentwasplacedonSPE1.
Thefloating-pointvalueswereinput throughFIFO1 andthe
resultswereoutputthroughSPE1’s SRAM (exceptfor natu-
ral log, which wrote its resultsto SPE2’s SRAM to prevent
the memoryfrom beinga bottleneck).The time recordedis
the total time requiredto write the datafrom hostmemory
to the board,perform the computationand readthe results
backinto hostmemory. For eachworkstation,it is the time
requiredto readthedatafrom memory, performthecompu-
tation andwrite the resultsback to memory. This provides
a realistic comparisonof componentperformance.Table6
shows theresults.

Givena maximumPCI busbandwidthof 132MB/sec,com-
pleteoverlapof computationandI/O, andno overlapof in-

put andoutput,thetheoreticalmaximumperformancewould
be60.6msec.This performancecannotbeachievedbecause
I/O and computationcannotbe completelyoverlappedand
the maximumPCI bandwidthcannotbe reached.However,
theWildforceboarddid achievesignificantspeedupsfor each
componentover eachworkstation. Against the host com-
puter, speedupsrangedfrom 3.9 for the squareroot to over
17.4 for the arcsineand arccosine.When comparedto the
Alpha, speedupsaveragedfrom 2.9 to 4.9,with evengreater
speedupsagainsttheUltra 10.

4..4 ApplicationPerformance

For a more realistic performancecomparison,two equa-
tions wereimplementedon the Wildforce boardusingthese
floating-pointcomponents.The first equationtestedis the
Pythagoreantheorem.

8 � M G O #V� O (16)

Thevaluesfor aandb wereinput throughFIFO1andSPE2’s
SRAM, respectively. Theequationwaspartitionedacrossthe
boardasfollows:

SPE1: G O
SPE2: � O andtheaddition
SPE3: S 3B� � andwrite theresultto SRAM

Table 6 reports the results to compute � O < values for c.
(The theoreticalperformancefor the Wildforce board,using
the sameassumptionsas before, is 91 msec since twice
as much data must be input to the board with the same
amount of output.) Even for a simple equationsuch as
the Pythagoreantheorem,performancewas enhancedwith
speedupsof 1.87 (Alpha), 1.94 (PentiumII) and3.2 (Ultra
10).



Table5: ResourceUtilization of fully pipelinedfloating-pointfunctions

Function 4-LUTs/ Xilinx Xilinx
Flip-Flops 4062XL 40250XV3B4C6 I 8:9�3 2928/ 2629 63%/ 57% 16%/ 14%EHG 6 � � 2745/ 2399 59%/ 52% 15%/ 13%3B4C6 � � / 8:9�3 � � 2789/ 3010 60%/ 65% 15%/ 16%S i 1600/ 1663 34%/ 36% 9% / 9%

ln i 3620/ 3276 78%/ 71% 20%/ 18%
add 629/ 671 12%/ 8% 4% / 4%

multiply 759/ 1017 16%/ 22% 4.5%/ 6%

Table6: PerformanceResults

Function/ Wildforce SunUltra 10 PentiumII Alpha
Equation (msec) (msec) (msec) (msec)354C6 I 8B9�3 70 750 480 220EHG 6 � � 70 560 770 2653B4C6 � � I 8B9�3 � � 70 680 1220 335S i 70 330 270 205

ln i 70 605 400 220M � O #%� O 160 515 310 300EHG 6 � � , S E�0�# D������ 160 520 970 500

Thesecondequationevaluatedis asimplifiedsatellitenaviga-
tionalgorithm[14]. Navigationis theprocessof extrapolating
thepositionof thesatelliteat a particulartime giventhat the
satellitewasin a known positionat a previous known time.
Navigation is frequentlyusedin satelliteimageprocessing,
wheretheonly dataavailableaboutagivenimageis thetime
at which thesatellitetook theimage.This maybedoneon a
perimage,perscanline, or perpixel basis.Navigationis typ-
ically doneusingtheBrouwer-Lyddaneorbit predictionpack-
age,which is too complex for implementationon thecurrent
testbedin asingleconfiguration.In this example,theorbit of
thesatelliteis assumedto follow a completelycircularpath,
and the original position and new position are specifiedin
polarcoordinates.It is assumedthat thesatellitehasa time-
varyingangularvelocitywhichcanbeintegratedanalytically.
Thenavigationprocessthensimplybecomesdeterminingthe
new angleby addingtheold angleto theintegralof theangu-
lar velocity over the elapsedtime. The resultingequationis
shown below.

D ����� �"EHG 6 � � , S E�0.# D �H��� (17)

where,D ����� is thesatellitepositionafteranelapsedtime,D �H��� is theknown initial satelliteposition,and
t is theelapsedtime.

Theequationwaspartitionedasfollows:
SPE1: S E

SPE2:EHG 6 � � andtheaddition
SPE3:write theresultto SRAM

The data for t and D �H��� were input in the samemanner
as a and b above. The equationwas partitioned in this
mannerto maximizeperformanceby preventingbottlenecks
at the bus betweenSPE2and SPE3or at SPE2’s SRAM.
Again, the reconfigurablecomputing implementationout-
performed each workstation with speedupsranging from
3.1 to 6.1. Theseresultsdemonstratethat reconfigurable
computingcannow provide a performanceenhancementfor
an areathat it traditionally hasnot addressed.With denser
FPGAs capableof handling more complicatedequations,
evengreaterspeedupsareexpected.

4..5 I/O Considerations

It shouldbenotedthatwedonotcomparetheperformanceof
thesecomponentsfor singleor smallnumbersof dataitems.
Sincethereconfigurablecomputingplatformmustcommuni-
catewith thehostthroughI/O channels(i.e., thePCI busfor
theWildforceboard),it cannotoperateasatrueco-processor.
This providesanalgorithmanddesignlimitation determined
by theI/O bandwidth.For this approachto provide a perfor-
manceenhancement,an algorithm or applicationmust per-
form thesamecomputationoverlargestreamsof independent
data.



5. CONCLUSIONS AND FUTURE WORK

This paperhasdescribedtheimplementationof severalcom-
plex floating-point operationsas numericalcomponentsto
be utilized to enhancethe performanceof scientific algo-
rithms on reconfigurablecomputingplatforms. A hardware
efficient algorithm was usedas the core of eachoperation
andexpandedto handlefloating-pointvalues.Throughdeep
pipelining we achieved significant performanceimprove-
mentsoverseveralcurrentworkstations.Whenthesecompo-
nentsarecombinedinto evenmorecomplex equations,even
greaterspeedupscanbeachieved. Theseresultsdemonstrate
thatreconfigurablecomputingcanprovidesignificantperfor-
manceenhancementsfor many scientificalgorithmsand il-
lustratesthe feasibility of RCADE. In the future, we will
continueto optimize thesecomponentsfor integration into
RCADE.As necessary, morecomponentswill bedeveloped.
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